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We demonstrate a first-principles method to compute all factors entering the vacancy-mediated self-
diffusion coefficient. Using density functional theory calculations of fcc Al as an illustrative case, we
determine the energetic and entropic contributions to vacancy formation and atomic migration. These
results yield a quantitative description of the migration energy and vibrational prefactor via transition state
theory. The calculated diffusion parameters and coefficients show remarkably good agreement with
experiments. We provide a simple physical picture for the positive entropic contributions.
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Diffusion is responsible for many different materials
processes. While accurate first-principles calculations
have been possible for the energetics of crystalline solids
at zero temperature (for recent reviews, see [1–3]), it is
considerably more challenging to predict kinetic coeffi-
cients such as atomic mobility or diffusivity at finite tem-
peratures, which involve unstable transition states. In this
Letter, we demonstrate a quantitatively accurate method to
predict atomic diffusivity as a function of temperature via
first-principles calculations within the framework of tran-
sition state theory.

One of the most common means of atomic diffusion in
crystalline solids is via the vacancy mechanism.
Conceptually, it can be broken down into two separate
processes: (i) vacancy formation and (ii) vacancy-atom
exchange. The macroscopic diffusion coefficient can then
be written in terms of microscopic parameters, i.e., the
atomic jump distance and jump frequency. For example,
for a cubic crystal [4],

 D " a2
0Cv!; (1)

where a0 is the lattice parameter, ! is the successful atom
jump frequency, and Cv is the vacancy concentration. The
equilibrium Cv at a given temperature T is given by

 Cv " exp#"Svib
f =kB$#!"Hf=kBT$; (2)

where "Hf and "Svib
f are the enthalpy and vibrational

entropy of vacancy formation.
According to transition state theory (TST) [5,6], the

jump frequency ! in Eq. (1) may be written in terms of
enthalpy of migration "Hm and an effective frequency !%

as ! " !% exp#!"Hm=kBT$, where

 !% "
Y3N!3

i"1

!i

! Y3N!4

j"1

!0j: (3)

In Eq. (3), !i and !0j are the normal vibrational frequencies

at the equilibrium and transition states, respectively, for a
system of N atoms and one vacancy. The product in the
denominator specifically excludes the frequency corre-
sponding to the unstable mode at the transition state.

From Eqs. (1)–(3), we see that an entirely first-
principles calculation of self-diffusion coefficient D would
require the computation of the equilibrium lattice parame-
ter a0, the enthalpy of vacancy formation and atom migra-
tion, and the vibrational entropy of vacancy formation as
well as the effective frequency !%. Previous work on the
calculation of temperature-dependent self-diffusion coef-
ficients has either adopted (semi)empirical approaches [7–
10] or computationally demanding classical and ab initio
molecular dynamics simulation techniques [11–13].

Here we describe a first-principles procedure to calcu-
late all the quantities entering the self-diffusion coefficient.
We illustrate this approach for the well-studied case of self-
diffusion in Al. We calculate the enthalpy and entropy of
vacancy formation, the energetics of atomic migration, and
the vibrational properties of atomic configurations along
the migration path. In addition, via the quasiharmonic
approximation, we also consider the role of thermal ex-
pansion. We show that an entirely first-principles calcu-
lated self-diffusion coefficient for fcc Al matches well with
experimental and computational data available in the lit-
erature in terms of activation energy, diffusion prefactor,
and the thermodynamics of vacancy formation.

For our first-principles calculations, we use the projector
augmented wave potentials [14,15] as implemented in the
highly efficient Vienna ab initio simulation package (VASP)
[16]. Results using both the local density approximation
(LDA) [17] and the generalized gradient approximation
(GGA) [18] for the exchange correlation are examined and
compared. Tests indicate that a Monkhorst-Pack k-point
mesh of 11& 11& 11, an energy cutoff of 300 eV, and 32-
atom supercells are sufficient to yield converged migration
barriers within 0.01 eV for this system. To quantitatively
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•  Use	
  density	
  func$onal	
  theory	
  calcula$ons	
  to	
  determine	
  the	
  
energe$c	
  and	
  entropic	
  contribu$ons	
  to	
  vacancy	
  forma$on	
  and	
  
atomic	
  migra$on,	
  i.e.	
  all	
  parameters	
  used	
  to	
  evaluate	
  vacancy-­‐
mediated	
  diffusion	
  coefficients	
  

•  Compare	
  the	
  calculated	
  values	
  with	
  available	
  experimental	
  data	
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Diffusion	
  coefDicient	
  D	
  is	
  a	
  product	
  of	
  
kinetic	
  coefDicient	
  L	
  and	
  thermodynamic	
  
factor	
  Φ	
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Interstitial	
  diffusion	
  equation	
  

High	
  temperatures	
  (hν/2kT	
  <<	
  1)	
  	
  
⇒	
  Vineyard	
  equa$on	
  

Low	
  temperatures	
  (hν/2kT	
  >>	
  1)	
  
⇒	
  Eyring	
  equa$on	
  

C.	
  Wert	
  &	
  C.	
  Zener,	
  PRB	
  76	
  (1949)	
  1169;	
  E.	
  Wimmer,	
  et	
  al,	
  PRB	
  77	
  (2008)	
  134305	
  

Following	
  Wert	
  &	
  Zener,	
  interstitial	
  diffusivity	
  can	
  be	
  described	
  by:	
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Finite	
  temperature	
  thermodynamics	
  -­‐	
  
	
  The	
  quasiharmonic	
  approach	
  

F(V,T) = E0(V) + Fvib(V,T) + Fel(V,T) 
-  E 0(V)       Static energy at 0 K and volume V, i.e., EOS  (by VASP) 
-  Fvib(V,T)   Vibrational contribution at V & T (Phonon or Debye model) 
-  Fel(V,T)    Thermal electronic contribution at V & T (by VASP) 

DFT directly E-­‐DOS	
  

P-­‐DOS	
  

Shang	
  et	
  al,	
  Comput	
  Mater	
  Sci	
  47	
  (2010)	
  1040,	
  PRB	
  75	
  (2007)	
  147	
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Calculation	
  methods	
  –	
  
	
  O	
  in	
  fcc	
  Ni	
  &	
  O	
  in	
  bcc	
  Fe	
  

•  DFT	
  based	
  Dirst-­‐principles	
  calculations	
  	
  
– VASP	
  code	
  
– PAW	
  method	
  for	
  electron-­‐ion	
  interaction	
  
– Exchange-­‐correctional	
  (X-­‐C)	
  functionals	
  

•  LDA	
  for	
  O	
  in	
  fcc	
  Ni	
  
•  GGA-­‐PBE	
  for	
  O	
  in	
  Fe	
  
•  Also	
  tested	
  others:	
  PW91,	
  PBE+U,	
  PBEsol,	
  AM05	
  	
  

–  CI-­‐NEB	
  for	
  migration	
  barrier	
  calculations	
  
– Phonon	
  &	
  Debye	
  model	
  for	
  Dinite	
  T	
  thermodynamics	
  

Details:	
  Fang	
  et	
  al.	
  JAP	
  115	
  (2014)	
  043501;	
  Shang,	
  et	
  al.,	
  Corros	
  Sci.	
  83	
  (2014)	
  94	
   7	
  



Case	
  1	
  of	
  2	
  

• Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  
with	
  and	
  without	
  vacancy	
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Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  

Featured	
  ar0cle	
  and	
  artwork	
  of	
  	
  
cover	
  of	
  JAP,	
  	
  115	
  (2014):	
  issue	
  4	
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Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  –	
  	
  
site	
  preference	
  

Oct 

Tet 

Oct For	
  inters$$al	
  solu$on:	
  

For	
  subs$tu$onal	
  solu$on:	
  

a	
  E.	
  H.	
  Megchiche,	
  et	
  al,	
  JPCM	
  19	
  (2007)	
  296201	
  
b	
  J.	
  J.	
  Kim,	
  et	
  al,	
  APL	
  100	
  (2012)	
  131904	
  

Solution	
  energy:	
  

En
er
gy
	
  

Oct	
  

Tet	
  

Sub	
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Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  –	
  
diffusion	
  pathway	
  
•  Two	
  migration	
  pathways	
  are	
  considered	
  

O-­‐O	
   O-­‐T-­‐O	
  

O-­‐O	
   O-­‐T-­‐O	
  
This	
  work	
   1.40	
   0.93	
  

Other	
  DFT	
   1.57	
  
1.44	
  

1.23	
  
1.12	
  

Experiment	
  	
   1.70,	
  3.20,	
  3.12,	
  3.08,	
  
4.28,	
  2.49,	
  1.89	
  

Predicted	
  barriers	
  much	
  
lower	
  than	
  measurements	
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Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  –	
  	
  
Einite	
  T	
  diffusivity	
  

O	
  in	
  pure	
  Ni	
  

O	
  in	
  Ni+Va	
  

H.	
  Z.	
  Fang,	
  et	
  al,	
  JAP	
  115	
  (2014)	
  043501	
  	
   12	
  



Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  –	
  	
  
vacancy	
  modiEied	
  site	
  preference	
  

•  With	
  Va,	
  the	
  neighboring	
  Oct	
  
&	
  Tet	
  sites	
  shie,	
  i.e.:	
  	
  
	
   	
  O1→Ov;	
  	
  	
  T1	
  →	
  Tv	
  

•  O-­‐Va	
  binding	
  energy	
  ~1.2	
  eV.	
  	
  
•  Effect	
  up	
  to	
  the	
  3rd	
  NN	
  (O3).	
  	
  

H.	
  Z.	
  Fang,	
  et	
  al,	
  JAP	
  115	
  (2014)	
  043501	
  	
   13	
  



Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  –	
  	
  
binding	
  energy	
  of	
  O	
  and	
  Va	
  

H.	
  Z.	
  Fang,	
  et	
  al,	
  JAP	
  115	
  (2014)	
  043501	
  	
  

Charge	
  density	
  indicates	
  binding	
  strength	
   V
a	
  

O

Ni	
  

O

Ni	
  

Va	
  O

Ni	
  

-­‐5×10-­‐5	
  e/Å3	
  

5×10-­‐5	
  e/Å3	
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Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  –	
  	
  
Va	
  modiEied	
  diffusion	
  pathway	
  

•  Three	
  possible	
  paths	
  for	
  O	
  diffusion	
  from	
  Va	
  

Ov 
Tv 

O2 

Va 

Ov 
O1 

T2 

O2 

Va 
(a)	
  Ov-­‐O1-­‐T2-­‐O3	
   (b)	
  Ov-­‐Tv-­‐O2	
  

(c)	
  Ov-­‐O1-­‐T2-­‐O2	
  

Ov O1 
T2 

O3 
Va 
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Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  –	
  	
  
Va	
  modiEied	
  diffusion	
  barrier	
  

SigniEicant	
  increase	
  of	
  diffusion	
  barrier	
  from	
  0.93	
  to	
  1.68	
  eV	
  

H.	
  Z.	
  Fang,	
  et	
  al,	
  JAP	
  115	
  (2014)	
  043501	
  	
   16	
  

1.68	
  eV	
  



Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  -­‐	
  phonon	
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16.1	
  THz	
   21.8	
  THz	
   20.6	
  THz	
  



Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  –	
  
migration	
  barrier	
  at	
  Einite	
  T	
  

kTGme
h
kT /Δ−=Γ

Jump	
  frequency:	
  	
  

•  Phonon:	
  accurate	
  but	
  
expensive	
  	
  

•  Debye:	
  efficient	
  but	
  less	
  
expensive	
  

H.	
  Z.	
  Fang,	
  et	
  al,	
  JAP	
  115	
  (2014)	
  043501	
  	
  

Migra$on	
  free	
  energies	
  for	
  Ov-­‐Tv-­‐O2	
  pathway	
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Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  –	
  	
  
Einite	
  T	
  diffusivity	
  

O	
  in	
  pure	
  Ni	
  

O	
  in	
  Ni+Va	
  

H.	
  Z.	
  Fang,	
  et	
  al,	
  JAP	
  115	
  (2014)	
  043501	
  	
   19	
  



Oxygen	
  diffusion	
  in	
  fcc	
  Ni	
  –
Arrhenius	
  parameters	
  

H.	
  Z.	
  Fang,	
  et	
  al,	
  JAP	
  115	
  (2014)	
  043501	
  	
  

)/exp(0 kTQDD −=

20	
  

D0:	
  	
  8.8×10-­‐7	
  	
  ~	
  9.5×10-­‐3	
  (Expt:	
  4.9×10-­‐6	
  	
  ~	
  8.93×103)	
  
Q:	
  	
  	
  1.64	
  ~	
  2.25	
  (Expt:	
  1.7	
  	
  ~	
  4.28)	
  

With	
  Va	
  

Without	
  Va	
  

Expt	
  



Discussion	
  –	
  	
  
equilibrium	
  O	
  &	
  Va	
  contents	
  in	
  Ni	
  

H.	
  Z.	
  Fang,	
  et	
  al,	
  JAP	
  115	
  (2014)	
  043501	
  	
  
Vacancy	
  concentra$on	
  vs.	
  oxygen	
  solubility	
  in	
  Ni	
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Case	
  2	
  of	
  2	
  

• Oxygen	
  diffusion	
  in	
  bcc	
  Fe	
  
with	
  and	
  without	
  vacancy	
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Oxygen	
  diffusion	
  in	
  bcc	
  Fe	
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bcc	
  Fe	
  &	
  its	
  oct	
  &	
  tet	
  interstitial	
  sites	
  
−	
  structure	
  

Fe:	
  	
  	
  	
  	
  	
  	
  2a	
  	
  (0,	
  0,	
  0)	
  
O-­‐oct:	
  6b	
  	
  (0	
  ½	
  ½)	
  
O-­‐tet:	
  12d	
  (0	
  ½	
  ¼)	
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Site	
  preference	
  of	
  O	
  in	
  bcc	
  Fe	
  
	
  −	
  w.r.t.	
  bcc	
  Fe	
  and	
  AFM	
  α-­‐Fe2O3	
  

bcc	
  Fe	
   …	
  AFM	
  Fe2O3	
  
25	
  

En
er
gy
	
  

Oct	
  

Tet	
  

Sub	
  

Each	
  composi0on	
  



Phonon	
  DOS	
  of	
  bcc	
  Fe	
  (without	
  Va)	
  
	
  –	
  O	
  at	
  oct	
  &	
  tet	
  sites	
  

26	
  

Fe-­‐O	
  Imaginary	
  mode	
  



Minimum	
  energy	
  pathways	
  of	
  O	
  
diffusion	
  in	
  bcc	
  Fe	
  with/without	
  Va	
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O-­‐Va	
  binding	
  energy	
  in	
  bcc	
  Fe	
  	
  
	
  -­‐	
  using	
  the	
  3×3×3	
  supercell	
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Activation	
  energy	
  of	
  O	
  diffusion	
  in	
  bcc	
  Fe	
  
-­‐	
  energy	
  (kJ)	
  between	
  oct	
  &	
  tet	
  sites	
  
PW91:	
  2×2×2	
  cell	
   49.8	
   PBEsol:	
  3×3×3	
  cell	
   39.1	
  

PW91:	
  3×3×3	
  cell	
   38.8	
   PBE-­‐CINEB-­‐bulk-­‐relax	
  (O-­‐T)	
   51.4	
  

PW91:	
  4×4×4	
  cell	
   38.9	
   PBE-­‐CINEB-­‐bulk-­‐relax	
  (O-­‐T-­‐O)	
   49.6	
  

PBE:	
  2×2×2	
  cell	
   61.5	
   PBE-­‐CINEB-­‐bulk-­‐fix	
  (O-­‐T-­‐O)	
   52.1	
  

PBE:	
  3×3×3	
  cell	
   47.0	
   PBE-­‐CINEB-­‐relax-­‐Va	
  (O-­‐T-­‐O)	
   98.8	
  

PBE:	
  4×4×4	
  cell	
   47.8	
   Expt.:	
  Swisher	
  1967	
   177	
  

PBE:	
  3×3×3	
  (charged)	
   51.9	
   Expt.:	
  Barlow	
  1969	
   167	
  

LDA:	
  3×3×3	
  cell	
   16.1	
   Expt.:	
  Takada	
  1986	
   86±6	
  

90±7	
  
29	
  



Arrhenius	
  plots	
  of	
  O	
  diffusion	
  in	
  bcc	
  Fe	
  
with/without	
  Va	
  

30	
  

)/exp(0 kTQDD −=

⇐	
  Pick	
  these	
  

⇐	
  tests	
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Arrhenius	
  plots	
  of	
  O	
  diffusion	
  in	
  bcc	
  Fe	
  
with/without	
  Va	
  (details)	
  

)/exp(0 kTQDD −=

without	
  

with	
  

Expt	
  



Summary	
  

•  Exploration	
  of	
  site	
  preference,	
  diffusion	
  pathways	
  &	
  
barriers,	
  and	
  diffusivities	
  of	
  oxygen	
  

•  Existence	
  of	
  strong	
  O-­‐Va	
  binding	
  energy	
  in	
  metals	
  
•  Va-­‐modiDied	
  interstitial	
  diffusion	
  mechanism	
  proposed	
  
to	
  quantitatively	
  predict	
  diffusivity	
  of	
  oxygen	
  in	
  metals	
  	
  

•  Case	
  studied	
  in	
  fcc	
  Ni	
  and	
  bcc	
  Fe	
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