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This research employs two approaches to characterise the apparent
structure observed in localised strain maps constructed from surface
topography data acquired from AA5754-O sheet stock that was deformed
in three in-plane stretching modes. The first uses a conventional two-point
autocorrelation function (ACF), while the second uses the combination of
the eigenvalue spectrum associated with each map and information theory.
The results from the ACF analysis are inconclusive, implying that this
technique lacks the sensitivity necessary to quantify the relationships
between multi-point clustering and strain localisation. The information
theory-based approach reveals that the relative spectral entropy increases
monotonically, attains a maximum and then decreases sharply to the failure
strain. This behaviour occurs in all three strain modes and results from two
competing processes: one where the formation of structure is favourable
and one where it is not. The crossover point is a clear indicator of the onset
of critical strain localisation and, therefore, can be regarded as a precursor
to failure because once the dominant process shifts, additional strain results
in the precipitate formation of a critical strain localisation event.
Keywords: information theory methods; aluminium alloys; mechanical
behaviour; plastic deformation; polycrystalline metals; sheet metal forming;
topological analysis

1. Introduction
The inability to reliably model the evolution of the surface inhomogeneities produced
during sheet metal forming is a significant obstacle impeding the widespread
incorporation of new alloys designed to reduce gross vehicle weight and increase
overall vehicle fuel economy. The macroscopic deformation in a typical metal
stamping occurs through a complex combination of strain modes (e.g. biaxial,
uniaxial, plane strain). Since each strain mode imposes distinctly different constraints
on the material flow during stretch forming, the strain mode strongly influences both
the magnitudes of the limiting strains achievable through stretch forming, and the
overall character of the deformed surface. The topographies shown in Figure 1
provide an example of how the constraints on material flow result in considerably
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Figure 1. (Colour online). A representative set of scanning laser confocal topographies
showing the surface structure of AA5754-O at three strain levels in three strain modes. Images
A, B and C are in equi-biaxial strain, D, E, and F are in uniaxial strain and G, H, and I are in
plane strain. Images A, D, and G show the surfaces after 5% nominal true strain, B, E, and H
show the surfaces after 10% nominal true strain and C, F, and I show the surfaces at the
maximum uniform strain.

different surface morphologies for the same level of modal plastic strain.
The problem arises from the fact that a combination of strain modes normally
produces failure at a lower strain compared to that achieved in a single strain mode.
Owing to the complexity of the automotive component shapes produced with metal
stamping, the limiting strains for these components are generally determined through
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numerical simulations specifically designed to predict the onset of critical strain
localisation (i.e. one that is a direct precursor to failure such as the formation of
cracks or splits, necks, etc.). Clearly, the accuracy of these models is heavily
dependent on the quality of the materials data, and a correct prediction of the
forming behaviour requires that the surfaces produced by each component of
the macroscopic strain be properly identified and correctly characterised.
Such characterisations are expensive and complicated processes that require
numerous high-resolution measurements of the surface morphology produced by
each strain mode [1].
The incorporation of revised plasticity and kinematic hardening models, as well
as the results from numerous studies of the influence of various material parameters,
such as grain size, grain orientation effects, surface roughening effects and other
damage mechanisms, on strain localisation have greatly enhanced the reliability of
the numerical models used to predict the limiting strains [2–9]. Despite all the
improvements, inconsistencies still exist between the mechanical behaviour predicted
numerically and that observed experimentally. This creates a situation where the
numerical models often correctly indicate the general trends, but fail to consistently
predict the actual strains at which localisation occurs [10].
This paper is one in a series documenting analyses of strain localisation
behaviour in commercial aluminium sheet [11–13]. The inspiration for this research is
derived from the work of Frost and Ashby [14], and others [15,16], in that changes in
the microstructure or, in this case, surface morphology, can be ‘mapped’ with respect
to the level of plastic deformation. Previously [11], rigorous matrix-based statistical
analysis methods were developed and integrated with high-resolution topographical
imaging (Figure 1) to assess how plastic deformation and microstructure evolution
influence strain localisation in aluminium sheet deformed in three in-plane strain
modes. A key component of this approach involves extending the peak-to-valley
surface roughness (Rt) to a matrix form, which is done for three reasons: (1) the
magnitudes of the local surface extremes will change with strain to the point where
they reach a value that directly reflects the onset of critical strain localisation, (2) the
Rt parameter is highly sensitive to those localised changes and it is acquired through
a straightforward calculation, and (3) the Rt parameter is based on a simple sum of
two values, so it can be easily determined between any two nodes within a particular
region in a finite element simulation, allowing for direct integration of changes in the
intensity of the local surface conditions into formability models. The result is a series
of local intensity maps consisting of discretised arrays of Rt ‘cells’ constructed from
the raw topographic data (an example is shown in Figure 2). Each cell accentuates
the height disparities between topographical features, enabling a direct threedimensional quantification of the microstructural conditions that promote critical
strain localisation. So far, this study has established that (1) the morphological
conditions that promote strain localisation can be assessed directly through
topographic analysis, (2) an accurate and straightforward probabilistic expression
that captures the subtle changes produced in the morphology can be developed, and
(3) strain localisation is controlled by a stochastic process that can be reliably
predicted with Weibull statistical methods.
The objective of the present investigation is to ascertain whether critical strain
localisation requires the formation of ‘structure’ within the Rt maps (i.e. several Rt
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Figure 2. (Colour online). The set of localisation maps constructed from the peak-to-valley
distance (Rt) data calculated for the topographies shown in Figure 1. Each map exhibits the
propensity for strain localisation as a function of strain level according to the 8-bit colour scale
shown for each strain mode.

cells exceeding a threshold magnitude that are in close proximity and act in a
cooperative manner). The motivation for this study comes from the numerous cells
present in the Rt maps that exhibit magnitudes that exceed the level at which critical
strain localisation was predicted to occur by the Weibull analysis, yet no critical
localisation was observed. As a result, the goal of this research is to determine
(a) whether structure exists within the Rt data, and (b) the strength of any spatial
correlations that may be present within this structure. (Note that quantification of
spatial correlations in three dimensions presents a substantial challenge in itself, as
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the available tools are designed for and, generally, limited to the analysis of twodimensional data.) If the observable structure has no influence, then critical strain
localisation is an uncorrelated stochastic process that can only be estimated through
probability analyses. However, if structure is required, then where critical strain
localisation occurs on the surface will depend on the local magnitudes of the surface
heights as well as on the size, shape and density of that structure.
Two approaches were adopted to quantify the spatial correlations in the Rt data.
The first is based on the conventional two-point autocorrelation function (ACF).
The second is based on spectra derived from sets of complex eigenvalues that were
calculated for the high-resolution topographies [17]. The second approach is similar
to that employed in pattern recognition algorithms [18] and incorporates analysis
concepts that are derived from information theory. The motivation for introducing
information theory methods into the analysis of deformation-induced surface
roughness is two-fold. First, given that plastic deformation is a volume conserving
process, the topography of a deformed polycrystalline material contains substantial
characteristic information regarding all of the physical mechanisms involved.
Second, the relevant literature shows that information theory methods are rigorous,
quantitative, flexible and minimally biased [19–24]. As a result, these methods are
ideally suited to analyse large, complex data sets such as those produced by
topographical analysis.

2. Experimental
2.1. Generation and evaluation of surface roughness
This section is a synopsis of the procedures presented in [11] that were used to
generate surface data in the various strain conditions. Sets of 30  30 cm (12  12 in)
blanks were sheared from 1-mm thick commercially available AA5754-O sheet stock
for testing. This aluminium alloy was primarily developed for automotive
applications and, like most alloys in the 5xxx series, AA5754 is substitutionally
strengthened, and demonstrates good overall formability. Aluminium alloy AA5754
typically contains 2.8% mass fraction Mg for solid solution strengthening and
approximately 0.5% mass fraction Mn for grain refinement and stability [25].
The grain structure was relatively equiaxed in the rolling plane and slightly elongated
along the rolling direction of the sheet (RD), which is indicative of the recrystallised
microstructure normally associated with the O-temper. The grain size for this alloy
was 40  20 mm [12]. All the specimens in this evaluation were polished to a 6 mm
diamond finish using standard metallographic polishing practice to better reveal the
surface character at low strains and to produce more consistent surface roughness
measurements.
After polishing, the blanks were deformed in three in-plane, proportional strain
modes defined in terms of the in-plane principal strain ratio  ¼ "2 ="1 [13]. The first
strain ratio was  ¼ 1 (hereafter referred to as equi-biaxial). The second strain ratio
was p ¼ –0.5 (hereafter referred to as uniaxial), and the third strain ratio was  ¼ 0
(hereafter referred to as plane strain). The uniaxial samples were machined to an
ASTM E08-91 standard sheet-type tensile specimen geometry and then strained to
nominal true strain values of 5, 10 and 15% using standard test methods [26] with a
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constant displacement rate resulting in an initial strain rate of 6  104 s1. Both the
equi-biaxial and plane strain deformations were imposed using an augmented [27]
Marciniak flat bottom ram test [28]. Samples were strained in equi-biaxial tension
using a typical strain rate of 5  104 s1 to 5, 10, 15 and 20% nominal true strain.
A third set of samples was strained to similar true strain levels in the plane strain
condition. Additionally, one sample was taken to failure in each strain mode.
Note for this investigation, ‘failure strain’ refers to the uniform strain measured after
a localisation event occurred. Therefore, the surface roughness data acquired in this
condition establish: (1) the maximum uniform surface roughness obtainable for the
AA5754-O alloy in each strain mode, and (2) the surface conditions that gave rise to
the formation of the failure event. Coupons were cut from the centre of each
deformed specimen for topographic analysis.
The surface topography was quantified for each strain level in each strain mode
with scanning laser confocal microscopy (SLCM). Note that the morphology within
a localised region is specific to a unique set of surface conditions and no longer
represents the character of the surface as a whole. In other words, due to the high
degree of heterogeneity in the surface data in the proximity of a localised region,
these data are non-stationary in a statistical sense. For this reason, neither the critical
localisations, nor the regions immediately surrounding them, were included in any of
the SLCM images acquired from the surfaces in the failure condition. Each
measurement in this evaluation consisted of five, well-spaced SLCM images taken
from different locations on the specimen surface. It was essential for these images to
be well separated to ensure that the surface data contained in each image was
statistically independent (i.e. no overlapping image data) and that the data properly
represented the full range of surface characteristics. The SLCM images were
converted from the image format to simple matrices of topographic data according
the procedure described in reference [29].

2.2. Generation of strain localisation maps
The relationship between surface roughness and strain localisation was quantified
via the Rt roughness parameter. This parameter is formally defined as the vertical
distance between the highest and the lowest points of a profile within a particular
evaluation length [30]. That is,
Rt ¼ Rp þ Rv:

ð1Þ

In this equation, Rp is the distance between the highest point of the profile and the
mean line, and Rv is the distance between the lowest point of the profile and the mean
line within a particular evaluation length. (Note that heights below the mean plane are
traditionally considered negative). Constructing a Euclidean distance matrix based on
this measure [31], extended the traditionally linear profile-based Rt parameter to a
matrix format. Construction of this matrix required sub-dividing a 512-row  512column source matrix (e.g. those shown in Figure 1) into smaller matrices each
consisting of 16 elements (i.e. 4 heights/row  4 heights/column). The difference in the
surface height for a given cell, Rt(i, j ), was determined from the set of 16 height values
contained in that cell. That is, each Rt(i, j ) value represents the largest displacement
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normal to the mean plane at the coordinates of the source with the matrix index (i, j).
The result is a differential matrix that contains 16,384 Rt values.
The maps in Figure 2 are examples of this construction. Note that both the
magnitude and the physical location of each Rt(i,j) value are quantified by this
method, since the matrix format retains the spatial coordinates for an Rt cell by
construction. That is, this technique directly links any feature in the source image to
the corresponding change in magnitude of the local surface height. Obviously, cell
size has a strong influence on the information contained within the Rt map, and the
level of resolution can easily be affected by a simple change in the dimensions of the
sub-matrix cells. The cell size used in the previous evaluation was (8  8). Decreasing
the number total of elements in a cell from 64 to 16 increased the resolution of the Rt
maps by a factor of four. The surfaces were re-evaluated at the higher resolution to
differentiate between grain boundary roughening and within-grain roughening
events. Assuming a uniform distribution of grains with an approximate area of
1600 mm2, the smaller 6.25  6.25 mm cells would yield a minimum of 40 samples per
grain. This sample density provided sufficient sensitivity to clearly discern the
roughening that occurs within a grain (e.g. slip) and that located along the grain
boundaries. Moreover, the improved resolution enabled a direct assessment of the
topographical features produced by the plastic strains in each strain mode (Figure 1)
and the corresponding change in the relative potential for critical strain localisation
produced by those topographical features (Figure 2). Figures 1F and 2F were
extracted, enlarged and presented as Figure 3A and B, respectively, to illustrate the
good correlation between the surface topographies and the Rt maps.
Maps of the Rt data were constructed for the five surfaces acquired in each strain
condition. As shown in Figure 2, the range of Rt magnitudes is mapped into a
standard 8-bit colour scale, where blue is low and red is high, so that the colour of an
individual cell reflects the local magnitude of Rt. From the previous findings, the
maximum (the dark red cells online) in Figure 2 reflects a threshold Rt magnitude
where the probability of a critical strain localisation event occurring is 95% [11].

3. Analysis of Rt Data
As noted earlier, several cells were observed that exceeded the Rt magnitude predicted
for the onset of critical strain localisation at strain levels where failure did not occur.
This behaviour implies that the occurrence of an isolated, or single, Rt cell with a
critical magnitude is not sufficient to produce failure. Further examination of the Rt
maps for each strain condition (Figure 2) revealed that, as the strain level increases,
some structure (i.e. clustering), or groups of cells with similar relative probabilities,
appears to form in the Rt images. The sizes, locations, and densities of these Rt cell
clusters also appear to vary with strain mode. It should be emphasised that in large
part, this ‘structure’ is a consequence of the threshold values used for the upper and
lower bounds of the colour scales in each map. However, it can also be linked to
specific morphological features produced by the plastic deformation (Figure 3).
Therefore, the presence of this structure raises the following question: Does the
structure in the Rt maps play a significant role in the localisation, or is it merely an
artefact arising from the methods used to construct and colour the Rt maps?

M.R. Stoudt and J.B. Hubbard
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Figure 3. (Colour online). Figure 1F and Figure 2F enlarged and presented together to exhibit
the correlation between the strain localisation (Rt map) and surface morphology. In addition,
areas with a large number of cells that have localisation probabilities exceeding 95% and the
corresponding locations on the topography have been isolated to illustrate the notion of
clustering that may exist within the Rt maps.
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3.1. Autocorrelation function approach
The auto-correlation function (ACF), defined as the correlation of a source with
itself, is one of the more familiar techniques used to characterise the spatial
arrangement in linear profile-based roughness data [30,32,33]. This technique can be
easily extended to a three-dimensional form for evaluating the spatial characteristics
of surface data [34]. The three-dimensional form of the ACF used for this analysis is
derived from the cross correlation function for any (m  n) matrix, A, with itself [35]:
jP
k
M1 PN1 
1
A
A
ð
m,n
Þ
ð
mþi,nþj
Þ

 MN
m¼0
n¼0
ð2Þ
:
P Aði,jÞ ¼
Sq2
In this equation, M and N are the dimensions of the matrix, Sq2 is the square of
the root mean squared roughness (i.e. the variance of the matrix), and the values in
the ACF matrix, hP(A(i,j))i, are
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ values produced by lag (offset)
 the
 expectation
vectors of a given magnitude, sði,jÞ  ¼ ði2 þ j2 Þ, evaluated over the entire matrix.
Since these values have been normalised, they range between (–1.0) and (þ1.0). Thus,
the physical meaning of an individual ACF value is as follows: (a) a value of (þ1.0)
indicates that the matrix is perfectly correlated at all values of the lag vector s(i, j );
(b) a value of (0) indicates that there is no correlation at all values of the lag vector
s(i, j) (i.e. random); (c) a value of (1.0) indicates that the matrix is perfectly anticorrelated at all values of the lag vector s(i, j ) (i.e. 180 out of phase) [33]. By
construction, the ACF values returned by a lag vector with positive and negative
values for (i, j ) are identical, so the resulting ACF surfaces possess a quadrantal
symmetry.
ACF surfaces were constructed for each Rt map using Equation (2) and the signal
processing toolbox in MATLABÕ 1 [36]. The set of ACF surfaces derived from the Rt
maps in Figure 2 are shown in Figure 4. Each plot in this figure depicts the
magnitude of the ACF at any point in the Cartesian plane with each contour
corresponding to a constant ACF value. Note that the Rt values used to construct
these figures are all positive, so no anti-correlated regions are present in the ACF
surfaces. Thus, the range of the corresponding 8-bit colour scale lies between
(0, blue) and (þ1, dark red) and is common to all the plots in the figure.
As shown by Brochard et al. [37], analyses of ACF surfaces can reveal a great
deal of information pertaining to the spatial arrangement of the surface features.
Unfortunately, the boundary conditions used in the ACF calculation have a strong
influence on the results. For this reason, analyses of surface data with the ACF can
be subjective and difficult to interpret. The most apparent feature in these plots is the
area of high correlation, which appears as a diamond-shaped region distributed
about the origin and extends more than 200 mm in both the x and y directions.
Outside this central diamond region, the degree of correlation rapidly decays to zero.
The correlation length, or the transition from the correlated to the random state, is
the most common characteristic derived from the ACF and it is based on the decay
of the ACF [32]. While this may be suitable to assess the characteristics of an ACF
generated from a linear profile, extending this approach to three-dimensional data is
not as straightforward, and does not readily produce meaningful results. Since the
ACF data decay in more than one direction, the correlation length becomes a vector
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Figure 4. (Colour online). Two-point autocorrelation (ACF) surfaces constructed from
Rt data sets shown in Figure 2. Each surface is a contour plot that reflects the magnitude of
the ACF at any point in the Cartesian plane. Each contour line corresponds to a constant
ACF value.

and must be determined with vector-based tools. One of the more common
approaches is the fastest decay autocorrelation length, Sal [30]. This approach is
normally used to generate a polar spectrum that can be used to assess the anisotropy
of a surface [38]. While small differences are observable between the individual plots
in Figure 4, the overall characters of the plots are strikingly similar to one another.
This suggests that any differences are likely to occur at longer lag lengths where the
statistical reliability may be severely degraded; thus, the fastest decay autocorrelation
length is not the appropriate tool to evaluate the strength of the correlations in the Rt
data. Methods that are more statistically robust, and exhibit better sensitivity to
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Strain
path

Nominal true ACF volume
strain
(mm2)

As-Polished
Equi-biaxial
–
–
–
–
Uniaxial (RD ?)
–
–
–
Plane strain (RD ?)
–
–
–

0.00
0.05
0.10
0.15
0.20
0.26
0.05
0.10
0.15
0.23
0.05
0.10
0.15
0.16

1.41E þ 04
1.32E þ 04
1.33E þ 04
1.35E þ 04
1.34E þ 04
1.40E þ 04
1.35E þ 04
1.33E þ 04
1.26E þ 04
1.32E þ 04
1.25E þ 04
1.27E þ 04
1.28E þ 04
1.33E þ 04

Uncert.
 (mm3)

ACF
inertia (mm2)

Uncert.
 (mm3)

1.31E þ 02
2.13E þ 02
1.31E þ 02
9.75E þ 01
9.44E þ 01
1.74E þ 02
2.46E þ 02
3.36E þ 02
1.69E þ 02
3.90E þ 02
2.71E þ 02
1.05E þ 02
1.61E þ 02
2.40E þ 02

1.21E þ 08
1.15E þ 08
1.17E þ 08
1.18E þ 08
1.17E þ 08
1.22E þ 08
1.19E þ 08
1.17E þ 08
1.10E þ 08
1.15E þ 08
1.10E þ 08
1.11E þ 08
1.12E þ 08
1.15E þ 08

1.61E þ 06
1.89E þ 06
1.47E þ 06
9.95E þ 05
9.44E þ 05
1.23E þ 06
1.96E þ 06
2.22E þ 06
1.94E þ 06
3.05E þ 06
2.71E þ 06
1.59E þ 06
7.98E þ 05
2.26E + 06

Note: ‘Uncert.’ refers to one standard deviation of the mean, .

correlations at long lag lengths must be employed to evaluate whatever differences
may be present among the ACF surfaces. Two methods were adopted for this
purpose.
The first method evaluated the overall volume of the ACF surface (i.e. the space
enveloped by the ACF surface and the mean plane), which was estimated by a simple
sum of all of the ACF magnitudes. Unlike the topographies, where the zero mean of
the surface heights would produce a zero overall volume, the means of the individual
Rt data sets were all non-zero and positive, producing ACF surface volumes that are
also non-zero and positive. As shown in Table 1, the largest volume was observed in
the as-polished data. This is not a surprising result in that little variation was
observed in the overall surface structure for this particular condition, which
produced large areas of similar height (i.e. high correlation). While the mean ACF
volumes exhibit some variability in magnitude, the uncertainties associated with
these variations indicate that the ACF volume data are relatively insensitive to strain
level or to strain mode.
The second method employed to discriminate among the ACF surfaces was the
moment of inertia. The quadrantal symmetry of the ACF surface allows for the
construction of a centroid at the origin about which a moment of inertia can be
calculated. The trace of the moment of inertia tensor [I(i,j)] is a scalar quantity (I) that
is determined from the sum of the products of the masses and the square of their
distance from the axis of rotation [39]. In the case of an ACF surface, the ‘masses’ are
taken to be the magnitudes of the ACF values at any given location in the ACF
matrix P(i,j), and the distances are the matrix coordinates (i,j) of that ACF value.
Thus, the moment of inertia for an (n  n) matrix is expressed as
I¼

n X
n 

X


Pði,j Þ R2ði,j Þ where R2ði,j Þ ¼ i2 þ j 2 :
i¼0 j¼0

ð3Þ
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The main advantage of this quantity over the ACF volume is that the moment of
inertia is a measure that directly links the magnitude of an individual ACF value to
the exact location in the Cartesian plane. Since the moment of inertia weights the
values in the ACF as a function of their distance from the origin, it would seem to be
a more proper metric to gauge the relative influences of the variations in the size of
the diamond region and the small or near-zero values in Figure 4. However, as
shown in Table 1, the moment of inertia data are similar to the ACF volume data in
that they are relatively insensitive to changes in strain level or strain mode. The
relative uncertainties associated with the ACF volume and moment of inertia
estimates indicate that these quantities are credible measures of the strength of
the spatial correlations present in the Rt data. Based on the relative magnitudes
of the uncertainties shown in Table 1, the results of this analysis indicate that neither
the strain level nor the strain mode produced statistically significant changes in the
degree of correlation in the Rt data for this particular alloy.

3.2. Information theory approach
The spatial relationships within the Rt data were also analysed by constructing a set
of normalised complex eigenvalues for all the Rt maps acquired in each strain
condition. As shown in [17], the eigenvalue spectrum, [1,2, . . . , n], for a matrix A,
i.e. ððp1ﬃﬃnAÞÞ serves as a minimally biased ‘fingerprint’ that represents all of the
magnitude information as well as all of the spatial correlations latent within A at all
levels of complexity up to and including the rank of the matrix, n. In other words, the
individual complex eigenvalue spectra directly reflect all of the deformation effects at
a given strain condition for any Rt map. This deformation information is reduced to
a set of n complex eigenvalues each containing both a magnitude and a phase
component. Extracting the magnitudes and disregarding the phase information
contained in the eigenvalue spectrum (i.e. setting each phase angle equal to zero)
allows for the construction of a scalar quantity that distils the information regarding
the magnitudes and the spatial correlations existing in the Rt matrix into a
convenient form. This is accomplished by taking the absolute value of each
eigenvalue, i.e. multiplying each eigenvalue by its complex conjugate and taking the
square root: ji j ¼ ði i Þ1=2 .
Information theory allows one to compare the information contained in a given
distribution with respect to some baseline, or reference state [20,21,24,40–47]. For
this evaluation, a set of reference states was created by randomly permuting [48] all
of the elements contained within each Rt matrix, thereby completely destroying all of
the correlations in each matrix while preserving all of the characteristics of the
original Rt distribution [49]. Since the first order statistical properties of each
randomised Rt matrix are identical to those of the original Rt matrix, the eigenvalues
of the randomised matrices reflect only the characteristics of the Rt magnitudes
generated by the individual deformation conditions.
The eigenvalues for the five Rt matrices in each strain condition were combined
to form a single ‘strip’ and then sorted in order of decreasing magnitude. The
resulting superposition of eigenvalues represents the character of the entire surface in
that strain condition. A similar superposition was constructed for the eigenvalues of
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Figure 5. (Colour online). Two superposed eigenvalue distributions that represent the surface
of AA5754-O at the maximum uniform strain condition in the uniaxial strain mode in two
different conditions are shown. One contains the structural information (correlated) and the
other has been permuted so that all of the structural information is destroyed (random).

the randomised matrices. An example of the differences between the superposed
correlated and superposed random eigenvalue distributions is shown in Figure 5.
A pair of discrete probability measures, or ratios, was constructed from the
eigenvalue distributions for each strain condition. One probability measure, P(jij)
(hereafter referred to as P), was based on the correlated eigenvalue distributions. A
second, Q(jij) (hereafter referred to as Q), was based on the random eigenvalue
distributions. The probability measure, A(jij), was defined in terms of the eigenvalue
distribution (i), the total number of eigenvalues (n), and the ratio associated with
the ith eigenvalue magnitude as follows [17]2:

ji j
Aðji jÞ ¼ Pn
, where A ¼ ðP, QÞ:
ð4Þ
i¼i ji j
The information content in A can be quantified directly by constructing another
scalar measure known as the ‘spectral’ or Shannon entropy SS. [41]. This spectral
entropy is expressed as the negative of the expectation value of the logarithm of the
probability measure, A:
X
X
Ai ðln Ai Þ where
Ai ¼ 1:
Ss ¼ 
ð5Þ
i

i
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Figure 6. (Colour online). The differential spectral entropy, DSs, is shown as a function of the
nominal true strain and the strain mode. Note that DSs is a dimensionless quantity.

The differential spectral entropy DSS, or the global difference between the
random and correlated conditions for a pair of eigenvalue distributions, defined as
DSs  ðSs ðQÞ  Ss ðPÞÞ

ð6Þ

is a measure of the complexity of the spatial correlations within a given Rt map. The
differential spectral entropy is shown as a function of true strain and strain mode in
Figure 6. In this figure, the DSS behaviour for the uniaxial and plane strain modes are
quite similar, showing a pronounced peak value at 15% nominal true strain followed
by a sharp decrease to the failure strain. In contrast, the peak exhibited in the
equi-biaxial mode is not as distinct as that shown in the other two modes and the
spectral entropy decreases more slowly to failure.
If the two distributions have similar overall shapes, such as those shown in
Figure 5, the differential spectral entropy may not have sufficient sensitivity to
clearly distinguish the differences between the two. In this situation, one can define a
‘relative spectral entropy’, Sr, based on the Kullback–Leibler distance (KLD), which
measures the ‘local’ discrepancy between any two pairs of probability distributions
(P, Q) [40,46,50,51]. The symmetric form of the KLD has been adopted for this
evaluation and is expressed as
Sr ¼

X
i

Pi ln

Pi
Qi

þ

X
i

Qi ln

Qi
Pi

where

X
i

Pi ¼ 1 and

X
i

Qi ¼ 1:

ð7Þ
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Figure 7. (Colour online). The relative spectral entropy, Sr, is shown as a function of the
nominal true strain level and the strain mode. Note that Sr is a dimensionless quantity.

It should be noted that Sr 4 0 for all cases except where Pi ¼ Qi for all values of i.
In this case, Sr ¼ 0, which signifies that the two distributions are indeed identical.
Even though the KLD is not a true metric or a physical ‘distance’ in a strict
measurement sense, it can be regarded as an optimally sensitive discriminator
between any pair of distributions, provided the two distributions are based on a
common measure.
Relative spectral entropy data were plotted against the nominal true strain level
and shown as Figure 7. The format for this figure is identical to Figure 6 enabling a
direct comparison between the two entropies. Two trends are apparent. First, while
only the uniaxial and plane strain modes exhibited similar shapes in Figure 6, the
overall shapes of the curves in Figure 7 are more similar in that each strain mode
exhibits a distinct peak that is immediately followed by a sharp decrease to the failure
strain. This suggests that the decrease in relative spectral entropy might be a
signature for the onset of critical localisation. Second, the magnitude ranges of the Sr
data are considerably greater than the DSS data for the same strain conditions. This
amplitude increase indicates that the element-by-element comparison between the
correlated and random distributions used in the relative spectral entropy calculation
substantially enhances the signal-to-noise ratio in the Rt data compared to the
differential spectral entropy, DSS.
Figures 6 and 7 also illustrate how strain mode influences the general
deformation behaviour of the aluminium sheet. That is, when presented as a
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Table 2. Analysis of the divergence between individual surface measurements: Correlated.
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Strain path

Nominal true
strain

Mean K–L
distance

Uncert. 

Maximum
K–L distance

0.00
0.05
0.10
0.15
0.20
0.26
0.05
0.10
0.15
0.23
0.05
0.10
0.15
0.16

0.0097
0.0073
0.0089
0.0142
0.0077
0.0077
0.0087
0.0104
0.0068
0.0099
0.0054
0.0057
0.0089
0.0065

0.0054
0.0045
0.0064
0.0099
0.0043
0.0045
0.0055
0.0059
0.0042
0.0061
0.0031
0.0033
0.0049
0.0042

0.0173
0.0135
0.0220
0.0347
0.0135
0.0142
0.0188
0.0182
0.0133
0.0178
0.0091
0.0102
0.0156
0.0129

As-polished
Equi-biaxial
–
–
–
–
Uniaxial (RD ?)
–
–
–
Plane strain (RD ?)
–
–
–

Note: ‘Uncert.’ refers to one standard deviation of the mean, .

function of the strain mode, the failure strain is considerably higher for the equibiaxial mode compared to the uniaxial and plane strain modes. This is primarily due
to the manner in which the macroscopic constant volume conditions are imposed by
the individual strain mode during the deformation process [52]. Since the intent is to
assess the entropy change as a function of strain intensity and strain mode, the
results are all expressed in terms of a true strain in each strain mode. However, the
entropy changes can also be expressed in terms of a normalised strain intensity,
which can be calculated using the von Mises relationship for the effective uniaxial
strain. Note if the entropy change is expressed in terms of the effective strain, the
trends may not necessarily be the same as those shown in Figures 6 and 7.
The Kullback–Leibler distance [51] analysis can also provide a direct assessment
of the statistical variability for the surface in general. This is accomplished by
evaluating the KLD for each of the possible combinations of the five datasets
according to the following:
KLDðM,NÞ ¼

X
i

Mi ln

Mi
Ni

þ

X
i

Ni ln

Ni
Mi

where

X
i

Mi ¼ 1 and

X

Ni ¼ 1:

i

ð8Þ
In this equation, M and N represent the five data sets. Due to the form of the
KLD adopted for this evaluation, this equation produces a 25-element symmetric
matrix. A KLD analysis was performed on the data in each strain condition for both
the correlated and randomised conditions. The KLD values are presented in Tables 2
and 3, respectively. Note that the magnitudes of the KLDs are relatively small and
that the maximum KLD is approximately twice that of the mean value. This
indicates that the five Rt maps for a given strain condition are remarkably similar in
a general statistical sense.
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Table 3. Analysis of the divergence between individual surface measurements: Random.
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Strain path
As-polished
Equi-biaxial
–
–
–
–
Uniaxial (RD ?)
–
–
–
Plane strain (RD ^)
–
–
–

Nominal true
strain

Mean K–L
distance

Uncert. 

Maximum K–L
distance

0.00
0.05
0.10
0.15
0.20
0.26
0.05
0.10
0.15
0.23
0.05
0.10
0.15
0.16

0.0065
0.0066
0.0057
0.0096
0.0094
0.0100
0.0075
0.0090
0.0055
0.0099
0.0090
0.0078
0.0086
0.0058

0.0037
0.0037
0.0030
0.0068
0.0062
0.0064
0.0043
0.0053
0.0032
0.0065
0.0062
0.0057
0.0058
0.0045

0.0112
0.0113
0.0089
0.0221
0.0191
0.0221
0.0127
0.0173
0.0093
0.0235
0.0213
0.0195
0.0176
0.0129

Note: ‘Uncert.’ refers to one standard deviation of the mean, .

4. Discussion of results
Throughout this evaluation, clusters have been referred to, but, in fact, the only
statement resembling a definition of a cluster in this paper has been ‘several Rt cells
exceeding a threshold magnitude that are in close proximity and act in a cooperative
manner’. The rationale behind this is that defining a cluster in terms of a specific metric
biases the analysis used to evaluate the spatial relationships that may, or may not, exist
within a given dataset [53]. The definition of a cluster is not the only source of bias in
these analyses. As noted previously, the colour scales used in Figures 2 and 3 are based
on a 95% failure probability as predicted by a Weibull analysis. As a result, the 8-bit
colour scales compress the tail regions of the Rt distributions to accentuate the areas of
the Rt map where failure is most probable. Using this format to present the Rt data
introduces a visual bias by artificially creating regions of cells with similar colour.
However, the apparent structure that is present in these figures is simply an artefact
introduced by the presentation. It is also possible to accentuate the segment of the Rt
distribution that lies above the 95% probability level. Figure 8 exhibits how simply
redefining the bounds of the 8-bit colour scale can influence the perception of clusters.
While it is impossible to conduct any analysis without introducing preconceptual
bias in some form, the results of a spatial analysis are especially sensitive to the
influence of such bias. Avoiding an a priori definition of a cluster (e.g. some
predetermined shape consisting of n or more Rt elements, or n Rt elements in contact
with one another in some arbitrary arrangement) and quantifying the multi-point
spatial correlations directly produces a robust statistical analysis of any and all
spatial relationships that are present, while simultaneously increasing the confidence
in the assumption of independent conclusions drawn from that analysis.
The remarkable similarity between the ACF surfaces shown in Figure 4 and the
ACF data in Table 1 demonstrates that the differences between the Rt maps are
virtually indistinguishable at the two-point ACF level. One implication of this
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Figure 8. (Colour online). The influence of the colour scale on the perception of ‘‘clusters’’
that have formed within the Rt maps. Both maps present the Rt data shown in Figure 2F. A is
shown using the original 8-bit colour scale (i.e. derived from the Weibull localisation
probability analysis outlined in reference [11]), and B is shown using an 8-bit colour scale that
has been recomputed to accentuate the range of probabilities that lie between the 95% and
99.9%.
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statistical degeneracy is clear. The unexpected levels of similarity in the correlation
results indicate that a two-point analysis lacks sufficient sensitivity to discriminate
the complex spatial relationships that exist in the Rt maps. The presence of diamondshaped regions of high-correlation in Figure 4 denote that correlations are indeed
present within the Rt data; however, complex clustering, such as that exhibited in
Figure 3, implies that these correlations are of a higher order and cannot be
differentiated with a two-point analysis technique. While a two-point analysis may
be entirely appropriate to assess the spatial relationships that exist within other
datasets (such as those based on the measurement of a power spectrum), the ACF
technique does not provide any reliable information that elucidates the nature of the
relationship between complex clustering and the onset of critical strain localisation in
the AA5754 alloy. This result also indicates that whatever influence the formation of
Rt clusters may have on critical strain localisation can only be extracted with
analytical methods that are based on multi-point spatial statistics [54].
The eigenvalue analysis is an attractive and powerful approach to quantify the
existence of clusters within the Rt data for two important reasons. First, the complex
eigenvalue spectrum calculated for each Rt map distils the spatial information
present in that map into a compact scalar form. Second, it allows for the
establishment of a well-defined reference state for comparison (e.g. the randomised
condition). Analysis of the spatial relationships in the eigenvalue distributions by
information theory-based methods, which offer high flexibility and minimal
preconceptual bias by design, yields a systematic evaluation of any structure that
may be present in any Rt map. Quantifying the comparative degrees of disorder
(entropy) for two normalised distributions that correspond to a deformed surface in
two different conditions (i.e. one that contains the correlation information, and one
that does not) reveals the change in entropy produced by the formation of that
structure. Both the spectral entropy and the relative spectral entropy are capable of
quantifying this entropy change; however, the considerably higher signal-to-noise
ratio in the relative spectral entropy results clearly indicates that this method is the
more appropriate tool for this particular application.
The initial monotonic increase exhibited in each of the three relative spectral
entropy curves shown in Figure 7 reflects the divergence of the correlated and
random surface conditions at each strain level. Recall that all of the surface effects
produced by plastic strain are directly reflected in the shape of the Rt distribution
and that this distribution can be completely rearranged (randomised) with no change
in the first-order statistical properties (i.e. mean, standard deviation, skew and
kurtosis). This isolates the overall effects produced by an increase in plastic strain
from the changes that occur in the surface structure generated by that increase. While
it may appear relatively homogeneous on a macroscopic level, the deformation in a
polycrystalline material occurs by highly complex and non-uniform processes. Each
grain in a polycrystalline network deforms by different amounts as determined by the
individual orientation of the grain, the local Schmid factor and the constraints
imposed by neighbouring grains at or below the surface [55–57] and, for this reason,
the local or grain level strain conditions have a strong influence on the overall
character of the ensuing surface roughness. Increasing the level of plastic strain
intensifies the crystallographic nature of the surface roughness and adds to the
overall structure of the surface (see Figure 1). This increase in surface structure
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results in a complementary change in the degree of disorder associated with the
surface, and that is precisely what is exhibited in Figure 7.
Given that Rt is effectively the scalar projection of the height gradient, Rt maps
such as those shown in Figure 2, serve as measures of the change in the local peak-tovalley height for a surface topography (Figure 1). However, the relationship between
a topography and the corresponding Rt map is not necessarily isomorphic. Because it
is derived from a set of surface height values, an Rt cell is a coarse-grained measure
of the differential topography on a local level, which accentuates the microstructural
features that promote critical strain localisation (e.g. cracks, splits and tears and
necking). For example, consider a group of adjacent grains with orientations that do
not favour primary slip. As the strain increases, these grains will rotate relative to
one another in response to the applied strain and, in this situation, the deformation
tends to concentrate in the grain boundary regions resulting in relatively large local
displacements. This will produce a cluster of Rt cells that emphasises the
displacement in the grain boundary regions rather than in the grain interiors.
Therefore, the shape of this cluster is determined directly by the microstructure
(Figure 3).
However, as shown in our previous analysis [11], the range of values (i.e. Rt
magnitudes) in the distribution broadens markedly with increasing plastic strain,
thereby augmenting and accentuating the tail region of the Rt distribution. This
dispersion, caused by statistically rare events, makes it progressively less probable for
similar Rt values to lie within close proximity of one another. In other words, since
the range of potential Rt values expands with increasing plastic strain, it becomes
increasingly more difficult to form groups of cells with similar Rt magnitude
(clusters) as the strain level increases. This results in two competing processes: one
where the formation of clusters is favourable and one where it is not. The maximum
exhibited in the three curves in Figure 7 is produced by this competition. Both
processes are dependent on changes in the surface morphology. At strains less than
approximately 15% in the uniaxial and plane strain modes, and approximately 22%
in the equi-biaxial mode, the first process, which primarily reflects the coalescence of
Rt cells of similar magnitude, dominates the behaviour. At strains larger than these,
the second process, which is more strongly influenced by rare probabilistic events
that occur in the disproportionately long tail of the Rt distribution (such as the
isolated cells present in Figure 8), dominates. Since the range of variability within the
individual data sets for each strain condition, in both the randomised and correlated
conditions is small, as shown in Tables 2 and 3, the maxima in Figure 7 cannot be an
artefact caused by large statistical fluctuations in the surface data (i.e. the breakdown
of stationarity). For this reason, the crossover can be considered a signature of the
onset of critical strain localisation and, thus, a precursor to failure.
More explicitly, recalling that the data acquired in the failure condition establish
the maximum obtainable surface roughness for the AA5754-O alloy as well as the
morphological conditions that gave rise to the localisation event in each strain mode,
the fact that exceptionally high Rt values were observed (Figure 8) and no failure
occurred indicates that the surfaces in this condition are, in fact, metastable. It is,
therefore, reasonable to hypothesise that the onset of metastability coincides with the
occurrence of the maximum relative spectral entropy.
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The results of these analyses prove that critical strain localisation requires the
formation of structure within the Rt data. This structure cannot be distinguished by
statistical methods that only describe correlations at the two-point level such as the
autocorrelation function. While higher order correlation analysis clearly demonstrates that structure is present and that it is produced by the microstructure, the
crossover from the process where the formation of clusters is favourable to the
probabilistic process where it is not signifies the onset of critical strain localisation
and failure. After this shift in the dominant process occurs, the surfaces become
metastable and the application of additional strain produces perturbations that
trigger the failure event. Because this process is more dependent on statistically rare
events, predicting the exact location of that failure event with a deterministic model
becomes significantly more difficult.

5. Conclusions
The spatial correlations present in surface data produced by three in-plane
deformation modes (equi-biaxial, uniaxial and plane strain) were characterised
with two different analytical approaches. The first was based on a conventional twopoint autocorrelation function. The second was based on the complex eigenvalue
spectra associated with each surface and information theory methods.
The data from the ACF approach were assessed by calculating the overall volume
and the moment of inertia for each ACF surface. While the small uncertainties
associated with the ACF volume and moment of inertia data confirmed that these
quantities were statistically reliable measures of the spatial correlations, the results
indicated that neither the strain level nor the strain mode produced a statistically
significant change in the degree of correlation in the Rt data. Therefore, the
conclusion drawn from the ACF analysis was that the ACF technique does not
contain sufficient sensitivity to elucidate the nature of the relationship between
complex clustering and critical strain localisation in the AA5754 alloy.
The data from the information theory-based approach revealed that quantifying
the comparative degrees of disorder (i.e. information–theoretic entropy) for two
normalised distributions that represent a deformed surface under two different
conditions (one that contains the correlation information, and one that does not)
directly reveals the change in the degree of disorder associated with the surface
produced by the plastic strain. While both the spectral entropy and the relative
spectral entropy are capable of revealing this change, the relative spectral entropy
calculation was the more appropriate tool for this particular application. Each strain
mode exhibited a monotonic increase in the relative spectral entropy as a function of
true strain that attained a maximum, and then decreased sharply to the failure strain.
This behaviour resulted from two competing processes: one where the formation of
structure is favourable and one where it is not. The first process dominated the
behaviour at strains up to and including the maximum Sr. At higher strains, the
second process, driven by statistically rare events in the disproportionately long tail
of the Rt distribution, dominated. Therefore, the crossover point can be considered
as a precursor to failure because, once the dominant process shifts, additional strain
results in the precipitate formation of a critical strain localisation event.
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Notes
1. Certain commercial equipment, instruments, or materials are identified in this paper to
foster understanding. Such identification does not imply recommendation or endorsement by the National Institute of Standards and Technology, nor does it imply that the
materials or equipment identified are necessarily the best available for the purpose.
2. Note this measure is equivalent to a normalised eigenvalue distribution.
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