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Abstract A combination of classical thermodynamics and molecular theory was
used to calculate the enhancement factor (ratio of vapor-phase partial pressure to
saturated vapor pressure) for liquid mercury in equilibrium with air at standard atmo-
spheric pressure at temperatures from 0 °C to 40 °C. The enhancement factors range
from 1.0025 at 0 °C to 1.0016 at 40 °C. This enhancement is too small in magnitude,
and in the wrong direction, to explain a difference that has been noted between equi-
librium vapor concentrations implied by the vapor pressure of pure mercury and those
assumed in some calibration procedures.
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1 Introduction

A major source of mercury pollution is atmospheric emissions from combustion of
coal. Instruments to measure mercury in air must be calibrated; this is challeng-
ing because of the low concentrations involved. A recent analysis [1] estimated an
expanded relative uncertainty (coverage factor k = 2) of 17 % for these measure-
ments, with much of the uncertainty coming from uncertainty in the concentration of
mercury in air used in calibration.
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These calibrations use devices that attempt to produce a saturated concentration
of mercury in air at a known temperature, with the mercury-containing air sampled
by syringe for injection into the analytical instrument. The first extensive analysis of
this procedure was performed by Dumarey et al. [2]. In conjunction with the work, a
correlation was developed (although not actually given in [2]) for the concentration
of mercury in air as a function of temperature. This correlation is often called the
Dumarey equation and is commonly used [1,3-5] to estimate the vapor concentration
of mercury produced by such an apparatus.

From a thermodynamic standpoint, the saturated vapor concentration must be
closely related to the vapor pressure. Huber et al. [6] performed an extensive analysis
of experimental vapor pressures and other thermodynamic data, producing a correla-
tion for the vapor pressure of mercury that they estimated to have an expanded relative
uncertainty (coverage factor k = 2) of 1 % at near-ambient temperatures. This corre-
lation has subsequently been confirmed by a single vapor-pressure datum near 21 °C
[7] and by high-accuracy experiments at temperatures above 200 °C [8].

However, the saturated vapor concentration of mercury predicted from the vapor-
pressure correlation of Huber et al. [6] (assuming mercury vapor is an ideal gas; this
assumption will be discussed in Sect. 4.3) does not agree with the concentrations pre-
dicted by the Dumarey equation. This discrepancy is shown graphically by Brown
et al. [1], with the concentrations based on the vapor pressure approximately 7 %
higher than those from the Dumarey equation. This disagreement is much larger than
the 1% uncertainty of the vapor-pressure correlation (the uncertainty of the Duma-
rey equation is unclear, but the reproducibility of the related calibration procedure
seems to be about 1% [1,2]). Brown et al. [3] performed a gravimetric experiment
that in principle could have resolved the discrepancy, but their uncertainties were large
enough (approximately 13 %) that both the results fall within their error bars.

The prediction of concentration based on vapor pressure alone does not describe
the mercury saturation devices exactly, because the devices contact mercury with air,
while the vapor-pressure equation describes an air-free system. While use of a satu-
rated air stream could produce differences for a variety of reasons (such as incomplete
saturation, sampling problems, or chemical reaction), here we restrict our analysis to
thermodynamic effects. It is well known that gases enhance the vapor concentration of
a solute above its condensed phase; this is an important concept in humidity metrology
[9] and in supercritical fluid extraction [10]. The “enhancement factor” is due primar-
ily to the deviation of the vapor from ideal-gas behavior and to the effect of pressure
on the chemical potential of the condensed phase.

Before proceeding, we note that this thermodynamic effect cannot explain the dis-
crepancy noted above. As reflected in its name, the enhancement factor for physically
realistic systems increases the vapor concentration of the solute above what would be
calculated based on its vapor pressure alone. This effect is in the opposite direction to
that needed to explain the difference between the Dumarey equation and the vapor-
pressure correlation. Nevertheless, it is valuable to quantify the enhancement factor
to understand the thermodynamic effect of air on the vaporization of mercury. If and
when the discrepancy is resolved, accurate knowledge of the enhancement factor will
reduce the uncertainty in the characterization of any device that produces saturated
mercury in air.

@ Springer



Int J Thermophys (2010) 31:297-307 299

In this article, we first outline the thermodynamic description of the enhancement
factor. In Sect. 3, we compute the portion due to the effect of pressure on the con-
densed phase (known as the Poynting correction). In Sect. 4, we compute the effect
of vapor-phase nonideality. We then combine these and present calculated values
for the enhancement factor and vapor concentration, and close with some discussion
of the results. All results in this article are for air at standard atmospheric pressure
(101.325kPa), but the thermodynamic framework can be used at other pressures in a
straightforward manner.

2 Thermodynamic Background

The enhancement factor E for a condensed-phase solute (here designated component
2) in a pressurized gas is defined [10] as the ratio

y2p
E(T, p) = : 1
(T, p) (D) (M

where p3 is the vapor pressure of the pure solute and y; is the solute vapor mole
fraction at thermodynamic equilibrium between the gas and the condensed phase at
pressure p and absolute temperature 7. E is the ratio of the partial pressure of the solute
in the vapor to its equilibrium vapor pressure at 7; the amount by which E exceeds
unity is a measure of how much the gas enhances the vaporization of the solute.

If we neglect the extremely tiny solubility of air in liquid mercury, equating the
fugacities of the solute in the condensed and vapor phases produces the following
expression for the enhancement factor:

P
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where ¢ is the fugacity coefficient (the ratio of the fugacity to that in an ideal-gas mix-
ture). The superscript s in ¢35 designates the pure-component saturation state (where
the pressure is p3), while ¢ in the denominator is the fugacity coefficient in the gas
mixture at pressure p. v, is the molar volume of the pure condensed phase, and R is
the molar gas constant.

Because the vapor pressure of mercury at our conditions of interest is very small
(less than 1 Pa at 25 °C), the saturated vapor will be very nearly an ideal gas, and
we can set ¢5 = 1 (the relative error in this assumption is on the order of 1077; see
Sect. 4.3). Furthermore, since p is not large (101.325 kPa in our calculations), the small
compressibility of liquid mercury can be neglected, and we can use its molar volume
at standard atmospheric pressure throughout the range of integration in Eq. 2. With
these two simplifications, Eq. 2 becomes
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The numerator in Eq. 3 is known as the Poynting correction, while the denominator
represents the departure of the vapor-phase fugacity from that of an ideal gas.

3 Poynting Correction

The numerator in Eq. 3 requires the molar volume of liquid mercury, which is known
very accurately at near-ambient conditions. We use the expression recommended by
Bettin and Fehlauer [11] for the mass density at standard atmospheric pressure:

£20
14+ Ag(t —20) + A1 (t — 2002 + Ax(t — 20)3 + Az(t — 20)*°

prg(T) = “

where pyq is 13545.850 kg - m—3, the recommended density at standard atmospheric
pressure and 20 °C, ¢ is the Celsius temperature, Ag = 1.811891 x 10_4, Al =
7.5669 x 1072, A, = 3.6094 x 107!, and A3 = 1.5502 x 107!, The atomic mass
of 200.59 g - mol~! [12] is used to convert the mass density to a molar volume.

The Poynting correction also requires the molar gas constant R = 8.314472
J-mol~! - K=! [13] and the vapor pressure p5(T), for which we use the correla-
tion of Huber et al. [6]. Any error in pj§ will have a negligible impact on Eq. 3, because

p5 < p.

4 Fugacity Coefficient
4.1 Theory

The fugacity coefficient of a component in a mixture is rigorously related to a compo-
sition derivative of the Helmholtz energy [10]. For low and moderate pressures, it is
adequate and accurate to represent the thermodynamics by the virial expansion, which
is a series of corrections to ideal-gas behavior:

pv B(T) C(T)
= — = 1 ceey
Z RT + ’ + 2 +

)

where v is the molar volume and B, C, etc. are virial coefficients that depend only on
temperature and (for a mixture) on composition.

The composition dependence of the virial coefficients is rigorously given by statis-
tical mechanics. For the second virial coefficient B, the relationship for a mixture of
m components is

Buix(T) = D > iy Bij(T), (6)

i=1 j=1

where B;; ata given temperature depends only on the interaction between one molecule
of species i and one molecule of species j.
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For the relatively low pressures of interest here, Eq. 5 can be truncated after the
first correction. After some thermodynamic manipulations, this allows the fugacity
coefficients to be computed as [10]

m
p
Ing; = 2§yj3,-,-—3mix TR ()
For the mercury—air system, Eq. 7 becomes
— 2 2 14
In ¢Hg = | YHg (2 - yHg) BHgHg + Zya Ba,Hg — Va Baa ﬁv (8)

where subscripts “Hg” and “a” designate mercury and air, respectively. While air is
really a mixture, we can follow the example of the humidity community [9,14] and
treat air as a pseudo-pure component without altering the thermodynamics.

From Eq. 8, ¢y, can be computed at any temperature and pressure if the appropriate
B;; are known. Equation 8 also requires the composition, which is initially unknown.
Because the mole fraction of mercury is small, an effective procedure is to first assume
YHe = 0, use Eq. 8 to compute an initial guess for ¢y, and then use Eqs. 3 and 1 to
compute a new ygg for use in Eq. 8 to produce a final value of ¢y, for calculating
the final enhancement factor from Eq. 3. This successive substitution procedure could
be repeated, but in practice a single iteration is sufficient for convergence to mutually
consistent values of ¢yg, yHe, and E.

4.2 Second Virial Coefficient for Air—Air

The second virial coefficient for air at near-ambient temperatures has been extensively
studied. We use the formula recommended by Hyland and Wexler [9]:

Bua [ (1em® -mol™) = bo + by /T + ba/T? + b3/ T, )

where by = 34.9568,b; = —6687.72K, by = —2.10141 x 10°K?, and b3 =
9.247 46 x 107 K3. Values of By, at temperatures of interest for this work are shown
in Table 1.

3

Table 1 Second virial coefficients (in cm? - mol™1) for the mercury—air system

t(°0) Baa BygHg BN, Hg Bo, He Bar Hg By Hg
0 —13.15 —-502 —-25.9 —31.5 -76 —-27.6
10 —10.80 —468 —22.6 —28.5 —71 —24.3
20 —8.64 —438 —19.5 —25.7 —67 —21.3
25 —7.62 —424 —18.1 —24.4 —64 —19.8
30 —6.65 —411 —16.7 —23.2 —62 —18.5
40 —4.82 —387 —14.1 —20.8 —58 —15.9
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4.3 Second Virial Coefficient for Hg—Hg

Because ypg is small, the term containing ByeH, in Eq. 8 is negligible for practical
purposes. However, we analyze Bpgng for completeness, because it will introduce
some concepts needed for B, Hg, and because it illuminates the extent of dimerization
(or lack thereof) in mercury vapor.

Experimental measurement of the second virial coefficient for mercury is not prac-
tical. However, BygH, can be calculated if the pair potential for interacting mercury
atoms is known. If quantum corrections are ignored (which is reasonable for heavy
atoms such as mercury), the second virial coefficient is rigorously given by [15]

[e¢]

Bij(T) = —2JTNA/[exp (—Uij(r)/kpT) — 1] 72 dr, (10)
0

where Na is the Avogadro constant, kg is the Boltzmann constant, and U;;(r) is
the potential-energy function between atoms i and j whose centers are separated by
distance r.

For the function U;;(r), we employ the “CBS/CCSD(T) + SO + AT” ab initio
potential of Pahl et al. [16], which was developed at a high level of theory with large
basis sets and shown to be consistent with the limited experimental study of the dimer.
While higher-level calculations at the potential minimum suggest that this potential
might be about 3 % too shallow [16], the accuracy is sufficient for our purposes. The
resulting values of Bygpp are shown in Table 1. These were compared with values
computed from two other recent pair potentials [17,18]. Agreement among the values
is within 10 %, which gives some indication of the uncertainty in our knowledge of
the pair potential and therefore in BygHg.

For pure mercury at saturation, inserting the values of Byghg from Table 1 into Eq. 8
with yq¢ = 1 and p = pj yields fugacity coefficients ¢5 ranging from 0.999 999 99
at 0°C to 0.99999987 at 40 °C. Therefore, our assumption of ¢5 = 1 in Sect. 2 is
justified. Also, BygHg may be converted to an approximate equilibrium constant for
the vapor-phase dimerization reaction [10]. At the very low pj of interest here, a cal-
culation with the resulting equilibrium constant yields a dimer fraction on the order of
1078 to 1077, which is of the same magnitude as estimated from mass spectrometric
experiments [19]. This shows that vapor-phase dimerization of mercury is negligible
at these conditions.

4.4 Second Virial Coefficient for Air-Hg

As has been done for the air—water system in humidity standards [14], we can construct
Ba Hg from the individual contributions of the main components of air:

Ba Hg = YN, BN, Hg + Y0, B0, Hg + YAr Bar Hg, (11)
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where the mole fractions yn, = 0.781 184, yo, = 0.209480, and yar = 0.009 336 are
obtained from the composition of dry air [20] after subtracting out trace components
and renormalizing.

Experimental measurements of the required cross virial coefficients in Eq. 11 are
lacking, so again we turn to calculations based on intermolecular potentials.

The simplest of these binaries is the argon—mercury pair, which has a one-dimen-
sional potential. A semiempirical potential has been developed by Sheng et al. [21].
From this potential, Eq. 10 gives values of Ba; ng as shown in Table 1.

To a good approximation at the temperatures considered here, the nitrogen mole-
cule can be considered a rigid rotor, resulting in a two-dimensional nitrogen—mercury
pair potential. This can be described by the distance r between the Hg atom and the
midpoint of the N> molecule and an angular variable 8, defined as the angle to the Hg
atom as viewed from the N> midpoint, with 6 = 0 when the Hg atom is collinear with
the N, molecule. For angle-dependent potentials, the analog to Eq. 10 is [22]

Bij(T) = —ZJTNA/[(exp (~Uij(r,0)/kpT)) — 1] r2dr, (12)
0

where the angle brackets indicate averaging over all mutual orientations at distance r.
In the two-dimensional coordinate system used here, the number of points on a sphere
of radius r at angle 6 is proportional to sinf, so the average in this case is taken over
all values of 6 with each contribution weighted by sin6.

The pair potential of the nitrogen—mercury system has been studied by II¢in et al.
[23] at 0.36nm < r < 0.7nm. They developed a three-dimensional potential in
which the intramolecular N, bondlength was allowed to vary, but it can be reduced to
a two-dimensional potential by fixing the N-N distance at its equilibrium value.

Unfortunately, the potential function of II¢in et al. [23] extrapolates poorly beyond
the range of their ab initio calculations. At short distances, for some values of 6 the
potential takes large negative values, when physically it must approach +oc. This
can be easily rectified by setting U;; to a large positive number for all distances less
than 0.3nm. At large distances, their U;; does not decay as r~©, which theory dic-
tates should be the case for dispersion interactions. This behavior in the “tail” of the
potential has a significant influence on B;;. We therefore used a revised potential
(M. Il¢in, personal communication, 2010) in which additional ab initio calculations
at distances beyond 0.7 nm were used to produce a function with correct long-range
behavior. Table 1 shows values of B, Hg calculated from the revised potential of II¢in
et al. [23] (M. II¢in, personal communication, 2010).

We are not aware of any study of the pair potential for the oxygen—mercury sys-
tem. We therefore estimated Bo, Hg by scaling the nitrogen—mercury results using
an effective Lennard—Jones 12-6 potential. The first step in this procedure was
to obtain an effective collision diameter oyg for the mercury atom by fixing the
Lennard-Jones welldepth ey at the minimum of the Hg-Hg potential of Pahl et
al. [16] (eng/kp ~ 564 K) and finding the value of oy, that produced the value of
Bygng at 20°C in Table 1. This is combined (in the usual linear manner) with the
effective Lennard—Jones values of o for Ny and O, [15] to produce an effective o
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for the No—Hg and O-Hg interactions. The value of By, He at 20 °C from Table 1
was then used to determine the effective Lennard—Jones ¢ for the No—Hg interaction.
Finally, an effective ¢ for the O,—Hg interaction was estimated by scaling the N,—Hg
value according to the relative values of the effective Lennard—Jones ¢ for N, and O;
given by Hirschfelder et al. [15]:

12
£0,.Hg = €Ny.Hg (€0,/6N,) 2 (13)

The effective Lennard—Jones 12-6 potential with ¢ from Eq. 13 and o determined
by the procedure in the previous paragraph has 0o, gg = 0.350 nm and €o, Hg/ kB =
132.7K. This was used in Eq. 10 to produce the values of Bo, xg shown in Table 1.
While a Lennard—Jones potential is a crude approximation for the No—Hg and O,—Hg
systems, much of the resulting error in calculating Bo, Hg should be canceled out by
our constraint that the more rigorously determined values of By, Hg be reproduced.

With Bar Hg, BN, He» and Bo, Hg all in place, Eq. 11 can be used to calculate B, yg.
The resulting values are shown in Table 1.

5 Results

Table 2 shows the values of the Poynting correction calculated as described in Sect. 3,
the fugacity coefficient ¢y, calculated from Eq. 8 with the second virial coefficients
given in Table 1, and the enhancement factor E calculated from Eq. 3.

Figure 1 shows the enhancement factor as a function of temperature, along with its
two components (the Poynting correction and ¢pg). It can be seen that both thermo-
dynamic factors are significant in the calculation of E, with the contribution of ¢,
two to three times as large as the Poynting correction at these conditions.

It is also of interest to calculate the equilibrium concentration of mercury in air,
because this is the quantity used in calibrations. The first step is to calculate the com-
pressibility factor z from Eq. 5 and the known mixture second virial coefficient from
Eq. 6. These values of z are shown in Table 2. The vapor concentration of Hg in
mol - m~3 is then the equilibrium mole fraction of Hg (computed as described in
Sect. 4.1) multiplied by the overall molar density, which is the reciprocal of the molar
volume that can be computed from z with Eq. 5. Mass units are obtained by multiply-

Table 2 Thermodynamic quantities for mercury saturated in air at 101.325kPa

t(°C) pIS-Ig (Pa)  Poynting correction  ¢pg E z cHg(ng - cm™3)
0 0.0270 1.000 658 0.998 13 1.002 53 0.999413 2.391

10 0.0703 1.000 636 0.998 38 1.00226 0.999 535 6.004

20 0.171 1.000616 0.99859 1.002 03 0.999 641 14.13

25 0.261 1.000 606 0.998 69 1.00192 0.999 688 21.19

30 0.393 1.000597 0.99878 1.001 82 0.999733 31.35

40 0.855 1.000579 0.99895 1.001 63 0.999813 65.99
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Fig. 1 Enhancement factor E, and its two contributing factors as defined in Eq. 3, for liquid mercury
equilibrated with air at a pressure of 101.325kPa

ing the molar concentration by 200.59 g - mol~!. The resulting concentrations CHg are
shown in the last column of Table 2.

6 Discussion

Table 2 and Fig. 1 show that the presence of air at standard atmospheric pressure pro-
duces a small, positive thermodynamic enhancement of the equilibrium partial pressure
of mercury above its liquid. The enhancement is on the order of 0.2 % at the conditions
considered here. In order to produce agreement with the Dumarey equation, a negative
enhancement on the order of 7% would be required, corresponding to ¢y, ~ 1.07.
Such values for vapor-phase fugacity coefficients are physically unrealistic except
perhaps at high densities and very high reduced temperatures where repulsive forces
dominate, which is not the case here. Any vapor-phase chemical association involving
mercury would also reduce its fugacity and lead to ¢y < 1. It is clear that thermo-
dynamic effects from the presence of air cannot account for the discrepancy noted in
Sect. 1.

It can also be noted that the calculated enhancement (E — 1) is smaller than the 1 %
uncertainty in the vapor-pressure correlation [6]. The uncertainty in the vapor pressure
is currently the largest contributor to the uncertainty in a thermodynamic calculation
of the saturated vapor concentration of mercury in air.

While the calculations in this work are for dry air, it is not too difficult to incorporate
the effect of humidity, which may be present in some practical situations. Humidity
will not affect the Poynting correction (which depends only on the pressure), but it will
affect the fugacity coefficient ¢y due to the differing vapor composition. The the-
oretical framework of Sect. 4.1 still applies, but additional second virial coefficients
are required. B(T) for pure water [24] and for water with air [14] are taken from
the literature. For the water—mercury pair, we apply the same procedure as described
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in Sect. 4.4 for mercury with oxygen. A calculation with 100 % relative humidity at
20 °C (where our estimate for By,0,Hg is —124 cm? - mol_l) yields ¢yg = 0.99847,
slightly less than the result for dry air shown in Table 2. The compressibility factor z
is 0.999 57, also slightly less than for dry air. Both of these factors increase the equi-
librium vapor concentration compared to that in dry air, but the effect is small, only
an incremental 0.02 % increase above the enhancement produced by dry air.

Because the molar volume of mercury is known with high accuracy, the uncertainty
in the Poynting correction is negligible. The only significant uncertainty in the cal-
culations reported here is that in ¢gg, which results almost entirely from uncertainty
in BN, Hg and Bo, Hg. The uncertainties in these second virial coefficients depend
on the uncertainties of the pair potentials used to compute them, but no uncertainty
estimate was given by Il¢in et al. [23] for their No—Hg potential and the uncertainty
of the estimation procedure used for Op—Hg is unknown.

Lacking sufficient information for a complete uncertainty analysis, we make some
rough estimates. Estimated welldepths for the Hg—Hg potential [16—18] vary by about
6 %. The potential-energy surface for the No—Hg pair is in some ways easier to cal-
culate from theory because there are fewer electrons, but the extra dimensionality is a
complication, and the basis sets and level of theory used by Il¢in et al. [23] (M. Il¢in,
personal communication, 2010) were not as advanced as those used in the most recent
recent study of the Hg—Hg pair [16]. We estimate the No—Hg potential to be uncertain
by 10 %. Because the O»,—Hg pair was based on a semiempirical scaling of the N,—Hg
pair, a reasonable estimate for the uncertainty of that pair potential is 15 % (much of
which would be correlated with the N>—Hg uncertainty). The effect of these uncer-
tainties in the pair potentials on BN, g and Bo, Hg can be estimated by perturbing
the welldepth ¢ in the effective Lennard—Jones calculations described in Sect. 4.4, and
these virial coefficients can be propagated into the calculation of ¢yg. The outcome
of this procedure is that the deviation from ideality (1 — ¢y) is uncertain by about
50 %, which translates to approximately a 35 % uncertainty in (£ — 1). It would not
be unreasonable to consider this rough estimate to be an expanded uncertainty with
coverage factor k = 2.

This uncertainty analysis depends on the assumption that the N,—Hg pair potential
of Il¢in et al. [23] is accurate at the level one would expect from the theory used.
Compared to the Hg—Ar potential, [21] where there is good experimental data, the
minimum of the Hg—N» potential is about 30 % smaller in magnitude. This is unex-
pected, since Ar and N> have nearly equal polarizabilities. It would be desirable to
have independent confirmation of the Hg—N, potential, or at least of its welldepth.
We note that, if the true Hg-N> potential were more similar to the Hg—Ar potential,
this would make ¢y lower, perhaps by as much as 0.3 % at the conditions considered
here. Such a change would increase the discrepancy between the Dumarey equation
and the thermodynamic equilibrium vapor concentration by a corresponding amount.

The uncertainty of the calculated enhancement factors could be improved signifi-
cantly if pair potentials for the N,—Hg and O,—Hg systems were developed with small,
well-documented uncertainties. It should also be possible to measure the enhancement
factor (and the vapor pressure) with gravimetric apparatus similar to that recently devel-
oped by Meyer et al. [25] for measurement of H»O in air in the context of humidity
standards.
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