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Outline

L Exchange-Correlation Functional in DFT: Uncertainty
Quantification and Propagation

dQuantifying uncertainties when using surrogate (DFT)
models trained with a few ab initio simulations

d Design of Experiments: What are the most informative
simulations needed for predicting a given Qol?

d A few words on stochastic coarse-graining: A Bayesian
generative approach

1 Scalable UQ for Multiscale Problems: A Graph-Theoretic
Approach (EP, Belief propagation, etc.)



DFT: Exhange Correlation Energy

 DFT energy functional (as a function of charge density):
o E[n] = UeX[n] + TO[n] + Uee[n] + Ex[n]

> Un]: Interaction with external potential

> TO[n]: non-interacting kinetic energy R. Jones et al. (1989)
e, _ _ _ R. Jones (2015)
> Uee[n]. classical electro-electron-interaction W. Kohn and L. Sham (1965)

» EX¢[n]: exchange-correlation energy, unknown

Q Different levels of approximations for E*[n] = [ ng*“(n;r)
o Local density approx. (LDA) *(n;r) = £*[n(r)]
o Generalized gradient approx. (GGA) =*(n;r) = *[n(r), Vn(r)]
o Meta-Generalized gradient approx. (meta-GGA) (used here)
=< (n; ) = =<[n(r), Vn(r), 7(n)] (7(r) = 232 3 [Ve(n)?)

o Hybrid (including exact exchange) 3. P. Perdew et al. (2001) 3
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Linear Model for the Exchange Energy

d We work within the meta-GGA framework, it provides good
cost-accuracy trade-off.

d Furthermore, we will focus on the exchange energy only:

E*[n] = jngx(n,Vn,r)dr :I ngee (N)F*(N,Vn, 7)dr

 We look for the exchange enhancement factor F*(s, «) as a
linear regression model using Legendre polynomials:

F(s,2) = Y. &' (5.a) = (€)' 4(5.a)
Y S ERLOP (@)

1 Rescale s and o on [-1,1] based on earlier non-empirical
functionals: PBEsol, MS, etc. J. Wellendor et al. (2014) 4
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Linear Model for the Exchange Energy

 The model for the exchange energy functional, EX[n], is:
M
E*[n;&*] = jngSEG (n)z EXp (s, a)dr Use PBE functional
i=1

M M -1
= > & [neles (g (s,2)dr = )" E'EX[m;8]= (&) E*[m; €]
i=1 1=0
1 We use a data driven Bayesian framework to find the
expansion coefficients
— Coefficients are random variables

- The exchange energy accounts for uncertainty:
o model error (meta-GGA framework)

o limited data (used in the training of the model)

M. Aldegunde, J. Kermode, N. Zabaras, JCP (submitted, 2015)
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Baxesian Linear Regression

] Bayesian linear regression, we need.:

— Likelihood: assume Gaussian with noise precisicl)\ln ys

LEIng B =] [N IEE n;e], 57)
— Priors on parameters: =

. Gaussian for coefficients ¢~ P(E | £, mO’So) =N (| mo,,B‘lso)

- Gamma for noise precision f p(,B | ao,bo) = G(ﬂ | ao,bo)

 The resulting posterior is:

L(tIn,& /)P f)
P t)=
P& T L tin e e raed

O The predictive distribution is a Student t-distribution:

p(t | A, t) =I p(t |7, B)p(E, Bl t)ded B = St(t | . 4,0)

:N(glmN’ﬂ_lsN)G(ﬂlaN’bN)



Relevance Vector Machine

d Hyperparameters? 18 —
™ 20 Do Moy S 4o e

- Sparsity inducing prior: relevance  © | olaa" ..l z:)
vector machine S, wlllll Zi: | Boas
........ N .

. My=0; Sy=diag(aly, ..., aly.,) ’ meorrt 0.5

_ Use of evidence approximation: T e ©

maximize the log of the marginal likelihood:

p(t|my, S, ay,0;) = [ P(t|&, B) P& BIMy, Sy, 8, b,)dEd B
£(my, Sy, ay,b,) = Iog p(timy, Sy, ay,b)

Syl N
E(m,,S,,a,,b,) = Iog || || 5 log(27)
O
I'(a
+log F((a:)) +a, log(b,) —a, Iog(bN7)

M. E. Tipping (2001), C. Bishop (2006), Bilionis & Zabaras (2014)
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Training Data

 Train the model with atomization energies for molecules

and solids.
* For a material M=A, B,.....

E., =%(Zn,E, —EMj,I = A B,..
I

4 In solids, we can add indirect measurements using an

equation of state (adds extra uncertainty):
« Given the atomization energy (E,), equilibrium volume (V,),
bulk modulus and pressure derivative (B,, B;) we can obtain

the energy of the strained material:
V01/3 V02/3 d VO .
173 V2/3+ VZV #(V)

V
1 1 1 1 -E, A. B. Alchagirov et al. (2001)
3 2 1 0 0
18 10 4 o|' 7| ovpB, .
108 50 16 0) |27V,B,B,
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Atomization Energies

 Predicting cohesive (atomization) energies:
« EXxplicit expression (Student t-distribution)
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M. Aldegunde, J. Kermode, N. Zabaras,, JCP (2016)



Lattice Constants and Bulk Moduli

= Run self-consistently for five different strains to compute n; (use my as the
average model)

= Sample from p(&, B|t) and run non-self consistent simulation using n;

= Fit the EOS to the values from this X energy (Bayesian fit)

= Sample coefficients from the fitting p(y |E) to calculate Vo, Bo, B:
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Uncertainty in band structure: DFT

 We run a self-consistent calculation of the solid of interest
(PBE)

O Calculate band structure with fixed density

O For each sample of the XC coefficients different band

structure

95% CI

Histogram of the band gap of 2.5 m

Silicon obtained from sampling > D

realizations of the XC @ 2.0 3

functional. E 5

Black vertical line: average XC 215 =

functional. o '

Red dotted vertical line: PBE ~ £1.0

functional. &

Black dotted vertical line: 0.5

experimental value. .
087 04 06 08 10 12 14

Energy band gap [eV]

Semilocal XC functionals cannot 11
reproduce the experimental data



UQ in Band Structure: Quasi-Particle Approximation

O Use GW approximation of the self-energy £ = iGW *of many-body
system of electrons. Modelling the interaction of charged particles
with the polarization they induce in the surrounding medium (QP).

O Approximate the quasi-particle energies non-self consistently as a
correction to the KS energies (GPAW) - G W, quasi-particle
approximation.

O The results will depend on the XC coefficients sample and this will

give rise to a probability model for the band structure

3.0 — 9
~
=1

Example: Band gap of bulk Si 2.5 2y
from Kohn-Sham (KS) energies / \ o

(grey) and from the G,W,
Y Y KL

approximation (QP) (red). The
experimental (black) and mean
values are shown as vertical lines

0 0.5 1.0 1.5 2.0
* G=Green’s function of the single particle, Band gap [eV]
W=Screened Coulomb interaction 12

Mean QP

N
=i

~ —Experimental

Probability
> i

o
U1

for reference.

o
=)



WHY SURROGATES WORK IN ALLOY MODELING?

L Replace VASP response surface with surrogate model
» What should the surrogate model be?

O Quantum Mechanical energy invariant under space group operations

of the lattice
» Surrogate must account for this

L Possible (and popular) surrogate in alloy modeling:

» The Cluster Expansion*
Expansion coefficients (ECI)

E(Z) = @ Correlation functions
(Basis)
Accounts for symmetries

*J. M. Sanchez, F. Ducastelle, and D. Gratias, Physica A 128, 334 (1984).

13



THE CLUSTER EXPANSION

O Corresponds to: Multidimensional discrete Fourier transform*

O Generalized Ising model (map atoms to integers)

O For binary alloys correlation functions reduce to simple products of
atoms ¢ on atomic sites:

!

B0 — J, + legm T ng N D s el
(Not general Lok

in this form)
*Sanchez, J. M. Physical Review B 81.22 (2010)

14



PARAMETRIZATION

O Infinite series: True response surface is part of parametrization class

O Truncation required:
» How do we choose truncated parametrization?

PO AN E zaﬂ+ 5ar 3 0Pl 4 [ 3 a<t>a;t>a,<;]
i i,j

1,7,k

7:(171707"' 717"')
5’)/:(*]07(]1707”' 7J3,17”°)
0= (v.8,)

[E(Z) :ZJF<HF>J(75) — yZXﬂy-I-EJ
F

15



Uncertainty on the Qol

L Observe data set D and form the posterior

Determined by Qol _
Posterior on Qol | We need to model this

p(ID, ) = / a05(11£ (-1 0)] - fi/pwm, )

L Our choice, using Laplace-inspired priors on the ECI:

p(0|D) oL (k)B(k,p — k + D||J|I; *|ly — X J[;"

k = model lasso
complexity
(# of clusters)

O Expectations wrt. p(-) are not in closed form!

O Solution: We need to sample from it
» Standard Markov chain Monte Carlo (MCMC) does not suffice
» Solution: Use RIMCMC*

*Green, Peter J. Biometrika 82.4 (1995)

16
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Visualizing RIMCMC

dimensionality

3 basis functions

N
~
~
~,
~
\\
~

Standard MCMC applies

space (update ECI J)

within each fixed-basis-function

i,k

i i

17



Visualizing RIMCMC

dimensionality

3 basis functions

2 basis functions

Trans-dimensional jumps only
possible in RIMCMC

i H E Jijoioj o+ E Jij k000 + -+ -
i,J i.j,k

E::JO Zchrl
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7
Y Jioioy e Y Jioioion -
ij ik

47,

- Z Jio; + Z JijoioiH -+ Z Ji,j k000, + -+
¥

0,5,k

Space of ECI values

to go with the (fixed) basis functions
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Ground State Predictions

4 Fit ECI to formation energies (from DFT)

M
AE(o]y) =) 74(o)
U Training values for the formatio'ﬁoenergies obtained from
DFT simulations

O Training configurations generated by the maps tool in ATAT

O Uncertainty in predicted energy and also structures forming
the GSL

Example: Formation energies of

0.00

MgLi from DFT (black circles) and
CE (blue crosses). Also shown the
ground state line from DFT (black)
and from CE (dashed blue with
red confidence interval). Results
using up to 5 point clusters.

The inset shows uncertainty in the I
structures forming the GSL. Red B | -

»
pad
X B XX X X
MK X X
-» ex

Formation energy [eV]
&
(=]
n

- * X » »
[

bar indicates the DFT prediction 00 o2 04 06 08

Percent Mg in Mg-Li



COMPUTING THERMODYNAMIC QUANTITIES

Cp(T) = kp* ((E%) — (E)?)

Obtain ;1
4
Temperature T ,'
St ,, To perform average:
art
Sample a bunch of states
/ with probability:
l ’ x exp(—BE(0;7))
Traditional solution:
Traditional Markov Chain
Monte Carlo (MCMC).
End =>Go to each T and
" thermalize+take M samples.
Composition Iy
1
Q) = > Q)
A peak (divergence in the limit of an infinite j=1

lattice) in the specific heat signals the phase 20
transition.



“"ERROR BARS"” ON PHASE TRANSITIONS

noruns — T 1T —

0.25t

0.20F /
e
— 0.1oF 99 % Bayesian
g interval
= 19.7 K
E |||||

0.05¢ 220 260 300 340 380 °

300 400 500 600 700
Temperature (K)

21



Phase Diagram: SiGe

O ATAT also calculates phase boundaries with using “phb”

U ECI sampling — different realizations of the phase
diagram

 Uncertainty in the phase diagram using a Monte Carlo
approach

450

Example: Phase diagram of 400
SiGe. Red line: median of the 350
simulations with the 95% =300
confidence interval. Black line 3250,
(below red line): result with g 200}
ATAT's ECI. Grey lines: 5150

=
o
(]

realisations with different ECI

w
o

0.2 0.4 06 0.8 1.0
%Ge in SiGe 22
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Design of Experiments,

Input space

Specific he

Energy
A

’ Temperature
® o

o © _~—®  Usesurrogate to
— _’/ e @ compute phase
@ ® transition:
Which structures in
the input space tells

us most about where
the transition happens?

>

Input space

23



Bayesian Design of Experiments

- Denote a set of thermodynamic parameters w
» Temperature, pressure, concentration, etc.

d We consider quantities of interest in the form
o*(w) = argmin G(o,w)

where the arg min must satisfy any w constraints

d G is the thermodynamic potential whose
minimization gives the thermodynamically stable
structures at w

4 For ground state structures of binary alloy A,B,_,
(phase diagram at T=0), w = {Xx} where x Is the
concentration

24



Bayesian Design of Experiments

J Consider the improvement offered by a
candidate structure:

/ What we have now (observed)

_ - I Candidate promises this via surrogate
[(6,0,G) = max { 0[ Gy ()N G e - .
(,9,G) m‘ﬂ{ (Gn (@)} \(3—}' predictive distribution

> ;l

-

1 But G-tilde Is hypothetical: it Is predicted
by the CE surrogate (thus function of y), so
we don’t know which G-tilde to use

» Therefore, take the expectation of I(...)
to integrate out this lack of knowledge:

Expectation is over all possible
values of the surrogate G when
predicting on structure 6

Bl(6,%) = E |1(6,%,G)|o, @, Dy]
25



Bayesian Design of Experiments

 The expectation* Is computed analytically
based on the Gaussianity of the Bayesian

prEdICtlve d|Str|but|On . O Maximization is carried
' out on a pre-computed
El(o,w) = grid in this work (so we select

the grid point with largest EI).
) U Generally one can use a 1D
maximization routine (e.g.
MCMC)

(G (W) — pen(o,w)] ¥ (GN{Q}_#"’“-““'{E’-@J

Uf;.."‘v'{;&.b_.)}
~ -y, CGn(@&)V—pe v(F.&
+"”G,;x-'(cr,_w)-z,¢=( N (&) Fif,__w{a',w])

va, Nl(ow)

A Then choose the next structure oN+1)
which satisfies

(N+1)  (N41) ___...and run the expensive
(U* , W ) = argmax El(o,@).  simulator on that

7 structure

*Schonlau, Matthias, William J. Welch, and D. R. Jones (Phys. & Eng. Sciences, Am. Stat. Assoc., 1996)
26



Algorithm 1: EI structure acquisition
strategy for learning the thermodynamic
potential ¥

Require:
1Dy, [an_initial pool of Ny observed
. o-w-G triples), |
2 Npax (Mmaximum number
observations that can be afforded);
3 € (maximum EI tolerance),
4 Sy, (large pool of o-w pairs to select
simulations from)
5 N« Ny
6 Dy =Dy,

7 repeat
8 Find:

(J(N+I)TM(N+1)) = a.rgma-X EI(&*(‘D)

(0. @)ESN, 01

o | if EI(cWt) wW+) < € then

10 ‘ Break loop
11 end
12 GWN+HY) @ (O'(N+1),w(N+l))

13 Dy

Dy U { (o) N+ GIV+D)
14 N« N+1

15 until N >= ;N’ngd’g;

From surrogate model at iteration N
(surrogate changes each iteration)

=~ ~N\oh [ CN(@)—pa N(o,W) \
ﬁv(;‘?j\-‘(a.’w)@ ( u{}',;\"(&:‘;') ’
/

0 We need knowledge of G because
we need to know the current lowest
estimate of the thermodynamic
potential function.

4 G, is lowest observed value of
thermodynamic potential function at
iteration N

—

0 Keep selecting structures
(expanding the design)
based on thermodynamic
expected improvement until
termination conditions are met

*Kristensen, J., Bilionis, I., Zabaras, N. (JCP, submitted, 2015)

27




0.4 — _iteration 0 = o 20

o2 9p 07 T~ Thermodynamic expected

improvement
0.4

0.30/ Ly /l\
True ground \

state line =* Current known

(pre-computed) | _|ground state Iine__‘ 60
E k8% Toalen” 014% T EAM potential
f _()_.w V TiAl: Find the ground state
e 5 /96 v 10/26 <17 line among ~35,000 structures

0.02 5
: 1.9
0.()(1) WW i L We start with 4 structures

O We find the exact ground

0.4 R0 ]9 ) )
------------------ - state line with only 89 total
\EEEE S Oh =S | SR S e y

0 input structures!
_ match }
0.4

x107* 22/26
1.5

J. Kristensen, I. Bilionis,
N. Zabaras, JCP, 2016

0

0 20 40 60 80 |0 20 40 60 &0 100

% Al in TiAl
28



e -A:-‘,ml
* -Arnd
100 A Ay
v Agr, _, (a)
v ‘AEIJ\:H 25
v Agn 050
v AEIJ\:!I.TS
v "41-’-1)\:1

1. Compare to other structure
acquisition strategies:
+ Random selection Trnd)
+ Choose smallest structures (sml
+ Choose the structure which has
the largest predictive variance
(uncertainty sampling: 0s)

NiAl (fee)

2. We further develop our method (b)

to account for the cost of computing
structures (important for DFT, e.g.):

Let N, ,, be the number of atoms 0.1

per configurational unit cell of | pifrarent values
structure j, 0¥, then the costis: | ¢ \- Different

C () N3 strategies (all
G(o J w) Pareto-optimal) |0 40 6 s0 100
Cost (x1000)

TiAl (fee)

(same cost exponent as DFT)

29



Stochastic Coarse Graining

Models in statistical equilibrium following a PDF in fine- and coarse-scale:

Fine-scale (f) model Coarse-scale (¢) model

pe(x|B, 1) =

exp{—ﬁU(xﬂu)} EKP{-;BUE(X?QC,,{L)I’

PC(Xlﬁﬁ?u') — Zc(ac }3 ”)

ol "

Z(B,p)

Fine variables x € M, M C R" with n > 1 degrees of freedom.
Coarse variables X € Mcg, Mcc C ™ with n. < n degrees of freedom.
Partition function Z(3, 1) and Z.(6., 3, ) in fine- and coarse-scale.

Potential U(x, i) and U (X, 8., i) in fine- and coarse-scale. The dependency on
the external field ;2 and /3 is dropped due to notational reasons.

6. parametrization of coarse-grained potential U..

B oc1/T, with temperature T .

30



Stochastic Coarse Graining

@ Minimize information loss of approximating ps(x) by pc(X|6.).

@ Using relative entropy to quantify the distance between distributions.

@ Which fine variables x correspond to one coarse variable X7
» Deterministic mapping function £(x) (£ : M — Mcg)

X =&(x)

Relative Entropy

pe(X[5)
Srel [0c] / pe(x|3) log (P{: (&-{x}‘gcaﬁ)) dX + Smap

-

Hard Optimization

o Smap — fa‘v‘l £(X) X)d}{ ’ . " Reference * Fine Simulations
Ak -- Step2 [ . .
All-atom system Coarse system :g 5 l - ::22: | ¢ CG SImU|at|0nS
é T2 6”1 . , % , l'; n"\‘_ - ::22 igo i ® NO'Sy gl’adleﬂtS
MO0 ey B0 R, g, \E" ) — e = | Bilionis & N. Zabaras,
sS4 O g1 N NN Journal of Chemical Physics,
T3 ‘3(.1( e Ry . E ° \ ji = ,7::_:-::'\1_}’ e ) 138, 044313, 2013.
rio R, 1 et =  Markus Schéberl, P.S.
o Koutsourelakis, N. Zabaras,
Vaa(r) Voo (R) °3 w4 B 07 08 e JCP, 2016 31
R, = P H1 MY 2 TMOYio ! ’

Zmpgtmo



Stochastic Coarse Graining

Framework following generative probabilistic models and builds upon
two parts:

o Coarse-scale PDF p.(X|6.)
parametrized by 6.

@ Probabilistic mapping from coarse to fine pf(x|X, 0)

conditional PDF of x given coarse variable X

CG variables X do not uniquely define the fine variables x —
probabilistic relation necessary

parametrization of the probabilistic mapping by 6

@ Possible to add prior information expressed by p(6.) and p(8).

32



Simulation of Fine Scale System

Training the model by observations x(3*V) one obtains optimal model
parameters 8 and 07 for the given data set x(1:N).

The posterior distribution leads to the predictive distribution for fine-scale
configurations X:

Fine-scale predictive PDF p

B(x|07, 6) = / pet(x|X, 025)pe(X|62)dX

Mce

Simulate fine-scale system

Q@ 0’ and 6 optimal for given data x(1:N)
@ Draw sample of coarse-scale description X* ~ p.(X|67)

© Draw sample of fine-scale description x* ~ p(x*|X*, 8%)

33



Ensemble Averages

(F(x)) = / F (%) pr(x)dx
~ [ F(p(xl6z, 027)x

= [ [ #(0pstxiX. 620)pe(X[62)

Predicted Fine-Scale Sample

x ot ™~ Pef (XX, 0,5)

Iteration 149 ‘I ‘I ‘H
Coarse-Scale Sample
X ~ p(Xx", 0, Ocf E [x Fine-Scale Data Point x'
Predicted Fine-Sc I Sample

x 4~ Pep (XX, 0,




Ensemble Averages

1 T T 1
c 0.5
O
©
[
o Of
Eﬂ } - = 20
M 4
E _05| éﬁf sk =5 -
“%#*“4 vt
— | rUth
&
-1 I I I [ [ [

—5-4-3-2-101 2 3 45
/L

Markus Schoberl, P.S.
Koutsourelakis, N. Zabaras,
JCP, 2016.
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Scalable UQ for Multiscale Problems

O Due to the multiscale features, the spatial domain D is discretized
Into
> fine grid T, = U!“:“lei where N, is the number of fine elements.

> coarse gridT_ = U:\'gl E. where N, is the number of coarse elements.

O Stochastic input
» assume a constant property on each fine element, i.e. a = (a1 ------ aNh)
> local property on coarse element E,: a, ={a, |e; E,} suchthat a Ca

36



Probabilistic Modeling of SPDEs

Assumption -
« Each response u;, h, is only correlated to its neighboring nodes
(including local feature a,) within the same coarse element.

\.* Long distance interactions among variables are ignored. )

Maximal clique : potential ¢ (u,.h:a, )
Joint probability p(u,h|a) ochk( .hoa)

/ SR stena)-eela )
W p(u,h|a ocexp( Ze(u h, a)j

37




Probabilistic Modeling of SPDEs

O Apply the definition of energy function in these sub-problems, the
local energy functions are expressed by

8k(u|k’hk;ak)z2@,i(ui'ak)"‘ Z @,ij(ui’uj’ak)"‘@ h, ak Zﬂuo u;, h, ak)

iEIk (i,j)elkxlk,iij |€|k

where
¢k,i (ui7ak): fk,i (ak)ui + fk,ii (ak)ui2 , ¢k,ij (ui'uj 'ak): fk,ij (ak)uiuj
¢k,o (hk &y ) = fk,O (ak ) hk + fk,OO (ak ) hk2 , ¢k,io (ui , hk Ay ) = fk,iO (ak )uihk

O Since the functions of local features a, in the energy functions are
unknown, a nonparametric model is adopted

f (a)="f ( +Z<9 ¢ (a

with unnormalized Gaussian kernels

¢, (ak)=exp(—”ak = j

O,

38



Probabilistic Modeling of SPDEs

O The complete probabilistic model for p(u,h|a) is factorized as a
product of potential functions measuring the interactions between
random variables

Hy o (hk , é:k,O’gk,OO) = eXp(_gk,ohk _gk,oohkz) 7 p(é:k,ii ED ) = 55 ( fk,ii (ak ))

E

Pt (ui ) Sk,ir ki ) = eXp(_‘fk,iui - éjk,iiuiz)
e (ui U S ) = exp(_é:k,ijuiuj )

~

Hy ) (hk Uy fk,lo) = eXp(_fk,mulhk )

/ 7
i o
H 7
ki,
/
7

39



Inference in Graphs

O A challenge arises in the update of messages between hidden
variables. Although analytic expressions of p(a) and p (¢|a) are
explicit, the joint distribution of hidden variables ¢ could be
complicated such that the links between them are implicit when
stochastic input has been removed from the graph.

O To bypass the difficulties in passing messages between hidden
variables, the graphical model is transformed as follows:

i

k
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Messages in Belief Propagation

O For all messages except those between hidden variables, since there
IS no prior information, they are represented non parametrically (as
weighted Gaussian mixtures)

O Without loss of generality, consider the message from factor node
#e;(u,u;,&, ) to variable node u;

.
m,uk’ij—>ui (ui ) ~ ;It‘/lf(ui;ﬁit’o'iz)

O At iteration n of the BP algorithm, the messages between factor
nodes and variables are updated by

mgk],)i,-»ui (U) « jﬂk,ij (T )mSTLuk,ij (u; )mg,i)ﬁuk,u (& &5y,
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Stochastic Multiscale Models: A Graph
Theore Approach

contnr)= | 2]

L L
0=1.0, L,=0.1, L,=0.1

Predicted physical responses given a
realization of stochastic input (a)-(c) x-
velocity, y-velocity and pressure obtained
from direct simulation, and (d)-(f) x-velocity,
y-velocity and pressure predicted by the
probabilistic graphical model (trained with 60
data points)
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Predicted Variance

@ (b) |
\ J
u u
0.023 0.028
0.021 0.025
0.019 0.022
0.017 0.019
0.015 0.016
0.013 0.013
0.011 0.01
0.009 0.007
0.007 0.004
0.005 0.001
0.003
0.001
© B | (@)
| i ‘w‘
| |

u
0.025 0.025
0.022 0.022
0.019 0.019
0.016 0.016
0.013 0.013
0.01 0.01
0.007 0.007
0.004 0.004
0.001 0.001

A

Predicted variance of x-velocity (a) MC simulation
trained by (b) 20, (c) 40, (d) 60 data.

o)

‘ & A
with 108 samples, and probabilistic model

43



Multiscale Disk Forging: Microstructure Uncertainty

Multiscale Forging
simulation

A 4

[Due to symmetry, 2D forging
problem is actually solved]

Location-specific microstructures Macroscale uncertainties

Mesoscale uncertainties |
Finite discretization of
microstructure
Linking Mesoscale & j . Uncertainty propagation

and Macroscale via

the integration point problem addressed by
solving an inference

problem on the graph

Microstructure [N P

\\
| o) .\ssue _
. £L—
1 2 i\

\C
cnast™
sv:\%gen\la“oﬁ
—F—F O

Macro FE mesh

[P. Chen & N. Zabaras, JCP, 2014]
[J. Wan & N. Zabaras, JCP, 2014]
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Stochastic Multiscale Models: A Graph

Theoretic Approach

U O

(J Introduce hidden variables to account for

U O OO

U

Pose multiscale SPDEs in graphs Y 5k,n—*"'/’ .
Factorize conditional PDF of responses “. Sia? DR
using clique’ potentials. Guc® ¢ i U S °

Hio Hy i

coarse graining — naturally leads to a deep
learning machine.

Fully non-parametric approach uj : . .
All parameters are learned with local W iW
inference (EM, SMC, Variational,..) Y

Conditional & marginal PDFs are computed
with approximate inference (e.g. EP).

The probabilistic graphical model can be used
for multiple UQ tasks: E.g. as a surrogate
model and for inverse problem solution!

Data and models become one and the same!

Hy 104

J. Wan and N. Zabaras, JCP, 2014
P. Chen and N. Zabaras, JCP, 2014,2015




ITs ALL ABOUT DATA

O Experimental and simulation data used to design predictive models for
guantities of interest

» E.g. Quantifying uncertainty in the Exchange Correlation functional and
propagating it to Qol

» Designing predictive surrogate models for materials design: quantifying
epistemic uncertainty from limited training data

» Computing the most informative simulations to collect online data for
training a Bayesian model for predicting a particular Col.

O Stochastic Multiscale Modelling provides challenges that present UQ
methods cannot handle

» Data-driven definition of coarse grained variables and their evolution (from
variational to fully Bayesian approaches), non-parametric modelling,
capturing & propagating information loss during coarse graining

» Curse of Dimensionality: Its all about data-driven (local) exploration of
correlations within and across scales (partitioning the space vs the data)

» Approximate inference (on graphs) a promising scalable UQ approach
(Deep Learning)



