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Fire Safe Cigarette Act of 1990

Under the Cigarette Safety Act of 1984 (P.L. 98-567), the Technical Study Group on Cigarette and Little
Cigar Fire Safety (TSG) found that it is technically feasible and may be commercially feasible to develop
a cigarette that will have a significantly reduced propensity to ignite furniture and mattresses. Further-
more, they found that the overall impact of such a cigarette on other aspects of the United States
society and economy may be minimal.

Recognizing that cigarette-ignited fires continue to be the leading cause of fire deaths in the United
States, the Fire Safe Cigarette Act of 1990 (P.L. 101-352) was passed by the 101st Congress and signed
into law on August 10, 1990. The Act deemed it appropriate for the U.S. Consumer Product Safety

Commission to complete the research recommended by the TSG and provide, by August 10, 1993, an

assessment of the practicality of a cigarette fire safety performance standard.

Three particular tasks were assigned to the National Institute of Standards and Technology's Building
and Fire Research Laboratory:

L] develop a standard test method to determine cigarette ignition propensity,

e compile performance data for cigarettes using the standard test method, and

» conduct laboratory studies on and computer modeling of ignition physics to develop valid,
user-friendly predictive capability.

Three tasks were assigned to the Consumer Product Safety Commission:

e design and implement a study to collect baseline and follow-up data about the characteristics of
cigarettes, products ignited, and smokers involved in fires,

- develop information on societal costs of cigarette-ignited fires, and

e in consultation with the Secretary of Health and Human Services, develop information on changes
in the toxicity of smoke and resultant health effects from cigarette prototypes.

The Act also established a Technical Advisory Group to advise and work with the two agencies.
This report is one of six describing the research performed and the results obtained. Copies of

these reports may be obtained from the U.S. Consumer Product Safety Commission,
Washington, DC 20207.
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MODELING THE IGNITION
OF SOFT FURNISHINGS
BY A CIGARETTE

Henri E. Mitler and George N. Walton

ABSTRACT

This paper describes the user-friendly computer models CIGARET and SUBSTRAT.
CIGARET calculates the time-dependent behavior of a cigarette smoldering quietly in the air,
away from surfaces. The model incorporates diffusion and convection of gases, as well as the
kinetics of char oxidation. It calculates the internal heat fluxes, as well as the internal distribu-
tions of temperature, gas velocity, and oxygen concentration. SUBSTRAT determines whether
& two-layer solid (with an air gap in between), exposed to a moving heating flux such as is
produced by a cigarette, will ignite. Among the processes taken into consideration are three-
dimensional heat conduction in the substrate and its pyrolysis. This model has successfully
simulated the thermal runaway signifying smoldering ignition of the substrate when it is
exposed to a set of external heating fluxes. SUBSTRAT and CIGARET have been designed
to work in tandem to simulate the most frequent cause of fatal fires: cigarette ignition of uphol-
stered furniture and bedding. Users’ guides are included.

Key words: cigarettes; cigarette model; computer model; free smolder; furniture fires;
ignition; mathematical modeling; modeling; pyrolysis; simulation; smoldering; substrates

I. INTRODUCTION

Lighted tobacco products (cigars, cigarettes, pipes) continue to be the leading ignition source for fatal
fires in the United States (Miller, 1991). Most of those fires are established in soft furnishings: uphol-ste-
red furniture and bedding. As a result, Congress passed the Cigarette Safety Act of 1984, with a goal
to determine whether less fire-prone cigarettes were technically feasible. Under that Act, NIST developed
prototype mathematical models of the components of this ignition scenario. The reason for having this
capability is to "test" the effects that some particular change(s) in a cigarette will have on its propensity
to ignite specified upholstered furniture quickly, cheaply, and repeatedly. The result was two prototype
programs, TEMPSUB (for TEMPerature of a SUBstrate) and CIG25 (Gann ez al., 1988, Section 5).

Subsquent legislation, the Fire Safe Cigarette Act of 1990 (P.L. 101-352), mandated completion of such
research, namely to:

"(1) develop a standard test method to develop cigarette ignition propensity,

(2) compile performance data for cigarettes using the standard test method developed under
paragraph (1), and



(3) conduct laboratory studies on and computer modeling of ignition physics to develop valid,
"user-friendly" predictive capability."

This publication describes the research performed and the results obtained in responding to the third task.
The completion of the first two tasks is described in "A Computer Model of the Smoldering Ignition of
Furniture," NISTIR 4973.

In this work, the ignition process is simulated using two computer codes, which are then used in tandem.
While a single code of a fully interactive cigarette and substrate is ideal, the physical and numerical
complexity of the combined burning near and at ignition renders it impossible to perform such
computations on the personal computers of today.

Section II describes SUBSTRAT, a model of the time-dependent heating of substrate when subjected to
a moving heat source, and establishes a criterion for its ignition. As in most soft furnishings, the
substrate consists of a fabric layer over padding, with a potential air gap in between,

In order to examine how changing one or more properties of the cigarette will influence its ignition
propensity, it is necessary to understand its behavior when smoldering. This includes knowing how its
external heat flux and burning velocity depend on its various geometrical, physical, and/or chemical
properties, and how these processes are modified when the cigarette lies on the substrate. Section III
describes CIGARET, a model of a burning cigarette lying on a surface such as described above,
describable by SUBSTRAT. Both the physics and chemistry of tobacco pyrolysis and simultaneous heat
and gas transport in the cigarette are expressed by a set of coupled, nonlinear, partial differential
equations with nonlinear boundary conditions. The model produces the time-dependent distributions of
temperature, oxygen concentration, gas velocity, and burning rate in a freely smoldering cigarette which
has user-prescribed properties.

In Section IV, we then describe how to use the two programs to simulate a burning cigarette on a
susceptible substrate. SUBSTRAT reads an input file created by CIGARET, and also produces an output
file which is used by CIGARET.



II. SUBSTRAT, A MODEL OF A SUBSTRATE SUBJECTED TO A
MOVING HEAT SOURCE

A. Introduction

Consider what is involved in developing a computer model: we must simulate the behavior of a (typical)
substrate when it is subjected to a heat flux. In order to do that, the physics and chemistry of the process
must first be understood. It is then expressed as a set of equations describing the behavior; these
equations must then be solved, with the appropriate data and boundary conditions. The solution method
is numerical, and the data input is to a computer.

This program calculates the temperature of the upholstered furniture as a function of time and position,
when it is exposed to a prescribed local heating flux. The furniture is simulated as a flat, horizontal
cushioned seat; that is, a cushion consisting of fabric-covered foam padding. An air gap may be inserted
between the two layers. The prescribed flux can be given either by a simple Gaussian function, or via
an input file; if it is the former, the flux can be highly peaked at a point, vary with time, and move at
a constant (specified) rate over the top surface of the furniture, assumed to be horizontal. The radiative
and convective heat losses from the surface are given correctly. The temperature distribution within the
substrate is calculated, since the temperature history will determine whether ignition takes place. If and
when the temperature at a given location accelerates to a sufficiently high value (= 500 °C), we can say
that smoldering ignition has occurred. This is generally referred to as the ignition temperature, which
is not unique, even for a well-defined material, depending also on the magnitude of the incident heat flux.
The ambient oxygen level can be set at whatever value one wishes.

There are some limitations to this program. It will not tell whether flaming ignition takes place. It also
does not treat the case where the flux is applied in a crevice, such as is formed between the seat cushion
and the seat back. The program does not take oxygen diffusion within the cushion explicitly into account;
hence in certain threshold situations, where a small change in oxygen concentration determines whether
ignition does or does not take place, the results are ambiguous and not to-be trusted. Note that it is often
difficult to obtain the needed kinetic and/or thermophysical parameters for the materials; or, when
available, to know how accurate they are. Therefore this caveat must also be made: even if the program
were perfect, its results are only as good as the input parameters which are supplied. On the other hand,
it should accurately reproduce or predict trends.

The first task is to examine the thermal response of the cushion to a specified flux distribution. This is
done in Section II1.B. [The flux data from the cigarette is described in Section III.] In Section II.C, the
numerical solution method is presented, and some of the physics is revisited in this (numerical) context.
In Section 11.D we discuss a set of experiments where a mock-up was ignited, give the measured ignition
times, and give the input data required to make computer runs. The results of these runs are given and
then discussed in Section IL.E, validating the model to some degree. Section II.F summarizes the work.
For the reader interested in a more extensive discussion of this type of modeling, see the references cited
here, especially the bibliography in Gann et al. (1988). A copy of the program on disk may be obtained
from the authors, as well as a listing of the program and the program itself.



B. IGNITION DYNAMICS

The equations describing the relevant physical processes taking place in the substrate will be written in
this Section. They will mostly be written in general form to start, and then particularized to our problem.
The physical phenomena included in the model are summarized in Table 1 and discussed below.

Table 1. Features of the Substrate Model

two porous layers with an ai gap oxygen dision
3-d heat conduction melting and/or regression of the foam
variable (prescribed) thermophysical properties
correct (nonlinear) boundary conditions
endothermic (non-oxidative) pyrolysis
exothermic (oxidative) pyrolysis

char oxidation

arbitrary (prescribed) moving heat source
variable grid on a moving coordinate system

(approximate) radiative heat transfer within the mate-
rial

impinging air flow, when wanted

1. Surface Heat Source

The potential ignition process is initiated by external heating of the surface. Thus, it is necessary to
specify the heat gains at the bounding surfaces of the cushion. The cushion is assumed to be a
rectangular parallelepiped, so a Cartesian coordinate system is employed. For the top surface, we first
treat the localized heat flux from the glowing tip of the cigarette or other heat source. The flux consists
of two parts, one due to convection (¢.) and one due to radiation (¢,):

¢lu = (bc * 4’r (1)

;5 is the heating flux reaching the surface. For a cigarette, these fluxes are strong functions of position,
since the glowing tip is only a few millimeters in extent. With this formulation, ¢, can be expressed in
the approximate form:



$ ~ Qe oT.t+(1-Q)oT* @
r cig” * cig a

where @1 = Q(r) is the shape, or view, factor of the cigarette as seen by the substrate at the point r. It
is only approximate in this form, because the cigarette surface temperature, T, varies strongly with
position.

The convective flux is given by
¢t(stat) = h[Tﬂ,(xayst) - T,(x$y’t)] (3)

where h is the heat transfer coefficient, T, is the surface temperature of the substrate, which is explicitly
shown to be a function of position and time, and where T, is the cigarette surface temperature, also a
function of position and time. It is important to point out here that in the TMPSUB2 version of the
substrate model, the source flux must be specified by the user; in SUBSTRAT, on the other hand, the
source flux can be either specified or it can be read in by the program, from a file produced by
CIGARET.

It is equally necessary to specify the heat losses. If the existence of the cigarette is neglected for the
moment, so that the view factors need not be considered, then

&, = B(T,-T,) +eaT} Q)

where the first term is the convective cooling term and the second. is the radiative cooling term. In
contrast to the source term, these losses are explicitly included in the program. Here, the dependence
of T, on x, y, and t has not been shown explicitly. e is the emissivity of the surface and o is the Stefan-
Boltzmann constant. (Note: we have used & where sometimes «, the absorptivity of the surface, should
be used. When there is thermal equilibrium between the radiation field and the hot surface, then a =
€. We have assumed the latter, for simplicity). Evidently, the loss rate from the cushion surface
increases as it heats up. h is determined by the laws of fluid flow, as well as the thermal properties of
air; the simplest way to find h, however, is to use well-known expressions, usually derived from
correlations. This will be further discussed below.

Along with the partial differential equation (12), we must have boundary conditions: for the top surface,
the net flux entering the surface at each point is connected to the net flux according to

d)net(x'yst) = -K (__3__7;(5_,_232,1‘2) zZ= 0 , >0 (5)
dz =0
where ¢ne[ - ¢in - ¢out . (6)

When the cigarette lies on the substrate, the mean convective heating flux over the heating region is given
by

b, = hy(T,,, - T) W)

s

If hy is the heat transfer coefficient for quiescent air, then the surface heat loss for the areas away from
the cigarette is



¢out = hq(Ta - Ta) ®)

The boundary condition is greatly simplified if we can say that equation (8) is valid over the entire
surface. That is readily achieved by using the model convective heating flux ¢_*,

¢ = hy(T,, - T) + h(T,~T,) ©)

h;, is found as follows: the mean initial convective flux from a cigarette was measured to be 37 kW/m?2.
Taking the mean value of the cigarette surface temperature to be about <T>, = 450 °C, the mean
heat transfer coefficient in this area is hy, = (37000/430) = 86 W/m? K. h, is found from Table 7-1
of Holman (1981): the Nusselt number for a heated, horizontal, upward-facing surface is

Nu = 0.54(Ra)'# (10

where Ra is the Rayleigh number. Since h = xNu/L, where L is the characteristic dimension of the
surface, we find:

gB(T, - T.,)]’" 1)

h = 0.541:[
avl

where £ is the volumetric coefficient of (gas) expansion. Taking the value for T, = 500 K = 227 °C
as an approximate mean temperature of the surface, and L. = 7 mm, we find:

hy = 9.7 W/m2-K

For the other surfaces, the boundary conditions (b.c.) can be expressed in different forms, depending on
whether the slab for which we are making calculations is exposed to the air, or is embedded within the
cushion. If the slab were the entire cushion -- that is, the other five surfaces are exposed to the air, then
the b.c. would be that the heat fluxes xdT/0x, «dT/dy, xdT/dz, are given by terms of exactly the same
form as (4), except that h is different for the vertical and the downward-facing horizontal surface. On
the other hand, the numerical calculation we are using makes using the entire cushion prohibitively large.
We therefore consider a subsection abstracted from the whole cushion, and the other five faces are
surrounded by more foam. If that foam were a perfectly insulating material, then the b.c. at those faces
is the adiabatic condition; that is, no flux crosses the surfaces: x0T/dx = xdT/dy = xdT/9z = 0. This
eliminates any heat losses from the slab, and makes the calculated temperatures somewhat higher than
they really are. A simpler b.c. is to assume that the temperature at the five faces is constant and
unchanging, remaining at the original (usually ambient) temperature. This produces a larger temperature
gradient than actually prevails, and errs in the opposite direction. That is the default b.c. used in the
calculation, but which of the two b.c.’s is used is determined by an input parameter.

2. Heat Transfer
The partial differential equation which describes the conduction of heat in a solid, when there is no
radiation heat transfer, does so by giving the rate of change of temperature at every point within the solid.

It is (see, e.g., Carslaw and Jaeger (1959))

pﬁg = div(x gradT) + S (12)



where T, which is a function of position and of time, is the variable for which we are trying to find a
solution. The other symbols in this equation are: p is the density of the solid, c its specific heat, « its
thermal conductivity, and S is any volumetric heat source or sink. p, c, x, and S may vary with position
and with T. Because these may vary in equation (12), it is conceptually simple to consider a substrate
which consists of layers of material. Indeed, it will be straightforward to implement this in practice, as
well. Note that because we only have derivatives of T, T need not be the absolute temperature: it may
be taken to be that relative to a convenient reference temperature. In other places, such as in equation
(2), it must be taken to be absolute (i.e., in Kelvins).

The first term on the right-hand side describes the diffusion of heat in the solid. If there is any release
of heat - usually by combustion -- at the (interior) point in question, it is given by S(x,y,z,t). A general
expression for S is

=% R,H,,+L,%-‘:- (13)

where R, is the reaction rate (in kg/m3-s) and H; is the heat of combustion (in J/kg), for the ith
reaction. If there is endothermic pyrolysis or evaporation, we have the last term on the right-hand side
as well, where L, is the latent heat of evaporation or pyrolysis. An explicit expression for R; will be
given in Section I1.B.4.

Since the furniture (apart from the frame) consists of a fabric-covered pad, it is clear that the program
must take at least two layers (with different properties) into account. Therefore the program was written
so as to permit different values for the relevant thermophysical constants p, ¢, and « in each layer. In
fact, generally there is not perfectly intimate thermal contact between the fabric covering and the padding;
there is a small but sometimes significant intervening air gap. Normally, one would place a node within
this gap, in order to take a third layer into account; because of the thinness of the gap, and other technical
difficulties, however, a different treatment of the effect of this air gap has been devised: the gap can be
represented in terms of its "thermal resistance.” (See Section I1.C.3.) This has been programmed and
successfully tested.

In writing equation (12), we have made the simplifying assumption that the cushion is totally opaque; that
is, there is no radiative transfer of heat through the cushion. If there were, the equation describing heat
transfer through the solid would become still more complicated. However, the fabric and foam can each
be thought of as porous, consisting of solid parts interspersed with void spaces. Then taking forward
radiation transfer in those spaces, it is possible to incorporate a first approximation to (one-d) radiation
transfer, as shown by Kunii (1961)

X(T) = (1-®%)x, + @ (x +2h D /3) (14)

where @ is the void fraction, and «x, and x, are the solid and gas-phase thermal conductivities,
respectively; they are each functions of T. Dy is the mean pore diameter, and

h, = 4edT> (15)

Equation (14) was equation (5-50) in Gann er gl. (1988). Finally, we must note that at a given
temperature, the thermal conductivity is proportional to the density (also see Section 11.C.5):

x(p) = (plpx(p,) (16)



3. Time to Ignition

An experimental test for the time to ignition is described in Section II.D. We can readily make an order-
of-magnitude estimate for this time, based on equation (12). For the very special case that the substrate
is initially at the uniform temperature T, that it is homogeneous, isotropic, inert, and semi-infinite, that
the thermophysical characteristics p, ¢, and x of the material are independent of the temperature, and that
the problem is one-dimensional (i.e., the incident flux is the same everywhere on the plane z = 0,
resulting in the slab being subjected to the uniform net heating flux ¢, (t)), then equation (12) can be
solved analytically and explicitly, and it can be shown (Carslaw and Jaeger, 1959, p.76) that the surface
temperature is given by

an

1 f‘ b, dt’
yrkpe o yt-t/

O - T,+

For the still simpler (unrealistic) case ¢,., = constant, this can be immediately integrated, and we obtain

. 24’,.4\/; (18)

Jrxpc

) =7,

When the left-hand side reaches the ignition temperature T, the time elapsed must be the time in the
right-hand side of the equation, and may be called the ignition time:

- 2
fy = 2epe(Te e (19)
R Y

Although not a single one of the simplifying assumptions required to obtain equation (19) is valid, this
expression is nevertheless very useful as a guide to the form of the dependence of t,,. In particular, we
will use equation (19) in order to make sense out of the experimental observations, in Section ILE.1.

[We can, at some cost in computation time, get a somewhat more realistic result by relaxing one of the
assumptions above: it is possible to write, starting with equation (17), an explicit expression for T (t) for
the case where the net flux is not constant, but results from some impressed external flux, diminished
by a Newtonian (i.e., linear) cooling loss; that is, where we can write ¢, = h*(T - T,); see Quintiere
(1988)].

4, Pyrolysis of the Substrate

As described above, we assume that the substrate consists of a thin fabric covering a relatively thick foam
pad, with a very thin air gap between them. Each of the two materials will be heated and can pyrolyze.
In this Section we describe how these reactions are calculated. Pyrolytic reactions can generally be
expressed in the Arrhenius form

R,(T.p;p,) = AP poe " kg/m’s @0)



where p; is the density of the fuel and p,, that of oxygen; E, is the activation energy for the reaction,
and R is the universal gas constant (not to be confused with the reaction rate R, in equation (20)). Itis
sometimes convenient to define an "activation temperature” T,:

TA = E,/IR 21)

In the remainder of the paper, R is used only to represent a reaction rate. All the quantities in equation
(20) except the pre-exponential factor A are at the location (x,y,z) within the porous solid and at the time
t; this dependence is not shown explicitly in order to minimize the complexity of the expression.
Similarly, the subscript i, corresponding to ith "reaction" has been suppressed from R, A, pp, m, n, and
E,. If the reactions were truly elemental Arrhenius reactions, then m = n = 1. However, equation (20)
is really a model equation, and therefore m and n are purely empirical parameters (just as A and E A are),
and need not be integers.

Oxidative as well as non-oxidative pyrolysis (thermal decomposition) of materials have been included..
The former reactions are generally exothermic, while the latter are generally endothermic. There may
be several oxidative reactions as well as several non-oxidative ones; char oxidation, when it takes place,
is the last step. In this model a maximum of three reactions is permitted for each material. The oxidative
reactions are exothermic; we assume that the rate of each step (reaction) is adequately described by an
Arrhenius equation of the form (20).

It had been hoped that the different pyrolysis steps take place at sufficiently different temperatures, that
the reaction sequence for the ignition of the fabric could be taken to consist of a small number of steps
which follow each other sequentially. That would correspond to the equations taking the form

R, = };R,, = ;A, (P -p,)" potexp(-T,/ T) 22)

where p; is the density of the fuel at the end of the i reaction step. When the reaction produces a
gaseous species which escapes, the reaction rate is given by

- _9p 23
: 3 (23)

More generally, if species i is reacting and producing species j, then

% _p._ %% 24)

ot i ot

We will here discuss only the pyrolysis of the fabric, which is of principal interest: when smoldering
ignition is produced, it is almost always first initiated in the fabric. Pyrolysis of the foam is discussed
briefly in Section I1.D.2. The fabric of particular interest is cotton duck; cotton is principally cellulose.

Analysis of the reaction kinetics of a cellulosic paper by Kashiwagi and Nambu (1992) showed that it
could be described by three reactions, all of which will proceed simultaneously (though obviously at
different rates). That means that the equations describing the creation and destruction of different fuel
species must be included. Virgin material goes to char, via two pathways: degradation and oxidative
pyrolysis. Each gram produces n, grams of char. The char then goes to ash, via char oxidation. Each
gram of char produces n, grams of ash. Thus one gram of material produces n,n, grams of ash. The
governing equations are



5, = -R,-R (25

op
p.=n(R,+R)-R, (25b)
and
p, = n,R, (25¢)
The density of the solids is
pl = pv * pc + pa (25d)
Hence
b' = -(1 —nc)(Rd+Rpp) ‘(1 -na)Rco (25e)
The subscripts denote:
a = ash op = oxidative pyrolysis
¢ = char s = solid
co = char oxidation v = virgin material

d = degradation

Besides the surface heat source described in Section II,B.1, there are also internal heat sources (and
sinks), given by equation (13). The heats of combustion must be supplied by the user of the model; those
for cotton are given in Section II.D. The global kinetic constants given by Kashiwagi and Nambu are
also listed in Section IL.D. If the reaction rate of one or more exothermic reactions becomes high, for
any reason, the rate at which energy is being generated will exceed the rate at which it is lost, and a
“thermal runaway" will ensue, very similar to a chain reaction. During the runaway, the rate of pyrolysis
(and of heating) is limited by the availability of oxygen. Since O, has 0.001 times the density of the local
fuel, it would immediately be exhausted, but for the supply which (a) diffuses in from adjoining cells,
and that which (b) diffuses in (or is convected in) from the surface.

5. Gas Diffusion

As oxygen is depleted in the regions where combustion (oxidative pyrolysis, char oxidation) is taking
place, the concentration gradient which results will induce diffusion of oxygen into those regions, from
the surface as well as from adjacent, oxygen-rich regions, assuming the medium is porous and permits
diffusion. Similarly, the gaseous (and other) products which are generated -- mainly CO, -- build up in
local concentration, and diffuse away.

The equations which describe the rate of change of species concentration are analogous to equation (12)
for the diffusion of heat; assuming no convection, the ith species density is governed by

dp .

Ttl = div(D,, gradp,) + 5, (26)
where D, is the diffusion coefficient for species i in the background "o0," and S; is the source/sink term.
If the diffusion coefficient increases with T, as it normally does, then the CO, diffusion, for example,
will take place preferentially towards the hot regions, i.e., towards the surface. The migration of gases
is expected to have a minor effect on the heat transfer, and hence on the temperature distribution, from
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this effect. However, the diffusion of oxygen is important: the rate at which oxygen enters the reacting
region sets the limit on the reaction rate.

A porous medium is one consisting of solid particles embedded in a gaseous medium. Put in a different
way, a gas molecule cannot penetrate any of the solid phase, but is able to traverse the entire medium,
either because of a pressure difference, or merely from the "random walk" which constitutes diffusion.
The diffusivity of a gas species in such a medium is really the diffusivity of those gas molecules through
a gaseous medium consisting of the same or some other gas, where the solid volumes are excluded. That
is the effective diffusivity.

It has been found experimentally (Szekely er al., 1976) that, approximately,
D, =D, ®" 27

where & is the fractional void space; this is also referred to as the "porosity" in the literature, The
relationship is strongly dependent on the structure of the (granular) material; thus, Figure 2.4 from
Szekely et al., 1976, shows that for particles of mica,

D, /D, = &3 (27a)

whereas for sand, a bed of glass spheres, carborundum powder, and table salt,

D,,/D, = 0.677 &' (27b)

for & < 0.7. As shown in Appendix E, & = 0.6 for the cotton fabric that will be our main focus of
interest; hence equation (27b) is the relationship to be used.

Here D, is the diffusivity of O, in N,. From equation (16.3-1) of Bird et al. (1960), we find that for
O, in N,, the temperature dependence is

T 1.823
D(T) = 0.199 (__._._) cm?/s (28)
293.16

6. Boundary Conditions for Gases

There are two cases of interest: first, when the air above the substrate is quiescent, and second, when -
as was the case in the experiment to be described in Section II.D -- there is a stream of air impinging on
the substrate. We first obtain a general expression:

When the air above the substrate is quiescent, and there are oxidative reactions taking place in the
substrate, the concentration of oxygen molecules in the air decreases towards the surface, through a
boundary layer. The maximum possible reaction rate is obtained by assuming y, = 0, as can be seen
from equation (29). On the other hand, this is clearly not possible, since we must have a finite concen-
tration at the surface in order to get any reactions at all. It is possible to obtain a value for y,
analytically, if one makes the simplifying assumptions of an isothermal substrate and a first-order reaction
rate (Ohlemiller, 1991).
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Mass transfer is a (molecular) transport phenomenon, just as is heat (momentum) transfer. Thus,
analogous to the first term on the right-hand side of equation (4), the mass transfer of oxygen across the
surface of the solid can be written as

Mgy 6, = k. [Y, - Y,(x)] (29)

gas

where Y, is the ambient oxygen mass fraction and Y, that at the solid surface; the x,y dependence of the
latter has been put in explicitly in order to emphasize the origin of the spatial dependence of hy,". This
is the boundary condition.

Note: The velocity at which oxygen enters the surface is

ayY
V = D|—| = y(Y, - Y. 30
g ( ax]s Y, - ) (30)
(see Gann et al., 1988, pp. 159-160) where D is the diffusion coefficient inside the solid. Thus
keas = PoY &)

where 7y is the normalized mass transfer coefficient for oxygen traversing the boundary layer above the
substrate. In SUBSTRAT (see Gann er al. (1988), equation (5-64) (from Muramatsu, 1981)), the
following equation was used for vy:

4
T2(T - T,)(T + 123.6)

‘ (32)
RT, cm/s

Y, = 6.38x107

where the subscript "b” refers to "boundary layer”. On the other hand, in this paper we obtain vy in a
different way; we will afterwards use equation (32) in order to compare the results. The way vy is
obtained is as follows: Because of the similar origin of mass and heat transfer, one can often use the
Reynolds-Colburn analogy. It is not difficult to show, from the treatment in Chapter 3 of Treybal (1955),
that the Reynolds-Colburn analogy leads to

h Pr?

m/s. 33)
pc,Sc*

Y =
where h is the heat transfer coefficient appropriate to the problem, Pr is the Prandtl number, Sc is the
Schmidt number (Sc = »/D), and » is the kinematic viscosity. Once we have v,, equation (31) gives
Kgass tO be used in equation (29).

i ir
Here we have
h = x Nu/l, (34)

where « is the thermal conductivity, /_ is a characteristic dimension for the problem, and Nu is the
Nusselt number. We can thus rewrite equation (33) as
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2/3
y = %Nu(%) 35)

In quiescent air, there is a constant movement of molecules in all directions; the flow in any one direction
is exactly compensated by the flow in the opposite direction, normally. If, however, the gas is near a
boundary which "absorbs" some of these molecules (as is the case for oxygen impinging on a reactive
substrate) then evidently the return flow is smaller, and hence the impinging flow is not completely
nullified. The result is that there is a gradual decrease in the concentration of those molecules as the
surface is approached. This region is referred to as the "boundary layer."

The quantities in equation (35) are to be evaluated at some characteristic (mean) temperature of the
boundary layer. That temperature can be taken to be the mean between T, and T,. For quiescent air,
with the surface horizontal and facing upward, /. is the boundary layer thickness. The expression for the
Nusselt number is given in Section II.B.1.

Case B. Impinging Air

The Nusselt nufnber for this case is given by equation (D10), Appendix D. Inserting that into equation
(35), we obtain

y = 0.767 -l°£ J/Re Pri% ¢~ (36)
<

where o is the thermal diffusivity of air, Re = u_/_ /v is the Reynolds number and u, is the incoming
velocity of the impinging flow.

We now show that when oxygen consumption is significant, it takes place in a very narrow layer; this
is analogous to the flame sheet approximation for combustion in air. As a result, we may take the
concentration of oxygen in that layer to be some appropriate average value, rather than having to actually
program in the species diffusion equations, via equation (26).

7. Oxygen Diffusion

In this Section, it is shown that a reasonable approximation to the overall reaction rate can be obtained
without explicitly solving the gas diffusion equation, equation (26), for the diffusion of oxygen in the
substrate. This is the approximation made in the model.

In the experiment to be discussed in Section II.D, a jet of air is directed downward at the substrate.
Hence there is no boundary layer in this case, and the oxygen concentration just outside the surface is
21%. When the reaction rate is low, the oxygen concentration in the top of the substrate will not be
much affected by the slow reactions. When the reaction rate becomes high, on the other hand, the mean
oxygen concentration in that thin layer becomes low. It cannot get too low, however, since (as discussed
in Section II.B.6), the reaction rate would then fall. Hence a quasi-steady state is established. Thus,
in the "runaway” phase, the reaction rate must be given by the boundary condition equation (29).

We will now argue that when significant oxidative pyrolysis is taking place,
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@) taking a constant value for the oxygen concentration ([O,]) in the substrate is a valid
approximation,

®) most of the pyrolysis occurs in the surface layer, and therefore

(© we obtain an adequate approximation to the pyrolysis rate, without explicitly including
the oxygen diffusion equations.

When the surface temperature is relatively low, there is negligible pyrolysis, and the oxygen distribution
[O,](x) in the substrate is approximately uniform. When T, has risen to the point that perceptible
pyrolysis is taking place at and near the surface, the [O,] profile in the substrate dips as the surface is
approached from below (i.e., from within);it must reach a minimum and then rise again at the surface,
because of the diffusion of oxygen from outside. When the temperature reaches values so high that [O,]
is pulled down to negligible values near (but not at) the surface, the principal source of oxygen in the
reaction zone is from the air diffusing in from the surface; the region where there is significant oxidative
reaction is then highly localized near the surface, with [O,] being highest at the surface, and falling
rapidly until it reaches negligible values. The characteristic oxygen penetration distance is 8, and it is
clear that & is a steeply falling function of T. [At some further distance in, the oxygen must diffuse
towards the surface from other (deeper, or peripheral) parts of the porous substrate, because of the
concentration gradient, so that the profile must rise again as we go deeper. It can do so because at that
depth the temperature has fallen sufficiently to "freeze out" the (oxidative) reaction rate, i.e., it is
negligibly small].

Suppose that T, is high enough to drive [O,] to near-zero at some depth. Then we may write, crudely,

Y(x) ~ Y, e ¥ (37)

with Y, = surface value of [O,], and 6 = characteristic penetration depth. If we write the reaction rate
in the form

R[x,TM] = Y&)'Flx,T(X)] = Y"G(x) G8)
then the total reaction rate per unit area is
" = [TY(y GG dx (39)
where G(x) is a fairly steep (decreasing) function of x. We may thus further write (still very crudely)
G(x) ~ Goe"z’ o (40)
Then
Qi ~ f:Y: eI G e 1% gy = G, Y %::[ ‘é; . Bn_z )-1/2 (41)

We use the mean-value theorem, and write the integral in equation (41) as
[¥"G,e1dx = Y"G,8/x2 42)

Then
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We now need an estimate for 6/6. Clearly, the reaction rate must be significant for a distance comparable
to the penetration depth . else, if the reactions "froze" before [O,] becomes negligible, [O,] would not
fall below some appreciable value. Moreover, the reaction rate cannot be significant below that depth,
precisely because there is so little oxygen below. Thus § = 6. For n, we take n, = 0.5, as given in
Kashiwagi and Nambu (1992). Then equation (43) yields

Y=2v/3 (44)

Next, consider the effect of discretizing the equations (Section II.C). If § > Ax, then assuming that the
reaction takes place in the top cells only, clearly underestimates the reaction rate. However, when § is
large, the total reaction rate is very low. That is, while the fractional error is large, the absolute error
is small, and (we shall show) typically negligible.

Assume, for the sake of simplicity, only one oxidation reaction. Assume, also, that the temperature and
reaction rate are uniform in a thin sheet of depth é at the surface, where T is maximum. (This is
essentially what is implicitly assumed in the numerical calculation.) Then if the stoichiometric
fuel/oxygen ratio is r, the fuel burnup rate is

RS = m; =rm, 45)

ox

where R is the reaction rate (g/cm3s or kg/m3s). If § is greater than the thickness of the surface cell, then
evidently the reaction rate in the top layer is limited to RAz; whereas if § < Az, equation (45) gives the
limit. Thus the reaction rate in the top cell is

RpAz = min[RAz, r]  glem?s (46)

Note that when the reaction rate is so high that 6 < Az, the concentration at the bottom face of the top
cell(s) is close to zero; therefore a reasonable value to take for [O,] in the cell is on the order of the mean
value, 11%, (or 0.12 for the mass fraction); or, according to equation (44), <Y > = %(0.2318) = 0.15.

We now make a calculation to find a typical value for 6. As is clear from equation (45), we must begin
by calculating a reaction rate R. In order to find R, we must anticipate some results from Section IL.D.2.
Using equations (79) and (80), we find that ‘

Rop = pokop = py 1.5x10 Y3 (Wy/W)!3 exp(-160/RT)

op
and

R, = pke, = 0, 3.4x101 YO78 (W_/W ) exp(-160/RT)
The meaning of the subscripts is made clear in the list below equation (25¢). These rates are in kg/m>
min. We must choose characteristic values for p,, Y, Wy/W_, p., W/W_, and T, in order to get
estimates. Reasonable values are:

W, =W,/2, W,=W/4, and Y = 0.11

For p, and p_, we assume that the volumes are unchanged, so that
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oo, = WyW, and pfp, = W IW,

Finally, we take p, = 1560 kg/m®. We then find that

[

k

op = 2.02x10'? exp(-160/RT) min’!

and
k., = 1.52x10' exp(-160/RT) min’!

<o

The universal gas constant R = 8.31447 J/mol-K, so that the activation temperature for both reactions
is

T, = 160,000/R = 19244 K.
For a temperature in the vicinity of the ignition temperature, say, 400 °C = 673.16 K, we then have
kpp = 7.77min!  and  k,, = 0.00584 min’,

yielding

R,, = 0Ky, = 101 kg/m?® s

|

and R,, = pk,, = 0.038 kg/m® s.

Thus at 400 °C, with these assumptions for p, and p., oxidative pyrolysis takes place more than 2600
times faster than does char oxidation, and we may therefore take

R = R,, = 101 kg/m’ s
Next, we need to have the rate at which oxygen enters the medium, m, . Equations (29) and (31)

give the required value. For the ignition experiment, the appropriate expression to use to find 7y is
equation (36). The temperature at which the various quantities must be evaluated is that of the purging
gas. Examination of Table D-1 in Appendix D shows that T, is quite high. Assume T, = 800 K.
Equation (28) yields D (800) = 1.24 cm?/s. Then the Schmidt number is Sc = 0.663, an

y = 8.10x10°5 VRe /¢, m/s

(with £ in meters). The characteristic air velocity for calculating Re is given by eauation (D15) in
Appendix D. Finally, the characteristic length £_ is the standoff distance, 5. With 6 = 5.4 mm, we find
Re = 11.06 and v = 4.99 cm/s. (Incidentally, if we had quiescent air at 800 K, Muaramatsu’s
expression, equation (32), yields v, = 2.35 cm/s).

Finally, taking Y, = 0.232 and Y, = 0, equations (29) and (31) then yield

m" = 13.6 g/m%s

ox

We must also have r (the stoichiometric fuel/oxygen ratio) in order to use equation (45) to get the
penetration depth 8. The stoichiometric air/fuel mass ratio for wood is S = 5.78, close enough to that
for cellulose. Hence r = 0.746, and we find & = 0.10 mm. Thus the penetration depth & is indeed
much smaller than the layer thickness Ax (which is of the order 0.5 mm).
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For T, = 300 °C, on the other hand, we find k,, = 0.053 min’!, so that R,, = 1.38 kg/m® s. Then
6 = 7.3 mm, several times Ax, but the resulting mass-loss rate is only 0.04; g/m? s, which is indeed
negligible. K

For the case of quiescent air above the substrate, the mean value for the oxygen concentration to be used
in the top cell during the runaway, is midway between the value at the top surface (i.e., at the bottom
of the boundary layer), and at the bottom of the top cell (presumably, close to zero).

The only time that we cannot justifiably make the simplification that the oxygen concentration in the top
layer is either that at the top surface or half (or 2/3) that value (during runaway), is when the reaction
rate is intermediate between the very low values and the runaway value. This period should be relatively
short, and the error introduced by these simplifications should not be large.

C. NUMERICS

In general, it is not possible to solve equation (12) analytically, in spite of the simplifying assumption of
no radiation heat transfer, and even for the case S=0. That is, to write down an explicit expression
which gives T in terms of the inputs. This is so, because of the nonlinear and nonuniform boundary
conditions. It is therefore necessary to resort to a numerical procedure, which is that incorporated in
TMPSUB?2 and SUBSTRAT. Hereafter, we shall only refer to the latter, when something applies to both,
as is the case here).

1. Introduction

The development of TMPSUB2 centers
around the capability to simulate transient
heat transfer. A one-dimensional heat con-
duction problem provides the simplest exam- . layer,
ple to illustrate transient simulation methods. ;
Figure 1 shows a portion of a one-dimen-
sional conduction problem in which the e - X

material has been divided into thin layers. _, )
This example will be described by physical ;2 :
3, 8Xja1
Xy X

~—AX)—>

instead of mathematical arguments following
the description given by Clausing (1969,

pp.157-213). Xi

H1

The figure focuses on a representative layer
of material of thickness Ax; centered in a
node at coordinate x;. This material layer is
represented by a single temperature T; and a
corresponding thermal conductivity «;, density p;, and specific heat c;. Assume this layer has a surface
area of magnitude A in the Y-Z plane. The distance between nodes i and i-1 is given by &x; (= x; - x_)).
Subscripts i and n refer to positions in space and time, respectively. Subscript n is temporarily
suppressed until it becomes necessary to consider time, in the following equations.

Figure 1. One-dimensional conduction

The instantaneous internal energy of layer i is given by
U, = pcAVT, = pcAx,AT, = C/T, 47)
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where T is the absolute temperature. This equation also serves to define the heat capacity, C, assigned
to node i. Heat is transferred to and from layer i by three methods:

(1) conduction from layer i-1 at the rate

g = (T, -T)%_A[8x, = K (T, -T) (48)

(2) conduction from layer i+1 at the rate
g, = (T, -T)x, Al 8x,, = K, (T}, -T) (49)

(3) internal heat generation or radiation absorbed within the layer, S;.

Equations (48) and (49) define the thermal conductance, K, in each direction. The possibility of a
thermal conductivity which varies with position is explicitly taken into account here using labels + and
—: x;_and x;,. A good first order approximation for x;_ is the harmonic average of «; and x;_;:

2%,

K,_ = —
K+ ¥

(50)

with a similar expression for ;.

The change in internal energy of this layer between time t, and time t,, ; is given to first order in At by

AUi,n-u#l = Ci,n+l Ti,n+l - Ci,nTi,n = At(ql— + qi+ + qi) (51)

where the time dependence has now been put in explicitly. There are several common solutions to
equation (51) depending on when the heat gains are evaluated. One solution involves evaluating at time
n

Ci,nHT

i,n+l

=C

in

Ti,n + A t [Kl—(Ti - Ti,n) + Ki+(Ti+l,n - Ti,n) + Si,n] (52)

~-1,n

which is the standard Euler explicit time integration formula. "Explicit" means that T;;,, can be
directly computed from values known at time n. On the other hand, evaluating at time n+1 gives
C Ti,n+1 = Ci.n Ti,n + At[l(i—(Ti-l,Ml - Ti,ml) + I(h(THl.ml - Ti,m-l) + Si.ml] (53)

i,n+l

which is Euler’s standard implicit time integration formula. "Implicit” means that T; ;, is computed
from other values also evaluated at time n+1. These values depend implicitly on each other and must
be computed by a solution of simultaneous equations.

Clausing (1969, p.190) also gives a discussion of stability in terms of thermodynamic laws. Rearranging
equation (52) to solve for T; ;. gives
Tx‘,n+l = (Ki-,nTi +K, T,

~-1.n i+,n " i+1,n + sl,n) A tl Ci,n+1 * Ti,n[Ci,n - (Ki-,n +I{H,n) A t] / Ci, (54)

n+l

where the time subscript, n, has been added to the K terms to indicate exactly when these values are
evaluated. For the sake of argument, assume C; ,,, = C;, (=C;) for simplicity. There is no solution
if C; = 0. If C, is sufficiently small or At sufficiently large, then (K;_ , + K;, ;) At/ C; > 1, and
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as T, , increases T; ; , | must decrease, and vice versa. This is thermodynamically impossible. It shows
up in a numerical solution as oscillations, i.e., "instability,” in the node temperatures at each time step.
These oscillations tend to quickly increase to totally meaningless values. In general, the smaller the
thermal mass of the element, the smaller the time step needed for a stable explicit solution. This suggests
a simple technique to determine the minimum stable time step for any element in the system.

Thus, rearranging the implicit (53) to sotve for T; ;| gives
_ Cl,nTi,u +At (K'-

T tenet Dot net * Kot ait T mon * Sipat) (55)
bt Ci.n+1 +At (Kl—,n+1 +I(i+.n+l)

This equation shows none of the computational or thermodynamic problems of equation (54), indicating
that the standard implicit method is stable for all time steps.

The spatial discretization error (for a uniform grid) for the standard explicit and standard implicit methods
is proportional to (Ax)? (for a variable grid, the accuracy is reduced somewhat; see Section I1.C.4). The
time discretization error is proportional to At.

The standard explicit and standard implicit methods err in opposite directions. Therefore, a more
accurate solution can be obtained by combining the two methods. Expressing this combination generally
in terms of a parameter 8 gives

A Ui.n-nul = At [(1 - B) (qi—,n +qi+.n +si,n ) + B(qi-.ml +qi+,n+l +Sl,n+l) ] (56)
where 0 < 8 < 1.

B8 = 0 corresponds to the standard explicit method,

8 = 1/2 corresponds to the Crank-Nicholson method,
8 = 2/3 corresponds to the Galerkin method, and

B = 1 corresponds to the standard implicit method.

For 8 = 1/2 this method is unconditionally stable, although the solution may be oscillatory. For 8 >
3/4 (approximately) the solution is stable and non-oscillatory. For 8 = 1/2, the time discretization error
is proportional to (At)2.

The methods presented above extend directly into three dimensions. For a Cartesian coordinate system

and a cell of dimensions Ax; by Ay; by Az, equation (51) can be rewritten to account for conduction
from the six adjacent cells in the 3-1’) system:

AU ;e = 80 0% T gt gkt Dokt Ugob-* i js * S0, &)

where

q. = (T, - T 50 % Ay, Az, [ 8x,
@ = (Tyye~ T ) %, Ay Az [ 8x,
g = (T4, - T, % Ax, Az, | By,

4 = (Tpare = Tyn) % 8% A2, [ 8y,
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4 = (T - T, ) % Ax Ay 8z,

G, = (T 00 - T ) %, Ax; Ay 3z,

and S, ;  represents other heat added directly to the cell.

2. Boundary Conditions

Special treatment is required for cells on the boundaries of the region being modeled. In particular, the
nodes which represent the cells are placed on the boundary, rather than at the center. Referring to the
one-dimensional example in Figure 1, the surface layer is only half as thick as the others.

An adiabatic boundary condition (b.c.) is handled by setting the appropriate heat flux terms in equation
(45) to zero. A constant temperature (isothermal) b.c. is handled by leaving the temperature unchanged.

The surface of the substrate (z=0 plane; see Figure 3) transfers heat to the environment by convection
and by radiation. The convective heat gain for cell i,j,1 is given by

(sc)i.j,l = (Ta - T,,M)hAx,ij (58)

where T, is the temperature of the surrounding (ambient) air, and h is the heat transfer coefficient.

A positive value of S_ represents a heat gain by the cell. The radiative heat gain is given by

(Sr)l.j.l = CE(T: - Tt,‘j,l)Ax[ij (59

where

T, is the temperature of the surrounding surfaces,
o is the Stefan-Boltzmann constant, and
e is the emissivity of the fabric (assuming that «, the absorptivity, = &).

The temperatures in equation (59) must be absolute (Kelvin) temperatures. In TMPSUB?2 the temperature
of the surrounding surfaces is assumed equal to the air temperature. (Note that equation (59) can be
rewritten in an apparently linear form similar to equation (58):

Sy y1 = [O€(T,+ T, N(T2+T,5 DUT,-T, ;) Ax Ay, (59a)

This form will be useful further on.

The heat flux from a smoldering cigarette to the fabric is, for the "prescribed flux" choice of input,
represented by the following pair of equations:

y —up\2
¢, 3,0 = b, exp -(f—-zﬂ-—r-f) -)—'-2;] (x2x,+vD) (60a)
c

y

X+
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and

(x<x,+vi) (60b)

; 2

x-x,- vty y
o, (x,y,0) = ¢,,.exp -[______) X

2
u 2
%y

This heat flux is converted to a heat gain, S,, by multiplying the flux at the position of the node by the
cell surface area. These values are adjusted slightly so that their (discrete) sum is equal to the total heat
flux represented by equations (60a,b):

f."f"d)sdxdy ) ltf¢"°y[°x+ +o,.] (¢

3. Air Gap

Since the furniture (apart from the frame) consists of fabric-covered padding, it is clear that the program
must take at least two layers (with different properties) into account. Therefore the program was written
so as to permit different values for the relevant thermophysical constants p, ¢, and « at each node. In
fact, generally there is not perfectly intimate thermal contact between the fabric covering and the padding:
there is a small but sometimes significant intervening air gap. Normally, one would place a node within
this gap, in order to take a third layer into account; because of the thinness of the gap, and other technical
difficulties, however, a different treatment of the effect of this air gap has been devised: the gap can be
represented in terms of its "thermal resistance.”

The optional air gap between the fabric and
the padding is modeled by assuming one-
dimensional heat transfer. Figure 2 shows
the basic configuration and nomenclature for
an air gap of thickness s between cells i,j,k
and i,j,k+1. s is small relative to the sepa-
ration between the cells, §,,;. Although
pyrolysis of the fabric and the possible
melting and/or pyrolysis of the padding may
well change the dimensions of the air gap,
the simplifying assumption is nevertheless
made here that the air gap has fixed and
uniform dimensions. The heat transfer
between these cells is given by

Figure 2. Air gap heat transfer model

Qi ik = K(Tt,j,k"Ti,j,m)
(61)

where K is an implicit function of q; ; ., Tj; ., and T ..

The overall heat transfer coefficient is given by
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K =

1,1, 1

K, K, K ~+K,
where the fabric conductance is

K, = 2Ax,Ay,x%; ;.1 8.1 >

the padding conductance is K, = 28x,8y,%;;,./8;., »
the fabric (bottom) surface temperature is T =T, 9% >
the padding surface temperature is R TTREL TTNATTREE

the radiant conductance is

_ 94y Ay, (T T)(T7 +T;)
r 1 1 ’
—_ 4 — -1
€f €

8
and the convective conductance is

K = Axiij K, /s .

The conductance of the air, kg, is evaluated at the average of T and T;,. These equations are solved to
give K and q; ; \ , during the overall process used to compute cell temperatures.

4. Variable Grid

The heat from the cigarette spreads into the substrate by conduction. In order to correctly estimate the
temperatures near the peak, it is important that conduction to the outer boundaries (at x=0, x=X,,,,,
Y=Ymax> a0d 2=z, ) be negligible, since it cannot be known a priori. This requires a relatively large
region relative to the size of the cigarette heat flux pattern. However, setting Ax, Ay, and Az sufficiently
small to achieve the desired accuracy in the conduction calculation can result in an extremely large
number of cells (N = (X;,0/8X) * (Ymax/AY) * (Zmax/AZ) ) With correspondingly large memory require-
ments and computation time.

The heating flux from a smoldering cigarette rises from negligible values to a high peak, on the order
of 60 kW/m? over a region only a few millimeters in extent. In order to follow this faithfully, the region
must be covered by a mesh which is fine enough so that there are no changes from one mesh point to
another large enough to produce numerical inaccuracies or instabilities. Thus, the required size of the
grid is inversely proportional to the temperature gradient, where steep temperature gradients occur only
near the point of peak heat flux. Therefore, a variable grid is used. This grid consists of a few constant-
width cells near the peak followed by cells of regularly increasing size to the outer boundaries. The
increase in cell size is based on geometric progression, and can be different for each axis. Thus, for
example, Ay;,; = Ry Ay; 2 1). The general effect of this variable grid is shown in Figure 3. This
is easy to implement in equation (45) which explicitly incorporates the grid sizes. The variable grid gives
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results which are less accurate than a constant
grid. A benchmark test indicates that the results
for R = 1.23 differ by < 0.11% att = 100 s.
from those obtained for the constant grid case,
with still smaller errors for R closer to unity.
(See Table A-1, Appendix A.)

Note: In choosing a grid, the user determines four
items, in each coordinate direction: the width of
the constant-width cells in the fine-grid region,
the number of such cells, the total number of
nodes along that axis, and the total width in that
direction, The program then does the arithmetic,
and finds the corresponding value of R;. If that is
< 1, an error message will be returned. Like- Figure 3. Substrate coordinate system
wise, if too many grid points result from the

attempted selection, an error message will result.

The point of peak heat flux moves as the cigarette smolders. TMPSUB2 adjusts the x-coordinates to keep
the fine grid region centered on that peak. This adjustment is made by

) computing the new x-coordinates of the shifted grid,

) computing a cubic spline curve for the temperature in each row of cells in the old grid,
and

3) using the curve to compute the cell temperatures in each row at the new grid positions.

The standard explicit algorithm for solving equation (12), without pyrolysis included, was checked in
several ways, principally by comparing its predictions against known analytical solutions. (See Appendix
A.) These checks showed that the numerical procedure, and the computer program for implementing it,
are correct, effective, and accurate.

s. Variable Thermal Properties
The conductivity and specific heat of the substrate materials are known to vary with temperature.
TMPSUB?2 allows the user to describe this variation. The values entered for « and ¢ are converted to

cubic spline curves giving «(T) and c(T). The conductivity is further adjusted within the program to take
into account the fact that the thermal conductivity is proportional to the density:

x = p x(T) / p,, (62)

where p,, is the original density (recall that the assumption of constant «, p, and c, in Section II.B.3, was
a special case used only in order to obtain equations (17) to (19)).

6. Pyrolysis
Consider pyrolysis from the finite difference viewpoint. We begin with a cell having constant volume,

AV (= Ax Ay Az) and temporarily ignore the subscripts i,j,k. This cell contains a mass p, AV of virgin
(unpyrolyzed) material, a mass p, AV of char, and a mass p, AV of ash. The numerical method must
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keep track of the density of each material as a function of time; in this program, this is done via the
difference equation

px,n+1 = px,n + At bx,pu-’ (63)

where the subscript x may be v, ¢, or a, and § indicates the type of time integration, as discussed above.
p, is modeled using equations (25a,b,c). Note that p, = p. = 0 and p, = p, = p, att = 0.

Some material is converted to gases during pyrolysis; the rate as which gases are created is given by
equation (25¢). The gases are lost from the cell, and they carry away all the energy they contain, i.e.,
there is an enthalpy loss which does not affect the temperature of the remaining mass. Moreover, since
the gas diffusion equations have not been explicitly included, any possible loss of heat from the escaping
hot gases to the cooler solid in other regions of the substrate is ignored. Thus, the rate of heat gain in
the cell due to pyrolysis is (almost exactly) given by

S, = AV(R,H,+R, H,+R H +p,cT) Watts (64)

op” op co”"co

The R, are given in Section IL.B.3, and dp,/dt is given by equation (25e).

7. Time Integration

A choice must be made for the time integration method. Following the discussion of Belytschko (1983,
pp. 55, 419, 445), the advantages of explicit time integration are:

) fewer calculations per time step;

2 simple algorithm logic and structure are simple, implying that it is good for testing new
ideas;

3) ease of handling complex nonlinearities;

4 requirement of little core storage compared to implicit methods using direct elimination
procedures; and

o) high reliability in terms of accuracy and completing the computation.

The only notable disadvantage is that explicit time integration is only conditionally stable so that a very
large number of time steps may be required.

With regard to accuracy, since implicit methods are unconditionally stable, they can easily be used with
too large a time step, leading to significant time integration errors. The stability requirements for explicit
time integration force the time step to be so small that the time integration error is almost always smaller
than the spatial discretization error. Of course, it is also possible to use a spatial discretization that is
much too large.

The addition of pyrolysis to the model required significantly smaller cells in the region of interest, and
therefore required significantly longer execution time. Hence a better method than explicit time
integration was required. The following method attributed to Saul’yev as described by Larkin (1964) and
Clausing (1969) was adopted:
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Again consider the one-dimensional presentation of Figure 1. Assume that the calculation of cell
temperatures is proceeding in the positive x direction. Then at cell i, T;; ,, is a known quantity and
can be used in computing T; ;1. Equation (51) becomes

A Ui,n-ul = Cl.nl T;.ul - Cl,nTi.u = At(qi-.ml + ql+,u + si,m»p) (653)

During the next time step, calculate cell temperatures in the negative x direction. In that case equation
(51) becomes
AU,

i, m~n+]

= C

i, n+l Tl CiaT, = At(ql-,u + qh,;ul + Sl..w) (65b)

e “iatin

Both equations (65a) and (65b) are unconditionally stable because of the inclusion of the implicit terms;
operating together, the truncation errors during successive time steps tend to cancel leading to an O(At)
algorithm. This method is directly expanded into 2 or 3 dimensions by adding the j and k position
indices and the q;., q;4, qi., and g, heat gains. The key factor is that it is only necessary to solve
implicitly for one cell temperature at a time. There are no time-consuming simultaneous equations to be
solved. Tests indicate that this method is very accurate except for the possibility of some small
oscillations as with the Crank-Nicholson method.

A question remains on when to evaluate S;, C;, and «; (which is implicit in the q’s) in equation (65a).
Numerical errors are minimized by evaluating S, at time step n+%. These terms are all functions of
temperature in the SUBSTRAT program. Furthermore, they are such complicated functions that the
equations cannot be solved directly. The following equation must be solved implicitly for T; ;5 ;41

U‘,j,k.l"'l = lj’sjpk.' * At(qi—hjlkt'*l + qi*sjvta" + q‘»j'nk:l*l + q‘t."’tkn' (66)
+ q‘»jnk'o'*l + qi;jut"n. + S‘ljnkn “'p )
where
Uiskm = Pisem &Y aCpemTigem

with m = n and n+1. The total solid density in the cell is the sum of the virgin, char, and ash densities
[equation (25d)] and is a function of time due to the pyrolysis reactions:

pi.j,k,u-vp = (pv + pc + pa)lJ,k,n + p At ( bv + ﬁ’c + ba)l,j,k,ub (67)

The cell pyrolysis for the time step is evaluated at T = (T, + T,4;) / 2, and component densities also
at 8 = %. Equation (66) was rewritten in a form allowing numerical solution by a standard secant
method (Conte, 1972, pp. 299-306). This completes the outline of Larkin’s method. The net result of
using Larkin’s method is that the time step is no longer limited by grid size, and pyrolysis is modeled
with a reasonable execution time.
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D. EXPERIMENTS
1. Experimental Arrangement

The next step is to compare the results predicted by SUBSTRAT with experimental results, in which an
electrical heater was substituted for a cigarette. The schematic of an experiment designed to measure time
to ignition is shown in Figure 4. This consists of the heater element from an automobile cigarette lighter,
fitted with a concentric jacket to permit an air purge. The purpose of the air purge is to keep evolved
products from the sample from being ignited to flaming, rather than to merely smolder. The heating
element is raised to varying temperatures, all of them high enough for the element to be glowing (500 -
900 °C). The purging jet comes through the jacket, past the face of the element, and then out normal
to it, toward the sample. It picks up a good deal of heat as it travels through the device. The resulting
flux distribution beneath the heating element is shown in Figure 5. As we would expect, it is axially
symmetric; it is well fitted by a Gaussian profile. Note that the higher the temperature the disk is heated
to, the higher is the peak flux.

The measured flux to the gauge is not the same as what the substrate sees, however, because the latter
heats up, whereas the flux gauge does not; call the former ¢, and the latter, ¢,. It follows from equation
(3) that

= bt = byt H(T,-T) (68)

where T, is the temperature of the hot purging gas, T, that of the (cold) gauge, and ¢, = ¢,,. For the
case where the substrate is being heated, however, the convective contribution goes down:

&, = b+ hIT, - T,0] (69)

where T,(t) is the temperature of the substrate, which increases continuously. Thus the total flux
decreases monotonically. Although we do not know the gas temperature T;, we do not need it; for, we
can combine equations (68) and (69) to obtain

¢, = &, -A[T,(0-T,] (70)

The heat transfer coefficient h was discussed in Section II.B. It is found for this experimental
configuration in Appendix D. Analysis of the experimental results, given in Appendix D, yields a
number of values important for this experiment, including h and the disk temperatures; the results are
shown in Table D-1; h is found to be a weak function of ¢,

When a mock-up consisting of flexible PU foam covered by #12 cotton duck was placed in position under
the heat source, smoldering ignition occurred after a certain amount of time; the ignition delay depends
on the intensity of the flux, as indicated qualitatively by equation (19), Section I1.B.2. The experimental-
ly obtained ignition delays are plotted in Figure 6 as a function of the peak heat flux.
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Heat Source

Figure 4. Schematic of heat source for ignition tests
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The ignition delay times as a function of the external flux are given in Table 2.

Table 2. Substrate Ignition Delay Times

|| PexkW/m?) | 18 25 34.5 44 ||

|| t(6) 412 | 70 37 2 |

Since @, is constant for each run, then according to equation (19), a plot of ¢.,, versus t, "2 should
yield a straight line whose intercept is the critical flux, ¢_;. When this is done, however, tie result is
not a straight line. More generally, then, we assume that the relationship has the form

Ad = b, - b = ALy v

Only the correct choice for ¢, will yield a straight line in a logarithmic plot of A¢ vs tig- When that
is obtained, the slope of the line is -p; it was found that ¢, = 16.9 kW/m? and that p = 1.087, with
A varying from 757 to 816; the average value is 798. If we take p = 1, A increases slowly with ¢,,,.

The fact that p = 1, rather than 1/2, indicates that the substrate behaves like a thermally thin material;
that, in turn, suggests that it is principally the fabric which is involved in the heating and ignition. If we
assume that the principal cooling mechanism is radiation, then ¢_;, = 16.9 kW/m? implies that if the
radiative absorption coefficient of the fabric is o = 0.9, then Ty, = 759 K = 485 °C -- a remarkably
high value. Even witha = 1.0, T,, = 739 K = 466 °C, considerably greater than the 400 °C measured
independently. This shows that there is substantial convective cooling during the heating/ignition process.

2. Material Data

In order to see whether the program can calculate t;, correctly, it is necessary to calculate the surface
temperature under the heater. In order to do that, however, it is necessary to have correct input data.
Among these data are the thermophysical data, xpc.

Fabric. First, consider the fabric. The fabric that was used in the experiment was #12 cotton
duck. Material data for cotton, especially as a function of temperature, are surprisingly difficult to find,
even though it is a common and long-used material.

In Appendix E, we find that reasonable values for the thermophysical constants for this particular cotton
fabric (#12 cotton duck) are

p = 620 kg/m3
and
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x(T) = 0.28505x,(T) + 0.84554 x,,(T) W/m-K (72

where
x, (D = x(T,)(TIT,) = 1242x10°T W/m-K (73)
(with T in Kelvins) and Kgas = 1.7 kyyp, with
Kair = ____a_ﬂ'_._ ’ 74
1+ bXIT(_) dT 74)

The constants are: a = 2.6464x103, b = 245.4, and ¢ = 12. Then «(25 °C) = 0.1435 W/m-K and c(D)
= x(T)/pa = 7819«(T); thus, ¢ = 1122 J/kg K at 300 K.

Char. The cotton decomposes and pyrolyses to form char. According to Parker (1985, 1988), the
specific heat of char is just about that of carbon:

c(T) = 1.43 + 3.55x10*T - 7.32x10%T>  J/gK, with T in K (75)
The thermal diffusivity of wood char is approximately constant:
o, = 2.1x107 m?/s (76)

The density of the char depends on whether the fibers contract while pyrolyzing, or not. Finally, the
thermal conductivity of char is found from

£(T) = agp.c (T). an
Reaction Kinetic Parameters. When the analysis of a pyrolyzing material is carried out, it is done for

a thin layer, in order to ensure uniformity of temperature and of oxygen concentration throughout the
sample. It is then simplest to find the reaction rate in the form

k, = f_’ﬂ’%"_’g} - Ad[%]u‘exp(—EleT) — (78)

for the degradation reaction, rather than as in equation (20); here Wy = W,(t) is the (instantaneous)
weight of the remaining (virgin) material = weight of sample minus weight of char and ash, and W, is
the original weight. Note that Ay is commonly given in reactions/minute. The actual reaction rate is
given by

Rd = pokd .

The relationship between (20) and (78) is simple: since py = W4/V4 and p, = W,/V,, then as long as
V,/V4 = const, Wy/W, = pg/p,, and, as in equations (20),

R, = A} pg exp(-..)

where
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Ay = A, P:-"
(in the appropriate units). For pyrolysis in pure nitrogen, Ohlemiller (1991) found:

Ay = 7.49x10" min!, n =060, and E, = 182.4 kJ/mol

Instead of these parameters, however, we shall use the results of Kashiwagi and Nambu (1992) for a
cellulosic paper pyrolyzed in air; that will maintain internal consistency in the reaction set. The global

kinetic constants given by Kashiwagi and Nambu for the thermal degradation reaction of their cellulosic
paper are

E4
Ag

220 kJ/mole ng =138
1.2x10" min! Hy=-5701/g

The parameters for the other two reactions are given in their Tables 1 and 2, reproduced below. For the
oxidative pyrolysis reaction,

n W Prop E
k= A Xor (—ﬁ;‘f] exp ("ﬁ) 79)

0

where X, is the volume fraction of oxygen. The kinetic constants are:

Eyp = 160 kJ/mol N = 0.5

Ay = 1.5x101  min’! Ngop= 1.3
and: Hy, = 5.7 kl/g
For the char oxidation reaction,

L W e E
kc = Acxox (_ﬁ;:') exp("i%,] (80)

with the kinetic constants

E. = 160 kJ/mol n, = 0.78

A, =3.4x10"" min?! n, =10

and H, =25ki/g

The fraction of ash which remains is 9% by mass. Equations (79) and (80) transform to the standard
form in the same way that (78) does. Thus

’ | B ~-n,
Aop = A,,P., 'f')p‘ 4

1~ R, "N,
A =Ap, e,
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Heats of Combustion. Brandrup and Immergut (1989) give the heat of combustion from several
measurements; as expected, the results vary:

H (cotton) = 18850 J/g
H_(fabricl) = 15450 J/g
H_(fabric2) =~ 16700 + 250 J/g (fabric weight was 180 g/m?)

Note: as material pyrolyzes, we should take ¢(T) and «(T) for the combination of materials; for the sake
of simplicity, however, we assume that the virgin fuel, the pyrolyzed material, the char, and even the
ash, all have the same specific heat. Then the appropriate density to use in equation (12), for example,
is the density of the solid, p,, which is the sum of the bulk densities of all the components of the solid
(see equation (25d)). As pyrolysis and combustion proceed, p, decreases monotonically, assuming no
fabric shrinkage.

Foam. For the padding component of the substrate, we have PU foam, for which we have the following
data (Ohlemiller, 1991):

p = 0.032 g/cm® = 32 kg/m (81a)
¢, = 1.46J/g K (81b)
and x(T) = 0.03613 + 2.003x10* T, 81c)

with T in °C.

There is one other datum for PU foam: <«xpc>, the mean value of the thermal inertia, was measured
in the LIFT apparatus (Quintiere et al., 1983, Quintiere and Harkleroad, 1985, Quintiere, 1988). How-
ever, the foam melts before it ignites, so that p (and, consequently, x) go up substantially; moreover, the
measurement entails all the other model approximations. Hence the measurement is not directly useful.

Foam Kineti¢ Parameters. The first pyrolysis reaction, which results in the collapse of the foam
structure, yields 0.7 g of liquid and 0.3 g of vapor for every gram of foam which pyrolyzes. The
reaction rate, RR, = (mass gasified/min)/(mass of foam), is given by

el 2
RR = 0.30B exp|-—= 82)
where m = 1.5 Also, p, = starting density,
B = 3.36x1017, and p = current density, and
Eg = 187 kJ/mol. pr = density of residue = 0.70p,,.

These densities are those of the solid phase (o, of order 1g/cm?), rather than that of the foam (p, = 0.03
g/cm’). The total heats of pyrolysis of PU foams range between 400 and 800 J/g; for this foam, it is
closer to the upper value. Assuming it varies linearly with the mass loss, we can estimate 30% of 800,
or
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H, ~ 240 J/g

Finally, for the diffusion coefficient for O, in the fabric, see equation (28).

E. RESULTS AND DISCUSSION

Rather than give the final results immediately, it was decided to describe the evolution of our thinking,
including some of the false steps we took, because a good deal can be learned that way, and it could be
instructive for anyone else who might work on this problem in the future. With that in mind, we first
consider the results of calculations made assuming an inert substrate,

1. Inert Substrate

First, the computer program was used to calculate the peak surface temperature under the heater as a
function of time for several peak fluxes. The results are shown in Figure 7.

The ignition temperature of cotton was measured to be 390400 °C (Ohlemiller, 1991). According to
Figure 7, if T;; = 400 °C, then ignition is attained for the 44 kW/m? exposure at t =~ 18 s, and for the
34,5 kW/m? exposure at t = 50 s. These values compare very favorably with experimental values of
22 and 37 s, respectively.

On the other hand, ignition is not attained at al} for the 25 and 18 kW/m? cases, while the calculation
predicts the substrate will reach the ignition temperature, albeit at long exposure times. A conceivable
reason might be that the ignition temperature given above was overestimated. In order to intersect the
¢ = 18 kW/m? curve at t = 472 s, the ignition temperature would have to have been about 290 °C; it
is very unlikely that such a large error in the measurement of T,, would have been made. Even if it
were, that would yield ignition times of 7, 12, and 25 s, respectively, much shorter than the measured
times of 22, 37, and 70 s.

[Three possible reasons why the calculated ignition times might be so short are:
(a) endothermic pyrolysis taking place, which slows the temperature rise;

®) Significant radiative heat transfer within the material, so that the flux is absorbed in
depth, rather than mainly at the surface; and/or

() T., = 290 °C and the estimates of xpoc(T) were in error, the actual value being larger.

ig
Now, if we consider endothermic pyrolysis, then we must also consider exothermic pyrolysis. Second,
the effect of radiative heat transfer will be small when T is near T,, and small in comparison with the
effects of pyrolysis when T> >T,. Finally, consider item (c): If kpc were larger, then the rate of rise
of T, would be smaller, as can readily be seen from equations (17)-(19). The final temperature, however,
is independent of xpc. Hence not only would T;, have to be much smaller, but the estimates of xpc
would have to have been 9 times too small. This is all possible, but extremely unlikely.]
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2. Results with Pyrolysis

On the other hand, we know that pyrolysis must take place. Figure 8 shows the effect of including
pyrolysis for the Q = 25 kW/m? case. Curve a indicates what the temperature of the fabric surface
would be if the fabric (and foam) were inert. Curve b is the result of "turning on" the (endothermic)
degradation reaction. Note that although the rate of growth of temperature is slowed down quite
perceptibly, as expected, the temperature the surface reaches asymptotically is exactly the same (assuming
the same surface absorptivity/emissivity as before).

However, the exothermicity of the oxidative pyrolysis and of char oxidation are far greater than the
endothermicity of thermal decomposition, and should overwhelm it. We cannot, therefore, consider
thermal decomposition alone: if we consider pyrolysis, we must include all the major reactions. Another
way of seeing this is to note that in order to have ignition, we must have a “"thermal runaway," where
exothermic pyrolysis heats up the material faster than heat diffusion and surface losses can carry the heat
away.

Curve ¢ indicates what takes place when the oxidative pyrolysis reaction is included, as well: it is
exothermic, and adds a great deal more energy than the degradation reaction removes. The result is,
logically, that the temperature rises rapidly, almost like a thermal run-away. However, the temperature
reaches a peak, than declines. The reason is simple: the fuel is rapidly exhausted. Once that happens,
the heat source is reduced to the original external flux. This is clearly depicted in Figure 9, which shows
the fuel density as a function of time. The ordinate is temperature, in °C, and density in kg/m®. The
curves marked T, and p, correspond to the cell with the highest temperature. Those marked T, and p,
correspond to the (laterally) adjacent cells, and those marked T, and p, to the next ring of cells. These
calculations were carried out assuming no char oxidation. We see that as the reaction accelerates, T,
"runs away" and the density plummets from its virgin value to that of char. Most significantly, the peak
temperatures develop just after the density falls.

Finally, curved of Figure 8 shows the result of adding the char oxidation reaction as well: that additional
heat source takes the pyrolysis "over the top." The temperature continues to run away. (We have
arbitrarily cut off the calculation at 600 °C, here.) The question then arose: why was there an oscillation
in T,? The qualitative explanation is that if a cell is too large, then the surface/volume ratio is small, and
the heat cannot diffuse away rapidly enough. This is confirmed by Figure 10. With a cell size taken to
be a bit less than half as large, the amplitude of the oscillation declined considerably, and with the cell
size halved again, the oscillations have almost disappeared.

Presumably, as we continue to decrease the cell size, the numerical errors should become progressively
smaller, until a further decrease in cell size would make no further difference in the results. However,
it was found that the results were apparently not converging with decreasing Ax, and that the sensitivity
varied with Q. Investigation of the reason for this great sensitivity revealed that it lay in our use of a
variable grid size: whereas for grids of constant spacing, the numerical approximations are correct to
second order in Ax, that accuracy drops to somewhere between first and second order. Indeed, if the
numerical error is proportional to (Ax)", then n is given by a complex formula (Torrance, 1985, pp. 43
and 51). The "flavor" of that expression is given by n ~ (2+a)/(1+a), where a = 3dAx/dx. That is,
the accuracy depends inversely on the rate of growth of the grid size. An explicit calculation is given
in Appendix A; see Table A-1 there.
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Figure 7. Peak surface temperatures of substrate as a function of time, for the four exposures
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0.50, and 0.25 mm cubes. Char oxidation was purposely left out
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By reducing the rate of increase of grid size, therefore, the accuracy was increased, and the results made
to converge better. Moreover, it was decided to switch from an explicit solution method to Larkin's
semi-implicit method (see Section I1.C). After those changes, we arrived at the results shown. The
results of four calculations are shown in Figure 11. These were made

with an assumed heat transfer coefficient h = 20, and an assumed oxygen concentration of 20%. For
initial fluxes with peak values of 25 and 34.5 kW/m?2, calculations are first made assuming that the
substrate is inert, and then pyrolysis is "turned on.” We see that for the 34 kW case, the asymptotic
temperature lies at about 430 °C, and that a thermal runaway begins at about 300 °C, att = 20, and is
completed at t = 25 s; that would then be the ignition time. It is difficult to state precisely what "the
ignition temperature” is, in this case (but see below).

For the 25 kW case, the asymptotic temperature lies at about 360 °C. The first perceptible deviation of
the curve for the reactive case from that for the inert material occurs at T = 280 °C, and is clearly
established at 300 °C. The thermal runaway takes place att =~ 48 s. These times may be compared with
the experimentally-established ignition times, which were about 22 and 70 s, respectively. Thus we have
achieved semi-quantitative agreement. In Figure 12, on the other hand, we see that a thermal runaway,
and therefore ignition apparently did not take place for the 18 kW case. Here, the asymptotic
temperature is about 290 °C; this is apparently not high enough to produce a runaway.

Wherein lies the difficulty? Most likely, one or more of the input values is incorrect. Altering xpc
would principally change the time scale. Figure 13 shows the effect of changing the assumed oxygen
concentration: the highest curve reproduces the upper curve in Figure 12. The next two curves show
what happens when <Y > is assumed to be 0.15 and 0.11, respectively. Finally, the bottom curve
(again) corresponds to the inert case. Thus, it is not [O,] having been chosen too low that prevents
ignition, and one or more of the kinetic parameters is probably in error. In Figure 14, curves aand b
again reproduce Figure 12 (on a different scale). For curve c, the char oxidation rate was doubled. It
is apparent that the curves overlap completely. A preliminary conclusion inferred from this was that the
observed result was due to all the char that is produced already being oxidized. Observation of the
kinetic constants for oxidative pyrolysis and char oxidation, however, makes it clear that the latter is three
orders of magnitude slower than the former. Therefore merely doubling the char-oxidation rate will only
perturb the energy output slightly -- so slightly that it will not even show up in the figure. '

For curve d, the oxidative pyrolysis rate was doubled (the pre-exponential factor A was doubled),
doubling the char-production rate through this branch; this indeed produced a thermal runaway. Curves
e and f are the results of increasing A by 20% and 10%, respectively. Thus, a quite modest increase in
A predicts ignition, although at 230 s, rather that the measured 472 s. Such an increment is not only well
within experimental error, but is entirely plausible, when the likely differences between the cellulosic
paper and a cotton fabric (with different impurities) are considered. On the other hand, it was assumed
thaty = 0.20. For y = 0.15, A must be increased by 30% in order to get ignition (the resulting T(t)
curve is very similar to the "best” one). Although this is greater than the 10% increase found above, it
is still entirely plausible.

We have so far considered the sensitivity of the results to the oxygen concentration, the thermophysical
constants of the fabric, and its kinetic parameters. Surprisingly, there are two other significant
parameters: first, if we use h = 22 for the heat transfer coefficient in equation (69) (as suggested by the
results of Appendix D, shown in Table D-1), rather than the assumed h = 20, the "asymptotic”
temperature (that at t = 500 s) reaches only 272 °C, rather than 292 °C, and there is not the faintest
possibility of achieving ignition, unless E, is substantially smaller than 160 kJ/g. One solution is to
assume that h = 20 is the correct value to use, since the theoretical calculations in Appendix D could
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Figure 12. Peak temperature for the 18 kW/m? case, with the same assumptions as in Fig.11
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Curve a, no pyrolysis; curve b, "standard” pyrolysis; curve c, double the char oxidation rate;
Curve d, double the oxidative pyrolysis rate; Curve e, 1.2 times the oxidative pyrolysis rate;

Curve f, 1.1 times the oxidative pyrolysis rate



easily be off by 10% or more. Another resolution is possible, too: the second parameter which is
important in this threshold region ("threshold,” because 18 kW/m? is close to the critical flux, 16.9
kW/m?) is the thermal conductivity of the foam padding. In all the runs made above, it was assumed that
x = 0.056 J/m K and ¢ = 1.9 J/g K, for the foam at T = 20 °C. If it were assumed that x = 0.096,
instead, then the foam would act as a more efficient heat sink, and the surface temperature could be
expected to drop; indeed, a calculation showed that the peak surface temperature at t = 500 s fell to
272 °C for the inert fabric. In fact, however, the value 0.056 for the thermal conductivity was for a
foam of density 48 kg/m®! Transforming that for a 32 kg/m? foam, according to equation (62), yields
0.036, almost exactly what is given in the present test (see equation (81c)). This reduces the heat sink,
and must yield an increased asymptotic surface temperature. Using the foam parameters given by
equations (81), and h = 20, the t = 500 temperature indeed rises, from 292 °C to 300 °C; with h =
22, it is 294 °C, and we only need to increase A by 10% to get runaway.

The "best" set of parameters for the fabric and foam, then, is given in Section I1.D.2. For the heat
transfer coefficient, use the values in Table D-1. With that set, we obtain the curves shown in Figure
15. The corresponding calculated ignition times are given in Table 3. The calculated values are all about
half the measured values, and the trend is well-predicted.

Note that the polyurethane foam begins to melt and recede from the fabric when its temperature reaches
about 300 °C, thereby decreasing the heat-sink effect of the padding, and accelerating the heating of the
fabric. This effect has not been included in the model.

Table 3. Comparison of Substrate Ignition Delay Times

18 209 472
25 37 70
34 19 37
44 13 22

It has been suggested that we might avoid the necessity of explicitly including the pyrolysis reactions by
choosing some effective ignition temperature. This is not, in fact, feasible: if we take the measured
ignition times and mark them on the four curves in Figure 7, corresponding to the inert assumption, we
find that they intersect these curves at widely varying temperatures; see Table 4. It is apparent that this
"ignition temperature” is a strong function of the external flux.
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Table 4. Surface Temperatures Which Would be Attained by the Substrate
at the Measured Ignition Times If the Substrate Were Inert

18 25 35 44
291 342 380 400
564 615 653 673

On the other hand, if we define “the ignition temperature” as the point on the T(t) curve where the
temperature is rising at some rapid rate, e.g., 100 °C/s, then from Figures 11 and 13 we see that that
gradient is attained at the approximate temperatures shown here:

Table 5. Surface Temperatures at a 100°C/s Rate of Rise
(Data From Figures 11 and 13)

18 25 35
390 390 380
663 663 653

These calculated temperatures are close to each other, and close to the 390-400 °C which has been
measured.

F. SUMMARY FOR SECTION II

We have created several computer programs, of which the central one is SUBSTRAT2. This program
calculates the temperature history at every point in a substrate (the upholstered furniture) which is
subjected to a strongly localized heating flux on its top surface (assumed to be horizontal). The (solid)
substrate consists of two layers, the top one being a fabric and the lower a foam pad; there may be a thin
intervening air gap. The substrate is taken to be a rectangular parallelepiped, and it is broken up into
several thousand cells. The ambient oxygen level can be set at whatever value one wishes.

The solid is subjected to a nonuniform and time-varying heating flux at its top surface, and (simultaneous-
ly) experiences convective and radiative heat losses. Moreover, the solid can undergo pyrolitic reactions;
we consider three, here: one endothermic step (thermal degradation to char), one oxidative pyrolysis to
char, and oxidation of the char (to ash). The way T(r,t) is found is by solving the PDE which describes
the diffusion of heat in a solid, equation (12), numerically. The equation set is very stiff, because of the
highly nonlinear form of the (Arrhenius) reactions. We have therefore used a semi-implicit method to
solve the equation set.

If and when the temperature rate of rise at some location suddenly "accelerates” to a value high enough
that the surface glows (that is, T > 500 °C or so), we can say that smoldering ignition has occurred.
The program will not tell us whether flaming ignition takes place. It also does not treat the case where
the flux is applied in a crevice, such as is formed between the seat cushion and the seat back. The
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program does not take into account the effect(s) of the foam possibly melting and receding away from
the fabric. Finally, it also does not take oxygen diffusion within the cushion explicitly into account;
hence in certain threshold situations, where a small change in oxygen concentration determines whether
ignition does or does not take place, the results are ambiguous. What is and is not in the program is
listed in Table 1, section IL.B.

It is important to note that it is often difficult to obtain the needed kinetic and/or thermophysical
parameters for the material; or, when available, to know how accurately they are known. Therefore this
caveat must also be made: even if the program were perfect, its results are only as good as the input
parameters which are supplied. On the other hand, it should accurately reproduce (or predict) trends.

There is a user-friendly front end for the input, described in Section II.C. The program runs well on a
386-level computer with a math co-processor, and faster on a 486-chip computer.

An experiment was carried out to ignite the substrate. In trying to reproduce those experimental results,
it was found that the calculated results are sensitive to the input values chosen, especially the kinetic
parameters. It was found that the preexponential factor found by Kashiwagi and Nambu (1992) for the
oxidative pyrolysis reaction in a cellulosic paper had to be increased by 10% for the cotton duck fabric
in order to get ignition for the lowest of a set of heating fluxes to which the substrate was exposed. The
result was semi-quantitative agreement with the observed ignition times.
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III. CIGARET, A MODEL OF A QUIETLY SMOLDERING, ISOLATED
CIGARETTE

A. GENERAL DESCRIPTION

A cigarette consists of small strands of cured tobacco leaf (varying in length from about 0.5 to 12 mm,
with the average about 3-4 mm), held in place by a paper wrapping. The shape is usually cylindrical;
the radius of the cross-section is R. The circumference, 2aR, generally lies between 17 and 25 mm.
There is usually a filter at one end.

A schematic illustration of a smoldering cigarette in its quiescent phase is given in Figure 16. The section
marked C in this figure is char, most of which is oxidizing at a rate sufficient to make it glow. The peak
temperature in this region is some 800 to 850 °C; that is, about 1100 + 25 K. The glowing coal is
shaped approximately like a thick cone. The cone length varies; it is usually on the order of 1 cm.

The heat created by the char oxidation diffuses, convects via hot gases, and radiates away in all
directions. Part of this heat is carried back towards the virgin tobacco, the zone marked VT in the figure.
The tobacco just behind the burning coal then dehydrates and decomposes; this is the region marked P
in the figure (P for "pyrolyzing"). This is the region from which a visible plume of smoke rises. At the
front of the cigarette is the residual ash, marked A in the figure. EA stands for "evanescent ash"; that
is the ash which generally falls off a cigarette, or is flicked off by the smoker. Since we will eventually
assume that the cigarette rests on a substrate, the part EA might not, in fact, disappear.

We will see in Section III.C that a good deal of detail is lost when the model is assumed to be one-
dimensional. Therefore the present model is two-dimensional; i.e., cylindrical symmetry is assumed.
This is not a bad assumption for the cigarette freely smoldering in air, but is not so good when the
cigarette lies on a substrate. We nevertheless assume that whatever asymmetries are produced by that
interaction can be simulated by spreading the effects of the substrate out evenly over the circumference.

B. DYNAMICS OF A SMOLDERING CIGARETTE

A good deal of effort, both experimental and theoretical, has gone into understanding the (isolated)
smoldering cigarette. In this Section, a brief, qualitative discussion of the dynamical processes which
occur will be presented and the salient results from earlier experiments noted. It is not intended to be
an exhaustive review., For a more detailed description of cigarettes, see Gann ef al. (1988).

1. Pyrolysis Rates

There have been many careful studies of the pyrolysis of tobacco; we will only consider some global
results here. A detailed description of cigarettes can be found, for example, in Section 2 of Gann et al.
From Table 2-3 there, it is found that for those experimental cigarettes, the average mass, exclusive of
the filter, is 870 + 470 mg. The variation for commercial cigarettes is lower. The mean mass loss rate
is 60 + 20 mg/min, corresponding, on average, to some 14 min of smolder time. This agrees with the
common observation that an unattended cigarette will smolder for 10 to 20 min.
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Figure 16.  Schematic of a smoldering cigarette. The zone marked VT
contains the virgin tobacco. P is the pyrolyzing region; the
section marked C is char, A is the residual ash, and EA stands
for "evanescent ash," explained in the text.

\ 77/
400
500
100 300
gmm

SN
1 i 1 1§ T {
-2 0 +2 +4 +6 +8 +10

DISTANCE FROM LINE OF PAPER BURN (mm)

Figure 17. Isotherms in the gaseous part of the cigarette during quiet, steady
burning. The shaded region indicates peak reaction rate; i.e.,
the glowing coal.
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Sandusky (1976) shows that if we start with one gram of tobacco, then after pyrolysis about 400 mg of
charred residue remains. This char includes 150 mg of inert material, which remains as ash upon
combustion. That is, about 70% (600 mg) of the combustible portion (850 mg) of the tobacco evaporates
and/or pyrolyses away, leaving about 250 mg of material which can burn completely. To avoid
confusion, we will refer to that portion as "char," and the char plus ash (total = 400 mg) as "charred
tobacco residue,” or CTR, hereafter. We will not go into any more detail here regarding pyrolysis rates.

2. Stoichiometry

We now try to determine a sensible approximation to the stoichiometry of the reactions. This will be
useful when the production of CO, H,0, and CO, are modeled. The contents of the tobacco are quite
complex, as shown in Sandusky (1976) and elsewhere. The reactions are complex as well. A simplified
summary of the reactions is given at the bottom of page V in Sandusky. This is here simplified still
further, by assuming that the dehydration and pyrolysis processes leading to char have exothermic as well
as endothermic terms which cancel exactly.

When the char burns, the principal products are CO and CO,, leaving about 150/400 = 37.5% ash, by
weight. This residue is somewhat higher than the amount left by the tobacco analyzed by Baker (1975).
Sandusky’s data is used here, complemented where necessary by Baker’s data. Char is assumed to
consist of a mixture of carbon and of one other compound which will yield C/H/O ratios comparable to
those given by Baker, and for which we know the heat of combustion, H.. A model molecule is mucic
acid, C¢H;oOg. This has the molar heat of combustion H, = 2021 kJ/g mol (Weast, 1976). Its molecu-
lar weight is 210; thus h, = 9620 J/g. The atomic percentages of char (CTR minus ash) are given by
Baker as:

R

0O =25.33% H
C =69.40% N

(4

2.18
3.09

R

The "model" char is then
char = xC + yCGHIOOS’

where x and y are such that the above ratios are satisfied. From the carbon and hydrogen fractions, x
= 12 and y = 0.5 are obtained; nitrogen is ignored. Upon burning the char,

12C + 0.5 CgH,Og + nO, — (15-1£) CO, + £CO + 2.5 H,0

In order to determine f, one more relationship is needsd. This is obtained by examining the energy
produced. We assume complete combustion of the mucic acid,

0.5 C¢HoOg + 450, — 3CO, + 2.5 H,0,
and incomplete combustion of the carbon:
12C + (n-4.50, ~ (12 - )CO, + £ CO
The heat of combustion of C (to CO,) is 393.5 kJ/g mole (32.77 kl/g), while the heat of combustion of

CO is 283.0 kJ/g mol (23.57 kl/g), so that the heat of partial combustion (C to CO) is the difference,
110.5 kJ/g mol. With these assumptions, the entire char produces
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G = 12(393.5) - 283.0 f + 0.5(2021) !
The molecular weight of this model char is 249. Thus the heat produced in combustion is
h, = G/249 J/g
The mean heat of combustion of the tobacco, as measured by Sandusky, is
<h,> = 17360 £ 210 J/g.
Therefore, f = 5.0 + 0.18, and n = 11.75.

Thus the CO/CO, ratio is f/(15-f) = 0.5. This is typical for smoldering, though very large in
comparison with the ratio in flaming combustion.

Note that even though there is only 1 mole of CgH,,Og for every 24 moles of C, its heat of formation
contributes 23% to the overall heat of combustion, a quite significant fraction of the energy balance. The
overall model reaction, finally, is

12C + 0.5 CgH,oOg + 11.750, - 10CO, + 5CO + 2.5 H,0 (83)

3. Regression (Burning) Rate

This study only considers the quiescent phase of smoldering, i.e., between puffs, since that is the situation
when the cigarette lies on the substrate. The paper in commercial cigarettes is chemically treated so that
it decomposes and burns at the same velocity as the tobacco during these quiescent periods; this occurs
in a region on the order of 1 mm in width. This location is called the "paper burn line," and will serve
as the origin of coordinates (x = 0) in our further work. It is assumed here that the reactions in the
paper do not influence the tobacco reactions, although we realize that there may well be both thermal and
oxidative interaction.

Cigarettes vary within a factor of about two in the speed of propagation of the smolder wave. The
average cigarette tobacco column is about 7.3 cm long, and it takes 15 + 5 minutes to be consumed,
without drawing or puffing on it. The burning rates have been measured to lie between 40 and 85
mg/min, consistent with the value given in Section III.B.1. The regression velocity is thus

V, =L/r =54 %+ 1.8 mm/min.

The variations depend, at least, on the cigarette radius, the packing density, whether the tobacco leaf has
been expanded or not, the moisture content of the tobacco, and the kind of paper, its permeability, and
how it has been chemically treated. Note that the moisture content does not affect its peak temperatures
(M. Samfield, 1986). Rather, it affects the burning velocity, because it takes time and energy to
evaporate the water.
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4. Reaction Rates

As will be seen in Section III.D.2, the reaction rates in combustion are well represented by Arrhenius
expressions, which can give enormous rates at high temperatures. What limits the reaction rates is
primarily the availability of oxygen; that, in turn, depends upon the rate at which the oxygen can be
transported into the combustion (Ohlemiller, 1985). Therefore, the rate at which oxygen is allowed to
diffuse into the cigarette is the principal determiner of the burning rate, unless the coal is so cooled
locally as to cause limitations from the kinetics. The diffusion of oxygen will be discussed further in
Section I11.B.9,

The mean reaction rate for the cigarette is
<RR> = 0.85m/Vr,

where 0.85m is the combustible fraction of the tobacco mass, V is the volume of the tobacco column,
and 7 the total duration of the smolder. We use a nominal mass of m = 1 g. The volume is V = #RZL,
where the average L = 7.3 cm and R = 0.4 cm; finally, 7 =~ 840 s. Then <RR> = 0.28 mg/cm’s.

If the reaction rate is described by an Arrhenius expression, then it must be highly peaked in the high-
temperature region. Indeed, the simple approximation of an infinitely high reaction rate occurring over
a surface which is a paraboloid (or conoid) of revolution might be expected to have some validity. This
approach was used by Gugan (1966). Since the actual reaction rate is finite, this "surface" is in fact a
thin region. This shell-like region is shown in Figure 17 (taken from Baker (1975)) by the shaded
paraboloid. The highest temperatures occur at the centroid of this shell. Thus, suppose an observer were
positioned at x = 0, i.e., at the paper burn line. As time progresses and the smolder wave moves to the
left, the peak reactions occur in a contracting ring, starting at the periphery and contracting to a point,
leaving ash on the outside of the ring.

5. Heat Production Rate

We have seen that the mean mass loss rate is about 60 mg/min for a 870 mg cigarette; hence something
like 70 mg/min for a 1 g cigarette. Of this, about 70% is evaporated/pyrolyzed with low energy produc-
tion or loss, 30% is lost by char oxidation, a highly exothermic reaction. That is, about 20 mg/min are
being oxidized this way. With Rgg = 17 kJ/g, we end up with an energy production rate of about 340
J/min, or about 5.7 W. Note that with the variations among cigarettes described above, this value could
easily be 50% greater or smaller:

<Q> =57+28W

6. Energy Balance

This heat input is balanced by losses; without going into detail, we can estimate:

a. Enthalpy loss via outgassing: Q. =20+04W
b. Convective losses from the surface: Q. =1.7+04W
c. Radiative losses from the surface: Q =21+04wW
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As we see, although the energy losses balance the energy production, the uncertainties in these estimates
are very large indeed.

d. Conductive losses: These apply when the cigarette is in contact with a substrate, and are
discussed in Section IV. For the "free" cigarette (that is, the cigarette quietly smoldering in wind-free
air, distant from any substrate or wall), there are no conductive losses.

7. Distributions Within the Cigarette

Temperature. A representative temperature distribution in a smoldering cigarette is shown by the
isotherms in Figure 17. Figure 21, also taken from Baker (1975), shows the measured volume percentage
of oxygen. Note that this value is essentially zero in the region of maximum temperature, so that the
reaction (oxidation) rate there is low, in spite of the high temperature.

In order to be able to calculate the heat flux delivered to the substrate, the distribution of surface
temperature must be known. In particular, most important is the peak surface temperature, Tp.
Unfortunately, it is not an easy quantity to measure. Indeed, it is not even a well-defined quantity, since
(as is seen from Figures 17 and 19) the gas and the solid temperatures are not quite the same.

Moreover, the result depends on the measurement technique. Baker’s measurements yielded peak surface
temperatures of about 550 °C. Egerton er al. (1963) found 616 °C for T,. Lendvay and Laszio (1974),
using an IR technique, found that T, = 600 °C. We will take this to be the mean value. Since peak
surface temperatures may well vary by 50 °C among cigarettes, the peak surface temperature is 600 +
50 °C.

Oxygen. The oxygen concentrations in the freely smoldering (i.e., away from the substrate, in
quiescent phase) cigarette are shown in Figure 18. It can be seen that the smoldering is indeed
cylindrically symmetric. In fact, in our model it will maintain that symmetry even when interacting with
the substrate. Consistent with an oxygen-diffusion-controlled process, the oxygen concentration in the
center drops to very low values. The peak reaction rates generally occur in the region where the mole
fraction of oxygen, x(0,), is less than one percent. One can write down some plausible analytic expres-
sions for the radial distribution; but the actual distribution yields some surprises, as can be seen from
Figure 18. For example, although one would a priori expect the concentration to increase monotonically
from the center towards the boundary, examination of the actual dependence along a slice at z = +6 mm
shows unexpected maxima and minima.

Gas Velocity. Some simple estimates show that the radial outflow velocity of hot gases from the
cigarette can be as high as 7 cm/s. Thus inward oxygen diffusion is a counterflow problem. Indeed, this
suggests that the principal inflows would be through the ash, away from the paper-burn line, and then
axially towards the reaction zone. Note that the buoyancy of the hot gases will in fact affect the gas flow.
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Surface Heat Flux. Consider Figure 19, giving the measured temperature of the cigarette surface,
parallel to its axis. The net convective flux from this surface to the ambient is

$.(x.1) = h[T(x,1) - T,] (84)

Similarly, the net radiative flux is

6, (x,1) = eco[T*x,0) - T,' (85)

where ¢_ is the emissivity of the cigarette surface, o is the Stefan-Boltzmann constant, and T, is the
ambient temperature These fluxes, when integrated over the cigarette surface, must yield the energy loss
rates Q. and Q, given in Section IIL.B.6.

The heat flux from the escaping hot gases, i.e., the enthalpy loss, can be calculated once we have u,, the
radial convective velocity, as a function of x. Upon integration over the surface, it then yields the total
enthalpy loss, Q

8. Pressure

Upon drawing on a cigarette, a person will generate a (negative) pressure corresponding to several
hundred Pa (several centimeters of water, where one atmosphere corresponds to 101 kPa and 10.4 meters
of water.) In the quiet state, the pressure difference is positive, but a minute fraction of this value. This
pressure difference can be estimated:

The flow through a packed bed follows Darcy’s law,
"« fap ®6
But
Z (87)

m’ = Py U,

where p is the gas density at the surface and u, is the radial velocity. p, is given by the ideal gas law,

paT/Ty (88)
Hence,

ap = L Pete (89)

f T,
With u,,,, = 0.07 m/s, p, = 1177 kg/m>, and T, = 900 K = 3T,, we have:
7x1.2x1072
Ap « ——==-"——  Pascals
P 3

Sandusky (1976) estimates that for peripheral flow, f = 103 s/cm. Hence:
Ap = 30 Pascals

One atmosphere is 101 kPa, so this corresponds to 3 x 104 atm, or about 3 mm of water equivalent.
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Figure 18. Oxygen concentration in the freely smoldering cigarette during
quiet, steady burning.
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Figure 19. Isotherms in the solid part of the cigarette during quiet, steady
burning.
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9. Gas Transport

There is a boundary layer surrounding the cigarette, within which the oxygen concentration drops as the
surface is approached. Fresh air is supplied by the ambient via convection and diffusion, as indicated
by the arrows in Figure 20. That the oxygen must transport inward is clear, since the volume of air
needed to consume the cigarette is about 1000 times the volume of the solid. Thus, 99.9% of the oxygen
needed for combustion of the cigarette must come from the ambient. Some part may be drawn in from
(through) the substrate, when the cigarette is in contact with it, but that is estimated to be a small fraction
of what is drawn in from the atmosphere Ohlemiller et al. (1993, Appendix C), and it has not been
modeled here. If there were no substrate, the inward diffusion would be approximately symmetric, the
only deviation from symmetry being caused by the upward gas flow due to buoyancy.

Although the cigarette paper is permeable, it largely inhibits the diffusion of oxygen from the air into the
tobacco, so long as it is intact. Once it has burned, its resistance to oxygen diffusion is much diminished.
Since no measurements of this residual resistance have been published, we assume that it is zero.
Therefore, most of the oxygen which is needed to sustain combustion diffuses into the cigarette in front
of the paper burn line. [Not all of the needed oxygen is drawn in that way, however. If the paper is
made non-porous, the cigarette will self-extinguish.]

Similarly, the considerable gradient in CO, which is established by combustion means that there is
simultaneous outward diffusion of CO,. Stoichiometrically, each molecule of O, reacts with a single
carbon atom. This is how the cigarette loses most of its remaining mass upon combustion (recall that
60% of its mass, at a given point, already disappeared during dehydration and pyrolysis). Some of this
mass is convected out, and some of it diffuses out, as just described. It is not difficult to show that the
convection rate is one to two orders of magnitude greater than the diffusion rate, Note, to begin with,
that before there is any counterflow diffusion of oxygen, about 60% of the tobacco column mass
evaporates/pyrolyses away. This process occurs just adjacent to the combustion region. Thus at least
2/3 of the total outflow is due to convection.

10.  Diffusion Coefficients
The diffusion that we are concerned with is that of O, in N,. We will call the diffusivity of O, in N,,

D,. For porous media, the effective diffusivity depends on the porosity, or the void space. It is shown
in Szekely er al. (1976) that

D, D, = 0677 &"'® (90)

for ® < 0.7. Although the total void fraction is & = 0.85 (Muramatsu, 1981), we use this relationship
nevertheless. We thus obtain the effective diffusion coefficient

D = 0.56 D, = 0.112 cm?/s

at ambient temperature. This is precisely the value used by Muramatsu (1981). The diffusion coefficient
is assumed to be the same for all the gases.
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Figure 20.  Schematic of how air enters the smoldering cigarette
when it is resting on a surface.
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Figure 21. Schematic of the energy losses of a smoldering cigarette as a
function of time, when it is dropped onto a surface. Curve A
corresponds to a dense, inert substrate. Cuve B corresponds

to a substrate which undergoes exothermic reactions.
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From equation (16.3-1) of Bird et al. (1960), we find that for O, in N,, the temperature dependence is

D 0.199(_T ) 2 ©1)
LD = 0. (293.16) cn’/s

We shall use the same coefficient, but the theoretical temperature dependence
D, = D,(T/273)"* 92)

rather than the empirical relation above.

11. Conduction Losses

These apply when the cigarette is in contact with a substrate, the situation of concern in actual fire
initiation. According to the estimates made in Gann er al. (1988), the initial power loss to the substrate
is about 2.1 + 0.35 W, going down to about one-third of this in the steady state.

C. PREVIOUS MODELING EFFORTS

A number of attempts have been made to model the isolated smoldering cigarette or similar object. All
of these attempts make some simplifying assumptions in order to make the problem tractable.

An early, related model is due to Moussa et al. (1977). They experimented with, and then modelled,
the smoldering and extinction of a cellulose cylinder without any paper wrapping. They assumed the
smoldering to be steady-state, and they treated the problem as one-dimensional (i.e., no radial gradients).
They found, experimentally,

. the smoldering velocity to be closely related to the maximum temperature in the cylinder;
. reasonable agreement between theory and experiment for the extinguishment limit;
o the rate-limiting step in the combustion to be diffusion of oxygen to the char, which is

in good accord with experiment.

They also calculated values for v, the propagation velocity of the smolder wave. However, that calcula-
tion depends on an uncertain parameter, and the overall accuracy of the model is questionable.

A much more realistic and detailed model of a cigarette was produced by Sandusky (1976) and by
Summerfield er al. (1978). It is also a one-dimensional model, but it considers the steady-draw case,
rather than the free-burn condition. The model is heterogeneous; that is, it explicitly takes into account
the fact that the tobacco comes in shreds. It considers a two-step process: pyrolysis to a char, followed
by the oxidation of the char. It ignores water evaporation. The char-oxidation reaction is assumed to
be a linear function of the oxygen concentration. The combustion model! is time-dependent rather than
steady-state, and considers the cover paper indirectly, via a varying surface permeability to oxygen. It
uses a sophisticated treatment of heat transfer inside the cigarette, including heat transfer by radiation as
well as by solid phase conduction.
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The model consists of ten simultaneous, coupled partial differential equations (PDEs), and the starting
condition assumes the presence of fixed amounts of ash, char, and tobacco. The calculation predicts the
burning velocity fairly well, as a function of draw rate. The dependence on oxygen mole fraction in the
atmosphere is less well predicted, although this is not important for the current purpose. The calculated
gas temperature profile is fairly good: the peak is about right, but the width of the distribution is too
narrow. Since it is a steady-draw model, diffusion and natural convection within the cigarette are
considered as being of relatively minor importance.

The most elaborate model is that due to Muramatsu et al. (1979, 1981); it was developed in two stages.
In the 1979 reference, they developed a one-dimensional, steady-state model for the pyrolysis of the
cigarette. They focused on the evaporation-pyrolysis zone in a naturally smoldering cigarette. The model
considers:

. pyrolysis of tobacco obeying Arrhenius kinetics,

. evaporation of water from tobacco following a mass-transfer and rate-determined
process,

. weight loss of tobacco due to pyrolysis and evaporation,

. internal heat transfer characterized by an effective thermal conductivity which includes

approximate radiation heat transfer,

. heat loss attributable to free convection and radiation from the outer surface of the
cigarette and to endothermicity of the evaporation process, and

. smoldering speed.

These processes are expressed by a set of simultaneous ordinary differential equations that are solved
numerically by the Runge-Kutta-Gill method. The equations are ODE’s rather than PDE’s, since they
are independent of t and depend only on x, the position along the axis. The propagation velocity, v, is
imposed. They do not include the convection or diffusion of gases other than water vapor. They take
the existence of the paper wrapping into account only through its effect on the loss of water vapor.

These approximations work well. The model yields good agreement between theory and experiment for
the temperature and density along the axis in the pyrolysis-evaporation region. Thus, the agreement for
T(x) and p(x) is good for x < 0, i.e., before the char-oxidation region, which is not considered in this
part of their model. [As in Section III.B, we use x = 0 as the boundary between the pyrolysis region
and the char-oxidation region, at the surface.] For x>0, the calculated temperature profiles deviate
substantially from measured ones, as might be expected. The dependence of the profiles on the imposed
velocity shows only semi-quantitative agreement.

In the 1981 Muramatsu work, a char-oxidation model was added to describe the processes occurring in
the region x > 0. The model is quite detailed; it takes two char oxidation reactions into account and is
two-dimensional (cylindrically symmetric). Unlike the Sandusky model, it is a homogeneous model, i.e.,
it does not take directly into account the fact that there are solid particles and a gaseous medium. Energy
loss is through radiation and convection at the outside surface of the cigarette. Again unlike the Sandusky
model, it assumes that there is no temperature difference between the solid and gaseous phases. This is
not a bad approximation for natural smolder, and simplifies the problem considerably. Heat transport
by thermal radiation inside the cigarette is taken into account in a somewhat different way than is done
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in Summerfield er al. The thermal conductivity at any point is assumed to be isotropic. Similarly, the
temperature-dependence of the gaseous diffusivity is taken into account explicitly. Finally, the
pyrolysis/evaporation model and the char oxidation model are tied together through an energy-flow
matching condition at the pyrolysis/char-oxidation boundary to obtain the appropriate smolder velocity.

The results of calculations made by Muramatsu for six representative cigarettes agree well with
experimental data:

. The peak temperatures, when expressed in °C, are only 2.7% to 5.7% higher than the
experimental data. [Since the temperature calculations are made with T, = 20 °C as the
datum, it is appropriate to use degrees Celsius for comparisons.}

. The smolder velocities are 14% high, on the average, varying between 4% low and 26%
high.
. The calculated variations of smolder rate (V) and peak temperature (T,;) with R (the ciga-

rette radius), the packing density, Pp, and the moisture content in the tobacco shreds are
indistinguishable from the experimentally observed variations. The dependence of V and
T,, on ambient oxygen partial pressure is not well-predicted; this is not an important
consideration in our study.

. The calculated distributions of temperature and oxygen concentration in the char
oxidation region are in agreement with measurement, except for a scale factor: the
predicted distribution is narrower than observed. Because of this last point, Muramatsu
et al.’s model cannot be used directly to obtain the flux emitted to the substrate: the too-
narrow temperature distribution would substantially underpredict the energy output of the
cigarette to the substrate. However, the model is excellent for some purposes; in partic-
ular, to estimate cigarette smolder velocities.

Although the model is very good, it may be appropriate to list some of its limitations:

. Prior to decomposition, the paper wrapping is assumed to be impervious to oxygen.
According to experiment, this should result in the cigarette going out.

* Perhaps in order to be consistent with the above assumption, radial convection of gases
is not included.

. Their calculation uses an iterative procedure to converge to a solution. If the calculation
has not converged after 1000 iterations, the unconverged result is nevertheless accepted
as correct.

Mitler (in Gann e al., 1988) and Mitler and Davis (1987) developed a detailed, homogeneous model of
a freely smoldering cigarette, called CIG25. Unlike Muramatsu’s models, it is time-dependent rather than
steady-state and two- rather than one-dimensional. Unlike Sandusky’s model, diffusion and natural
convection within the cigarette are included, since there is no steady-draw convection to overwhelm these
effects. We may make some further comparisons; CIG2S differs from the model introduced by Sandusky
et al. in a number of ways:
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e Sandusky’s model is heterogeneous, with tobacco shreds embedded in a gas. Therefore
the local "ambient" for oxygen varies, and the rate at which oxygen reaches the shred
surface is given by

knGo - ¥9 93)

where y, is the local ambient mass fraction of oxygen and y, is the value at the shred
surface.

CIG25 is homogeneous, with the cigarette core being a mixture of "solid" and "gas."”
The oxygen available to react with the solid is the local value, obtained by solving the
diffusion equation for y, the oxygen mass fraction.

. The Sandusky et al. model is a steady-draw model with substantial axial convection and
no natural smolder; CIG25 considers natural smolder only, and neglects axial convection
in comparison to radial convection.

. The Sandusky model is a one-dimensional model which averages over the cross-section.
CIG2S is two-dimensional, having radial gradients.

° CIG25 takes only one reaction into account, effectively considering a char cigarette,
rather than a real tobacco cigarette.

Of course the models have a number of similarities; for example, they both neglect the production,
transport, and effect(s) of water.

Mitler (1988) also described a "semi-empirical” model. This simple version consists of a number of
correlations, partly based on results of making parametric runs with Muramatsu’s model and corrected
by experimental data where possible.

D. MODELING THE CIGARETTE
1. Assumptions

Based on the successes of the prior models, this Section lists the assumptions and equations valuable to
a good, yet tractable model of a cigarette on a substrate. CIGARET uses a subset of them and is
described in Section I11.D.3. The following are facets to be included and their physical forms:

1. The cigarette model is two-dimensional, with axial and radial coordinates. It is also time-
dependent, yielding V directly, whether or not it is constant. If a steady state were
assumed, then the equations would simplify; however, it would then be necessary to
choose the smolder velocity correctly (i.e., as an eigenvalue), as Muramatsu did. More-
over, if the equations are taken to be time-dependent, the heat and mass transfer
equations are parabolic partial differential equations (PDE’s) which are easier to solve,
in some ways. Finally, the convergence for the steady state equations is very slow.
Indeed, Muramatsu found that one thousand iterations would not suffice, at times.

2. The cigarette is modeled with one pyrolysis reaction and one char-oxidation reaction,
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10.

11.

12.

13.
14.

15.

16.

The (internal) gas flow velocities depend on the pressure gradients; since the axial gradi-
ents, of order Ap/L, are generally much smaller than the radial gradients, of order Ap/R,
axial convection is neglected, as being much smaller than radial convection.

The water (pre-existing or produced during combustion) in the tobacco column is also
ignored.

The tobacco column is treated as a homogeneous, uniform mixture of gas and solid; there
are no tobacco shreds.

The gas and solid phases are at the same temperature, locally.

Species or temperature gradients within the tobacco shreds will be neglected, consistent
with assumption #5.

Radiation transfer within the cigarette is treated as an effective thermal conductivity.

The thermal conductivity is the same function of temperature throughout the cigarette,
i.e., whether in ash, char or tobacco.

The paper behavior appears only in the boundary conditions.

Consistent with assumption #10, any (axial or radial) gradients in the paper are ignored;
an effective mass transfer coefficient is used to model diffusion through the paper.

The gases generated or heated by combustion move radially outward to the side boundary
(aside from diffusion). Thus there is a radial flow calculated strictly by mass conserva-
tion. The gas pressure within the cigarette is assumed to be only negligibly different
from atmospheric, and therefore no momentum equations are written.

The gas phase is quasi-steady; that is, dp,/dt = 0.

No particulate aerosols are produced.

The cigarette combustion zone retains its cylindrical symmetry when lying on a substrate.
This is observed to be approximately correct for some cigarettes on some fabric/foam
substrates, especially after the cigarette "recovers” from the transient cooling effects of
the substrate.

Prior to its ignition, the substrate’s presence has two effects on the cigarette, both of
which can be assumed to apply symmetrically (on the average) to the entire cigarette

periphery:

(@) The oxygen supply to the cigarette is reduced by some factor. The degree of
reduction will depend on the permeability of the substrate.

®) The thermal effects (e.g., as a heat sink) can be calculated in a decoupled manner
(this assumption is weak, and may eventually have to be dropped).
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It should here be made explicit that this model is for an isolated (that is, not in contact with any surface),
quietly smoldering cigarette. Such a model will predict, among other things,

. the external heat flux from it, and the extent of the heating zone,
. the velocity of smolder propagation, and
. how these depend on: the radius of the cigarette (R), the tightness of packing (via the

void fraction ¢), the type of tobacco (via its thermophysical and kinetic parameters: heat
of gasification H,, heat of combustion H,,, activation energies and pre-exponential factors,
density p, thermal conductivity k, specific heat C, etc), and the wrapping paper, via its
permeability and its ignition, or decomposition, temperature. A better model would
explicitly include paper thickness, chemical composition, porosity, and kinetic parame-
ters, as well.

2. Governing Equations

The equations which describe the mass and energy transport in a smoldering cigarette will now be
presented. Any simplifying assumptions beyond the 16 above will be indicated as each equation is
discussed.

It is necessary to clarify some of the terms appearing in the equations. In the decomposition of the
tobacco, one gram of tobacco, upon pyrolysis, produces n, grams of char. The other 1-n_ grams are
gaseous products. Each gram of char reacts with ny, grams of oxygen to produce some heat, n, grams
of ash, and 1 - n, + ng, grams of gaseous products of combustion. Since the combustion process mostly
proceeds at very low oxygen concentrations, it can be expected to be incomplete, and ng, is smaller than
the stoichiometric value. In the following equations, x is the axial coordinate.

Mass Conservation.

3 94
3‘:! = ~[(1-n)R, + (1 - n)Re] . 09

where p, is the mass density of the solid, R, is the pyrolysis rate (in gm/cm’s) and R_ the char oxidation
rate. Axial convection is dropped, according to assumption #2, and the equation of continuity in
cylindrical coordinates becomes

K )+ 139 - 95
e 1Ps(1 ~ @)+ P81 + ——(brpu) =0 (5)

where r is the radial coordinate, Py is the mass density of gases, ¢ is the void fraction in the cigarette
(i.e., the volume fraction of gas, rather than of tobacco shreds), and u, is the radial velocity of the gas.
Since the shreds are assumed not to shrink, ¢ remains constant. Assumption #11 implies

k] T (96)
Z(0p,) = 4% =0

and using equation (95), the gas equation results:



$3 (rp,u) = @ - DI -RIR, + (1-1)Re0] o7)

r

Momentum. The procedure used in CIGARET is to assume po pressure difference so that the ideal
gas law is satisfied. Mass conservation then gives the velocities directly, via the gas equation, Equation
(97). The reason is that any attempt to calculate the convective outflows and velocities from a calculated
pressure difference would require that we know the coefficient in Darcy’s law (Section II1.B.9) very well,
and that we accurately calculate very small differences of large numbers. That would be extremely
demanding of the computation and possibly prohibitive.

Species. V is the total volume of the cigarette; the total volume occupied by the solids in the
cigarette is

V,= -9V

We define the mean densities

p, = m]V, i =ACT 98)
where A, C, and T stand for ash, char, and tobacco, respectively. In this equation, m, = total mass
of ash, etc. Then the cumulative density of the solid parts of the cigarette is

Ps = Pp t+ pc t pr 9)
Each of these densities varies with time.

The equations for the changes in tobacco and char densities are

9°r _ _p (100)
at g

and

Opc
i ncR, - R, (101)

The ash is inert and simply accumulates, so that an equation for p, is not required.

Oxygen. We must know the oxygen concerntration everywhere in order to calculate the char-
oxidation rate. The other gases are inert or nearly so. Moreover, the gases and solids are assumed to
have the same temperature, so there is no energy exchange, and we do not need to consider the CO,
diffusing out, Therefore, of the gaseous species equations, it is only necessary to include that for oxygen.
Rather than dealing with the oxygen density py,, the equations are best written in terms of y, the oxygen
mass fraction:

Y = Po,lP, (102)
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The equation is

"or ax ¢ ¢ or
(103)
1- ¢
(rA-noR, + (-1 + 1y 1Roo)
where D, is the oxygen diffusion coefficient, and the axial convection term has been dropped.
Energy. Assuming that the gas is quasi-stationary, as in assumption #12 above, and that the

specific heats of all gases are the same and independent of temperature, then the energy conservation
equation can be written in terms of the temperature. It is:

aT aT o(,oT 10 aT
(1-0)p,C, 50 + 0p,4,C, 3T = -é;(k—-é;) R -;-é;[rk—a;)

+ (1 -9)QcoReo - Q,R,) (104

where C, = specific heat of the solid
C, = specific heat of the gases
k = thermal conductivity of the cigarette (see assumption #8)
Q., = energy released from char oxidation (lower heat of combustion)
Q, = energy absorbed in (endothermic) pyrolysis

The internal heat transfer has a radiative and a conductive component, as described earlier. The
expression used here is the same as that used in Muramatsu (1981) and is due to Kunii (1961); for porous
materials,

KT) = (1 - @P)k, + 4>1f3(k, + —Z—h,Dp) (105)

where h, is a heat transfer coefficient for radiation:

h, = €. 407> (106)

r

D, is the mean pore diameter, & is the total void fraction (including the void space in the shreds, and is
therefore larger than ¢), ey is the emissivity of the shreds, k; is the thermal conductivity of the gas, and
k, that of the solid shred (and depends on the shred’s mass gensny)

Since the gas pressure in the quiescent cigarette is very nearly the ambient air pressure, and since there
is not a great difference between the molecular weight of the product gases and air, the ideal gas law
permits one to write the gas density in the form

Pg = Pgo T,T 107

where T is the absolute temperature.



Reactions. Finally, expressions for the tobacco and char reaction rates are needed. It is assumed that
each is given by an Arrhenius relation:

R, = p7Z, exp(-E,/RT) (108)

where the exponent m is to be determined experimentally, as is the "frequency factor" (or "pre-
exponential factor”) Z,,. E, is the activation energy for the pyrolytic reaction and R is the universal gas
constant. The tobacco density pr may be expressed as

PT = Ps YT (109)
where yr is the tobacco mass fraction.

Similarly, the char-oxidation reaction rate is taken to be

Reo = PePoy Zoo exp(~Egy /RT) (110)

where (again) the exponents n and p are to be determined experimentally, and the densities are written
in terms of the respective mass fractions:

Pe = 05 Ye and Po2 = Pg¥ (111)

Initial Conditions. Before ignition of the cigarette, the initial conditions are

ps(x,f,O) = Py = PTo (1128)
pc(x,1,0) = pA(x,r,0) = 0 (12b)
Tkx,1,0) =T, (1120)
y(x,r,O) = Ya (- Yambient = 0'232) (112d)

For the calculations, however, it was assumed that a match had been applied to the x = 0 end of the
cigarette, producing some reactions. These used up only a small fraction of the tobacco, but most of the
oxygen that had been in siru. The initial temperature distribution was assumed to be very high (1000 K)
in the first millimeter of the tip, then to decrease linearly to ambient temperature in the next millimeter,

The oxygen mass fraction behaves in complementary fashion, as follows. For the following calculation,
we may ignore the stoichiometry developed earlier and simply assume that the combustion of char
proceeds according to

C +[Q+a)]2]0, — aCO, + (1-a)CO

Then 16(1+a)/12 grams of oxygen are needed to burn one gram of carbon (char). As combustion lowers
the local mass fraction of oxygen from y, to y, it will lower the relative density of char (and hence
tobacco) from 1 to x, where

x=1-[015/(1 +a)n 1(p,lp7) (¥, = ¥)

This permits us to enter the initial density of tobacco so that it is consistent with the assumed distribution
of y(O,) = y. p, is the actual mean tobacco density in the virgin cigarette.
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Boundary Conditions. On the axis,

(éz] - (ﬂ) =0 foralix, (113)
or r=0 or r=0
At the lit end of the cigarette, the temperature boundary condition is:
k 91) - 0(T* - T + (T - T,) (114)
& x=0

forallrandt. T = T(O,r,t) and T, = T pienc

Here, too, h, = convective heat transfer coefficient (at the end), o is the Stefan-Boltzmann constant, and
£5 = emissivity of the cigarette at the x = 0 end. We are assuming a grey body. The value to be used
here should be that of the tobacco ash. It is assumed that the ash never falls off the cigarette, not realistic
for active smoking, but appropriate for the case when the cigarette rests on a substrate. Moreover, if it
were not made, the geometry would be continually changing, and the boundary conditions would become
exceedingly complicated.

There is usually a filter at the other (x = L) end. It has been observed that the presence of a filter
increases ignition propensity (Gann ez al. 1988). This is probably due its limiting axial flow of air
through the tobacco column. This model presumes no such flow. Thus, for the temperature boundary
condition at the other end,

~k(§z) - &po(T* - T*) + h,(T - T,) 115)
ox x=L

for all r and t (where now T = T(L,r,t)).

Next, the cigarette’s side surface must be considered. It is covered by paper. This paper wrapper in
principle should also be included with its own set of equations, which include its reaction kinetics.
However, the amount of heat released when it burns is negligible in comparison to that released by the
tobacco. If a unique paper decomposition or ignition temperature can also be specified, then the paper’s
kinetic equations can be replaced by two appropriate boundary conditions, which simplifies the problem
considerably.

If there were no paper, then the temperature boundary condition at the sides would be

- k(5 R) (‘?—;) = €,0o(T* - T*) + k(T - T,) (116)

r=R

The emissivity of the cylinder surface is different for ash, char, or virgin material (except at the tip, the
relevant material is paper, rather than tobacco, as is pointed out below); thus the emissivity is a function
of x. Also, the thermal conductivity at the surface will in general depend on whether it is ash, char, or
virgin material. The assumption which is made here is that k is the same for all three (assumption #9).

Similarly, although the heat transfer coefficient at the sides, h, will be different from what is at the ends,
we simplify by assuming that
h, =h
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Moreover, since the ends generally emit much less heat than do the sides, it is not so important that we
use the exactly correct values there. The emissivity €, has one value for the virgin region, another for
the char region, and a third for the ash region. Note that these refer to paper char and ash, and may
occur at different temperatures, and therefore different locations, than for the just-underlying tobacco char
and ash. Because of these differing emissivities, e, will vary along the surface. Although & (x) may be
a continuous function, the simplest approximation that can be made is that the paper pyrolyses, ignites,
and disappears at some paper ignition temperature Tip, s0 that there are just two values for ¢, - that for
the virgin paper and that of ash. These meet at the paper burn "line.” Experiments (Sandusky, 1976)
have shown that T, = 450 + 100 °C.

The peak surface temperature occurs towards the "tip" end of the cigarette (i.e., at x < 0), and therefore
it is most important that €, be accurately chosen.

Finally, the oxygen boundary conditions must be considered. It is assumed, for the sake of simplicity,
that the filter prevents any oxygen diffusion at the cold end (x = L):

D(%) =0 (11
x=L

where D is the diffusion coefficient for oxygen within the cigarette. At the other end, the conditions must
be

) - _
D(ax),.o Yo - ) (118)

where y, = y(0,r,t) is the oxygen mass fraction at the "hot" end of the cigarette and y, is the ambient
fraction, defined in equation (112d). D is a function of temperature; for the sake of simplicity, it is
assumed that it is the same function for ash as it is for virgin tobacco and for char. 7 is the mass transfer
coefficient, sometimes referred to as k, or k,; see, for example, equation (93). Muramatsu (1981) gives
it as

-3 T2'75(T - Ta)(T + 123.6) o (1 19)
Y, = 6.38 x10 RT cm/s
a

for the effect of the boundary layer, where T is the mean value between T, (the local cigarette surface
temperature) and T, (the ambient temperature), and all temperatures are in Kelvins. This holds for the
free cigarette, where there is no blockage by a substrate

For the side surface, the counterflow convection must be taken into account:

Yy, = ¥) x2x
D(ﬂ) cuy,={ ’ (120)
ar r=R Yb(yd - y;) x<xp
where x, = xp(t) is the position of the paper burn line at time t, u, is the (outward) radial velocity at the

surface, and y, is the oxygen mass fraction at the surface.

The paper resistance to oxygen diffusion can be expressed as

69



Y, = Dy/8 (121)

where D, is the diffusion coefficient in the paper and 6 is the mean paper thickness. The total resistance
of both paper and boundary layer is then

Y=+ ) (122)

According to equation (120), the remains of the paper wrapper, where the paper has burned, present no
barrier at all, and the radial oxygen diffusion at the boundary depends only on the properties of the
boundary layer.

It is instructive to make estimates for the magnitudes of these terms. From equation (106), we see that
at the peak surface temperature, 600 °C, D, = 0.856 cm?/s. For the gradient, we see that x(0y) = 0
to about halfway out along the radius, so that we can take

%0 (123)
ar R/2

For v, we use y = 0.8 cm/s (from Table 5-B-1, Gann e al., (1988)). Then equation (120) relates u,
and y,. From Figure 18 (Figure 5-3b in the same reference), [O,], = 8 + 2% in the most active region.
Therefore, y; = 0.09 + 0.02. Hence,

2D y[zg ) 1] L 0856 _ o‘s( 0232

u, s — - —-—-———1)=2.910.5 cmfs
Y, 0.2 .09 +.02

If the gradient is indeed given by equation (123), then in order to be able to satisfy equation (120), we
must have

u, < 2D/R. (124)
That is, too large a radial convective flow will prevent any oxygen from being able to enter the cigarette
through the sides. This quantitatively confirms our physical intuition.
3. Choices for CIG25

The model CIG25 used a subset of the above equations which was believed to capture the most important
processes. The key simplifications were:

. Since the pyrolysis is only weakly endothermic, it was dropped -- that is, it was assumed
that R, = 0 in equations (97), (101), (103), and (104).

. Probably more limiting, it was assumed for simplicity in some parts of the program that
p. and p, are constant and uniform. In other parts of the program, the ideal gas law was
properly used; hence, the relationships were inconsistent.

. There was no boundary condition for convective flow. This was not a serious issue,

although the intact paper forms a barrier against convection. However, since there is no
pyrolysis in this model, the only place where gas flow can originate is where high
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reaction rates occur, producing high temperatures and expanding gases. All this takes
place largely in front of the paper burn line, and therefore one would not expect signifi-
cant flow behind that line. Therefore there was no need for such a boundary condition.

. The radiative losses from the surface were linearized (see equation (131)).

Because this was only a "partial” model, we would expect the results obtained with the correct values of
input parameters to be somewhat unrealistic. The input parameters therefore have to be modified, in
order to compensate for this.

E. NUMERICS
1. Discretization of the Equations

For the numerical calculations, the cigarette is divided into 10 or 20 cylindrical shells, i.e., Ar = 0.4 or
0.2 mm, and into slices of the same thickness, Ax = Ar. This last equality makes the expressions a little
simpler and more compact.

Originally, the equations were discretized using central differences for the spatial derivatives. This gives
simple expressions which are accurate to second order in Ax. However, it is easy to show (e.g., Peyret
and Taylor (1983), Chapter 2) that this approximation introduces an artificial (i.e., numerical) diffusion
term with a negative sign. Hence, if the actual diffusion term is not large enough, numerical oscillations
will begin, and instability ensue.

The stability criteria for the homogeneous convection-diffusion equation

of of of 2 _
9,49 Y - pvi=0 125
ot ' - Ox ' oy f 423
are
At s — 42 (126)
|[A[* + |BJ?
and
2
At g A% (127)
4D

assuming that Ay = Ax. Equation (126) is the Courant criterion.

Care was taken to satisfy the constraints on At and on the magnitude of the mass diffusion coefficient.
Nevertheless, severe oscillations arose within a few hundred time steps. This was traced to the
inhomogeneous source terms. Thus, when the convective-diffusive equation we are solving has a source
term, that invalidates the criteria for At found above. The source terms are of Arrhenius type, and
produce considerable stiffness in the equations. It would have been necessary to constrain At to a
microsecond or so in order to avoid these oscillations. These problems could have been overcome by
using implicit solution schemes and/or operator-splitting methods (Wichman, 1991). Another approach
which is often used is to quasi-linearize the equations. This, however, would have reduced the accuracy
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of the solutions. Thus, it was decided to use the same numerical technique as is used in CIG25. It is
described in Section IIL.E.2.

If one takes Ax = 0.2 mm, then with the present DIMENSION statements, that only allows for cigarettes
of 30 mm length (ordinary cigarettes average about 73 mm). However, it is likely that a quasi-steady
state or ignition would develop long before 30 mm of cigarette was consumed.

2. Method of Solution

Ames (1969) shows that an equation of the form

-g—;% +f(x.t.u)—— + g(x,t,u) = p(x,tu)—- (128)

can be put into the Crank-Nicolson form as follows:

2_:,363 [+ ul] + ——f[th Gk @l + ul)1218 @l + uly +

. (129)
J* i
glih, G+12)k, (! + wl)[2] = plik, Griz)k,(u!" + 4} )/215m—;c~-~~-'f1—2

where &, is the central-difference operator, h = Ax, and k = At. The equations above are precisely of
this form. The method used to converge to a solution at each time step, is to iterate according to an
under-relaxed Gauss-Seidel scheme. See Mitler (1988) for more details.

F. Improvements in CIGARET Over CIG25
There are five categories of improvements in CIGARET:
o The physics has been improved.
. The input is much more user-friendly. It also accepts input from SUBSTRAT.
o The output is in a form which can be used directly by SUBSTRAT.

. The program has been redesigned to be quasi-interactive with SUBSTRAT and can
calculate the effects a substrate has on the smoldering.

. The documentation is improved.
These are described in the next three subsections. There is one more improvement which does not fit

into any of the above five categories: The power of personal computers has increased substantially in the
past six years, so that it is now feasible to run the program on a 486-level computer. Therefore the
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program has been modified to run on a PC, rather than on a CYBER, as was the case for the antecedent
program, CIG2S.

1. Physics
The improvements in physics are four:

1. The gas density is now given by the ideal gas law, rather than taking it to be constant in
the oxygen and the gas velocity equations, as was done earlier. See equations (97) and (103).
In CIG25 the approximation was made that the product p,D. could be taken from inside the
derivatives in the first two terms on the right-hand side of equation (103). This eliminated the
effects of gradients in the equations, and also allowed p, to be factored out from all terms in that
equation but the last. That is, in the identity

-'-:—V‘(p:DVy) - DV?y + :rVy~v(2£,P) (130)
8

the second term on the right-hand side (where the ideal gas law was used to eliminate p,), was
dropped. This term has now been inserted into the program. Note that here we have taken into
account not only the gradients in the gas density, but those of the diffusion coefficient as well.

2. Likewise, the char density now behaves correctly in the velocity subroutine, rather than
assuming p, also to be constant. In equation (97), the reaction rate Ry depends on the char
density (which falls with time). In CIG2S, the density was taken to be constant, in this equation.
Similarly, so was the gas density, p;. Both of those densities now vary with time and position,

properly.

3. The view factors for radiation exchanges have been calculated (see Section IV) and
incorporated into CIGARET.

4. The radiation losses from the surface of the cigarette are now correctly calculated. That
is, they are as given by equations (114), (116), and (148), rather than using the linearized form

d)lon = h/(T: - Ta) (131)

where h' is an effective heat transfer coefficient, which only approximates the effect of radiation
loss.

2. Input and Output
The input section has been redesigned for much greater ease of comprehension and use. For example,
the program now requests dimensional physical quantities, rather than the ratios used in the program and
called for in the input section of CIG25. The program has also been redesigned so that it can indirectly
interact with SUBSTRAT. See the USERS’ GUIDE (Section I1.H), for further discussion of these points.

The output files have been changed to accomplish the following:
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There is a complete "dump” at the end of each output time (file CIGOUT?2), the previous
dump being eliminated. This permits one to resume a calculation which has been
interrupted for whatever reason. It also keeps the file from being too large.

A small subset of CIGOUT?2, the axial and the surface temperature distributions, is saved
at each time step, and added to the other output file, CIGOUT1. SUBSTRAT uses only
the surface distribution part.

It is appropriate at this point to indicate the modifications which have been made to TMPSUB2 to produce

SUBSTRAT:

SUBSTRAT uses the cigarette surface temperature distribution computed by CIGARET
and passed to SUBSTRAT via the file CIGOUT], to create the incident flux distribution.
TMPSUB2 created a prescribed flux distribution used by the program, using a simple
formula whose coefficients were obtained from its input file (magnitude of peak flux, o,,
oy, prescribed velocity v). See equation (G2), Appendix G.

SUBSTRAT now produces the file CIGIN1, to be used by CIGARET.

What was previously called "initial x-position of (the flux) peak" (on the substrate) is
now the x = 0 end of the cigarette.

3. Documentation

Besides the present report, the internal documentation in CIGARET has been somewhat expanded over
what was in CIG25, so as to make it easier to follow the program. Also, the NOMENCLATURE section
includes many of the symbols used in the program, which again facilitates understanding it, for anyone
who wishes to do so.
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G. RESULTS
1. Sensitivity of Calculation

The temperature dependence of the reaction rate given by equations (108) and (110) is very strong. Thus,
assume the peaked spatial dependence

T(x) = T, + AT exp[- (x - x,)*/0?] (132)

for T, where AT = T, - T,. (See equations (C9) and (F2)). Then it is not difficult to show that the
width of the resulting reaction rate distribution is approximately ové, where

T
3= _m_ _Tm (133)
Tm - Ta TA + Tm

Ty = Tpax, and T, = E,/R is the activation temperature. T, is of the order T, ~ 22,000 K, while
T, = 1000 K. Hence 6 < < 1, and the reaction rate distribution R(x) is quite narrow. Hence the
gradient is high:

R _ 063R,

ox oy& ’

where R is the peak reaction rate. Integration of the reaction over a volume shows that we must also
have

(134)

R, ~ const (135)
old
Hence
& < (oyB), (136)
x

and the gradient thus rises rapidly with T,. Thus the grid size must be adequately small in order for the
numerics to adequately cope with this. In fact, with a grid size Ax = 0.2 mm, the program could not
converge with T, = 22,660 K, the measured value. The "brute force” approach would be to halve the
grid size to 100 microns. Not only would that quadruple the computational time to impractical levels,
it could not even be done with DOS-based PC’s, because of inadequate memory space. It was therefore
necessary to use a lower, "model” value for T,. To compensate, we also lowered the pre-exponential
factor such that the rate constant was approximatly correct in the temperature range of interest. The
program converges with T, = 15,000 K.

2. Velocity of Smolder Wave

Three 30-second runs were made with the input data shown in the sample input data, Section III.H.4, to
obtain 90 seconds of free smolder by this hypothetical cigarette. Some of the results are shown in Figure
22. The upper and lower curves in that figure show the positions of the intersections of the 600 K
isotherms with the surface, as a function of time. Note that these isotherms enclose the reaction zone.
Since the distance between them is still growing at t = 90 s, it is clear that a steady state has not yet been
reached.
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Figure 22.

80 90 100

t (sec)

Result of a sample run with CIGARET. The upper and lower
curves show the positions of the intersections of the 600 K
isotherms with the surface, as a function of time. The central
line is the locus of the midpoints between the curves.
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Assuming that the isotherms are approximately symmetrical fore-and-aft, we have taken the midpoints
of the intersections of the 600 K isotherms at the surface to represent x,, "the" position of the smolder
wave front. The fore-and-aft symmetry is not, in fact, perfect: the same procedure used for several
different isotherms at t = 60 s yields the values shown in Table 6.

Table 6. Position of Cigarette Smolder Front at 60 Seconds
as a Function of the Choice of Isotherm

600 6.4
700 6.6
800 6.7

Thus, as can be seen, although the "centroid" positions depend on which isotherm is chosen, the
differences are quite small, so that the 600 K isotherm is representative of the front.

The central curve shown in the figure is the mean value of the isotherms, which we may refer to as
<X>gp0- The points have been joined by a straight line, in fact, indicating that the smolder wave
(regression) velocity calculated this way is remarkably constant in the period shown, even though a steady
state has not (yet) been achieved. The slope of this line is Vg = 5.36 mm/min, a reasonable velocity.

The peak temperature in this calculation is not always on the axis. Although it is not plotted, the position
of the peak temperature is not a good indicator of the regression rate during these first 90 seconds. At
times it does not make any forward progress at all, for example. As the smolder continues, steady state
would presumably be approached; when that eventually happens, of course the peak temperature will then
move at the same velocity.

3. Temperature Profiles

The temperature profiles at t = 60 s, from the run described above, are shown in Figure 23 as a function
of x, the distance from the cigarette tip. The upper curve is that on the axis; the lower one, the surface
temperature. Note that the axial temperature peak is at x = 3.2 mm, well forward of the surface peak,
at x = 5 mm. The interior peak evidently corresponds to the cone tip, and therefore it is quite
reasonable that the peak should be in front of the surface peak. Note, further, that the paper burn line
must be at 450 °C = 723 K, and that that occurs at x = 10.8 mm; hence the cone length is 10.8 - 3.2
= 7.6 mm, a not unreasonable length.
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Figure 23. Longitudinal temperature distributions, along the axis and along
the surface, at t = 60 s, for a sample run with CIGARET.
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H. USERS’ GUIDE
1. Running CIGARET

CIGARET and two helper programs together with the SUBSTRAT program are available on a diskette
for IBM PC-compatible computers. The distribution diskette includes both executable and source code
for CIGARET and SUBSTRAT, executable code for the helper programs, and sample input files. The
CIGDATA program is used to prepare data files for CIGARET. CIGDATA must be run on an IBM PC-
compatible computer with VGA graphics. CIGARET requires a 486 class PC (no graphics needed) in
order to achieve satisfactory performance. On a 486/33 computer, 1 second of simulation time requires
about 6 minutes of clock time, a factor of over 300, for Ax = 0.2 mm (3172 nodes). Running the
program on a Silicon Graphics workstation, which is about 20 times faster than a 486/33 computer, is
much more satisfactory.

The CIGARET source code (file CIGARET.FOR) can be compiled using any ANSI FORTRAN compiler.
All CIGARET input and output files are ASCII files. Therefore, CIGARET can be recompiled and run
on a different computer, while still using CIGDATA and SUBSTRAT on a PC and transferring files
between the computers. A different computer may allow CIGARET to execute faster.

The user should be sure to inspect the README file on the distribution diskette. One way to read this
file is to place the diskette in drive A: (or drive B:) and type

MORE <A:README or MORE <B:README
A permanent copy may be made with
PRINT <A:README

The README file contains a list of all files on the diskette, instructions for installing the necessary files
on your hard disk, and information on any changes or additions to the program.

There should be at least 1 MB available on your hard disk. It is best to create a single subdirectory for

the executable programs and related data files. This will allow you to easily delete all the files related
to this program when you are finished with it. In general, keep all files in the current working directory.

Install the CIGARET program following the instructions in the README file. For example, from the
directory on the hard disk where you want CIGARET installed and with the diskette in A:, type

A:INSTALL A:

2, Input and Output Files

All input for CIGARET must be placed in a data file, whose contents are described in Section III.H.4.
This file is read as the "standard input stream," so CIGARET executes on MS-DOS and UNIX computers
by redirecting the input file. For example, begin a run by typing
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CIGARET < CIG1.DAT

where "CIG1.DAT" is the name of your input data file. [There is a sample input file available on the
distribution diskette, TEST2.DAT]. As CIGARET completes each time step during the simulation, it
displays the time (in seconds), the iteration number (K) within the current time step, and the time step
number (IT). This allows you to monitor the progress of the simulation. At first, it takes over 100
iterations per time step to converge; as time goes on, fewer and fewer iterations are required, until as few
as two or three suffice.

Two files are written by CIGARET:

CIGOUT]1 provides cigarette surface temperature data for the SUBSTRAT program which are
used to determine the incident heat flux on the substrate.

CIGOUT2 contains a dump of the cigarette field variables, which allows the program to be
restarted at any future time (see Section III.H.3).
3. Restarting a Run

CIGARET can be aborted in the usual way by pressing CTRL and C at the same time. The dump file
CIGOUT?2 will be produced.

A terminated run (either aborted or terminated in some other way) can be restarted by using the dump
file CIGOUT2. First, change its name to CIGIN2. Then, the input file (CIG1.DAT, in our example)
must be edited by changing the last data value in the file from O to 1; this alerts the program to use
CIGIN2 to initialize the variables. Then type "CIGARET < CIG1.DAT" as before, and the execution
begins.
If a run is expected to be prohibitively long, it can be run in several steps. However, since a new copy
of CIGOUT! is produced every time CIGARET is run, it is necessary to save and then merge these files
into a single CIGOUT! file. This is best done by renaming each file as it is created. For example, type

RENAME CIGOUT1 CIGOUT.1,

RENAME CIGOUTI1 CIGOUT.2, etc.
Finally, combine the files by using the CMERGE program:

CMERGE CIGOUT.1 CIGOUT.2 ... CIGOUT.N

The above command merges the specified files to create a new CIGOUTI.
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4, Contents of the Data File

Line Variables Brief description
1 NR NZ RAD NR number of cells in radial direction
NZ number of cells in axial direction

RAD radius of cigarette [cm]) (normalization: R)

2 PH PH1 DP PH void fraction
PH1 total void fraction
DP diameter of pores [em)

3 D1 D2 D3 D1 tobacco density / gas density
D2 char density / tobacco density
AN ash density / tobacco density

4 SPHGS A FK SPHGS Cp(air) / Cp(tobacco)
A 1/[density(solid)*Cp(sol)*R? ) [cmK/J]
FK thermal conductivity of tobacco [W/cmK)

5 D CN GK D oxygen diffusion coefficient / R? [s87)
CN mass of oxygen / mass of char consumed
GK thermal conductivity of gas [W/cmK]

6 B C E B pre-exponential factor * density [1l/s]
o] heat of combustion / Cp(tobacco)
E activation temperature [K}~

7 TR TP EC TA ambient/initial temperature [K)
TP paper ignition temperature [K)
EC cigarette surface emimsivity, e,

8 YA GAR GARP YA ambient oxygen mass fraction
GAR mass transfer coefficient for air, /R: Yg/R [1{:]
GARP combined coefficient (air+paper): Rl(y,! + y;!)

9 ISP INP IEB ISP number of time steps

INP number of time steps between data outputs

IEB number of time steps between energy balance checks
10 TS1 TS2 ERR TS1 time step for first 50 steps [8)

TS2 time step for later iterations [s]

ERR Gauss-Seidel convergence criterion

11 IDATA IDATA 1 = read CIGIN2 to restart CIGARET
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Sample Data File

(Note: the number of spaces between inputs on a line is arbitrary.)

21 151 0.40

0.65 0.85 0.0575
627. 0.341 0.13
0.777 6.5 3.16E-3
0.7 1.6428 4.514E-4
1.1085E9 13461.5 1.50E4
293.15 723.15 0.73
0.232 8.225 2.725
10000 200 80000
0.005 0.005 0.001

0

S. Producing a Data File

The CIGARET input data file can be created with any ASCII line editor. CIGDATA creates these data
files interactively and thus uses certain commands which restrict its operation to IBM PC-compatible
computers. It includes some checking of the input data. CIGDATA is especially useful for creating a
data file which is only slightly different from another data file. This is useful in performing the
parametric studies for which CIGARET was designed.

There are two special files in CIGARET to help the user with CIGDATA:

The help file, CIGDATA.HLP, contains the text of the interactive help messages. Help is
activated by pressing the F1 function key. If the help file is not available in the current working
directory, no interactive help will be available.

The configuration file, CIGDATA.CFG, sets the colors of the display. The file included on the
distribution diskette assumes that a standard VGA monitor is being used. If the configuration file
is not in the current working directory, a set of default colors will be used. A new configuration
file can be made by using the MAKECFGT program. See the README file for instructions.

The operation of CIGDATA is explained on the following pages, which show the messages and input
screens which will appear as the program is run. After reading through these pages, try using CIGDATA

with one of the sample data files. Begin the program by typing CIGDATA. Abort the program by
pressing CTRL and C simultaneously.
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Data input screens from CIGDATA:

Screen 1: (primary menu)
T E RSN T N R N T T S T S S TN NN NS ERNSEEmE
CIGARET data preparation:
# File information
Geometry data
Tobacco data
Pyrolysis data
Gas data

Boundary data

Simulation control

% % % % % W%

Exit data preparation

Use cursor keys to move between menu selections.
Press ENTER to activate the menu selection at the X.
Press ESC to return from a selection. Press Fl for help.

Screen 2:
R T N N S ST RS ET s SENSNEENSEREaER= SREEsRE=S
File data: presa ESC when done; press F1 for help.

Name of old data file:

Name of new data file:

Screen 3:

Et 3 3 3 31 3 3+ 2 2 3 3 1 33+ 33 1+ 223333 323 34344 232 121313 1 3+ 3 4

Geometry data: press ESC when done; press F1 for help.

Radius of cigarette: e
Number of cells in radial direction: m

Number of cells in axial direction: m
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Screen 4:

Tobacco data:
Density of tobacco:
Thermal conductivity:
Specific heat:
Void fraction:
Total void fraction:

Diameter of pores:

Screen §:

Reaction data:
Pre-exponential factor:
Activation temperature:

Heat of reaction:
Oxygen mass / char mass:
Density of char:

Density of ash:

See the explanatory note on the next page re "Activation temperature.”

Screen 6:

- +3 3+ 3+t £+ 4 ¢+ 4 34+ 4t 24 223 ¢t 11

Gag data:

Specific heat of the gas:

Oxygen diffusion coefficient:

press ESC when done;

press ESC when done;

press ESC when done;

Thermal conductivity of the gas: JENEE v/~ x)
R |7 g X)
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[kg/m~3]
{W/m K]
[kJ/kg K]

(m~3/kg 8]
(K]
[kI/kg]

(kg/m~3]
[kg/m~3])

[m~2/8]

press Fl for help.

prese Fl for help.

press Fl1 for help.



Screen 7:

R R N T R N RN ES RN T T TS ===
Boundary data: press ESC when done; press Fl for help.
Initial/ambient temperature: m (°c)

Paper ignition temperature:

cigarette emissivity: RS
Ambient oxygen mass fraction: m

Mass transfer coefficient through boundary layer:

(°ci

(m/8]
(m/s)

Mass transfer coefficient through virgin paper:

Screen 8:
T R R R S R T T I S S S N T N o NS RN
Simulation control: pregs ESC when done; press Fl1 for help.

Total number of time steps:

Steps between outputs to substrate: JEEig
Time step for first 50 steps: :

Time step for later iterations:

Gauss-Seidel convergence criterion:

() begin simulation with default start-up conditions
(¥) read CIGIN2 to resume a simulation

Activation Temperature: As in TMPSUB2 (and therefore in SUBSTRAT), we use the
activation temperature of the reaction, defined as:

T, = E,/R

(where E, is the activation energy and R is the universal gas constant), as the
input parameter, rather than E, itself.
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L SUMMARY OF SECTION I1I

The dynamics of a freely smoldering cigarette have been discussed. Similarly, what happens when it is
resting on a substrate has been considered. Some of the mathematical models designed to simulate a
smoldering cigarette have been outlined. Then the equations that must be satisfied by a cylindrically
symmetric, homogeneous model of a cigarette quietly (freely) smoldering in air have been set down,
within some specified simplifying assumptions (Section III.D.1). The effects of the paper wrapping,
which pyrolyses away, are included.

The present program, CIGARET, is the outgrowth of an earlier model, CIG25, which employed some
simplifications to the equation; principally, the neglect of pyrolysis (which has relatively little
consequence in terms of the energy balance). CIGARET is a much-improved program in a number of
ways which are described in detail in Section III.LF. The numerical method used for solving the equations
is described, and some of the problems discussed, in Section IIILE. A primer on the use of CIGARET
is given in Section III.H.

Some of the results obtained from using CIGARET are given in Section III.G. One remarkable result
is that after ignition, the velocity of the resulting smolder wave quickly becomes constant, long before
a steady state is achieved. The region in which char oxidation is proceeding rapidly (the glowing region)
is correctly calculated to be conoid-shaped, and of the correct length.
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IV. SIMULATING A BURNING CIGARETTE ON AN IGNITABLE
SUBSTRATE

A. Introduction

The process which we are simulating is the heating and possible ignition of a substrate by a cigarette.
In order to do that, the models SUBSTRAT and CIGARET developed in Sections II and Il must be used
in conjuction with each other. In this Section, the effects which take place when the lit cigarette and the
substrate are in intimate contact are discussed. Next, it is shown in Section IV.C how the two programs
are to be used in tandem in order to simulate the interaction. Finally, the effects are then calculated in
detail. It is not essential that the reader read these last subsections in order to be able to use the program
intelligently.

B. Qualitative Description
Consider the effects of a cigarette on a horizontal substrate that might affect the ignition of the substrate:

. The principal effect is the heating of the substrate by the hot cigarette coal.

. If any oxidative reaction takes place in the substrate, the cigarette competes with the
substrate for oxygen.

. Some of the water vapor and tar emitted by the cigarette may recondense on the surface
of the substrate and change its thermal characteristics.

. The cigarette affects the boundary conditions on the substrate: it interferes with
convective cooling over the entire length of the cigarette.

Conversely, the horizontal substrate will influence how the cigarette smolders and thereby affect the
likelihood that the cigarette will ignite it:

. The cold substrate initially provides a substantial conductive heat sink to the cigarette.

. If the substrate eventually undergoes exothermic reactions, it will heat the cigarette,
instead.

. The substrate obstructs access of oxygen to the cigarette.

. If the substrate begins to react with oxygen, then the oxygen depletion for the cigarette

would become still more severe.

These effects fall into two categories: gas transport effects and thermal effects. Consider the former first.
There is a boundary layer surrounding the cigarette, within which the oxygen concentration drops as the
surface is approached. Oxygen is supplied to the combustion site by the ambient via diffusion, as
indicated by the arrows in Figure 23. The proximity of the substrate reduces the availability of oxygen
to the cigarette from below. This will tend to inhibit the smoldering rate. This effect can be simulated
by assuming that y, < 0.232; CIGARET is given the information through the input file. See Section
IV.D 4.
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Thermally, the colder substrate cools the cigarette near the line of contact with the substrate, further
inhibiting smoldering. This sink is not constant: as time progresses, the substrate heats up, and its
cooling effect becomes progressively weaker. Radiative losses from the cigarette are decreased both
because the cigarette is cooler and because one of the "targets” for this heat is warming and re-radiating
back to the cigarette. If the heat loss from the cigarette is sufficiently high, the cigarette goes out. This
effect is schematically indicated as curve A in Figure 21. If the substrate is not inert and exothermic
reactions take place, cooling may be replaced by heating; this is sketched as curve B in the figure. This
effect is also given in the input file for the cigarette, through the surface boundary conditions, as
discussed in Section IV.D.

When both the cigarette and the substrate are reacting with oxygen, they are concurrently (a) generating
heat, which accelerates their heat production, and (b) competing for oxygen, which retards their heat
production. The modeling of effect (a) has been extensively described in Sections II and III; the modeling
of (b) is not treated in this study.

C. Use of the Two Programs

It is important to understand how CIGARET and SUBSTRAT are used to obtain the interaction between
the smoldering cigarette and the substrate with which it is in contact. The cigarette-substrate interaction
is obtained through the boundary conditions which apply to each of the two models.

A full simulation requires an iterative use of CIGARET with SUBSTRAT (Section IV). Before starting,
one should be sure there is no file named CIGIN1. First, run CIGARET (see Section III.H), generating
CIGOUT1. The latter is now read by SUBSTRAT by typing

SUBSTRAT < INPUTFILE
(see Appendix B). [This was done before for TMPSUB2, as well.]

SUBSTRAT now produces a new input file, CIGIN1, for the CIGARET program. This file contains
substrate surface temperature data which become part of the boundary conditions for the cigarette. Then
run CIGARET, which will read CIGIN1 and create a new CIGOUT1. This simulation now includes an
estimate of the influence of the substrate on the cigarette. Then run SUBSTRAT again, and so forth until
convergence is obtained. The input data files produced by the user for CIGARET and for SUBSTRAT (as
distinct from the files produced by the programs themselves) must remain the same during these iterations.

Since the principal effect of the cigarette is to heat the substrate, how to find the heat flux from the

cigarette to the substrate will now be considered in detail. Then, the reciprocal effects of the substrate
on the cigarette are discussed.
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D. DETAILED CALCULATIONS OF INTERACTIONS
1. Conduction Flux to Substrate

We begin by calculating the heating flux delivered to the substrate by the cigarette. The substrate starts
out at the ambient temperature and is in fair thermal contact with the cigarette. As shown in Figure 24,
the measured flux is the initial (and momentary) flux from the cigarette to the cold substrate at the very
small area of contact between them, along the LC (line of contact). The peak measured flux shown is
about 5.6 W/cm?. Since the measured coal surface temperature there was about 550 °C, the (net)
blackbody radiation to the ambient is 2.56 W/cm?. Muramatsu measured ¢, = 0.73; hence the actual
radiation loss (assuming a grey body) is ¢4 = 1.9 W/cm?. This leaves 5.6 - 1.9 = 3.7 W/cm? loss
rate via conduction. With a surface temperature of 550 °C and an ambient temperature of 20 or 25 °C,
one infers that the effective heat transfer coefficient is 71 W/m?K, about seven times what it is in air.
This large flux (5.6 W/cm?) heats the substrate rapidly, so that the net flux, given by the first part of
equation (137), falls rapidly to lower values.

The flux distribution ¢(x) shown in Figure 24 is that along a narrow region (1.5 mm wide) about the line
of contact; that is, it is ¢(x,0). In order to find the heating of the substrate, we must also know the
transverse and time dependences of the flux: ¢ = ¢(x,y,1).

It has been assumed that the initial substrate surface temperature is the ambient temperature, i.e., T(x,0)
= T,. The heating flux from the cigarette to the substrate along the CL, ¢.(x,0,t), is given by experi-
ment, as in Figure 24; the flux from the (resulting) hot substrate, ¢,(x,t), is calculated by the substrate
program.

Moving away from the line of contact, the temperatures rapidly approach ambient. Therefore, the
convective heat transfer effects of the cigarette diminish and the heat transfer coefficient asymptotically
falls to its ambient value. A reasonable approximation to how the net convective flux to the substrate
must vary with y is

Gper &Y = BT (x) - T, )10 ()

137
+ hIT, - T,x,»I1 - Q.(N] (379
where h_ is the heat transfer coefficient for convective heat loss from the ci%arette to the substrate at the
point at the line of contact corresponding to the peak flux (about 71 W/m“K). h, is the heat transfer
coefficient for convective heat loss from the surface to the ambient (about 10 W/m?K), and Q.(y) is a
fraction indicating the convective influence of the cigarette at the distance y. Note that the net convective
flux “into" the surface can become negative. If the cigarette extinguishes, for example, the fluxes from
the cigarette disappear, and T, - T, is asymptotically replaced by T, - T,.

We can break this flux into two parts, one of which is independent of the substrate temperature, and the
other of the cigarette temperature. Thus, the cigarette "emits" the convective flux

b = R(T, - T,)Q, (138)
to the substrate at (x,y), and the substrate at that point loses energy (convectively) at the rate
¢ub,c = [h, + (h‘. - ho ) Q,;]( T:, - Ta) (139)

where the arguments x and y have been suppressed for the sake of brevity.
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along the contact line. The dashed curves
indicate the probable errors (variance).

90



It is shown in Appendix G that Q_(y) can be approximated by a Gaussian. It follows that the effective
heat transfer coefficient in equation (139) becomes

B,0) = b, + Ahe 1% (140)

where
h, = background = 10 W/m*K and Ah =h,-h, = 61 WmXK.

What is to be used for oy in equation (140) is discussed in Section IV.D.2, just below.

2. Radiative Flux to the Substrate

The radiation exchange experienced by the substrate at point (x,y) is

Ope,r = Q0TS - T)) - U -Q)e,0(T - T, (141)
where the x,y arguments have again been left out for clarity, and where
o o S (142)
" 1-a

is the effective emission coefficient. The radiation flux is treated in the same way as the convective flux;
that is, this is split into an effective radiation flux from cigarette to substrate,

¢cig.r = erQ("(T'c4 - T:)’ (143)

while the substrate radiates away at the rate

Opusy = [6,0 *+ €, -D)]o(T, - T}) (144)

In Appendix 5-D of Gann er al. (1988), it was shown that the variance of the Gaussian approximation
to the convective distribution is about 0.57R. In Appendix H of the current work, it is found that Q is
reasonably well-approximated by a Gaussian also, of variance s. In Appendix G, it is shown that the joint
convective-plus-radiative flux distribution is also approximated by a single Gaussian. We therefore use
the approximation

Q.0) = B0) = exp(-y*/c;) (145)

(See equation (H13)). Since we found above that g, = 3.2 mm for R = 4mm, we may assume, in
general, that the net variance is 0.8R:
o,= 0.8R (146)

(Also see equation (H14)).
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3. Complete Flux

The cigarette, substrate, and net fluxes are the sums of the convective and radiative contributions.
Adding together the terms from the two previous subsections, we can, for the general case, write this in
the form

d’net = d)clg - ¢ub (147)

Here the flux at (x,y) from the cigarette is

Oog ®y) = k0 (T, - T,) + €,Q0(T} - T}) (148)

a

while the loss from the substrate to the ambient surroundings at (x,y) is

Bpup 63) = B(T, - T,) + [€,Q + ¢, -D)]o(T,' - T}) (149)

where the x-dependencies of T, and T, are not shown explicitly in the terms on the right, for the sake
of brevity. These model fluxes hold for 0 < x < L. ¢, is the model flux from the cigarette; ¢y,
is the model flux loss from the substrate.

We note that this separation does not quite succeed in giving a flux iz Which depends only on
cigarette/air properties and another which depends only on substrate/air propemes However, ¢, does
not depend (as it must not) on Ty(x,y,t), and ¢, does not depend on T (x,y,t). The separation 1nto qb
and ¢,,, is thus good enough that one can run the CIGARET and SUBSTRAT programs 1ndepenclent1y
One obtains the effects of the cigarette on the substrate from using, as input to SUBSTRAT, the flux ¢;,
which is independent of T,. On the other hand, by using ¢,,;,, one gets the surface losses of the substrate
without having to know T (x). Of course the substrate "knows" about the cigarette through the latter’s
flux, g, Which is entered as an input to CIGARET. The substrate temperature equally influences the
c1garette, but by a slightly different mode; that is discussed in the next Section.

4, Effects of the Substrate on the Cigarette

We next consider the inverse problem. The energy losses of the cigarette will be affected by the presence
of the surface. Those effects are estimated in this Section. Moreover, since CIGARET is a model of
a freely smoldering cigarette, the only way we can determine the effect of the substrate on it is to express
the cigarette loss rate so that it appears to be simply losing energy to the air. This can be done by using
an effective heat transfer coefficient and an effective surface emissivity, such that the presence of the
substrate is correctly, if "covertly," taken into account. This is in fact possible to do, as is shown below.

E : vection. It is shown in Appendix F that the convective loss of the cigarette can be
expressed as:

¢c.con = h* (Tc B Tq)’ (150)
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where

T-T T-T
h* =« 2122 - 1047 22| - 902 c__cmin W/m?K 10
(TC—TG) ( Tc—Ta ] /m (F )

In deriving this, it was assumed that there is no longitudinal dependence of temperature for either the
cigarette or the surface. We now relax this assumption, and recognize that there are longitudinal
variations for both T, and T;. To be consistent with the approach outlined below equation (H11), we
assume equation (F10) to be valid at every x, independent of adjacent regions. That immediately gives
the x-dependence of h* to some approximation. This will likely be a weak dependence. Consider the
middle term in equation (F10). Along a constant-y line (e.g., y = y,), the smaller T (x) is, the smaller
will be T (x,y,), since that substrate surface temperature was produced by T_. That suggests that the
ratio (T, - T,)/(T - T,) in equation (F10) will not vary strongly with x.

In order to use equation (F10), we must know T_ ;.. This temperature is defined in Appendix F; it is
the lowest temperature around the cigarette circumference, and lies at the contact line. This varies with
time, as well as with x; hence h* = h*(x,t). Also 7, as defined by equation (F8), is a function of t.
The resulting T, ;,(t) is found in Appendix I. The result is that the temperature difference between the
top and the bottom of the cigarette is 6T, ,,, given by

8T,,, = 062rT | @s)
where
7-latl a1
1+r

and where r is the ratio of the thermal inertias of the materials:

;= (kp C), 1)
(kpc),

We assume that this minimum temperature is reached in two seconds. It is indicated in Appendices F
and I that this is the drop at the flux peak. The drop will be smaller away from the peak, and we may
expect something like

(151)

{n@n-n]
8T,, (%) = 8T, (%,,0)

T .(x,,t)-T,
to hold.

It has been observed that it takes quite a long time for the cigarette to "recuperate” from this drop in
(lower) surface temperature, assuming it does not, in fact, extinguish. Again for the sake of simplicity,
we will take the recovery period to be 2 minutes.

Suppose the cigarette is dropped onto the substrate at time t,. Then collecting all these observations, we
obtain the estimate
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[ 8T, (x,0) (1 -1,)]2 t,stst +2

(%, t) = 6T_a,(x,to+2)(—lgz-i%;f~:~t) Lv2<t<t +122 (152)
| 0 t>1,+122
where
t(x,t) = T,(0==/2,x,t) - T,(0=0,x,1) (F8)

With these specifications, equation (F10) can be implemented.

Thermal Effects: Radiation. = We next determine how the radiation losses of the cigarette are modified
by the presence of the substrate. The radiation loss for the free cigarette at any point on its surface is
given by equation (143), with ¢, replaced by ¢,. For the cigarette on the substrate, along the contact line,
it is given by equation (H16). Notwithstanding the arguments made earlier about the difficulties in
calculating the relevant radiation view factors, this was done, making some substantial simplifications.

We assume that the radiation flux emanating from the substrate is

b,(») = ¢, + Adexp(-y*/p?) (153)
where
Ad = €0T(y=0) - b, (154)
and
o, = oT, (155)

The x-dependence will be discussed in a moment. A certain fraction of that flux reaches the cigarette.
Upon finding that fraction and integrating over y, it is found that the radiation loss of the cigarette, when
in the presence of a substrate, is cut down from the usual expression to

b, = €[0T - 21201 - €0, (156)

s

where T_ is assumed to be independent of 8. (See Appendix F). The approximate factor 0.7 is the result

of a large number of simplifications and numerical integrations. One of the assumptions is that p = ay.

In the T((0) = T, limit, equation (156) is approximately correct, since oT c“ > > ¢,, the deviation from
exactitude is negligible. For higher temperatures T,(0), the flux ¢, decreases, as it should, and is still
a substantial fraction of ¢T_* for the upper limit, T ,(0) = T,.

Equation (156) can be written as
» 4
¢c.r = €, 0T, - Gc ¢a (157)

where

94



07A¢
€,0 T:

€, = ecll - (158)

Finally, this must be generalized to include the dependence on x and t. Just as was done for the
convective part, the simplest (although crude) way to do this is to generalize e * by fiat to ¢,*(x,t), where

e (ne) = ¢ |1 - 2T A0 (159)
e_,oT:(x,t)
and
Ad(r,1) = 0T} (x,0,) - §, (160)

CIGARET can then be run without explicitly introducing the substrate temperature by using h*(x,t) and
e.*(x,t) as the model heat transfer coefficient and cigarette emissivity. These are easily computed at each
time step, in CIGARET.

In summary, explicit expressions for the transverse dependence of the cigarette and substrate fluxes have
been found, which supplement the longitudinal dependencies. Thus, if the longitudinal dependence on
the cigarette surface is known, the flux ¢(x,y,t) can be found.

Fluid Flow Effects. Quite independently of any possible "competition” from the substrate for oxygen
(that is, for oxidative reactions), access to air is somewhat restricted from below because of the presence
of the substrate. Thus, the effect of having the substrate there is equivalent to limiting the indrawn-
oxygen rate to what it would be in the open, but with y, < 0.23. This effect is incorporated in running
CIGARET through the appropriate value for y, being supplied by the user in the input file.

In order to see what a small reduction in y, produces, CIGARET was run with the same input parameters
as yielded the results shown in Figures 22 and 23, but one: y, was taken as 0.21. The result, however,
was that the simulated cigarette extinguished after a few seconds. [The criterion used to declare the
cigarette "extinguished” is that the peak surface temperature falls below 700 K (427 °C)]. Yet, when
the cigarette surface temperature history of the y, = 0.23 run was translated into a flux, and the substrate
described in Section ILLE was exposed to this flux, the substrate ignited in 22 seconds. Clearly, these are
contradictory results, and the effective value of y, to be used for this cigarette lying on this substrate
should be between 0.21 and 0.232. It will probably not be very different for other cigarette/substrate
combinations.
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APPENDIX A
CONDUCTION ALGORITHM TESTS

A computer program called TEMPSUB was developed as part of the earlier investigation into the ignition
of furnishings by smoldering cigarettes (Gann et al., 1988). This program modeled heat transfer in
furniture, or in a "substrate,” using a simple finite difference approximation (FDA) for a homogeneous
substrate with uniform and constant properties. The research indicated that this program would have to
be expanded to include a two-layer model (fabric + padding), pyrolysis of each layer, an asymmetric flux
input, and a variable grid.

These features have been implemented in SUBSTRAT by using a slightly different approach to the FDA
than was used in TEMPSUB. The original approach was to convert the differential equation for heat
transfer into an FDA by a Taylor’s series approximation. The new approach is based on the conservation
of energy within a control volume. It is based on physical reasoning and is usually easy to apply. It is
most useful for variable grids, convective boundary conditions, odd-shaped regions, etc. It is more
difficult to obtain accuracy estimates for the control volume approach than for the Taylor’s series
approach. For simple cases involving uniform grids and homogeneous materials the two approaches lead
to identical FDA’s. See Torrance (1985) or Croft and Lilley (1977) for further details.

Since there is a considerable increase in the desired capabilities of the upgraded program, it was decided
to develop a program which would allow extensive testing of the FDA. This program is called CTEST3
(Conduction TEST - 3 dimensional) which has the ability to model simple boundary conditions (constant
temperature, heat flux, or convection coefficient) on any of the six faces of the region.

The FDA used in CTEST3, the explicit Euler method, has been checked against several heat transfer
problems which have analytic solutions. The first few tests involve various combinations of constant
temperature, heat flux, and convection coefficient boundary conditions with analytic solutions from the
classic text by Carslaw and Jaeger (1959).

Several of these analytic solutions involve the error function which is defined by

2 4 -0
erf(x) = = [e ¥ dE (A1)
=l
so that erf(0) = 0,
erf(e0) = 1,
and erf(-x) = - erf(x).

The complementary error function is also used. It is defined as

erfc(x) = 1 - erf(x) = _,/25 { e dE (A2)
so that erfc(0) = 1,
and erfc(o) = 0.



Repeated integrals of the error function are also useful in conduction problems. These are defined by
the recursive relationships

iterfc(x) = f i"lerfc(x)dx  n=1,2,... (A3)
or
i%erfc(x) = erfc(x) (A3a)
ierfc(x) = i'erfe(x) = e . x erfc (x) (A3b)
Jr
2niterfe(x) = i"Zerfc(x) - 2xilerfc(x) n=2,3,.. (A3c)

See Appendix II of Carslaw and Jaeger (1959) for further details on error functions. Computer
subroutines were written implementing these functions for the computation of the analytic solutions of
the heat transfer tests.

Test 1: One-Dimensional Steady-State Conduction

CTEST?3 has been tested for steady-state conduction with constant thermal properties and uniform grid
spacing. This test sets opposite faces on a cubic region to different temperatures and makes the remaining
faces adiabatic. After a sufficient number of time steps the temperature within the region should vary
linearly from the hot to the cold face:

T(x) = TO) + —,’-j—[m) - T0)] (A4)

This has been confirmed in all three directions.

Test 2: One-Dimensional Transient Conduction, Constant Heat Flux Boundary Condition

This test was used in the development of the original substrate model. The analytic case for a constant
flux involves a homogeneous solid occupying the semi-infinite region x > 0. The solid is initially at zero
temperature throughout. At time t = 0, a constant heat flux, q, is applied to the x = 0 surface. The
temperature within the region is given by Carslaw and Jaeger (1959), p. 75, equation (6):

T(x,0) = a/4at jerfc | -~ (AS)
K \/Z;c—t

Preliminary testing (again using a uniform grid and constant thermal properties) indicated that as At and
Ax decreased, there was a uniform approach to the analytic solution. As for the accuracy to be expected,
for Ax = 1 mm and At = 0.5 s, the error (after the first three time steps) was <1 percent. We note
that the results of test did not agree with results from the original TEMPSUB model. Further
investigation indicated an error in the TEMPSUB boundary conditions subroutine. Correcting this error
brought results from the two programs into complete agreement.
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Tests show that reducing the grid size along with corresponding reduction of the time step cause the FDA
solution to approach the analytic solution. Therefore, the FDA is consistent. Reducing the time step
without changing the grid size does not improve the accuracy of the solution. In fact, it is best to operate
as close to the stability limit as possible for both accuracy and execution time. Use of the variable grid
gives results consistent with the uniform grid at the surface. The error in the calculated surface
temperature goes down as time increases.

Test 3: One-Dimensional Transient Conduction, Constant Convection Coefficient Boundary
Condition

This test represents a slab of a homogeneous solid of thickness 2L in the x direction and infinite extent
in the y and z directions which is initially at unit temperature throughout. At time t = 0 the temperature
of the fluid on both sides of the slab is changed to zero and heat is convected from the slab through a
constant convection coefficient. Because of symmetry this problem is equivalent to a slab of thickness
L with one adiabatic surface at x = 0 and a convective surface at x = L. The temperature within the
region is given by Carslaw and Jaeger (1959), p. 122, equation (12):

T - 2-: 2Bos@®x/L)_apr

(A6)
i [B>+B+8,cosd,

where B = hL/¢ (Biot number),
F = ot/L? (Fourier number), and
b, are the solutions of the transcendental equation 6 tand, = B.

In order to check the calculation of this complicated analytic solution, the solution to a related problem
was also computed. This is the temperature in a semi-infinite slab with the convective boundary condition
(Carslaw and Jaeger (1959), p. 72, equation (5)):

T(,?) = erfc(‘/:_di) - exp(—g(xwhtlx)) erfc(‘/;Tt + —2—@) (A7)

where x is now the distance from the convective surface into the region. There is good agreement
between the FDA and analytic solutions. Again, the error in the calculated temperature goes down as
time increases.

Test 4: Three-Dimensional Transient Conduction, Constant Surface Temperature Boundary
Condition

This test represents a block of a homogeneous solid in the region defined by -a < x <a,-b <y < b,
and -¢ < z < ¢ which is initially at unit temperature throughout. At time t = 0 the temperatures of the
surfaces of the block are reduced to zero, and the block begins to cool. The temperature within the
region is given by Carslaw and Jaeger (1959), p.184, equation (5):



s (Gl V il
T(x,y,2,9) 3 :}-:o; E E QI+1)2m+1)(2n+1)

n mel 1=
cos[(Zl +1)nx
2a

2b 2c X (A8)

cos{(Zm»-l)ny] cm{(Zml)ttz

ol X[ @I | @me) | @n+1)
xp 4 a2 b2 cZ

This expression requires the summation of many terms at small values of time, but only a few terms at
large values of time. The implementation of this complicated equation had to be checked against simpler
analytic cases. The first case represents a homogeneous solid occupying the semi-infinite region, x >
0. The solid is initially at unit temperature throughout. At time t = 0 the temperature at x = 0 is
instantly reduced to zero. The temperature within the region is given by Carslaw and Jaeger (1959),
p.59, equation (3):

T(x,0) = exf(_-’i—) (A9)
4ot

The second case involves a solid which occupies the region x > 0, y > 0, z > 0. It is initially at unit
temperature and at time t = O the temperature at the x = 0, y = 0, and z = 0 surfaces is instantly
reduced to zero. The temperature within the region is given by Carslaw and Jaeger (1959), p. 184,
equation (1):

Tay,20) = erf[—"-]erf[-l-) erf(_z__) (A10)
4at 4ot 4ot

The temperatures near the corners of the block should be very similar to this.

There was good agreement (error <1%) for a test with a = 30 mm, b = 20 mm, ¢ = 10 mm, and using
a 1 mm uniform grid. The original variable grid model was found to be insufficiently accurate at points
where the grid size changed. It was therefore replaced by the current uniformly increasing grid at a cost
of some increase in code complexity; although the results are not quite as accurate as for the uniformly
spaced grid, the difference is very minor.

Test 5: One-Dimensional Transient Conduction, Two Different Materials
This test consists of one material in the region 1 (0 < z < L) initially at unit temperature and another
material in region 2 (z > L) initially at zero temperature. The boundary at z = 0 is adiabatic. At time

t = 0 heat begins to be conducted between the two regions. The temperatures in the two regions are
given by Ozisik (1980), p. 328, equation (8-109):

A4



(2n+1)L-x
4a,t

»=0

Ti(xp) = 1--—1———2—E 2.: 3" {erfc M‘*’E] }

4ot

]+erfc

(Al1)

rwy = L2y {erfc ZLLM__*P(*“L)] - erfc[(2"+2)L+u(x—z)”

2 3 4ot 4ot
where
B = -El = i & = B_l
a, K, p+1

There was good agreement between the FDA and analytic solutions. It even worked well when the first
layer was only one-half of a grid thick. This may be useful for thin fabric coverings.

Test 6: Three-Dimensional Transient Conduction, Constant Heat Flux Impinging on a Circular
Area (Disk) on a Semi-Infinite Region.

The impinging flux is q, there is convective cooling from the surface, h(T, — T,), and the disk radius
is R. The temperature at the center of the heated area is given by Thomas (1957), equation (5):

T - q_f{\[%‘t’ ["“-"["5?]] ' erfc[ff?)} —

A s
% 1-exp ~h’R? w e erfe(w) dw
h “-[0 [ 4k%w?

(A12)

The first part of the above expression is the center point temperature if there is no convective cooling.
Tests indicate that the accuracy of the FDA for this test is primarily dependent on how accurately the
circular flux pattern is represented on the rectangular surface grid. A small grid and assigning cell heat
gain according to the portion of the cell that is within the circle improve accuracy.

Note that tests 1 through 6 involve a step change, which should be the worst condition to simulate with
the FDA. In all cases the maximum errors occurred at the first time step, and the error declined as time
increased.

Test 7: Three-Dimensional Transient Conduction, Uniformly Moving Point-Source Heat Flux

This test consists of a point source of power Q moving in an infinite body at a constant velocity v in the
x direction (Schneider (1973), pp.3-86, equation (78)):

X T-T) = L expl-—2 (£ + Al3
Q(T T,) 4“exp[ 5e € r)] (A13)




where ¢ = x - vtand r = (§2 + y? + z%)%. Adjusting for a semi-infinite body with the point source
moving along an adiabatic surface is done by replacing 47 by 2« in equation (A13). Generally good
agreement was achieved for this test. Accuracy was limited by grid size near the point source and the
fact the this is a quasi-steady case in that movement of the point source does not have a beginning point.

Larkin’s Method

The FDA algorithm in CTEST3 was transferred directly into the new substrate model TMPSUB2. The
addition of pyrolysis forced the use of a very small grid in the region of peak temperature for a satisfacto-
ry solution. This, combined with the stability requirement of the explicit Euler method, forced a very
small time step and therefore a very long execution time. A different FDA algorithm had to be found
to achieve a program fast enough to be useful. Larkin’s method was chosen because of its simplicity in
that it uses the same spatial FDA as the original method while the new temporal FDA does not require
the solution of simultaneous equations.

CTEST3 was not rewritten to run all of the test cases, but several tests were made with TMPSUB?2 (some
using a modified surface boundary condition) which indicate the accuracy of the method for different grid
size and time step options. The results of these tests are shown in Tables A-1, A-2, and A-3.

Table A-1 gives the results of several tests which can be compared to equation (A5) to determine the
effect of grid spacing. These tests use a region 40 mm thick to simulate a semi-infinite body which is
shown to be appropriate by having negligible heat flux at the constant temperature surface at Z=40 mm.
Comparisons are made based on the temperature of the surface (Z=0 mm).

Test 2a: Using a constant 1 mm grid spacing the temperature after 100 seconds is 0.33% less
than the exact value.

Test 2b: Using a constant 0.5 mm spacing gives a surface temperature 0.18% below the
theoretical value.

Tests 2¢ through 2f use variable grid spacing to reduce the number of cells and execution time
at the cost of some loss of accuracy.

Table A-2 gives the results of several tests where the parameters that control the time step while
maintaining a constant grid spacing, are varied. These parameters are the maximum time step, dtmax,
and the maximum temperature change, dTmax. (Whenever T, - T, exceeds dTmax, the time step is
halved.) Obviously the greatest accuracy should be achieved with small values for these two parameters,
but execution time is reduced by using large values. There is no obvious optimum; the user must choose
values appropriate for results he wishes to achieve.

Table A-3 shows tests of different grid spacings for full three-dimensional heat conduction from a
stationary spot heat flux. These tests use representative thermal properties for the fabric and padding.
Various combinations of cell spacings are used to select the best grid.




Table A-1.

Thermal diffusivity: 2e-07 m?/s
Surface heat flux: le+04 W/m?

time

Texact

0.000 0.0000
0.125 17.8412
0.250 25.2313
0.375 30.9019
0.500 35.6825
0.625 39.8942
0.750 43.7019
0.875 47.2035
1.000 50.4627
1.250 56.4190
1.500 61.8039
1.750 66.7558
2.000 71.3650
2.250 75.6940
2.500 79.7885%5
2.750 83.6828
3.000 87.4039
3.500 94.4070
4.000 100.9253
4.500 107.0474
5.000 112.8379
6.000 123.6077
7.000 133.5116
8.000 142.7299
9.000 151.3880
10.000 159.5769
15.000 195.4410
20.000 225,.6758
25.000 252.3132
30.000 276.3953
35.000 298.5410
40.000 319.1538
45.000 338.5137
50.000 356.8248
60.000 390.8820
70.000 422.2008
80.000 451.3517
$50.000 478.7307
100.000 504.6265

cells:

steps:
TEST2A: dz=1.0mm, nz
TEST2B: dz=0.5mm, nz
TEST2C: dz=0.5mm, nz
TEST2D: dz=0.5mm, nz
TEST2E: dz=0.5mm, nz
TEST2F: dz=0.5mm, nz

Te
0

5

9
13
18
22
26
29
33
40
46
52
57
62
67
71
76
84
91
98
104
116
127
136
145
154
181
221

249.
273.
295.
3le.
336.
354.
388.
420.
449.
476.

502

=41,

=81,

=35,
=25,
=18,
=12,

st2a
.000
.000
.643
.970
.298
.252
.206
.838
.469
.170
.383
.167
.577
.656
.445
.859
.273
.279
.625
.433
.796
.456
.018
.650
.711
.229
.150
.986
025
438
758
566
042
491
738
206
479
960
.943
41
153

nc=41,
nc=81,
nc=4,
nc=4,
nc=4,
nc=4,

Grid Spacing Tests

Thermal conductivity: 0.1 W/mK

Distance from surface:

Test2b
0.000

98.911
105.154
111.0486
121.976
132.004
141.31%
150.034
158.272
194.315
224.670
251.396
275.472
297.599
318.155
337.52%
355.81%
389.887
421.230
450.409
477.816
503.740

81
154

r=1.000,
r=1.000,
r=1.055,
r=1.115,
r=1.234,
r=1.628,

Test2c
0.000
9.319

16.889

23.331

28.916

33.840

38.035

42.229

45.757

52.366

58.208

63.496

68.361

73.042

77.173

81.305

85.049

92.243

98.909%

105.152
111.042
121.970
131.993
141.300
150.014
158.248
194.266
224.600
251.307
275.367
297.487
318.040
337.408
355.694
389.758
421.093
450.262
477.660
503.574
35
154

Test2d
0.000
9.319

16.889

23.331

28.916

33.840

38.035

42.229

45.78%7

52.366

58.208

63.496

68.361

73.041

77.173

81.304

85.048

92.242

98.908

105.149%
111.038
121.962
131.981
141.283
149.991
158.219%
194.208
224.514
251.195%
275.235
297.339
317.879
337.234
355.509
389.550
420.862
450.010
477.388
503.282
25
154

dtmax=1.0, dTmax
dtmax=1.0, dTmax
dtmax=1.0, dTmax
dtmax=1.0, dTmax
dtmax=1.0, dTmax
dtmax=1.0, dTmax

Om

Test2e
0.000
9.319

16.889

23.331

28.916

33.840

38.034

42.229

45.757

52.366

£8.208

63.496

68.361

73.041

77.173

81.304

85.047

92.240

98.904

105.143
111.030
121.946
132.050
141.309
149.993
158.201
194.109
224.343
250.960
274.852
296.828
317.378
336.650
354.928
388.899
420.147
449.235
476.556
502.397
18
153

Wowwouwun
CO0O000

oo u,

Tesgt2f
0.000
9.319

16.889

23.331

28.916

33.840

38.034

42.229

45.75%7

52.366

58.208

63.496

68.361

73.041

77.171

81.302

85.044

92.233

98.893

105.125
111.002
121.894
131.966
141.188
149.830
157.994
193.654
223.631
249.998
273.660
295.425
315.771
334.844
352.929
386.532
417.431
446.188
473.195
498.738
12
153



Table A-2. Time Step Control Tests

Thermal diffusivity: 2e-07 m?/s Thermal conductivity: 0.1 W/mK

Surface heat flux: le+04 W/m2 Distance from surface: O m
time Texact Test2b Test2g Test2h Test2J
0.000 0.0000 0.000 0.000 0.000 0.000
0.125 17.8412 9.319 9.093
0.250 25.2313 16.889 16.685 20.000 20.000
0.375 30.901¢9 23.331 23.148
0.500 35.6825 28.916 28.750 31.538 31.538
0.625 39.8942 33.840 33.688
0.750 43.7019 38.035 38.107 39.690 39.690
0.875 47.2035 42,229 42.125
1.000 50.4627 45.757 45.801 47.841 47.841
1.250 56.4190 52.366 52.390
1.500 61.8039 58.208 58.223 58.553 58.553
1.750 66.7558 63.496 63.506
2.000 71.3650 68.361 68.368 69.264 69.264
2.250 75.6940 73.042 72.899
2.500 79.7885 77.173 77.158 77.403 77.403
2.750 83.6828 81.305 81.191
3.000 87.4039 85.049 85.028 85.542 85.542
3.500 94.4070 92.243 92.222
4.000 100.9253 98.911 98.891 97.831 97.831
4.500 107.0474 105.154 105.136
5.000 112.8379 111.046 111.029 110.120 110.120
6.000 123.6077 121.976 121.963 120,390 120.390
7.000 133.5116 132.004 131.993 130.660 130.660
8.000 142.7299 141.315 141.312 139.622 139.622
9.000 151.3880 150.034 150.053 148.583
10.000 159.5769 158.272 158.312 156.621 157.545
15.000 195.4410 194.315 194.402 192,945
20.000 225.6758 224.670 224.773 223.337 221.615
25.000 252.3132 251.396 251.504 250.229
30.000 276.3953 275.472 275.656 274.420
35.000 298.5410 297.599 297.855 296,726
40.000 319.1538 318.155 318.512 317.415 313.420
45.000 338.5137 337.525 337.900 336.887
50.000 356.8248 355.815 356.236 355.255
60.000 390.8820 389.887 390.336 389.440 382.464
70.000 422.2008 421.230 421.690 420.860
80.000 451.3517 450.409 450.870 450.093 442.530
90.000 478.7307 477.81€ 478.274 477.541
100.000 504.6265 503.740 504.191 503.495 495.723
cells: 81 81 81 81
steps: 154 724 106 42
TEST2B: dz=0.5mm, nz=81, nc=81, r=1.000, dtmax=1.0, dTmax = 5.0
TEST2G: dz=0.5mm, nz=81, nc=81, r=1.000, dtmax=1.0, dTmax = 1.0
TEST2H: dz=0.5mm, nz=81, nc=81, r=1.000, dtmax=1.0, dTmax = 20.0
TEST2I: dz=0.5mm, nz=81, nc=81, r=1.000, dtmax=4.0, dTmax = 5.0
( Same results as test2b because dT > 2.5 at dt = 1.0 )
TEST2J: dz=0.5mm, nz=81, nc=81, r=1.000, dtmax=4.0, dTmax = 20.0
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time

0.00
1.00
2.00
3.00
4.00
5.00
10.00
15.00
20.00
30.00
40.00
50.00
60.00
70.00
80.00
90.00
100.00

cells:

steps:

time:
TEST3A:
TEST3B:
TEST3C:

TEST3D:

TEST3E:

A-9

Table A-3. 3-D Transient Conduction Tests
test3a test3b test3c test3d test3e
0.000 0.000 0.000 0.000 0.000
65.749 70.904 71.046 71.254 71.301
88.450 91.190 91.381 91.660 91.723
104.807 106.828 107.053 107.382 107.455
118.536 120.437 120.692 121.060 121.140
130.745 132.693 132.974 133.375 133.460
178.269 180.414 180.785 181.287 181.377
211.444 213.792 214.214 214.765 214.850
236.140 238.668 239.121 239.692 239.766
269.762 272.068 272.539 273.119 273.173
291.304 293.512 293.988 294.550 294.585
305.937 308.182 308.659 309.201 309.219
316.279 318.588 319.064 319.589 319.594
323.830 326.195 326.670 327.180 327.176
329.498 331.903 332.376 332.876 332.865
333.853 336.285 336,757 337.248 337.233
337.271 339.718 340.188 340.673 340.654
18081 18081 18081 19176 18375
152 154 154 154 154
303.08 316.37 316.10 338.90 346.32
dx=0.5mm, nx=41, ny=21, nz 21, nc = 4, yw=zw =
rx=ry=1.167, rz=1.187, dtmax=1.0, dTmax = 5.0
dx=0.25mm, nx=41, ny=21, nz = 21, nc = 4, yw=zZw
rx=ry=1.240, rz=1.240, dtmax=1.0, dTmax = 5.0
dx=0.25mm, nx=41, ny=21, nz = 21, nc = 4, yw=zw
rx=ry=1.210, rz=1.210, dtmax=1.0, dTmax = 5.0
dx=0.25mm, nx=47, ny=24, nz = 17, nc = 4, yw=zw
rx=ry=1.161, rz=1.326, dtmax=1.0, dTmax = 5.0
dx=0.25mm, nx=49, ny=25, nz = 15, nc = 4, yw=zw
rx=ry=1.149, rz=1.431, dtmax=1.0, dTmax = 5.0

40,
40,
30,
30,

30,






APPENDIX B
TMPSUB2 AND SUBSTRAT USER’S GUIDE

General Information

SUBSTRAT and two helper programs are
available on a diskette for IBM PC com-
patible computers. The distribution disk-
ette includes both executable and source
code for SUBSTRAT, executable code for dai
the other two programs, and sample input
files. The general relationship of pro-
grams and files is illustrated in Figure B-
1. The TSDATA program is used to

prepare data files for SUBSTRAT which
in turn creates two types of output files.
The plot file is used by the TSPLOT
program to display contour plots of sub-
strate temperatures. The list file includes
a step-by-step record of the highest tem-
perature in the substrate.

Eix

plot

Figure B-1. TMPSUB2 Programs and

TSDATA and TSPLOT must be run using  F11€S

MS-DOS on IBM PC compatible comput-

ers with VGA graphics. SUBSTRAT requires a 386 class PC with math coprocessor or 486 class PC
(no graphics needed) in order to achieve satisfactory performance. Typical execution times are 20 to 30
minutes on a 33Mhz 486 computer.

The SUBSTRAT source code (file SUBSTRAT.CCC) can be compiled using any ANSI C compiler. All
SUBSTRAT input and output files are ASCII files. Therefore, SUBSTRAT can be recompiled and run
on a different computer, while still using TSDATA and TSPLOT on a PC and transferring files between
the computers. A different computer may allow SUBSTRAT to execute faster and/or handle more cells
for more accurate simulation.

Be sure to inspect the README file on the distribution diskette. One way to read this file is to place
the diskette in drive A: (or drive B:) and type

MORE < A:README (or MORE < B:README)
A permanent copy may be made with
PRINT <A:README

The README file contains a list of all files on the diskette, instructions for installing the necessary files
on your hard disk, and information on any changes or additions to the program.

There should be at least 1,000,000 bytes available on your hard disk. It is best to create a single
subdirectory for the executable programs and related data files. This will allow you to easily delete all
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the files related to this program when you are finished with it. In general, when running on a PC, keep
all files in the current working directory.

The following sections give details of the operation of SUBSTRAT, TSDATA, and TSPLOT.

SUBSTRAT

All input for SUBSTRAT must be placed in a data file. This file is read as the "standard input stream,”
so SUBSTRAT executes on MS-DOS and UNIX computers by redirecting the input file. For example,
if there already exists an input data file, e.g., TEST1.DAT, one can begin a run by typing

SUBSTRAT < TEST1.DAT

Note: SUBSTRAT can be aborted at any time by simultaneously pressing CTRL and C.

Sample run

If you have not already done so, install the SUBSTRAT program following the instructions in the
README file. For example, from the directory on the hard disk where you want SUBSTRAT installed
and with the diskette in drive A:, type

A:INSTALL A:

At the present time you only need to install in response to the first question you will be asked.

During installation a program will determine the "initial unallocated memory." If the required memory
is greater than this amount, follow the instructions under memory requirements below before proceeding.

Should you wish to examine the directory at this point, a DIR command should indicate the presence of
at least the following files: SUBSTRAT.EXE, TEST1.DAT, TEST2.DAT, and MEMREM.EXE. As
mentioned above, begin the sample run by typing

SUBSTRAT <TEST1.DAT

SUBSTRAT will then (1) indicate that it is reading the data file, (2) echo the simulation title to the
screen, (3) initialize the data in all cells, and (4) report the amount of unallocated memory. If there is
“insufficient memory," an error message will be displayed and the run aborted. See the memory
requirements section below for corrective action.

Every time SUBSTRAT completes a time step during the simulation, it displays the time (in seconds) and
peak temperature (degrees C) on the screen. This allows you to monitor the progress of the simulation.

This same information is included on the list file, TEST1.LST, thus providing a permanent record of the
primary value computed during the simulation. The list file also includes an echo of the input file which
helps to identify the simulation and is especially useful in identifying any errors in the input which are
also written to the list file.



The plot file, TEST1.PLT, contains all temperatures in the Y=0 and Z=0 planes at the times specified
plus data to identify the simulation and the coordinate values.

Memory Requirements

SUBSTRAT has been written to handle an arbitrary number of cells up to some limit imposed by
available memory or by the operating system. MS-DOS limits available random access memory (RAM,
not disk memory) to 640,000 bytes which is shared by the program, the data in the program, a portion
of the operating system, and perhaps various TSR (Terminate & Stay Resident) programs. TMPSUB
allocates memory for its data arrays from available RAM. When there is insufficient memory to run a
particular simulation, you must either make more memory available or reduce the memory required by
the simulation. One way to make more memory available is to remove TSR programs, such as network
connections. This usually requires rebooting the computer in such a manner that these programs are not
automatically accessed. MS-DOS 5.0 uses somewhat less memory than previous versions. See your PC
consultant for assistance. Run MEMREM to determine approximately the memory available for data.

The memory required by the simulation is determined primarily by the total number of cells which in turn
is determined by the values on line 4 of the data file (see below). The total number of cells can be
reduced to an arbitrarily small value, but accuracy will suffer. If you must search for the number of cells
than can be run on your machine, begin with a relatively small number and increase it until the
unallocated memory reported by SUBSTRAT is small.

With minimal other uses of memory, SUBSTRAT is limited to less than 20,000 cells under MS-DOS.
The only way to simulate more cells is to recompile SUBSTRAT for a different operating system and/or
a different computer.



Contents of SUBSTRAT Data File

line

1

2
3
4

10

11

12

13

variables
LIST
PLOT
TITLE
NX NY N2

NCX DX0 XwW X0

NCY DYO YW

NCZ DZ0 ZW FT

SEP

E TM NCF

TKZEC

DV DC DA

A Nl N2TH

ANILN2TH

brief description

Name of the output file

Name of the plot file

Project title; echoed to output

number of cells in the X, ¥, and Z directions
( total number of cells = NX x NY x NZ )

X-coordinate datal:

NCX number of constant length nodes
in both directions from XO

DXO0 length [mm] of constant length nodes

Xw total length [mm] of X axis

X0 location of center of region of constant length nodes
= initial position of peak flux from cigarette

Y-coordinate data!l:

NCY number of constant width nodes from Y = 0
DY0 width [mm] of constant width nodes

YW  total width [mm] of Y axis

Z-coordinate datal:

NCZ number of constant depth nodes from Z = 0

DZ0 width [mm] of constant depth nodes

ZW total depth [{mm] of Z axis

FT fabric thickness [mm]

Width of air gap between fabric and padding [mm]

Fabric data:

E emittance

™ max imum temperature3 [°C]

NCF number of data points for T, K, C (NCF <= 10)

Fabric thermal properties‘:

T temperature [°C)

K conductivity [W/mK]

c specific heat [kJ/kgK])
Repeat line 10 up toc NCF times.

Densities:

DV  virgin material [kg/nﬁ]
DC char [kg/m3]

DA  ash [kg/m’]

Fabric non-oxidative pyrolysis data:

A reaction rate coefficient [1/min]

N1 fabric mass exponent

N2 oxygen concentration exponent (must be zero)
T activation temperature [K]}

H heat of pyrolysis (kJ/kg]

Fabric oxidative pyrolysis data:

A reaction rate coefficient [1/min]
N1 fabric mass exponent

N2 oxygen concentration exponent

T activation temperature [K]

H heat of pyrolysis {kJ/kg)
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14 A NI N2TH Fabric char pyrolysis data (similar to 13)

15 E TM NCP Padding data:
E emittance
TM maximum temperature’ [°C]
NCP number of data points for T, K, C (NCP <= 10)

16 TKC Padding thermal properties?:
T temperature [°C})
K conductivity [(W/mK]
C specific heat [(kJ/kgK)
Repeat line 16 up to NCP times.

17 DV DC DA Densities:
nv vivain matoarial e /m3?
T v J-d.s&ll unuv3=; o l l\v/ anr J
DC char [kg/m’]
DA ash [kg/m3]
18 ANl N2TH Padding non-oxidative pyrolysis data (similar to 12)
19 A Nl N2 TH Padding oxidative pyrolysis data (similar to 13)
20 A N1 N2TH Padding char pyrolysis data (similar to 13)
21 BC TA TO OX Boundary & initial conditions:

BC 0 = adiabatic outer boundaries5,

1 = constant temperature outer boundaries
TA ambient temperature [°C]
TO initial substrate temperature [°C)
(0) 4 oxygen concentration [fraction]

22 Q0 V Y X+ X- Moving radiant flux distribution on surface:
Q0 peak flux [kW/m*]
v velocity [mm/min]
Y standard deviation in Y direction [mm]
X+ std dev in positive X direction [mm]
X~ std dev in negative X direction [mm])

23 HC HG Heat transfer coefficients®

HC for quiescent air [W/m’K)
HG for impinging air [W/m’K)

24 dt DT TT Simulation control:
dt maximum time step [8]
DT maximum temperature change (°C]
TT total simulation time [s)

25 LIST I J K Debug reports (SUBSTRAT compiled with DEBUG defined):
LIST 1 = activate data dumps (default 0)
I J K are the indices of the cell to be studied

26 PLOT Time at which to write temperatures to the plot file;
repeat line 26 up to 10 times.

Notes:

! The relationship between the number of nodes, number of constant size nodes, size of constant size
nodes and total length of an axis must be such that the variable width nodes are increasing in size.
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2 The fabric thickness and the depth of the constant depth cells are related: the fabric/padding boundary
must be halfway between two cells. Therefore, the fabric thickness must be 0.5, or 1.5, or 2.5, etc.,
times the depth of the constant depth cells, or the constant depth cells must be 2, or 2/3, or 2/5, etc.
times the thickness of the fabric. The boundary between the fabric and padding must be within the region
of constant depth cells.

3 When the temperature of any fabric (or padding) cell reaches the "maximum” fabric (or padding)
temperature, the simulation is terminated.

4 The way that k(T) and c(T) are input is by entering the values for each at a number of temperatures;
the program then carries out a cubic spline fit to those points, to obtain the values at any other
temperature. Even if k(T) and c(T) are given by explicit equations, this is still the way that the program
"knows" the values.

5 The "outer boundaries” of the substrate consist of the X = 0, X = XW, Y = YW, and Z = ZW
planes (see items 5, 6, & 7).

6 These coefficients refer to cases A and B in Section II.B.6. When using HC set HG to zero and vice
versa.

The contents of the data file are described further in the description of the TSDATA program. It will

generally be easier to check a data file by processing it with TSDATA, than to compare it line by line
with the description given above.
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TSDATA

The SUBSTRAT data file can be created with any ASCII line editor. However, the contents of the file
are quite cryptic and thus prone to error; far better is to use TSDATA. TSDATA is an interactive
program for creating data files. Because it is interactive, it uses certain commands which restrict its
operation to IBM PC compatible computers. It includes extensive checking of the input data. TSDATA
is especially useful for creating a data file which is only slightly different from another data file. This
is useful in performing the parametric studies for which SUBSTRAT was designed.

Two special files are used by TSDATA. The help file, TSDATA.HLP, contains the text of the
interactive help messages. Help is activated by pressing the F1 function key. If the help file is not
available in the current working directory, no interactive help will be available. The configuration file,
TSDATA.CFQG, sets the colors of the display. The file included on the distribution diskette assumes that
a standard VGA monitor is being used. If the configuration file is not in the current working directory,
a set of default colors will be used. A new configuration file can be made by using the MAKECFGT
program. See the README file for instructions.

The operation of TSDATA is explained on the following pages which show the messages and input
screens which will appear as the program is run. After reading through these pages, try using TSDATA
with one of the sample data files. Begin the program by typing TSDATA. Abort the program by
pressing CTRL and C.

Sample Runs

At this point the following files should be available in the current working directory: TSDATA.EXE,
TSDATA .HLP, TSDATA.CFG, and TEST1.DAT. If they are not, use the INSTALL procedure.

First use TSDATA to view the contents of the TEST1.DAT file. Type:
TSDATA

Press ENTER until the main menu appears; press ENTER again to set up the file information. Enter
TEST1.DAT as the name of the previous data file. Press ENTER to cycle through file names (respond
Y to the warning message about a duplicate file). Press ESC to return to the main menu. Press ENTER
to view each section of data in turn; press ESC to return. When you reach the Save option, press CTRL
and C to abort the program. This process will not have changed TEST1.DAT.

Now create a new data file, TEST3.DAT, similar to TEST1.DAT but with a peak flux of 20kW/m2,
Proceed as above until you reach "Name of new data file:". At this point move the cursor to the "1" in
the file name and press 3 and then press ENTER. Revise the other two file names and the title accor-
dingly. Press ESC to return to the main menu, and move to the boundary conditions option. Press
ENTER and move (using cursor keys) to the peak heat flux. Change the value to 20, press ENTER,
press ESC. Now enter the save option, and respond Y to save the file TEST3.DAT. Then enter the exit
option, respond Y to exit, and respond Y to create a batch file. After this you should have exited
TSDATA. Now type RUN to start SUBSTRAT using TEST3.DAT as input data.



TSDATA Input Screens and Help Messages

Standard title page with disclaimer at start of TSDATA program.

3+ 2 43 2 2 23 -t 22 - 23+ 3 3212 -0 13-4+ ===

TSDATA —-- interactive program to prepare data files for SUBSTRAT

Version 1.0

Developed at the National Institute of Standards and Technology.
Program author: George Walton

This program is furnished by the government and is accepted by any
recipient with the express understanding that the United States
Government makes no warranty, expressed or implied, concerning the
accuracy, completeness, reliability, usability, or suitability for
any particular purpose of the information and data contained in

this program or furnished in connection therewith, and the United
States shall be under no liability whatsoever to any person by reason
of any use made thereof. This program belongs to the government.
Therefore, the recipient further agrees not to assert any proprietary
rights therein or to represent this program to anyone as other than

a government program.

General description of input process:

EE 3 e s A e

This program assists you in preparing input data files for the SUBSTRAT
program. It operates best by reading an existing SUBSTRAT data file
which is then modified to create a new data file. A sample data file
is distributed with the program. It can also be used to enter data
from scratch. Several data files can be created in one TSDATA session.

Data are processed interactively through a system of data entry menus.
Keyboard input is required from the user whenever the cursor is in

a data entry field. A data entry field is designated by a special
color as is shown in the lower right corner of this screen. This is
a standard pause allowing the user to read the screen. Pressing any
key in response will allow the program to continue.

While the cursor is in a data entry field, it will often be possible
to get help by pressing the F1 function key. Help is intended to
give additional information about the data. For help to work, the
TSDATA.HLP file must be in the same directory as the TSDATA.EXE file.
Program execution may be terminated when the cursor is in a data
entry field by pressing CTRL and C simultaneously.

E 3+ 2 32 2 3% -3 £ 3+ 2 £ 2 2 2 £ £ 22 2+ —_EEE= k224 =
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General description (continued):

There will usually be several data entry fields on a single screen.
The field may be blank or it may present a default response. The
contents of a data entry field (even all blank) may be edited.

That is, characters may be overwritten, deleted, or inserted.

It may or may not be necessary to make an entry depending on context.

These fields are ordered from top to bottom and left to right.
Pressing the tab key or the down-arrow key moves the cursor to the
next field to the right/down; The shifted-tab or up-arrow moves

to the previous field to left/up. Control-home or page-up moves the
cursor to the first field on the screen. Control-end or page-down
moves to the last field. Movement between fields can be done only
if an entry is not required and no other keys have been pressed.

Data entry begins in the exchange mode, i.e., the value of the key
pressed replaces the character at the cursor. Pressing the insgert
key will aswitch to the insert mode (and from insert to exchange).
The delete key will remove the character at the cursor. Control-x
will clear the entire data entry field. Move the cursor left with
the left-arrow, control-left-arrow, or home keys. Move the cursor
right with the right-arrow, control-right-arrow, or end keys. When
the data is satisfactory, press the ENTER key.

EEEEEREERNERRSNES £ 1 1 L E3 e L3 1= L 3 13

Various checks are usually made on each data entry. These may produce
a warning or error message at the bottom of the screen. The first line
of this message indicates the nature of the problem. The second line
indicates the severity of the problem, the file and line in the TSDATA
source code where the error message originated, and whether some help
may be available by pressing the Fl key.

Most errors will return you to the data entry field to correct the input.
Such errors include invalid characters or numeric values outside certain
situation-dependent limits,
Some problems may generate a question:

Question? (y/n) *

The user can press the Y and then ENTER keys to indicate a positive (yes)
response or N and then ENTER to indicate a negative (no) response.

Some errors are fatal causing the program to terminate.
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Screen 1: (primary menu)

ErTEETZErISEOEaEESEODERSESEE EEEEmSmEmm=m mmERERE= - EZRE

SUBSTRAT data preparation:
* File information
Geometry description

Fabric data
Padding data
Boundary conditions
Simulation control

save this data file

Exit data preparation

Use cursor keys to move between menu selections.
Press ENTER to activate the menu selection at the X.
Press ESC to return from a selection. Press Fl for help.

At 431 ¢ 423334431 ¢ E 33 F gkttt SESmnnmESEmRE

General help message:

This program assists you in preparing input data files for the SUBSTRAT
program.

This is the main menu. It directs you to the different data
preparation subsections.

Begin each data file by entering the "file information".

Data relating to the geometry, fabric, padding, or boundary conditions
may be entered or changed in any order.

The data file is not created until you "save this data file™.

Multiple data files can be created in one interactive session.
Terminate the session by entering "exit data preparation"”.

Note:
An X appears in the selection designator: §.
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Screen 2;

File information

EREoomarsEsx =REsEmas=ms =
.
.

press ESC when done; press F1 for help.

Copy data from previous data file named:

Name of new data file:

Name of list file:

Name of plot file:

Files previously defined in this session:
data files list files plot files titles (first 40 characters)

General help message:

The data files you create are stored in the current directory. 1If you
want to make a data file which is similar to a previous data file, enter
the name of the previous file. That file must also be in the current
local directory.

SUBSTRAT creates two files when it is run:

(1) the list file (which echoes the input, saves any error messages, and
notes the peak temperature of the substrate during the simulation),

(2) the plot file (which becomes the input file to the plotting program
used to view the temperature distribution in the substrate).

Files should generally have different names. For example, consecutive
SUBSTRAT runs with the same plot file names will save only the plot file
from the last run (which will have replaced the previous plot files).
Use identical names if you definitely want to replace existing files,
including data files.

The title that you enter here is echoed in the list and plot files. Use
the title as a reminder of the special features of a particular run.

Up to 10 data files created previously in this session are recorded at
the bottom of the screen for your convenience.
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Help messages in response to error messages:

(1) could not open file:

The file which you specified was not found. A typing error is the most
likely problem, or the file is not in the current directory.

(2) duplicate file names:
This message indicates that a file name matches one in the local directory,
or one previously set in this session, or that you have not pressed ENTER
at each of the file names to complete the check of file names.

If you have copied an existing data file, the "new" file names are
the ones that appeared in the existing data file.

Files should generally have different names. For example, consecutive
SUBSTRAT runs with the same plot file names will save only the plot file
from the last run (which will have replaced the previous plot files).
Use identical names if you definitely want to replace existing files,
including data files.

You may use a duplicate file name by responding 'Y’ to the question
about writing over the previous file.

Notes:
An entry for the previous data file causes its data to be copied.

The new data file will be created when "save this data file" is executed at the main menu. This save adds
the new data, list and plot file names to the list displayed at the bottom of this screen.

There should be no duplicate file names. That would cause files to be overwritten during simulation.
The program checks for duplicates.

The simulation title is echoed in the output files.
Note that upon entering the "Title for this simulation," the cursor jumps back to the first box and blanks

it out. This is done only so that if the user has changed his mind (or an error has been made), new (or
corrected) entries can be made immediately. If there has been no error, then simply press ESC.
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Screen 3:

Geometric description: press ESC when done; press Fl for help.

Fabric thickness: m mm

width of air gap:

X-coordinate data:
Number of grid points: Rx
Total length of substrate: mm
Ssize of constant length cells: mm
Number of constant length cells:

1.xxx

Y-coordinate data:
Number of grid points: Ry
Half-width of substrate: mm
Size of constant width cells: mm
Number of constant width cells:

1.xxx

Z-coordinate data:
Number of grid points:
Total depth of substrate:
Size of constant depth cells:
Number of constant depth cells:

Rz 1l.xxx

mm

cells: XXXXX

R TN ETEEEETEEERES E2 2 32 1+ 32 2 22 1t 2 3 3 23 2 3 4 2 &t 1 2 3 1 3 3 2 5+ 33

General help message:

The substrate consists of a thin fabric, padding, and possibly an
air gap between them. An air gap width of 0.0 indicates no gap.

The X direction is along the cigarette; the Y direction is along the
fabric; the Z direction is into the padding.

A variable grid is used. It consists of several constant width cells
near the point of peak incident heat flux followed by increasingly
larger cells out to the boundaries of the substrate. For example:

S TR E S R A | | |
Y=0 Y=width

Each variable width cell is R times longer than the preceding cell.
Simulation is most accurate when R is only slightly greater than one.

A value of R less than about 1.25 should be sufficiently accurate.
Simulation will generally involve a trade-off of accuracy and run time.

The fabric thickness and the depth of the constant depth cells are
related: the fabric/padding boundary must be halfway between two cells.
Therefore, the fabric thickness must be 0.5, or 1.5, or 2.5, etc., times
the depth of the constant depth cells.

Other help messages:

For the X-axis the following conditions should apply:
4 * NCX < NX and (NX - 1) * DXO <= XW
where NX = number of grid points, XW = total length of substrate,
DX0 = size of const length cells, & NCX = number of const length cells.

For the Y-axis the following conditions should apply:
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2 * NCY < NY and (NY - 1) * DY0 <= ¥W

where NY = number of grid points, 2YW = total width of substrate,

DY0 = size of const width cells, & NCY = number of const width cells.
Because of the assumed bilateral symmetry of the flux, it is only necesary
to make calculations between y = 0 and y = YW (half the width). The number
of constant-width cells is that in the half-width section.

For the Z-axis the following conditions should apply:
2 * NCZ < N2 and (N2 - 1) * DZO <= ZW
where NZ = number of grid points, ZW = total depth of substrate,
DZ0 = size of const depth cells, & NCZ = number of const depth cells.

The fabric thickness and the depth of the constant depth cells are
related: the fabric/padding boundary must be halfway between two cells.
Therefore, the fabric thickness must be 0.5 or 1.5 or 2.5, etc., times
the depth of the constant depth cells, or the constant depth cells must
be 2 or 2/3 or 2/5, etc. times the thickness of the fabric.

The boundary between the fabriec and padding must be within the region
of constant depth cells.

Notes:

"Rx", "Ry", and "Rz" are the geometric progression rates. The sample problems have a relatively high
value in the Z direction. Tests have indicated this is satisfactory because the low conductivity of the
padding permits less heat transfer in this direction.

“cells:" gives the total number of cells used to model the substrate. It equals NX x NY X NZ. This
value is critical to the total memory required for a simulation.

The following figure illustrates the substrate coordinate system and the variable grid:

%%4,.:.-’: A
ﬁ%? ik

—_—==“\

Figure B-2. Substrate Coordinate System and Vari-
able Grid
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Screen 4:
-+ + 1 ¢t + + 4+t ¢t + ¢t ¢33+ ¢+ 4+ ¢t 22+ 1+ 4+ -+ 4+ 12311133 t—+-+-+-4-3+ 34+ ¢+ 3+ 3

Fabric Properties: press ESC when done; press Fl for help.

Emittance:

Maximum temperature:

°C

CWOOUTLWN - %

[

Densities: ( kg/u@ )

Virgin material: char: ash:

Reactions:

General help message:

Emittance is used in computing radiant heat loss from the fabric to
ambient and radiant heat transfer across the air gap.

The simulation stops when the temperature of any fabric cell reaches
the prescribed maximum temperature.

Thermal conductivity (X) and heat capacity (C) can be specified at up
to 10 temperatures. SUBSTRAT uses a cubic spline curve fit for K and C.
As fabric mass is lost by pyrolysis, K is also reduced in proportion

to the current density. Values are required at least two temperatures
even if K and C are constant.

A two-stage, three-reaction pyrolysis model is used: the virgin
material is converted to char in stage 1 and then to ash. The char
density is the value for completely converting the virgin material
to char with no conversion to ash. The ash density is what’s left
after total pyrolysis.

The pyrolysis equations are of the form:

R=A * Dm*nl * Cx*n2 * exp( Ta/T ) and Q = R * Hc

where
R = rate of pyrolysis
A = reaction coefficient {1/min}
Dm = density of material (virgin or char )
nl = related exponent
Cx = oxygen concentration
n2 = related exponent
Ta = activation temperature [K]
T = current cell temperature (K]}
Hc = heat of pyrolysis (kJ/kg])
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The first reaction is thermal degradation (n2 = 0 and Hc < 0) of virgin
material. The second reaction is oxidation of the virgin material.
These two reactions produce char. The third reaction is oxidation

of the char to produce ash.

Help message in response to error message:

Temperatures must be given in increasing order.

The lowest temperature should be several degrees less than any
possible substrate temperature. The highest temperature should
be several degrees higher than the maximum temperature.
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Screen 5:
EEXTERESSERESsES t b1 343433+ 32 31 2 123 4+ 3 4 1 3.4 2 ¢ % 4 =

Padding Properties: press ESC when done; press F1 for help.
Emittance: i Maximum temperature: [N -c

(=]
O WVDJOU b WK - %

Densities: ( kg/m> )

Virgin material: ash:
Reactions:
# A n2
2
3

TSI TR A AT LY I A AN S S TR T I S ST IR N 5T O SIS 1 D S I D T IR 20 D S i o 0 gt i 0 e wmes e o i s v v e e

Padding help messages are similar to fabric messages.
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Screen 6:

EEmEmEDESRNRES mEEEESEEEsnS mEmIITITIT R ANmAT s eGSR =

Boundary Conditions: press ESC when done; press F1 for help.

At X=0, X=Xmax, Y=Ymax, Z=Zmax: (E) adiabatic
(§) constant temperature

Initial substrate temperature:
Ambient temperature:
Oxygen mass fraction:

Heat transfer coefficients:
Quiescent air:
Impinging air:

Moving heat flux pattern from the ci

Peak heat flux: kW /m?
Initial X position of peak: mm
+X velocity: E mm/min
tY standard deviation (A): € ram
+X standard deviation (B): mm
~-X standard deviation (C): mm

RSN E IS I N S I I s s e e s S S e R S S

General help message:

Select the condition of the outer boundaries (X=0, X=length, Y=width,
Z=depth) by pressing ENTER in the appropriate place.

The incident heat flux from the cigarette is represented by a moving

flux distribution on the surface of the substrate. This distribution

has the shape of non-symmetric Gaussian curve which is described by six

parameters:

(1) the X coordinate at the peak of the curve at the start of the
simulation { the initial position of the peak is (Xo, 0, 0) },

(2) the speed, S, at which the peak moves along the X axis { the
position P of the peak at time t is (Xo+S*t, 0, 0) },

(3) the maximum heat flux at the peak { at positien (P, 0, 0) },

(4) the width of the curve in the Y direction { at position (P, %A, 0),
the heat flux is 0.37 times the flux at the peak },

(5) the width of the curve in front of the peak { at position (P+B, 0, 0),
the heat flux is 0.37 times the flux at the peak }, and

(6) the width of the curve behind the peak { at position (P-C, 0, 0),
the heat flux is 0.37 times the flux at the peak }.
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Screen 7:
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Simulation Control: press ESC when done; press Fl1 for help.
Maximum time step:

Maximum temperature change:

Total simulation time:

Plot times (8):

—
QOO0 VNd W
oo uOAann

T N T T N T S T N I N N T R S R R R RN R RN RN

General help message:

SUBSTRAT uses a variable time step which is chosen 80 as not to exceed
the maximum time step given and so that the maximum temperature change
in any cell is not greater than the maximum given. This allows the
program to run quickly when the temperatures are not changing rapidly.
Smaller values for these two parameters will lead to more accurate
simulations at the cost of longer execution times.

The simulation will stop at the total simulation time unless it has
already stopped by exceeding a maximum fabric or padding temperature.

Plot times are entered in increasing order. When the simulation reaches
a plot time, substrate temperatures are copied to the plot file. Leave
later positions blank if you do not want to use all 10 times. A plot is
automatically written when the simulation stops. The last plot time
should be greater than the simulation time to satisfy a requirement in
the SUBSTRAT program.
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Screen 8:

b3 === =mEmEaEsSXTmoam =

Save this data file? (y/n) *

display any error message(s).

General help message:
If you entered this area accidentally and are not ready to stop

preparing the current data file, respond "N" to this question.
Thig will return you to the main menu.

Help messages in response to error message:

(1) check data.

Data in the indicated section may be incomplete or incorrect.
Enter that section and check the data.

{2) temperature problem.
The lowest temperature for fabric or padding thermal properties must
be several degrees lower than either the initial or ambient temperature.
You need to change (at least) one of those values.
(3) files limit.
No more SUBSTRAT data files can be created in this sesasion.

You probably should exit TSDATA now. You may replace one of the
data files already created.
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Screen 9:

Exit data preparation? (y/n) § (1)
display error messages, if applicable (2)

prepare DOS batch file to run all cases (y/n)? § (3)

Help messages:
(1) initial message.

If you entered this area accidentally and are not ready to stop
preparing data files, answer “N" to this question.

(2) error messages.

This warning indicates that TSDATA may have data which you have not saved.
If you respond "Y" to the question about checking this data file, you
are returned to the main menu where you can check and then save the file.
If you respond "N", you will continue to exit the TSDATA program.

(3) batch file message.

A positive response will create a file RUN.BAT resembling:

SUBSTRAT <datafile.l
SUBSTRAT <datafile.2
SUBSTRAT <datafile.3
SUBSTRAT <datafile.4

This file can be used to run SUBSTRAT on computers using MS-DOS.

Notes:
Message (1) appears automatically.
Error message (2) may appear.

Message (3) appears after a Y to question (1).
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TSPLOT

The TSPLOT program will display contour plots of substrate temperatures on the screen. It is an
interactive program which uses the plot file from SUBSTRAT as input. Because it is interactive and
graphic, it uses certain commands which restrict its operation to IBM PC compatible computers. A plot
file contains the substrate surface (Z = 0 plane) and center-plane (Y = 0 plane, see Figure B-2) tempera-
tures at various times set in the input data file.

Three special files are used by TSPLOT. The CHRSET.VGA file contains the bit patterns for the
graphic display. This file is required. The help file, TSPLOT.HLP, contains the text of the interactive
help messages. Help is activated by pressing the F1 function key. If the help file is not available in the
current working directory, no interactive help will be available. The configuration file, TSPLOT.CFG,
sets the colors of the display. The file included on the distribution diskette assumes that a standard VGA
monitor is being used. If the configuration is not in the current working directory, a set of default colors
will be used. These colors may not provide satisfactory contour plots. A new configuration file can be
made by using the MAKECFGG program. See the README file for instructions.

The operation of TSPLOT is briefly explained on the following page. Because the screen interface is
similar to TSDATA and relatively few options are available, a detailed description should not be
necessary. After reading this description, try using TSPLOT with the sample plot files. Begin the
program by typing TSPLOT. Abort the program by pressing CTRL and C.

Sample Run

At this point the following files should be available in the current working directory: TSPLOT.EXE,
CHRSET.VGA, TSPLOT.HLP, TSPLOT.CFG, TEST1.PLT, and TEST2.PLT. If they are not, use the
INSTALL procedure. If you ran TEST1 or TEST2 and aborted before completion, use INSTALL to
replace the plot files with the original complete versions.

Type TSPLOT. Press ENTER until the main menu appears; press ENTER again to get the plot file.
Enter TEST1.PLT as the name of the plot file. After returning to the main menu, press ENTER to
display the next plot. Note that this plot is for t = 1 second, and the pattern is rather small. After
viewing this plot, press any key to return to the main menu. Move (use cursor keys) to the set display
parameters option and press ENTER. Change the Xmin value from "0" to "10", press ENTER, change
Xmax from "60" to "50", press ENTER, and press ESC. Now press ENTER to display the prior plot.
The limits of the display have been changed, and the heated area appears larger. Press ENTER to
alternate between the main menu and the next plot. In the later plots note the discontinuity in the profiles
in the padding caused by the air gap. After the last plot you will arrive at the exit option. Instead of
exiting, move to the get plot file option, press ENTER, and enter TEST2.PLT as the name of the plot
file. Return to the main menu and display the next plot which is the first plot from TEST2.PLT. Note
that the limits of the X-axis have not been reset for this new plot. As you continue by displaying
successive plots note how the point of peak temperature is moving along the X-axis. When you reach
the exit option, press ENTER, and respond Y to exit the program.
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TSPLOT Main Menu

This is the main menu screen. It directs you to the different options.

TSPLOT program:

¥ Get plot file
Display next plot
Redisplay

Set display parameters

Exit

Use cursor keys to move between menu selections,
Press ENTER to activate the menu selection at the X.
Press ESC to return from a selection. Press Fl1l for help.

R R I I R R S N S S S N NN EREERITERSNTRm T EmTS

The first option is "Get plot file". You must get a (enter the name of an existing) plot file before any
plots can be displayed.

The plot file is read sequentially. You may display the data at the next plot time (option two), or you
may redisplay the last plot shown (option three).

The graphic display consists of three parts: the temperature scale (in °C) to the right, the substrate
surface temperature contours in the upper left of the screen, and the center-plane temperatures in the
lower left. In other words, the temperature contours for the Z=0 and Y =0 planes are displayed together
as if they have been folded along the X-axis so as to both be flat on the screen. The display also shows
the time and the X-axis with coordinates at the left and right edges and tic marks every millimeter.

The fourth option lets you reset the display parameters. You may set the coordinates of the left and right
edges of the display. These values change both the position and the scale of the regions being displayed
thus enlarging or shrinking the plot. The initial limits of the X-axis are for the entire region simulated.
You may also change the temperature contours which are initially set at 25 °C intervals. Changes must
be made so that each temperature is always less than the one above and more than the one below. You
will then probably want to redisplay the last plot.

After displaying one set of plots, you may get a new plot file without exiting this program. This is the
only way to go back in time on the plot file: get the plot file again and start at the beginning.

When you reach the end of the plot file, TSPLOT automatically takes you to the exit option.
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APPENDIX C

ANALYSIS OF NUMERICAL ERRORS PRODUCED
BY A RUNAWAY REACTION RATE

We have made an effort to make a fine grid in the region where the fluxes and flux gradients are high.
Nevertheless, when the reaction rates become very high, the gradients will become so steep that the
approximation of constant temperature and constant reaction rate within a cell becomes questionable. In
this appendix, we examine the magnitude of the errors thus committed by discretization. This analysis
can also serve to make appropriate corrections in the program,; this has not been done here, partly because
the analysis should first be generalized to the non-symmetric case. (See the assumptions made just below
equation (C1).

Consider the heat diffusion equation, equation (95). Suppose we have the (correct) temperature
distribution T(x,y,z,t), with a peak at (x,,y,,z,); the reaction rate is given by an expression such as
equations (108) or (110). Let us simplify this form and assume that

R, = R exp(~T,/T()) (@)

where all the preexponential factors are lumped together as the factor R, and r = (x,y,2) is the position
vector. Consider the terms in equation (12); we simplify the analysis by assuming that the temperature
peak lies at the cell center (i.e., at r,), and that the distribution is symmetric fore-and-aft. Then, since
calculating Ry, in that cell means calculating it at the center, and therefore the peak, that means we
overestimate the reaction rate, since the rate falls off at the faces of the cell.

Symmetry implies that

2 2 2
V(xVT) = K[_qzl + or + a_l') = 3,:9_1 (C2)

ax? ay? az? ax?

A second-order approximation to this derivative is

T,-2T,+T,
(ax)?

Because of the assumed symmetry, T, ; = T, ,, so that we finally have

V(xVT) = GK%:AL;TT} (C4)
X

V-(xVT) = 3x A €3)

Inserting this into equation (12), that equation becomes

pellist o gy gy g Tuse " Tovse (€5)
Az ik (Ax)?

minus similar terms in Ay and Az (as indicated by the ellipsis). Suppose further, for the sake of

simplicity, that the temperature profile is Gaussian:

(x-x, 2+ (-3, +(z-z,) (C6)

02

0(x,y,x,t) = 6_exp|-
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where 6 =T-T,
and T, = ambient (reference) temperature.

If we redefine the origin to be at (x,,¥,,Z,), then
0(x,y,x,0) = 0, exp(-rt/o?) (o7))
where r? m X2 + y? + 22,

Then if x3/a> < < 1 everywhere within the cell, we can expand (C7). At the center of the cell,

8, = 6(ry) =6, =6, (C8)
and
0,, = 0, exp[-(Ax/0)*] = 8,[1-(Ax/0)*]. (C9)
Define £ = (Ax/o)* . Then
T,-T,,=6-86_, =673 (C10)
so that equation (C5) becomes
AO 2x (Ax)?
40 pgp -2 g A _ C11
peay ~ B (ax? O o? ] “o

Assuming three-fold symmetry, the other two terms in (C11) are the same, and thus

)
pe2d ~ HR,-6x €12)

g

Note that the dependence on Ax has dropped out. Indeed, the last term is the exact diffusive loss rate,
resulting from the distribution (C7).

Now let us examine the magnitude of the error made by using a finite value of Ax. From equation (C7),

A0 =0,-6,, = 0,[1-exp(-%)] (C13)
Then expanding to the next higher order than was done in (C9),
A0 = 0,E(1-£/2) (C14)
and the second term in (C5) becomes
2x0
2xA8 _ % 1-E/2) (C15)
(Ax)? o’
Thus the numerical calculation underestimates the loss rate. Since the correct heat loss rate is
& = 610, /0® (C16)

and we have



6x6
—= [1-exp(D)], €1m
7%

we multiply L by the ratio

F = 3 o 1 (C18)
[1-exp(-§)] 1-E/2

in order to get the correct loss rate &£.

As the temperature "runs away," the distribution becomes increasingly peaked, and o declines. As it does
s0, ¢ increases, and so, therefore, does F; this helps to slow down, or moderate, the runaway. £ is
readily found to be

£ =In(6,/6,,) (C21)
Next, consider the source term in equations (C5) and (C12), again. Define
fxy2) = exp[-T,/T(x.y,2)] (C22)

The correct power output in the elemental volume AV is, from equation (C1),

Ax/2  Ay/2  Az)2

R,AV = 8R, f dx fdy ff(x,y,z)dz (€21)
0 0 0

where we have again translated (x,,y,,Z,) to be at the origin, and have taken advantage of the 3-fold
reflection symmetry. Again assume equation (C7) to hold. If ¢ < < 1, then within the cell we can
Taylor expand and write

3 x2(d*
f(x,y,2) = exp(-T,/T,) +x(—£)o + 7(5::_{]0 +.. (C22)
plus similar terms in y and z. Since the peak is at the origin,
(_81) - (_fii) - (_3[) -0, (C23)
ox), \9y), \9z),
and dropping the higher-order terms,
2 aZf y2 aZf 22 azf
®,3,0) = exp(-T,/T,) + =2 | + | =L+ 2 2S (C24)
f Al Tm Zaxzo zayzo 23220
We find that
f 2T, 6,
Ly = A R eyp(-T,/T.) (C25)
(6x2)0 Tz gt b A
Thus
T,0
f(,y,2) = exp(-T,/T,) 1-%"'7’] (C26)
T o

and integration over the cell yields
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Tm2

R,AV = (Ax)’R_ £(0) [1 - ;‘9—6—" Ez] (C27)

This is only valid for Ax/o < < 1. In that limit, however, (C26) is well approximated by

R, = R.exp(-T,/T,) exp

T (C28)
4T 2
which is a reasonable first approximation to the correct integral, even when Ax/o is not very small.

The numerical approximation is

R =R (r)) = R.exp(-T,/T,) (C29)

T,6
Thus (C28) shows that we must multiply this approximation by exp[— 4" ';' E’} in order to get a still

better approximation to the source term.



APPENDIX D
ANALYSIS OF IGNITION EXPERIMENT

Among the things we wish to extract from this experiment is the heat transfer coefficient to the surface,
h. Figure D-1 shows the total heating fluxes to the gauge, as a function of the power input, with and
without a purging flow of mtrogen Consider the 18 kW/m? case. Without the purge flow, the heating
flux is purely radiative, and is measured to be ¢.* =~ 10 kW/m?. With the purge flow on, there is
considerable convective heating of the surface as well, and the measured flux is ¢, = 18 kW/m?,
suggesting that the convective flux is .o, = ¢y — Paq = 18 - 10 = 8 kW/m?. However, when the
purge flow is turned on, it cools off the heating element somewhat. How much it does so, however, is
unknown. Assume that the purge flow reduces the hot-surface temperature such that ¢_,, is reduced to
some fraction F of the original. Then

b0 = 10F (0)})]
and
., = 18 - 10F (D2)

At the point P, on the heater axis but at the surface being heated (5.4 mm below), the heater subtends
a solid angle such that the view factor is 2. Hence the impinging radiative flux is

$0 = Qe0Tt+(1-Q)oT! (D3)

where ¢, is the emissivity of the device surface. For the particular case that was carried out, the standoff
distance is 5.4 mm, while the diameter of the glowing filament is 13 mm. According to Siegel and
Howell (1981), Appendix C, the view factor for a disk of radius R, at a point a distance H along the axis
normal to the disk, is

-1
Q- (%: +1) ©4)

Hence @ = 0.592. We also assume that T, = 25 °C = 298 K, and that ¢; = 0.85. It follows from
equations (D1) and (D3) that

- 4
10F _ (1-Q)T, D5)

T =
d Qe 0 Qe,

If F = 1, this yields Ty = 493 °C, while F = 0.9 yields Ty = 472.5 °C. The device surface cannot
be much colder than 500 °C, since it is observed to glow red. If Ty = 472.5 °C, then ¢4 = 9
kW/m?,

We will assume that the factor F remains constant for all irradiations. Thus for the case ¢, = 25
kW/m?, ¢,4* = 16 kW/m?, and equation (D5) implies that T, = 840.3 K = 567.1 °C.

We proceed the same way for all four cases, and obtain the values in the first six columns of Table D-1
(with fluxes given in kW/mz) Column 6, marked ¢, is the convective flux, found as the difference
between ¢, and ¢.,4. These values of ¢ are plotted y§ ¢,,, and a smooth curve passed through these
points, including the point at the origin. That yields the smoothed convective fluxes ¢, given in column
7.
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EFFECT OF PURGE FLOW ON HEAT FLUX VS HEATER POWER
MEASURED AT PEAK POSITION; 5.4 MM BELOW HEAT SOURCE
S T i T | I

Avd

d

4k PURGE FLOW = .
0.5 L/MIN

~

NO
PURGE FLOW

TOTAL HEAT FLUX (W/CMR2)

0 1 I i { 1

15 20 25 30 35 40 43
POWER TO HEAT SOURCE (WATTS)

Figure D-1. Total heat flux impinging on gauge, with and without purge flow
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Table D-1. Measured and Inferred Quantities From the Ignition Experiments

bt GeadlF To®) To(C) by 6. ¢ B T h  f

18 10 7457 4725 90 90 89 19.67 698 22.0 0.893
25 16 840.3 567.1 144 106 107 1956 760 229 0.854
45 23 921.0 647.8 20.7 13.2 13.0 20.71 837 239 0.865

44 32 10009 727.7 28.8 152 152 2148 907 248 0.866

The convective flux can be written in the form

¢ = h(T,- T, ®$)

where T, is the purge gas temperature, and T, is the (cold) gauge temperature. In order to make
progress we make one further plausible assumption: the purging gas takes up a (constant) fraction of the
total energy delivered to the device. We can express this as

6, = 16, ©7)

where O is the temperature referred to the gauge temperature:
6,=T,-T,. (D8)
Thus, equations (D6) and (D7) yield
¢, = h0, = fhO, D9)

Since we have T, (column 4) and ¢, (column 7), we readily infer the factor th from equation (D9). This
is given as column 8.

Next, we must find the heat transfer coefficient h for stagnant flow. The purge air comes down, strikes
the fabric, and must move away radially. This configuration is approximated by the standard problem
of stagnant flow. The heat transfer coefficient for this case is given in Kakag er al. (1987). Their
equation (2.176) on page 2-59 gives the Nusseit number:

043
N ) gr67[HePe (D10)
Pr°"\/lTe w By Puw

which was found by Cohen (1961). The subscripts w and e, above, stand for "wall" and "edge” (of the
boundary layer), respectively. The second factor on the right-hand side is approximately one, in this
case. The Reynolds number is

Re = 2=k @11)




where £_ is the characteristic length. One might think that the characteristic length here is the diameter
of the opening. In fact, however, Cohen (1961) gives Re in the form

2
Re:.‘.'&‘_‘:_‘s_ D12)
X Vv

Since the (vertical) velocity goes from u,, to zero in the distance 8, we may write

du, | B D13)
dx 8

then equation (D12) indicates that the proper {_ to use here is 8. u,, is readily inferred from the
volumetric flow, dV/dt = 0.5 I/min. Thus

nriup, wdu[T,

V= = D14)
P, 4T‘
which yields
u, = 628(T,/T,) cm/sec D15
The Nusselt number is given by
Nu = 18 D16)
.3

where 6 is the stand-off distance between the heater and the substrate, 5.4 mm. Combining these, and
knowing «(T) and »(T) for air, we obtain h(Ty), as shown in Figure D-2. Note that this is independent
of any estimates of F, the radiative and convective fluxes, etc.

We now proceed as follows: we guess a value for T,; corresponding to this we have h(T,), and we then

find h(Tg)('I‘g -Ty) = ¢*. We must do this until ¢* = ¢, as given in Table D-1. This procedure
converges quite rapidly, and we find the values of T, and h(T,) shown in columns 9 and 10. Finally,
dividing hf by the now-known values of h, we obtain the values of f shown in column 11. There are two
things to be noted about f: it is almost as large as it can get (i.e., close to unity), and it is approximately
independent of ¢,,.
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Figure D-2. Calculated heat transfer coefficient, as a function of the temperature Tg of the impinging purge
gas jet
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APPENDIX E
THERMOPHYSICAL DATA FOR COTTON

The fabric is a weave of cotton fibers. Cotton itself is a flexible, hollow tube of cellulose; the central
channel is called the lumen, and occupies a fraction ¢ of the total volume. Thus we would expect that
the density of cotton is about

p(cotton) = (1-9)p,,

where p, is the density of the solid (largely a-cellulose). Measurements yield = 0.2 - 0.4. However,
Brandrup and Immergut (1989) gives the following data on page V-122. (The references given there to
the original authors are omitted here for brevity):

Material Density (g/m¢)
Cellulose 1 1.582-1.630
Cellulose II 1.583-1.62
Cellulose 111 1.61

Cotton 1.545-1.585

Thus, the density of cotton appears to be very nearly the same as that of the solid (cellulose) implying
that n = 0. We will hereafter ignore the apparently small difference between a-cellulose and cotton, and
take the (mean) density to be p, = 1.565 + 0.02 g/m¢.

For many polymers, there is only a weak dependence of the thermal conductivity on T, between 100 and
300 K (see Siegel and Howell (1981) Figure 68). One can get an idea of the variability of the thermal
conductivity of cotton and of cotton fabrics from Figures AA-AC, in Kakag ez al.

Measurements at NIST by J.R. Lawson (private communication) have shown that the density of #10 duck
is p = 0.6 gfem®, that of #6 duck is 0.72 g/cm?®, and that of all the other cotton duck fabrics measured
is

p¢ = p(fabric) = 0.62 g/em® = 620 kg/m>.

The "void fraction” of the fabric is ®. With p, = 1.565, p; = 0.62, and with p, = density of air at
STP = 1.774x1073 g/cm?®, the relationship

o = (1 - ®p, + &p,

yields & = 0.6045.



Next, consider the specific heat. Again, the values given in Brandrup and Immergut (1989) are:

Material Specific Heat (J/g K)
Cellulose 1.34
Cotton 1.22

1.15-1.18 (0-34 °C)
1.32 (0-100 °C)

1.327-1.251

1.273-1.35

Where the temperature range is not listed, it is assumed to be the ambient (20 or 25 °C). We will thus
not be far wrong it we take ¢, = 1.3 J/g-K,

where the subscript "s" stands for "solid" (cotton or a-cellulose). We expect that, just as was the case
for density,

c; = c(fabric) = ¢, + (1 - ®)c,.

air

Hence
¢ = 1.122 J/gK, at T = 300 K.

This author has not been able to find the temperature dependence c(T); we will defer that question for
the moment.

Finally, we come to the thermal conductivity, x. This is a quantity which is notoriously difficult to obtain
accurately. Figure E-1, from Childs et al. (1973), shows the large variations in thermal conductivity
depending on measuring conditions. Many of the low values (nos. 5, 6, and 8, for example) were
measured in a vacuum. Numbers 4 and 9, on the other hand, were similar specimens, measured in air
at 25 °C. However, #9 had over three times the density of #4 and would therefore have been expected
to have a substantially higher thermal conductivity.

We list here four sources for the thermal conductivity:

a. The apparently most consistent data from Childs er al. (1973): curves 1, 2, and 3, and
point 7, give

k = 0.0365W/mK atT=306K =133 °C
b. We have the following data for cotton paper, from Brandrup and Immergut (1989):

T (°C) x (W/mK)

30 0.049
40 0.071
50 0.084
60 0.090

A curve-fit to these points, if extrapolated, would predict that x vanishes at (and below)
T = 10 °C, which is nonsense.
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Touloukian et al. (1970) give:

T(°C) « (W/mK)

The density of the material for these

0 0.056 measurements is listed as 81 kg/m°; hence
20 0.058 ® = 0.9493. Then equation (14) gives
100 0.067
x = 0.03408x, + 0.9828«, (ED)

while the tabular data are reasonably well fitted by
&(T) = 0.056 + 1.1x10*T, with T in °C (E2)

We have x,; (25 °C) = 0.02624 W/m K; now if the data in the table are the conductivi-
ties for the light cotton/air mixture, then at 20 °C, with x, = «,;,, equation (E1) yields
kg = 0.945, which is an unreasonably large value. According to Kunii (1961), the value
for the gas-phase thermal conductivity to be used in equation (14) is 1.7 times what it is
in the ambient. If we use k., = 1.7x0.02624 = 0.04461, the resulting value of «; is &,
= 0.415 W/m K, still very large. If, on the other hand, the listed values are for ;, then
k, = 0.058 and Ky = Ky imply that « = 0.0278, while for Kg = 1.7«,, « = 0.0458.
Thus none of the combinations is plausible.

Ohlemiller has made measurements of the thermal conductivity of the (#12) cotton duck;
the apparatus only works properly when the sample is thermally thick, however.
Therefore he carried out a series of measurements, with an increasing number of layers
of the fabric. It was then possible to infer the asymptotic value which would be reached
if the number of layers had been increased to a very large number: It was assumed that

k(n) = xo[1 - exp(-n0)],

where © = dimensionless thickness of one layer, and n = number of layers. The data
were:

n X The Asymptotic value of the series at the left is 0.9.
That is x,, = 0.13 J/m K.

0 0

6 0.050

12 0.077

18 0.099

x = 0.13 is about twice the value (0.056) found in the Handbook, as quoted in c., just
above. Recall that for this fabric, the void fraction is 0.6045. With & = 0.6045,
equation (14) gives

x = 0.28505«, + 0.84554x,,
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Figure E-1. Thermal conductivity of cotton as a function of temperature, as measured by different workers
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If we use x,,, = kg, we would then infer that x, = 0.378, which is an order of
magnitude greater than the earlier estimates. If we use kg, = 1.7x,,, then x = 0.13
implies x, = 0.324, only a little smaller. The latter value is not too different from the
0.415 found in source c., above.

We thus take «x, = & (T, = 25 °C) = 0.324 W/mK

and k(T = 0.13 W/mK

Assuming that the temperature dependence is like that given by eqaution (E2), we find
that

k(T) = 0.125 + 2.457x107* T, (E3)

with T in °C. Alternatively, we might use equation (14) in its more general form, that
is, including the temperature dependence

k(T) = 0.28505«(T) + 0.84554(1.7)«,;(T) EH
For air, «(T) is given by equation (52) in Childs er al. For the solid, a reasonable
assumption is that the conductivity is proportional to the absolute temperature, and that
it is also proportional to the density. Thus «,(T) is given by
k(T) = (T, pT/p,T, = 0.3237 pT/p,T, (ES)
We now turn to the question of the temperature dependence of c;. For a number of materials, the
thermal diffusivity is relatively insensitive to T. This is, in particular, the case for wood (see Parker

1985, 1987) which consists, to a significant extent, of cellulose and related compounds. If we assume
that to be the case for cotton, then we could write

«(T) = apc(T); (E6)

¢(T) is generally much easier to measure than «(T), and this would be a relatively good way to obtain
x(T); the irony is that we do not have c(T) for cotton or cellulose.

If we take x; = 0.13 for the fabric at ambient temperature, we now find that
o = x/pc =~ 0.13/(620)(1122) = 1.87x10~7 m%/s

We therefore have, finally,
¢(T) = xlpa =~ «(T)/620(1.87x10~7) = 8630«(T) J/kg K

where «(T) is given by equation (E3), or by (E4), if preferred.
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APPENDIX F

HEAT TRANSFER COEFFICIENT
IN THE PRESENCE OF A SUBSTRATE

It is first assumed that there is no x-dependence of cigarette or substrate temperature. Now refer to
Figure F-1; we need to know how the losses from point P on the cigarette to the substrate surface depend
on §. For the convective losses, it is clear that for small 8, they will depend on the substrate temperature
in the neighborhood of P. In fact, for each angle 8, we may identify a mean value y associated with it.
For 6 = =/2, buoyant convection carries gases directly away from the surface, so that the associated
value of y is y = oo, and the convective losses are precisely as they would be for the free cigarette. In
general, we may write

$.(6) = A,(NIT.(O) - T,(»] (F1)

where we have explicitly assumed that T, may vary around the circumference.

It is now necessary to integrate this around the circumference, to obtain the total (convective) energy loss
rate (per unit length). An expression was found relating 6 and y; in order to enable explicit calculations
to be carried out, it was assumed that T (y) can be approximated by the expression

T,(y) ~ T, + ATe /¥ (F2)
with
AT = T(y=0) - T, . F3)

The integration is carried out in two steps. First, suppose that T, does not vary around the circumfer-
ence; the flux can then be integrated, with the result

[e@d = xh, + L ererpeymcz, -1,
0
- %AT[hoc‘erfc\/'f + Ahe"*Cerfe/n 721 (F4)

where

vn = Rlo, and JT = RJs (F5)
Assuming s = R, o, = 0.8R, h, =10, and Ah = 61, equation (F4) yields
®
[ ¢.do = -’;—[42.437(@ - T,) - 20923 AT] (F6)

Next, the variation in surface temperature around the circumference was taken into account. It was
assumed that

T(n/2) - ©(1 - 26/x) -nf250 <x/2
T.(8) = { F7)

T(xn/2) nf2<0 <3n/2



where
v = T(x/2) - T,(0) (F8)

Note that T (6=0) is the minimum temperature around the circumference. Hence we may write
T(0=0) = T_ ;- We will shortly see that 7 is in fact a function of x and t. The time dependence of
T,(6) has been suppressed for brevity. Assuming that the T, used earlier is the maximum temperature,
a simple integration around 6 shows that (18.0366)7/2 must be subtracted from the above result.
Hereafter, T, will always mean the peak temperature around the circumference.

We want to run the cigarette program with model input values of h, T,, and/or T, such that the "isolated"
cigarette will have the indicated energy loss via convection. This can be achieved, for example, by using
an effective heat transfer coefficient h*, such that

[ ¢.©d0 = [ h*(T,-T,)d6 = xh*(T, - T,) (F9)
0 0
Thus, from equation (F6),
T - T.-T
* w2122 - 1047 22| - 9,02 c_—emin W/m3?K 10
B w2 [T,-T,) ( e ) /m F10)
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Figure F-1. Schematic of the exchange of energy between point P
on the cigarette surface and the substrate surface.
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APPENDIX G

CALCULATION OF THE
CONVECTIVE VIEW FACTOR

The conductive flux distribution in the transverse direction, ¢.(x,y,t), is calculated in Appendix 5-D of
Gann et al. (1988). The approximate expression

2
$(0,%,0) = $(0,0,0) —"— G1)
a +y

is derived there, where ¢.(0,0,0) is the (peak) initial conduction/convection flux along the line of contact;
this flux falls rapidly with time. The parameter a is of the order R/2. Equation (G1) gives Q.(y)
implicitly.

Experimental measurements (Gann et al. (1988), Section 4) have shown that the (total) flux from a
cigarette can be fitted approximately with a distribution of the form

x-x,-vt\2 42
¢,~,,(x,)’,f) = ¢max €xp (_—0—] Iy (G2)

x Oy

If expanded as a power series, this agrees with equation (G1), to lowest order in y?. The total energy
output from the distribution (B2) is

E = ffd)(x,y)dxdy = 76,0, 00,y (G3)

Reasonable agreement with experiment is obtained with 0, = 0.6 cm and o, = 0.32 cm. This suggests
that the above implicit expression for 2 (y), equation (G1), be modified to be a Gaussian. That is, the
coefficient in equation (139) is

o) =k, + Ake % G4
where

h, = background = 10 W/m’K and Ah =h,-h, = 61 Wm’K.






APPENDIX H

LONGITUDINAL DEPENDENCE
OF RADIATION FLUX TO THE SUBSTRATE

If the cigarette surface were at the uniform temperature T, and the view factor for the cigarette for some
point P on the substrate were {2 (the fraction of energy emitted by the given substrate area which would
be intercepted by the cylinder), one might think that the radiation flux reaching P is

¢, =0, +(1-0Q)¢, (H1)
where
b = eoT! (H2)
is the flux from the cigarette and
‘ba 0 Ta‘

is the ambient flux. If one properly considers the reflections between cigarette and substrate, however,
then with the further assumption that the surface temperature of the substrate, T,, is also uniform, one
finds that the correct expression would be

_ 04, +d-Q), | (1-¢)0%$,

3
\ 1 -aQ 1-a0% ' )
where
¢' = €,0 T: (H4)
and
a = (1-g)(1-¢.). (HS)

Equation (H3) reduces to (H1) in the case &, = 1. The more general case, where neither T, nor T, are
uniform over the surfaces, involves some very complex integrations which can generally not be carried
out analytically.

Indeed, T is in fact not uniform, but highly peaked. The longitudinal (i.e., parallel to the axis) net
radiation flux distribution from the surface of the freely smoldering cigarette,

$,() = e[/ - T,'] (H6)
can be again be approximated by a Gaussian:
-y )2
6,() = e,0(A T)‘exp[- G J:") l H7)
s
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Figure H-1. The geometric relationship between a general point on the
cigarette and another on the substrate. The profile above the
cigarette is its surface temperature, with its peak at X
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Thus the peak flux from, and peak temperature on, the cigarette surface both occur at x = x,; equation
(H7) gives the peak flux, and equation (H8) defines AT:

T = TXx,) = T, + (AT)* (H8)
Thus, even if we had had the simple approximation (H1) rather than (H3), it must be generalized to
o, = ¢ [oTl®dQ + 1 -Q)4, (H9)
where
faa - @

and where d{l is the view factor from a differential element on the plane to the differential cylindrical
shell of width dx, a distance x in the axial direction and a distance y in the orthogonal direction, as shown
in Figure H-1. (See reference [20] in Siegel and Howell (1981).) However, we do not have an analytic
expression for dQ.

Two alternative approximations were investigated: in one, the cylindrical shell is approximated (fory >
R) as a wall of height a ~ 2R. In another, the Gaussian distribution (38a) was approximated by a band
of constant (peak) temperature, of equivalent width. That is,

[ e P17 dx = 08, (H10)
This equation yields
o =yxs Hl11)

Thus, if s = g,, then with 0, = 6.1 mm, ¢ = 1 cm. Neither of these approximations was satisfactory.

Although obtaining the general expression for {} is a task of daunting complexity, we may obtain a crude
approximation as follows: It is clear that the flux at (x,y) is most strongly determined by the cigarette
temperature at the nearest points. These are just the points at x -- that is, on the normal to the cigarette
at x. Carrying this through to its logical conclusion, we may assume that the flux at any point (x,y)
depends only on the local temperature, T (x). This achieves an enormous simplification.

In fact, since each point on the substrate receives radiation from other points on the cigarette as well, the
actual distribution will have a slightly larger half-width than that on the cigarette. The effect can be
expected to be small, however.

Thus at any given distance y from the contact line, the flux distribution over the substrate surface (along
the x coordinate) obtained this way will be similar to the distribution on the cigarette surface, only scaled
down appropriately, as we shall now see. There then remains the task of determining how the flux falls
off with distance y from the cigarette surface.

From Sparrow and Cess (1978), we find that for a thin but infinitely long strip on the substrate, parallel
to the cylinder axis and a distance y from it, the configuration (view) factor F,, = Q is

ag) - —X H12)
R2 + y2
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where R is the cylinder radius. This is precisely of the same form as the factor for conduction. (See
equation (B1).) This is a one-dimensional calculation; clearly, for the two-dimensional case, the flux will
fall off faster. A simple expr%sxon which falls off faster but has the same y-dependence for small y is
the Gaussian dependence exp(-y /R%). More generally, the variance of the distribution may be somewhat
different from R (though it may be expected to be proportional to R); call it oy. Thus we will use

Q()’) = e‘?’/’: (H14)

Since we found above that o, = 3.2 mm for R = 4mm, we may take, in general,
g, = 0.8R (H14)

The improvement (over simply assuming that the heat flux profile is Gaussian in the y direction) which
would be obtained by carrying out the formidable integrations indicated above, hardly justifies the effort.
This holds even more strongly for the more complete expression, equation (H3). We thus use

0,0) = 00) = exp(-y?/o}) (H15)
for the sake of simplicity.

Now consider the net flux from the cigarette to the substrate: along the line of contact, @ = 1; therefore
equation (H3) yields

&€ 4 4
Prer,rad = 1‘_:o(r, - 1) (H16)

3

where a is given by equation (HS).
The radiation flux is treated in the same way as the convective flux, that is,

bper, = €80T - T,) - 1-Q)e,0(T)} - T}, H17)

where ¢, is given by equation (142), and this is split into an effective radiation from cigarette to substrate,

O, = €,Q0(T* - T (H18)
while the substrate radiates away at the rate
by = [6,Q + €, (1 -D)]o(T,! - T,') (H19)

Note that we have taken the reflections from the cigarette partially into account, by using ¢, rather than
e.; however, we have not made the fuller analysis, as in getting equation (H3).

All of the above holds for 0 < x < L.



APPENDIX I

TRANSIENT DEPRESSION OF CIGARETTE
TEMPERATURE UPON DEPOSITION
ON A SUBSTRATE

As noted above, finding T, ;,(t) is a very complex problem; a simple approximation is possible,
however: this problem has been solved for the special case of two semi-infinite solid slabs (homoge-
neous, isotropic, uniform) of different temperatures, coming into contact (Carslaw and Jaeger (1959),
Section 2.15). In the vicinity of the contact line, and for a short period, this solution will be
approximately (and locally) valid.

It is assumed there that there is perfect thermal contact between the two surfaces, so that the temperatures
at the interface immediately reach the mean value

- T +T
T= a (4 (Il)

1+r

where r is the ratio of the thermal inertias of the materials:

(kpc), 1)
(kp<),

The temperature of the substrate varies with z and t according to

T(zt) = T, + fepfc[ ] 3)

2,fat

where z is to be taken as positive into the substrate, and o, is the thermal diffusivity of the substrate.
The temperature of the other "slab” (the bottom of the cigarette) is

]] - T, )

T (z¢) = [1 +r erf(

2o

Since the thermal contact between cigarette and substrate is not perfect, their actual surface temperatures
correspond to small finite depths z, in equations (I3) and (14).

For a common fabric/foam substrate, the thermal properties are (Section IL.D.2): k, = 0.1435 W/mK,
p, = 620 kg/m?, and ¢, = 1122 J/kg K. Hence o, = 2.063 x 107 m?/s and the thermal inertia = 316
Ws!2/m?K. For a cigarette, we find (Mitler, 1988) k., = 0.316 WimK, p. = 620 kg/m®, and ¢, =
1043 J/kg K. Hence o, = 1.165 x 106 m?/s and the thermal inertia = 293 not very different from ‘that
of the substrate. With these two values, we find r = 1.0795. With T, = 600 °C and T, = 20 °C,
equation (I1) yields <T> = 298 °C.

For this cotton fabric/foam, the temperature fall in a couple of seconds is estimated to be 50-70 °C at

the flux peak, at the side of the cigarette; that is, at § = #/2. Hence the assumption made above that the
cigarette temperature is unaffected at the side is not quite correct. At @ = 0, in fact, the temperature fall

I-1



was greater than 200 °C; the precise temperature could not be measured. Thus, 6T ., = 200 °C. Then

from equation (I4) we find that erf(x/2,/a.r) = 038, fort = 2s. Assuming that the thermal

diffusivities do not vary a great deal among cigarettes, we may take this term to be a constant. In

general, then, assuming that xll\/att = const., we may write, from equation (I4),

3T, =T, + T, -[1+038r]T
or
3T, = 062rT {s)

Glass, as a substrate, is a more effective heat sink than a cotton fabric. Indeed, we find that the thermal
inertia for ordinary glass is about 1690; hence in this case, r = 1690/316 = 5.35, and with
T, = 600 °C and T, = 20 °C,

T = =977°C

and
8T

max

34°C

4]
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APPENDIX J

MASS TRANSFER COEFFICIENTS

Baker and Crellin (1977) measured the diffusion of CO through cigarette paper. For CO in nitrogen, D,
= 0.21 cm?/s, while for oxygen in nitrogen, D, = 0.199 cm 2/s. These are close enough that we may
take the results for CO to be valid for oxygen. They found the relationship:

D, = AJZ dn

between the diffusion coefficient of CO through the inherently porous cigarette wrapping paper, and the
permeability Z of the paper, to hold. Here:

D, is in 107 cm?/s
and Z is in units of cm?/min (10 cm? 10 cm water)’!

The value of A is 0.57, in the appropriate units. Permeabilities range between 16 and 2000, in these
units, so D, ranges between 1 and 22, with many of the papers in the region about:

D, = 7 x 107 cm?s.
Cigarette paper thickness is 6 = 43 + 5 um. Taking the mean, this yields:

Yp = Dp/d = 1.6 cm/s
For v, = -yb, the boundary-layer value, we use equation (118). Then at the peak surface temperature
(T, = 600 °C), the mean value of temperature to be used in equation (118) is 310 °C = 583 K. We
then get:

Y = 3.3 cm/s.

According to these results, the resistance to diffusion through the paper is only about twice that through
the boundary layer. The combined value, according to equation (122), is

=~ 1.1 cm/s.
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APPENDIX K

NOMENCLATURE
B = Biot number
C,; = specific heat of the gases
C, = specific heat of the solid

D, = diffusion coefficient for oxygen

D;, = diffusion coefficient for species i in the background "o" [equation (26)]
D, = mean pore diameter

E, = activation energy for the pyrolytic reaction

g = acceleration of gravity

h = heat transfer coefficient

h;, = mean convective heat transfer coefficient between cigarette and surface

h, = heat transfer coefficient between cigarette and quiescent air

h, = convective heat transfer coefficient; heat of combustion per unit mass

h, = convective heat transfer coefficient (at the end)

h, = heat transfer coefficient for radiation; see equations (15) and (106)

H, = molar heat of combustion

k = thermal conductivity of the cigarette (see Section III.D.1, assumption #8)
kg = thermal conductivity of the gas

k,, = normalized reaction rate (in min'!)
k, = thermal conductivity of the solid shreds
I, = a characteristic dimension [see equation (34)]
L = length of tobacco column
m = mass of tobacco column

= no. of grams of ash yielded by the burning of one gram of char

n, = no. of grams of char produced by the pyrolysis of one gram of tobacco

no, = no. of grams of oxygen which react with one gram of char

Nu = Nusselt number

Pr = Prandtl number

Q.. = energy released from char oxidation (lower heat of combustion)

Qp = energy absorbed in (endothermic) pyrolysis

Q; = energy loss rates: see Section II.B.7

Q = mean power produced during combustion

r = radial coordinate; ratio of thermal inertias [see equation (I2)]; stoichiometric fuel/oxygen ratio
R = universal gas constant; cigarette radius

Ra = Rayleigh number

Re = u/./v = Reynolds number

R;, Ry, = pyrolysis rate (in gm/cm’s)

R, = char oxidation rate

Sc¢ = Schmidt number (S¢ = »/D)

S; = source/sink term [equation (26)]

T = absolute temperature

T, min = cigarette surface temperature at contact line

Teig = cigarette surface temperature

T, = surface temperature of the substrate

u, = radial (convective) gas velocity

S



V = total volume of the cigarette

V, = total volume occupied by the solids in the cigarette
x = coordinate; axis of cylinder representing cigarette
X,x = volume fraction of oxygen

y = oxygen mass fraction

Y, = surface value of y

y, = ambient value of y

¥, = "local” ambient (inside cigarette); used in heterogeneous models
y, = value of y at cigarette (or shred) surface

yt = tobacco mass fraction

Z, = pre-exponential factor in reaction rate equation (108)

Z-o = pre-exponential factor in reaction rate equation (110)

Greek Symbols

o = thermal diffusivity of gas

B = volumetric coefficient of (gas) expansion; parameter in equation (56)
v = mass transfer coefficient for air + paper

vy = mass transfer coefficient for air (the boundary layer) alone

6 = characteristic penetration depth

€ = emissivity of the fabric (assuming that «, the absorptivity, = &)

€, = emissivity of the (paper) ash

&g = emissivity of cigarette
er = emissivity of the shreds

&, = emissivity/absorptivity of the substrate (assumed constant)
0 = e-folding distance in equations (40)-(43)

x = thermal conductivity of the substrate

x,, k, = solid and gas-phase thermal conductivities, respectively
v = kinematic viscosity of air

p, = mass density of the gases

pr = tobacco density

p; = mass density of the solid

¢ = Stefan-Boltzmann constant

7 = total duration of the smolder

¢ = void fraction in the cigarette (i.e., the volume fraction of gas, rather than of tobacco shreds)
¢ = total veid fraction (including the void space in the shreds, and is therefore larger than ¢)
é, = ambient radiation flux = oT,*

¢. = radiation flux from cigarette; convective flux (substrate)

¢.* = model convective heating flux from cigarette (see equation (9))

¢in = heating flux reaching the substrate surface

. given by equation (6)

doue = surface heat loss of the surface to the ambient, for the areas away from the cigarette
¢, = radiation flux (substrate)

2 = Q(r) = radiation view factor of the cigarette as seen by the substrate at the point r

2, = fraction giving influence of convection at a given point
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Subscripts

ambient; ash

convection; cigarette; char
= gas

= maximum

original; ambient
pyrolysis; peak

= radial; radiation; effective
= surface; substrate; solid

t = tobacco; total

x = in x-direction (axial)

I
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