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Askey scheme
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Askey scheme

calculus

Pochhammer symbol

(a)n := (a)(a+ 1) . . . (a+ n− 1), (a)0 := 1

Notation
(a1, . . . , ar)n := (a1)n . . . (ar)n

Generalized hypergeometric series

rFs

(
a1, . . . , ar
b1, . . . , bq

; z
)

:=
∞∑
n=0

(a1, . . . , ar)n
(b1, . . . , bs)n

zn

n!
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q-Askey scheme
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q-Askey scheme

q-calculus

q-Pochhammer symbol

(a; q)n := (1− a)(1− aq) . . . (1− aqn−1), (a; q)0 := 1

Notation
(a1, . . . , ar; q)n := (a1; q)n . . . (ar; q)n

Basic hypergeometric series

rφs

(
a1, . . . , ar
b1, . . . , bs

; q, z
)

:=
∞∑
n=0

(a1, . . . , ar; q)n
(b1, . . . , bs, q; q)n

(
(−1)nq(

n
2)
)1+s−r

zn

s+1φs

(
a1, . . . , as+1

b1, . . . , bs
; q, z

)
:=

∞∑
n=0

(a1, . . . , as+1; q)n
(b1, . . . , bs; q)n

zn

(q; q)n
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Generalized expansions

Generalizations of generating function families

Generalized hypergeometric orthogonal polynomials

Laguerre polynomials

Jacobi, Gegenbauer, Chebyshev and Legendre polynomials

Wilson polynomials

Continuous Hahn polynomials

Continuous dual Hahn polynomials

Meixner-Pollaczek polynomials

Basic hypergeometric orthogonal polynomials

q-ultraspherical
/Rogers polynomials

q-Laguerre polynomials

big q-Laguerre

Al-Salam-Carlitz II

big/little q-Jacobi polynomials (ongoing)

Stieltjes-Wigert polynomials (ongoing)

Askey-Wilson (ongoing)
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Generalized expansions

Example: Al-Salam-Carlitz II generating function

De�nition (orthogonal, monic):

V (α)
n (x; q) = (−α)nq−(n2) 2φ0

(
q−n, x

−
; q,

qn

α

)
, α < 0

Connection relation (1 free parameter)

V (α)
n (x; q) =

n∑
k=0

cn,k(α;β)V (β)
k (x),

where

cn,k(α;β) :=
βn−kqk(k−n)(qk−n+1α/β; q)n−k(qn−k+1; q)k

(q; q)k
Generating function:

(αρ; q)∞ 1φ1

(
x

αρ
; q, ρ

)
=
∞∑
n=0

qn(n−1)ρn

(q; q)n
V (α)
n (x; q)
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Generalized expansions

Example: Al-Salam-Carlitz II (cont.)

Therefore:

(αρ; q)∞ 1φ1

(
x

αρ
; q, ρ

)
=
∞∑
n=0

qn(n−1)ρn

(q; q)n

×
n∑
k=0

βn−kqk(k−n)(qk−n+1α/β; q)n−k(qn−k+1; q)k
(q; q)k

V
(β)
k (x)

Reverse the order of summation and let n 7→ n+ k

(αρ; q)∞ 1φ1

(
x

αρ
; q, ρ

)
=
∞∑
k=0

ρkV
(β)
k (x, q)

(q; q)k

×
∞∑
n=0

βnq−nk(αq1−n/β; q)n(qn+1; q)kq(n+k)(n+k−1)ρn

(q; q)n+k
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Generalized expansions

Example: Al-Salam-Carlitz II (cont.)

Using the properties of q-Pochhammer symbols:

(a; q)n+k = (a; q)n(aqn, q)k,

(aq−n; q)n = (q/a; q)n(−a)nq−n−(n2), a 6= 0,

one obtains after cancellation

(αρ; q)∞ 1φ1

(
x

αρ
; q, ρ

)
=
∞∑
k=0

ρkqk(k−1)V
(β)
k (x, q)

(q; q)k

∞∑
n=0

q(
n
2)(βα ; q)n(−αρqk)n

(q; q)n

therefore with α, β < 0, one has

(αρ; q)∞ 1φ1

(
x

αρ
; q, ρ

)
=
∞∑
n=0

ρnqn(n−1)V
(β)
n (x, q)

(q; q)n
1φ1

(
β/α

0
; q, αρqn

)
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Generalized expansions

Classical expansions for orthogonal polynomials

Gegenbauer generating function (1874)

1
(1 + ρ2 − 2ρx)ν

=
∞∑
n=0

ρnCνn(x)

Legendre generating function (1783)

1√
1 + ρ2 − 2ρx

=
∞∑
n=0

ρnPn(x)

Heine's reciprocal square root identity (1881)

1√
z − x

=
√

2
π

∞∑
n=0

εnQn−1/2(z)Tn(x), εn :=
{

1 if n = 0,
2 if n = 1, 2, 3, . . .

1√
1 + ρ2 − 2ρx

=
1

π
√
ρ

∞∑
n=0

εnQn−1/2

(
1 + ρ2

2ρ

)
Tn(x)
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Generalized expansions

Obtaining generalizations: Gegenbauer generating function

Gegenbauer generating function:

1
(1 + ρ2 − 2ρx)ν

=
∞∑
n=0

ρnCνn(x)

Connection relation:

Cνn(x) =
1
µ

bn/2c∑
k=0

(µ+ n− 2k)
(ν − µ)k (ν)n−k
k!(µ+ 1)n−k

Cµn−2k(x).

Gegenbauer expansion:

1
(z − x)ν

=
2µ+ 1

2 Γ(µ)eiπ(µ−ν+ 1
2
)

√
π Γ(ν)(z2 − 1)

ν−µ
2
− 1

4

∞∑
n=0

(n+ µ)Q
ν−µ− 1

2

n+µ− 1
2

(z)Cµn(x) (1)

Implies Chebyshev 1st kind expansion (see Cohl & Dominici (2011)):

1
(z − x)ν

=

√
2
π

eiπ( 1
2
−ν)

Γ(ν)(z2 − 1)
ν
2
− 1

4

∞∑
n=0

εnQ
ν− 1

2

n− 1
2

(z)Tn(x),
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Generalized expansions

Jacobi generalizations of Gegenbauer generating function

Gegenbauer→Jacobi generating function:

1
(1 + ρ2 − 2ρx)ν

=
∞∑
n=0

ρn
(2ν)n

(ν + 1
2)n

P
(ν− 1

2
,ν− 1

2
)

n (x)

Jacobi connection relation (2 free parameters) Ismail (2005)

P (α,β)
n (x) =

n∑
k=0

cn,k(α, β; γ, δ)P (γ,δ)
k (x),

cn,k(α, β; γ, δ) :=
(α+ k + 1)n−k(n+ α+ β + 1)kΓ(γ + δ + k + 1)

(n− k)!Γ(γ + δ + 2k + 1)

× 3F2

(
−n+ k, n+ k + α+ β + 1, γ + k + 1

α+ k + 1, γ + δ + 2k + 2
; 1

)
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Generalized expansions

Jacobi generalization of Gegenbauer generating function

Theorem

Let α, β > −1, z ∈ C \ (−∞, 1]→ C, on any ellipse with foci at ±1 and x
in the interior of that ellipse. Then

1
(z − x)ν

=
(z − 1)α+1−ν(z + 1)β+1−ν

2α+β+1−ν

×
∞∑
n=0

(2n+ α+ β + 1)Γ(α+ β + n+ 1)(ν)n
Γ(α+ n+ 1)Γ(β + n+ 1)

Q
(α+1−ν,β+1−ν)
n+ν−1 (z)P (α,β)

n (x)
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Generalized expansions

Jacobi polynomials: P
(α,β)
n : C→ C

DLMF (18.12.3) generating function

1
(1 + ρ)α+β+1 2F1

(
α+β+1

2 , α+β+2
2

β + 1
;
2ρ(1 + x)
(1 + ρ)2

)
=
(

2
ρ(1 + x)

)β/2 Γ(β + 1)
Rα+1

P−βα

(
1 + ρ

R

)
=
∞∑
n=0

(α+ β + 1)n
(β + 1)n

ρnP (α,β)
n (x),

Ismail (2005) (4.3.2) generating function

(α+ β + 1)(1 + ρ)
(1− ρ)α+β+2 2F1

(
α+β+2

2 , α+β+3
2

α+ 1
;
−2ρ(1− x)

(1− ρ)2

)
=
(

2
ρ(1− x)

)α/2 (α+ β + 1)(1 + ρ)Γ(α+ 1)
Rβ+2

P−αβ+1

(
1− ρ

R

)
=
∞∑
n=0

(2n+ α+ β + 1)
(α+ β + 1)n

(α+ 1)n
ρnP (α,β)

n (x),
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Generalized expansions

Generalized expansions for Jacobi polynomials

Theorem

Let m ∈ N0, α, β > −1, x ∈ [−1, 1], ρ ∈ {z ∈ C : |z| < 1} \ (−1, 0]. Then

(1 + x)−β/2

Rα+m+1
P−βα+m

(
1 + ρ

R

)
=

ρ−(α+1)/2

2β/2(1− ρ)m

∞∑
n=0

(2n+ α+ β + 1)Γ(α+ β + n+ 1)(α+ β +m+ 1)2n
Γ(β + n+ 1)

×P−α−β−2n−1
−m

(
1 + ρ

1− ρ

)
P (α,β)
n (x).
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Generalized expansions

Generalized expansions for Jacobi polynomials

Theorem

Let α ∈ C, γ, β > −1, ρ ∈ {z ∈ C : |z| < 1} \ (−1, 0], x ∈ [−1, 1]. Then

(1 + x)−β/2

(1 + ρ2 − 2ρx)(α+1)/2
P−βα

(
1 + ρ√

1 + ρ2 − 2ρx

)

=
Γ(γ + β + 1)

2β/2Γ(β + 1)(1− ρ)α−γρ(γ+1)/2

×
∞∑
k=0

(2k + γ + β + 1)(γ + β + 1)k (α+ β + 1)2k
(β + 1)k

×P−γ−β−2k−1
γ−α

(
1 + ρ

1− ρ

)
P

(γ,β)
k (x).
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Generalized expansions

1
(z − x)ν

=
(z2 − 1)(1−ν)/2

eiπ(ν−1)Γ(ν)

∞∑
n=0

(2n+ 1)Qν−1
n (z)Pn(x)

(13) in Cohl (2013) ITSF

1
z − x

=
∞∑
n=0

(2n+ 1)Qn(z)Pn(x)

Heine (1851) Heine's formula

1
z − x

=
2µ+1/2Γ(µ)eiπ(µ−1/2)

√
π(z2 − 1)−µ/2+1/4

∞∑
n=0

(n+ µ)Q−µ+1/2
n+µ−1/2(z)Cµn(x)

(7.2) in Durand, Fishbane & Simmons (1976)

1
z − x

=
(z − 1)α(z + 1)β

2α+β

∞∑
n=0

(2n+ α+ β + 1)Γ(α+ β + n+ 1)n!
Γ(α+ 1 + n)Γ(β + 1 + n)

Q(α,β)
n (z)P (α,β)

n (x)

(9.2.1) in Szeg® (1959)

1
(z − x)ν

=
(z − 1)α+1−ν(z + 1)β+1−ν

2α+β+1−ν

∞∑
n=0

(2n+ α+ β + 1)Γ(α+ β + n+ 1)(ν)n
Γ(α+ n+ 1)Γ(β + n+ 1)

Q
(α+1−ν,β+1−ν)
n+ν−1 (z)P (α,β)

n (x)

Theorem 1 in Cohl (2013) SIGMA

1√
z − x

=
√

2
π

∞∑
n=0

εnQn−1/2(z)Tn(x)

Heine (1881)

1
(z − x)ν

=

√
2
π

(z2 − 1)−ν/2+1/4

eiπ(ν−1/2)Γ(ν)

×
∞∑
n=0

εnQ
ν−1/2
n−1/2(z)Tn(x)

(3.10) in Cohl & Dominici (2011)PRA

1
(1 + ρ2 − 2ρx)ν

=
∞∑
n=0

ρnCνn(x)

Gegenbauer (1874) generating function

(1 + x)−β/2

(1 + ρ2 − 2ρx)(α+1)/2
P−βα

(
1 + ρ√

1 + ρ2 − 2ρx

)

=
Γ(γ + β + 1)

2β/2Γ(β + 1)(1− ρ)α−γρ(γ+1)/2

∞∑
n=0

(2n+ γ + β + 1)(γ + β + 1)n(α+ β + 1)2n
(β + 1)n

P−γ−β−2n−1
γ−α

(
1 + ρ

1− ρ

)
P (γ,β)
n (x)

Theorem 1 in Cohl & MacKenzie (2013) JCA and Theorem 4 in Cohl, MacKenzie & Volkmer (2013) JMAA

1
(z − x)ν

=
2µ+1/2Γ(µ)eiπ(µ−ν+1/2)

√
π Γ(ν)(z2 − 1)(ν−µ)/2−1/4

×
∞∑
n=0

(n+ µ)Qν−µ−1/2
n+µ−1/2(z)Cµn(x)

Theorem 2.1 in Cohl (2013) ITSF
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Expansions for Jacobi polynomials

Other Jacobi generating functions

Connection relation (1 free parameter)

P (α,β)
n (x) =

(β + 1)n
(γ + β + 1)(γ + β + 2)n

×
n∑
k=0

(γ + β + 2k + 1)(γ + β + 1)k (n+ β + α+ 1)k(α− γ)n−k
(β + 1)k (n+ γ + β + 2)k(n− k)!

P
(γ,β)
k (x).

Generating function for Jacobi polynomials: DLMF (18.12.1)

2α+β

R (1 + R− ρ)α (1 + R + ρ)β
=
∞∑
n=0

ρnP (α,β)
n (x),

where R :=
√

1 + ρ2 − 2ρx.

Howard Cohl (NIST) Generalized expansions April 11, 2014 19 / 40



Expansions for Jacobi polynomials

Generalized expansions for Jacobi polynomials

Theorem

Let α ∈ C, γ, β > −1, ρ ∈ {z ∈ C : |z| < 1}, x ∈ [−1, 1]. Then

2α+β

R (1 + R− ρ)α (1 + R + ρ)β

=
1

γ + β + 1

∞∑
k=0

(2k + γ + β + 1)(γ + β + 1)k
(
α+β+1

2

)
k

(
α+β+2

2

)
k

(α+ β + 1)k
(
γ+β+2

2

)
k

(
γ+β+3

2

)
k

× 3F2

(
β + k + 1, α+ β + 2k + 1, α− γ
α+ β + k + 1, γ + β + 2k + 2

; ρ

)
ρkP

(γ,β)
k (x).
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Expansions for Jacobi polynomials

Generalized expansions for Jacobi polynomials

Theorem

Let α ∈ C, γ, β > −1, ρ ∈ {z ∈ C : |z| < 1}, x ∈ [−1, 1]. Then(
2

(1− x)ρ

)α/2( 2
(1 + x)ρ

)β/2
Jα

(√
2(1− x)ρ

)
Iβ

(√
2(1 + x)ρ

)
=

1
(γ + β + 1)Γ(α+ 1)Γ(β + 1)

×
∞∑
k=0

(2k + γ + β + 1)(γ + β + 1)k
(
α+β+1

2

)
k

(
α+β+2

2

)
k

(α+ 1)k (β + 1)k (α+ β + 1)k
(
γ+β+2

2

)
k

(
γ+β+3

2

)
k

× 2F3

(
2k + α+ β + 1, α− γ

α+ β + k + 1, γ + β + 2k + 2, α+ k + 1 ; ρ
)
ρkP

(γ,β)
k (x)

=
∞∑
n=0

ρn

Γ(α+ 1 + n)Γ(β + 1 + n)
P (α,β)
n (x).
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Expansions for Jacobi polynomials

Gegenbauer polynomials: Cµ
n : C→ C

Generating function from (9.8.32) of Koekoek, Lesky & Swarttouw
(2010)

2F1

(
λ, 2α− λ

α+ 1
2

;
1−R− ρ

2

)
2F1

(
λ, 2α− λ

α+ 1
2

;
1−R+ ρ

2

)

=
Γ2(α+ 1

2)
21/2−α (1− x2)1/4−α/2ρ1/2−α

×P 1/2−α
α−λ−1/2

(√
1 + ρ2 − 2ρx+ ρ

)
P1/2−α
α−λ−1/2

(√
1 + ρ2 − 2ρx− ρ

)
=
∞∑
n=0

(λ)n (2α− λ)n
(2α)n (α+ 1

2)n
ρnCαn (x).
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Expansions for Jacobi polynomials

Generalized expansions for Gegenbauer polynomials

Theorem

Let α, µ ∈ C, ν ∈ (−1
2 ,∞) \ {0}, ρ ∈ {z ∈ C : |z| < 1} , x ∈ [−1, 1].

Then

(1− x2)1/4−µ/2

×P 1/2−µ
µ−α−1/2

(√
1 + ρ2 − 2ρx+ ρ

)
P1/2−µ
µ−α−1/2

(√
1 + ρ2 − 2ρx− ρ

)
=

21/2−µ

Γ(µ+ 1/2)

∞∑
n=0

(α)n (2µ− α)n (µ)n
(2µ)n (ν)n Γ(µ+ n+ 1/2)

ρµ+n−1/2

× 6F5

 α+n
2 , α+n+1

2 , 2µ−α+n
2 , 2µ−α+n+1

2 , µ− ν, µ+ n

2µ+n
2 , 2µ+n+1

2 ,
µ+n+ 1

2
2 ,

µ+n+ 3
2

2 , ν + 1 + n
; ρ2

Cνn(x).
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Expansions for Jacobi polynomials

Associated Legendre function, Ferrers functions, and
Gegenbauer polynomials

If n ∈ N0, then through DLMF (14.3.22)

P
1/2−µ
n+µ−1/2(z) =

2µ−1/2Γ(µ)n!√
π Γ(2µ+ n)

(z2 − 1)µ/2−1/4Cµn(z),

and from DLMF (14.3.21), one has

P1/2−µ
n+µ−1/2(x) =

2µ−1/2Γ(µ)n!√
π Γ(2µ+ n)

(1− x2)µ/2−1/4Cµn(x).
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Expansions for Jacobi polynomials

Gegenbauer expansions

For speci�c values can be this nice expansion

Cµm(R + ρ)Cµm(R− ρ) =
(2µ)2m
(m!)2

m∑
n=0

(−m)n(2µ+m)n
(2µ)n(µ+ 1

2)n
ρnCµn(x),

and from the above generalized result we have

Cµm(R + ρ)Cµm(R− ρ) =
(2µ)2m
ν(m!)2

m∑
n=0

(ν + n) (−m)n (2µ+m)n (µ)n
(2µ)n (µ+ 1/2)n (ν + 1)n

× 6F5

 −m+n
2 , −m+n+1

2 , 2µ+m+n
2 , 2µ+m+n+1

2 , µ− ν, µ+ n

2µ+n
2 , 2µ+n+1

2 ,
µ+n+ 1

2
2 ,

µ+n+ 3
2

2 , ν + 1 + n
; ρ2

 ρnCνn(x),

which reduces to above formula when ν = µ.
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Expansions in Wilson polynomials

Wilson polynomials

Wn(x2; a, b, c, d) := (a+ b)n(a+ c)n(a+ d)n

× 4F3

(
−n, n+ a+ b+ c+ d− 1, a+ ix, a− ix

a+ b, a+ c, a+ d
; 1

)
.

Connection relation with one free parameter for the Wilson
polynomials

Wn

(
x2; a, b, c, d

)
=

n∑
k=0

n!
k!(n− k)!

Wk

(
x2; a, b, c, h

)
×(n+ a+ b+ c+ d− 1)k (d− h)n−k (k + a+ b)n−k (k + a+ c)n−k

(k + b+ c)−1
n−k(k + a+ b+ c+ h− 1)k (2k + a+ b+ c+ h)n−k

.
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Expansions in Wilson polynomials

Generalized generating function for Wilson polynomials

Theorem

Let ρ ∈ {z ∈ C : |z| < 1} , x ∈ (0,∞), < a,< b,< c,< d,<h > 0 and

non-real parameters a, b, c, d, h occurring in conjugate pairs. Then

2F1

(
a+ ix, b+ ix

a+ b
; ρ

)
2F1

(
c− ix, d− ix

c+ d
; ρ

)

=
∞∑
k=0

(k + a+ b+ c+ d− 1)k
(k + a+ b+ c+ h− 1)k (a+ b)k (c+ d)k k!

× 4F3

(
d− h, 2k + a+ b+ c+ d− 1, k + a+ c, k + b+ c

k + a+ b+ c+ d− 1, 2k + a+ b+ c+ h, k + c+ d
; ρ

)

× ρkWk

(
x2; a, b, c, h

)
.
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Expansions in Wilson polynomials

Generalized generating function for Wilson polynomials

Theorem

Let ρ ∈ C, |ρ| < 1, x ∈ (0,∞), and a, b, c, d, h complex parameters with

positive real parts, non-real parameters occurring in conjugate pairs among

a, b, c, d and a, b, c, h. Then

(1− ρ)1−a−b−c−d

×4F3

(
1
2(a+ b+ c+ d− 1), 1

2(a+ b+ c+ d), a+ ix, a− ix
a+ b, a+ c, a+ d

;− 4ρ
(1− ρ)2

)

=
∞∑
k=0

(k + a+ b+ c+ d− 1)k(a+ b+ c+ d− 1)k
(k + a+ b+ c+ h− 1)k(a+ b)k(a+ c)k(a+ d)kk!

ρk

×3F2

(
2k + a+ b+ c+ d− 1, d− h, k + b+ c

2k + a+ b+ c+ h, a+ d+ k
; ρ
)
Wk(x2; a, b, c, h)
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Expansions in continuous dual Hahn polynomials

Continuous dual Hahn polynomials

Sn(x2; a, b, c) := (a+ b)n(a+ c)n 3F2

(
−n, a+ ix, a− ix

a+ b, a+ c
; 1
)
,

where a, b, c > 0, except for possibly a pair of complex conjugates with
positive real parts. Connection coe�cient for the continuous dual
Hahn polynomials with two free parameters.

Lemma

Let x ∈ (0,∞), and a, b, c, f, g ∈ C with positive real parts and non-real

values appearing in conjugate pairs among a, b, c and a, f, g. Then

Sn(x2; a, b, c)=
n∑
k=0

n!
k!(n− k)!

(k + a+ b)n−k(k + a+ c)n−kSk(x2; a, f, g)

× 3F2

(
k − n, k + a+ f, k + a+ g

k + a+ b, k + a+ c
; 1
)
.
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Expansions in continuous dual Hahn polynomials

Generalized gen. fn. for continuous dual-Hahn polynomials

Theorem

Let ρ ∈ C with |ρ| < 1, x ∈ (0,∞) and a, b, c, d, f > 0 except for possibly

pairs of complex conjugates with positive real parts among a, b, c and
a, d, f . Then

(1− ρ)−d+ix2F1

(
a+ ix, b+ ix

a+ b
; ρ
)

=
∞∑
k=0

Sk(x2; a, d, f)ρk

(a+ b)kk! 2F1

(
b− f, k + a+ d

k + a+ b
; ρ
)
.

Theorem

Let ρ ∈ C, x ∈ (0,∞), and a, b, c, d > 0 except for possibly a pair of

complex conjugates with positive real parts among a, b, c and a, b, d. Then

eρ 2F2

(
a+ ix, a− ix
a+ b, a+ c

;−ρ
)

=
∞∑
k=0

ρkSk(x2; a, b, d)
(a+ b)k(a+ c)kk! 1F1

(
c− d

k + a+ c
; ρ
)
.
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Expansions in Meixner-Pollaczek

Connection relation for Meixner-Pollaczek polynomials

If λ > 0 and φ ∈ (0, π), then the Meixner-Pollaczek polynomials are
orthogonal

P (λ)
n (x;φ) :=

(2λ)n
n!

einφ2F1

(
−n, λ+ ix

2λ
; 1− e−2iφ

)
.

Connection relation with one free parameter:

Lemma

Let λ > 0, φ, ψ ∈ (0, π). Then

P (λ)
n (x;φ) =

1
sinn ψ

n∑
k=0

(2λ+ k)n−k
(n− k)!

sink φ sinn−k(ψ − φ)P (λ)
k (x;ψ).
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Expansions in Meixner-Pollaczek

Expansions for Meixner-Pollaczek polynomials

Theorem

Let λ > 0, ψ, φ ∈ (0, π), x ∈ R, and ρ ∈ C such that

|ρ|(sinφ+ | sin(ψ − φ)|) < sinψ.
Then

(1− eiφρ)−λ+ix(1− e−iφρ)−λ−ix

=
(

1− ρsin(ψ − φ)
sinψ

)−2λ ∞∑
k=0

P
(λ)
k (x;ψ)ρ̃k,

where

ρ̃ =
ρ sinφ

sinψ − ρ sin(ψ − φ)
.

etc. for continuous Hahn polynomials
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Expansions in Rogers polynomials

Some results for q-Pochhammer symbols

(a; q)n+k = (a; q)n(aqn; q)k,

(a; q)2n = (a, aq; q2)n,

(aq−n; q)n = (a−1q; q)n(−a)nq−n−(n2), a 6= 0,

(aqn; q)k =
(a; q)k
(a; q)n

(aqk; q)n,

(a2; q2)n = (a,−a; q)n,

(−a2; q2)n = (ia,−ia; q)n.
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Expansions in Rogers polynomials

The q-ultraspherical/Rogers polynomials

De�nition (orthogonal) for |β| < 1

Cn(x;β|q) :=
(β2; q)nβ−n/2

(q; q)n
4φ3

(
q−n, β2qn, β1/2eiθ, β1/2e−iθ

βq1/2,−β,−βq1/2 ; q, q
)

=
(β2; q)nβ−ne−inθ

(q; q)n
3φ2

(
q−n, β, βe2iθ

β2, 0
; q, q

)

=
(β; q)neinθ

(q; q)n
2φ1

(
q−n, β

β−1q1−n
; q, qβ−1e−2iθ

)
,

where x = cos θ.
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Expansions in Rogers polynomials

Theorem

Let x ∈ [−1, 1], β ∈ (−1, 1) \ {0}, q ∈ (0, 1). Then

2φ1

(
β

1
2 eiθ, (βq)

1
2 eiθ

βq
1
2

; q, e−iθt

)
2φ1

(
−β

1
2 e−iθ,−β

1
2 q

1
2 e−iθ

βq
1
2

; q, eiθt

)

=
1

1− γ

∞∑
n=0

(β,−β,−βq
1
2 ; q)n(1− γqn)tn

(β2, βq
1
2 , qγ; q)n

Cn(x; γ|q)

× 10φ9

(
β/γ, βqn, i(βqn)

1
2 ,−i(βqn)

1
2 , i(βqn+1)

1
2 ,−i(βqn+1)

1
2 ,

γqn+1, βqn/2,−βqn/2, βq(n+1)/2,−βq(n+1)/2, (βqn+ 1
2 )

1
2 ,

i(βqn+ 1
2 )

1
2 ,−i(βqn+ 1

2 )
1
2 , i(βqn+3/2)

1
2 ,−i(βqn+3/2)

1
2

−(βqn+ 1
2 )

1
2 , (βqn+3/2)

1
2 ,−(βqn+3/2)

1
2

; q, γt2
)

=
∞∑
n=0

(−β,−βq1/2; q)n
(β2, βq1/2; q)n

Cn(x;β|q)tn.
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Expansions in Rogers polynomials

Theorem

Let x ∈ [−1, 1], β ∈ (−1, 1) \ {0}, q ∈ (0, 1). Then

(γeiθt; q)∞
(eiθt; q)∞

3φ2

(
γ, β, βe2iθ

β2, γeiθt
; q, e−iθt

)

=
1

1− γ

∞∑
n=0

(β, γ; q)n(1− γqn)tn

(β2, qγ; q)n
Cn(x; γ|q)

× 6φ5

(
β/γ, βqn, (γqn)

1
2 ,−(γqn)

1
2 , (γqn+1)

1
2 ,−(γqn+1)

1
2

βqn/2,−βqn/2, βq(n+1)/2,−βq(n+1)/2, γqn+1
; q, γt2

)

=
∞∑
n=0

(γ; q)n
(β2; q)n

Cn(x;β|q)tn,

etc. for q-ultraspherical/Rogers polynomials.
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Expansions in q-Laguerre polynomials

The q-Laguerre polynomials

De�nition (orthogonal) α > −1

L(α)
n (x; q) =

(qα+1; q)n
(q; q)n

1φ1

(
q−n

qα+1 ; q,−qn+α+1x

)

=
1

(q; q)n
2φ1

(
q−n,−x

0
; q, qn+α+1

)
.

Connection relation

L(α)
n (x; q)

=
qn(α−β)

(q; q)n

n∑
j=0

(−1)n−jq(
n−j

2 )(qn−j+1; q)j(qj−n+β−α+1; q)n−j L
(β)
j (x; q)
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Expansions in q-Laguerre polynomials

Generalized generating function for q-Laguerre

Theorem

Let α > −1. Then

1
(t; q)∞

0φ1

(
−
qα+1 ; q,−xtqα+1

)

=
∞∑
n=0

(q(α−β)t)nL(β)
n (x; q)

(qα+1; q)n
2φ1

(
qα−β, 0
qα+n+1 ; q, t

)
,

=
∞∑
n=0

L
(α)
n (x; q)

(qα+1; q)n
tn.
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Expansions in q-Laguerre polynomials

Generalized generating function for q-Laguerre (cont.)

Theorem

Let α > −1. Then

(t; q)∞ 0φ2

(
−

qα+1, t
; q,−qα+1xt

)

=
∞∑
n=0

(−tqα−β)nq(
n
2)L(β)

n (x; q)
(qα+1; q)n

1φ1

(
qα−β

qα+n+1 ; q, qnt
)

=
∞∑
n=0

(−1)nq(
n
2)

(qα+1; q)n
L(α)
n (x; q)tn.

etc. for q-Laguerre and etc. for little q-Laguerre.
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Final Remarks

Final Remarks & see publications

De�nite integrals from orthogonality for the basic case

Discrete hypergeometric orthogonal polynomials

Big/little q-Jacobi, continuous q-Jacobi, Askey-Wilson

�On a generalization of the generating function for Gegenbauer polynomials,� H. S.
Cohl, 2013, Integral Transforms and Special Functions, 24, 10, 807�816, 10 pp.

�Generalizations and specializations of generating functions for Jacobi, Gegenbauer,
Chebyshev and Legendre polynomials with de�nite integrals,� H. S. Cohl and
Connor MacKenzie, 2013, Journal of Classical Analysis, 3, 1, 17-33, 17 pp.

�Fourier, Gegenbauer and Jacobi expansions for a power-law fundamental solution
of the polyharmonic equation and polyspherical addition theorems,� H. S. Cohl,
2013, Symmetry, Integrability and Geometry: Methods and Applications, 9, 042,
26 pp.

�Generalizations of generating functions for hypergeometric orthogonal polynomials
with de�nite integrals,� H. S. Cohl, Connor MacKenzie, and H. Volkmer, 2013,
Journal of Mathematical Analysis and Applications, 407, 2, 211-225, 15 pp.

�Generalized generating functions for higher continuous orthogonal polynomials in
the Askey scheme,� M. A. Baeder, H. S. Cohl, H. Volkmer (submitted).

Howard Cohl (NIST) Generalized expansions April 11, 2014 40 / 40


	Askey scheme
	Askey scheme
	q-Askey scheme
	Generalized expansions
	Expansions for Jacobi polynomials
	Expansions in Wilson polynomials
	Expansions in continuous dual Hahn polynomials
	Expansions in Meixner-Pollaczek
	Expansions in Rogers polynomials
	Expansions in q-Laguerre polynomials
	Final Remarks

