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New reference equations, adopted by the International Association for the Properties

of Water and Steam (IAPWS), are presented for the sublimation pressure and melting

pressure of ice Ih as a function of temperature. These equations are based on input values

derived from the phase-equilibrium condition between the IAPWS-95 scientific standard

for thermodynamic properties of fluid H2O and the equation of state of H2O ice Ih

adopted by IAPWS in 2006, making them thermodynamically consistent with the bulk-

phase properties. Compared to the previous IAPWS formulations, which were empirical

fits to experimental data, the new equations have significantly less uncertainty. The

sublimation-pressure equation covers the temperature range from 50 K to the vapor–liq-

uid–solid triple point at 273.16 K. The ice Ih melting-pressure equation describes the

entire melting curve from 273.16 K to the ice Ih–ice III–liquid triple point at 251.165 K.

For completeness, we also give the IAPWS melting-pressure equation for ice III, which

is slightly adjusted to agree with the ice Ih melting-pressure equation at the correspond-

ing triple point, and the unchanged IAPWS melting-pressure equations for ice V, ice VI,

and ice VII. [doi:10.1063/1.3657937]

Key words: ice Ih; ice III; ice V; ice VI; ice VII; melting-pressure equation; sublimation-pressure equation;

water.
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List of Symbols

B ¼ second virial coefficient

cp ¼ isobaric heat capacity

g ¼ specific Gibbs energy

p ¼ pressure

pmelt ¼ melting pressure

psubl ¼ sublimation pressure

R ¼ specific gas constant of water

s ¼ specific entropy

T ¼ absolute temperature; values correspond to the

ITS-90 temperature scale

U ¼ expanded uncertainty (k¼ 2)

v ¼ specific volume

d ¼ deviation of a quantity

p ¼ reduced pressure, p¼ psubl/p* (Sec. 3) or

p¼ pmelt/p* (Secs. 4 and 5)

h ¼ reduced temperature, h¼T/T*

Superscripts

* ¼ reducing quantity
00 ¼ property of water vapor at the sublimation-pressure

curve

þ ¼ property of ice Ih at the sublimation-pressure or

melting-pressure curve

þþ ¼ property of liquid water at the melting-pressure

curve

id ¼ property in the ideal-gas state

Ih ¼ property of ice Ih (solid phase “S” in Fig. 1)

vap ¼ property of water vapor (gas phase “G” in Fig. 1)

Subscripts

o ¼ constant value

calc ¼ calculated value

data ¼ input data used to develop the equations

exp ¼ experimental value

t ¼ property at the several triple points; see Fig. 1

1. Introduction

Figure 1 shows the phase-boundary curves of water in a

p-T diagram. This article presents new equations for the cal-

culation of pressures along the sublimation-pressure curve

and the melting-pressure curve of ice Ih. These curves are

plotted in bold in Fig. 1.

In 1993, IAPWS issued a “Release on the Pressure along

the Melting and Sublimation Curves of Ordinary Water Sub-

stance;” the corresponding article was published in 1994.1

These empirical equations were fitted to relatively old exper-

imental data for the sublimation-pressure curve and for the

several sections of the melting-pressure curve; see Fig. 1.

Thus, these equations are not thermodynamically consistent

with the subsequently developed IAPWS equations of state

for fluid and solid H2O. The newer equations of state are

“The IAPWS Formulation 1995 for the Thermodynamic

Properties of Ordinary Water Substance for General and Sci-

entific Use” 2,3 (called IAPWS-95 for short) and “The Equa-

tion of State of H2O Ice Ih.” 4,5

In order to make the equations for the sublimation and

melting pressures consistent with the IAPWS-95 formulation

and the ice Ih equation of state, new correlation equations

for the sublimation pressure and melting pressure of ice Ih

were developed. In addition, the melting-pressure equation

of ice III was slightly modified to make it consistent with the
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melting-pressure equation of ice Ih at the ice Ih–ice III–

liquid triple point; see Fig. 1. Although the IAPWS melting-

pressure equations for ice V, ice VI, and ice VII are

unchanged, they are included in this article for completeness.

All of these equations are also given in the corresponding

IAPWS Release.6

Since the (normal) vapor–liquid–solid triple point, where

the solid, liquid, and gas phases of water are in equilibrium

(see Fig. 1), is of importance for the topics considered in this

work, its temperature and pressure values are given here.

The temperature is defined in the International Temperature

Scale of 1990 (ITS-90)7 to be

Tt ¼ 273:16 K: (1a)

Based on the widely accepted measurements of Guildner

et al.,8 the triple-point pressure is

pt ¼ ð611:65760:010Þ Pa: (1b)

The relative uncertainty of the triple-point pressure

amounts to 0.0016%. These uncertainties correspond to an

expanded uncertainty at the k¼ 3 level (three times the

standard uncertainty).

Both the IAPWS-95 formulation2,3 and the equation of

state for ice Ih4,5 yield for the triple-point pressure the value,

pt ¼ 611:654 771 Pa: (1c)

The difference between the pressure values given by Eqs.

(1b) and (1c) is extremely small and well within the experi-

mental uncertainty.

2. Input Data for the Development of the
New Equations

The input data for the new equations for the sublimation

pressure and the melting pressure for ice Ih were determined

by applying the phase-equilibrium condition between the two

phases in thermodynamic equilibrium along the sublimation-

pressure curve and the melting-pressure curve, respectively.

2.1. Input data for the sublimation-pressure
equation

The input data for the development of the sublimation-

pressure equation were determined from the phase-equilibrium

condition at the sublimation-pressure curve, namely

gþ T; pð Þ ¼ g00 T; pð Þ; (2)

where gþ is the specific Gibbs energy of ice Ih at the

sublimation-pressure curve and g00 is the specific Gibbs

energy of gaseous water (water vapor) at the sublimation-

pressure curve. The quantity gþ is calculated from the equa-

tion of state for ice Ih,4,5 and g00 is calculated from the

IAPWS-95 formulation.2,3 For given values of temperature,

the corresponding sublimation pressure, psubl, was deter-

mined from Eq. (2) by iteration; the iteration tolerance for

equality of specific Gibbs energy was set to 10�8 kJ kg�1. In

this way, values for the sublimation pressure were calculated

from the temperature of the triple point, Tt¼ 273.16 K, down

to 130 K. This is the lowest temperature for which the spe-

cific Gibbs energy can be calculated from IAPWS-95,

because the range of validity of the equation for the isobaric

heat capacity in the ideal-gas state, used in IAPWS-95,

extends down only to 130 K.2

Table 1 lists some examples for the sublimation-pressure

input data obtained from the procedure described above for

the temperature range from 273 K down to 130 K. These data

also illustrate the magnitudes of the sublimation pressures

over this range. The complete set of input data used for the

development of the sublimation-pressure equation contained

about 250 points. The temperature and pressure values at the

triple point were not included in the input data, but were

taken into account by a constraint (see Sec. 3).

TABLE 1. Selected input data points on the sublimation curve calculated via

the phase-equilibrium condition, Eq. (2), using the IAPWS-95 formulation2

for water vapor and the equation of state for ice Ih.4

T/K psubl/Pa T/K psubl/Pa

273 6.036 717 87� 102 200 1.625 953 24� 10–1

272 5.557 230 06� 102 180 5.392 122 10� 10–3

270 4.700 764 77� 102 160 7.728 901 37� 10–5

265 3.059 209 33� 102 150 6.095 677 59� 10–6

260 1.958 076 01� 102 140 3.366 204 44� 10–7

250 7.601 672 20� 101 130 1.200 376 34� 10–8

230 8.947 945 33� 100

FIG. 1. Phase-boundary curves of water in a p-T diagram. For a reasonable

pressure scale in this figure, the sublimation-pressure curve psubl was trun-

cated at 200 K.
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The input data for the temperature range from 125 K down

to 30 K were taken from Table 4 in the article of Feistel and

Wagner.9 There, the sublimation pressures were also deter-

mined by evaluating the phase-equilibrium condition, where

gþ was again calculated from the equation of state for ice

Ih,4,5 but g00 was calculated from the equation of state for the

ideal gas in connection with the ideal-gas isobaric heat

capacities derived by Woolley10 at multiples of 10 K. The

use of the equation of state for the ideal gas introduces no

significant uncertainty for the input data in this range,

because at these extremely small pressures there is practi-

cally no difference between the thermodynamic properties of

“real” water vapor and of water vapor considered as an ideal

gas. [After this work was completed, an extension of the

ideal-gas part of IAPWS-95 was developed for temperatures

from 50 K to 130 K.11,12 Thus, the input data for the sublima-

tion pressure at lower temperatures could be calculated in

the same way as was done for the range from 130 K to

273.16 K. However, tests have shown that data calculated in

that manner would be negligibly different from the input

data used here.]

2.2. Input data for the melting-pressure equation
for ice Ih

The input data for the development of the melting-

pressure equation for ice Ih were determined from the phase-

equilibrium condition at the melting-pressure curve, namely

gþðT; pÞ ¼ gþþðT; pÞ; (3)

where gþ is the specific Gibbs energy of ice Ih at the

melting-pressure curve and gþþ is the specific Gibbs energy

of liquid water at the melting-pressure curve. The quantity

gþ is calculated from the equation of state for ice Ih4,5 and

gþþ is calculated from the IAPWS-95 formulation.2,3 The

evaluation of Eq. (3) was carried out by a procedure analo-

gous to that described in Sec. 2.1 for determining the input

data for the sublimation-pressure equation. The input data

for the melting-pressure equation were calculated from the

temperature of the vapor–liquid–solid triple point,

Tt¼ 273.16 K, down to 251.165 K, the temperature of the ice

Ih–ice III–liquid triple point.

Table 2 lists some examples for the melting-pressure input

data obtained from the procedure described above for the

temperature range from 273 K down to 251 K. These data

also illustrate the magnitudes of the melting pressures over

this range. The complete set of input data used for the devel-

opment of the melting-pressure equation contained more

than 200 points. The temperature and pressure values at the

triple point were not included in the input data, but were

taken into account by the structure of the melting-pressure

equation (see Sec. 4).

3. The New Sublimation-Pressure
Equation

The previous IAPWS sublimation-pressure equation1 con-

tained two terms and was developed based on the experimen-

tal data of Douslin and Osborn13 and Jancso et al.14 Because

the lowest temperature of these data was 194 K, this

sublimation-pressure equation was only valid from the

triple-point temperature of 273.16 K down to 190 K.

The new sublimation-pressure equation was developed

based on two steps that have proved to be successful for

establishing empirical equations for the calculation of ther-

modynamic properties.2,15,16 These steps are the formulation

of a convenient “bank of terms” and the application of the

structure-optimization method of Setzmann and Wagner17 to

determine from the bank of terms the best combination of a

selected number of terms. After several tests, a structure for

the new equation was finally selected that is similar to the

structure of reference-quality vapor-pressure equations, e.g.,

for water2 and sulfur hexafluoride.15 In these optimization

steps, the respective equations were fitted to the sublimation-

pressure input data set described in Sec. 2.1. This procedure

resulted in the following equation for the sublimation pres-

sure of water:

ln p ¼ h�1
X3

i¼1

ai h
bi ; (4)

where p¼ psubl/p* and h¼ T/T* with T*¼Tt¼ 273.16 K and

p*¼ pt¼ 611.657 Pa; Tt and pt are the temperature and

pressure values at the triple point. The coefficients ai and

exponents bi are given in Table 3.

Equation (4) exactly reproduces the temperature and pres-

sure of the triple point, Eqs. (1a) and (1b); this was achieved

by taking into account the constraint,

X3

i¼1

ai ¼ 0 (4a)

TABLE 2. Selected input data points on the melting-pressure curve calculated

via the phase-equilibrium condition, Eq. (3), using the IAPWS-95 formula-

tion2 for liquid water and the equation of state for ice Ih.4

T/K pmelt/MPa T/K pmelt/MPa

273 2.145 341 88� 100 260 1.382 698 77� 102

272 1.513 552 02� 101 255 1.794 134 79� 102

270 3.931 333 88� 101 253 1.948 406 74� 102

265 9.233 519 36� 101 251 2.097 797 49� 102

TABLE 3. Coefficients ai and exponents bi of the sublimation-pressure equa-

tion, Eq. (4).

i ai bi

1 �0.212 144 006� 102 0.333 333 333� 10�2

2 0.273 203 819� 102 0.120 666 667� 101

3 �0.610 598 130� 101 0.170 333 333� 101
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in the optimization process of Eq. (4). The reason for con-

straining Eq. (4) at the triple-point pressure according to

Eq. (1b) and not Eq. (1c) was to remain consistent with the

internationally accepted value. Although the input data used

extended down to 30 K (see Sec. 2.1), the lower limit for the

range of validity of Eq. (4) was chosen as 50 K in order to

avoid an additional term that would have been needed to

extend the range by only 20 K. Moreover, sublimation pres-

sures at such low temperatures have little practical relevance

because of their extremely low values; at 50 K, the sublima-

tion pressure is about 1.9� 10–40 Pa.

Computer-program verification: To assist the user in

computer-program verification of Eq. (4), the following

value is given: T¼ 230.0 K, p¼ 8.947 35 Pa.

3.1. Discussion of the sublimation-pressure
equation

Figure 2 compares the sublimation-pressure values calcu-

lated from Eq. (4) (zero line) with the input data used for the

development of this equation. For temperatures from 130 K

up to 273.16 K, corresponding to the range where the input

data calculated from the phase-equilibrium condition exist

(see Table 1), the upper diagram illustrates that Eq. (4) repre-

sents these data to within 0.005% above and within 0.02%

below 250 K. This is negligible in comparison to the uncer-

tainty of the input data; see Sec. 3.2. The deviations of values

calculated from the more complex seven-term equation of

Feistel and Wagner9 are shown for comparison. The lower

diagram illustrates that Eq. (4) also represents the input data

for the range between 50 K and 130 K to within the scatter of

the data. It can be seen that the previous IAPWS

sublimation-pressure equation1 deviates significantly from

all of the data and from Eq. (4).

Figure 3 shows the deviations of experimental sublimation

pressures measured very recently by Bielska et al.18,19 from

the values calculated with Eq. (4). The differences are well

within the uncertainties of the data given by the authors;

except for four data points, the agreement is within 0.2%.

These experimental data were not available at the time the

new sublimation-pressure equation was developed. Consid-

ering this, it is notable how well Eq. (4) agrees with these

new measurements18,19 (or vice versa). When taking into

account the expanded uncertainty (k¼ 2) of Eq. (4) (see Sec.

3.2) and the uncertainties of the experimental data (the error

bars shown in Fig. 3 only correspond to the standard uncer-

tainty k¼ 1), it can be concluded that the sublimation pres-

sures of H2O can (at the present time) be more accurately

calculated than measured.

A comparison of sublimation-pressure data measured

between 1965 and 201113,14,18–22 (only Weber’s data23 are

much older) with the values from Eq. (4) is presented in

Fig. 4. These data cover a temperature range from 132 to

273.16 K. The upper diagram with a deviation scale of

620% shows that there are significant differences among the

data of the various authors but also considerable scatter

within the data of the same author. The differences between

the data of Mauersberger and Krankowsky20 and the values

from Eq. (4) extend to about �35% at about 165 K, and the

data of Bryson et al.22 deviate from the equation values by

more than 150% at about 132 K (not shown in the figure).

The lower diagram shows the data situation using a deviation

scale of 61% (data with deviations greater than 1% were

omitted). For temperatures from 255 to 273.16 K, the experi-

mental sublimation pressures of Douslin and Osborn13 and

Jancso et al.14 lie about 60.2% around the zero line, while

the measurements of Bielska et al.18,19 completely agree

with the values from Eq. (4); see also Fig. 3. These new

measurements significantly improve the situation of the ex-

perimental sublimation pressures.

FIG. 2. Percentage deviations in sublimation pressure between the input data

psubl,data (examples are given in Table 1) and the values psubl,calc calculated

with Eq. (4). The lower diagram (with a different deviation scale) covers the

entire range of validity of Eq. (4) and shows the position of the input data

for the range between 50 and 125 K. Values from the equation of Feistel and

Wagner9 and the previous IAPWS sublimation-pressure equation1 are shown

for comparison.

FIG. 3. Percentage deviations 100 Dpsubl=psubl ¼ 100ðpsubl;exp � psubl;calcÞ=
�

psubl;exp� of experimental data for the sublimation pressure psubl;exp from

values psubl;calc calculated with Eq. (4). The error bars depict standard uncer-

tainties (k¼ 1) of the experimental data.

043103-5SUBLIMATION AND MELTING PRESSURE OF ICE

J. Phys. Chem. Ref. Data, Vol. 40, No. 4, 2011

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

129.6.105.191 On: Tue, 30 Dec 2014 17:40:46



3.2. Range of validity and estimated uncertainty of
the sublimation-pressure equation

The range of validity of the sublimation-pressure equation,

Eq. (4), covers the sublimation-pressure curve in the temper-

ature range from 50 to 273.16 K. It fully meets the triple

point according to Eq. (1b).

The expanded uncertainty in sublimation pressure accord-

ing to Eq. (4) was estimated from the equations derived in

the Appendix. For temperatures above 130 K, it is

U psublð Þ
psubl

� �2

� 1:1� 10�5
� �2þ 1� 10�2 Tt

T
� 1

� �� �2

þ 4� 10�4 Tt

T
� 1� ln

Tt

T

� �� �2

(5a)

and between 50 K and 130 K the equation reads

U psublð Þ
psubl

� �2

� 1:1� 10�5
� �2þ 1� 10�2 Tt

T
� 1

� �� �2

þ
�

1:4� 10�4 þ 0:4� 10�1

� 130 K

T
� 1� ln

130 K

T

� ��2

: (5b)

Figure 5 is the graphical illustration of the uncertainties from

Eqs. (5a) and (5b).

4. The New Melting-Pressure Equation
for Ice Ih

The previous IAPWS melting-pressure equation1 for ice Ih

contains two terms and was determined based on the experi-

mental data of Bridgman24 and of Henderson and Speedy.25

The new melting-pressure equation was developed based

on a procedure very similar to that used for the determination

of the new sublimation-pressure equation, Eq. (4). Several

tests showed that the basic mathematical form used for the

terms of the previous equation was also most effective for

the new melting-pressure equation. Based on this result, the

structure-optimization method of Setzmann and Wagner17

was again applied to determine the final equation. In these

optimization steps, the respective equations were fitted to the

melting-pressure input data set described in Sec. 2.2. This

procedure resulted in the following equation for the melting

pressure of H2O ice Ih:

p ¼ 1þ
X3

i¼1

ai 1� hbi
� �

; (6)

where p¼ pmelt/p* and h¼T/T* with T*¼ Tt¼ 273.16 K and

p*¼ pt¼ 611.657 Pa; Tt and pt are the temperature and pres-

sure values at the vapor–liquid–solid triple point. The coeffi-

cients ai and exponents bi are listed in Table 4.

As a consequence of its structure, for T¼ 273.16 K Eq. (6)

yields exactly the pressure at the triple point according to

Eq. (1b). The reason for selecting for the reducing pressure

p* the triple-point pressure pt according to Eq. (1b) and not

FIG. 4. Percentage deviations of experimental data for the sublimation pressure

psubl;exp from values psubl;calc calculated with Eq. (4). Data with deviations out-

side the two different deviation scales were omitted. The error bars given for

the experimental data of Bielska et al.18,19 depict standard uncertainties (k¼ 1).

FIG. 5. Percentage uncertainties in sublimation pressure for the sublimation-

pressure equation, Eq. (4), estimated with Eqs. (5a) and (5b). The uncertain-

ties correspond to expanded uncertainties with a coverage factor k¼ 2. The

estimate for the uncertainty at the triple-point temperature is 0.0011%.

TABLE 4. Coefficients ai and exponents bi of the melting-pressure equation,

Eq. (6).

i ai bi

1 0.119 539 337� 107 0.300 000� 101

2 0.808 183 159� 105 0.257 500� 102

3 0.333 826 860� 104 0.103 750� 103

043103-6 WAGNER ET AL.

J. Phys. Chem. Ref. Data, Vol. 40, No. 4, 2011

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

129.6.105.191 On: Tue, 30 Dec 2014 17:40:46



Eq. (1c) was to remain consistent with the internationally

accepted value.

Computer-program verification: To assist the user in

computer-program verification of Eq. (6), the following

value is given: T¼ 260.0 K, p¼ 138.268 MPa.

4.1. Discussion, range of validity, and
estimated uncertainty of the melting-pressure

equation for ice Ih

Figure 6 compares the melting-pressure values calculated

from Eq. (6) (zero line) with the input data used for the de-

velopment of this equation. These input data were calculated

from the phase-equilibrium condition ice Ih–liquid (see Sec.

2.2) and cover the temperature range from 251.165 K up to

273.16 K (i.e., the range between the ice Ih–ice III–liquid

triple point and the vapor–liquid–solid triple point); see

Table 2. The upper diagram illustrates that Eq. (6) represents

these data to within 6 0.002% over the entire range of the

melting-pressure curve for ice Ih. This small difference in

pressure corresponds to about 0.5 mK in temperature (on av-

erage over the entire melting-pressure curve). These differ-

ences are negligible in comparison to the uncertainty of

the input data, which produce the uncertainty of Eq. (6) as

discussed below. From the lower diagram with a different

deviation scale, it can be seen that the previous IAPWS

melting-pressure equation1 deviates significantly from Eq.

(6). The same applies to the experimental melting pressures

of Bridgman24 and of Henderson and Speedy,25 which were

used for the development of the previous equation. More

recent experimental melting pressures are given in graphical

form in the articles of Grasset26 and Grasset et al.27 The nu-

merical values of these data were provided by Grasset.28 In

addition to these sources, there are three papers29–31 that con-

tain one melting-pressure data point each, which are also

plotted in Fig. 6. As discussed for the sublimation-pressure

equation, the uncertainty of Eq. (6) is clearly smaller than

the uncertainty of the experimental data. On the other hand,

all these experimental data agree with the values from Eq.

(6) within their experimental uncertainty.

Range of validity: Equation (6) is valid for the entire

melting-pressure curve of ice Ih, i.e., from 251.165 K to

273.16 K, from the ice Ih–ice III–liquid triple point to the

vapor–liquid–solid triple point.

Estimate of uncertainty: The expanded uncertainty (k¼ 2)

of the melting-pressure equation for ice Ih is estimated to be

2% in pressure.4 This is a conservative estimate that was car-

ried out similarly to the estimation of the uncertainty for the

sublimation-pressure equation, Eq. (4).

5. Melting-Pressure Equations for Ice III,
Ice V, Ice VI, and Ice VII

Although the IAPWS melting-pressure equations for ice

V, ice VI, and ice VII are unchanged compared to the

Release of 1993 and the corresponding paper,1 they are

included in this article for completeness. The IAPWS

melting-pressure equation for ice III was slightly adjusted to

agree with the ice Ih melting-pressure equation at the corre-

sponding triple point.

5.1. Melting-pressure equation for ice III

Compared to the previous IAPWS melting-pressure equa-

tion of ice III,1 the coefficient and the pressure p* were

slightly modified to make Eq. (7) consistent with the

melting-pressure equation of ice Ih, Eq. (6), at the ice Ih–ice

III–liquid triple point; see Fig. 1. The adjusted melting-

pressure equation for ice III is

p ¼ 1� 0:299948 1� h60
� �

; (7)

where p¼ pmelt/p* and h¼ T/T* with T*¼ 251.165 K and

p*¼ 208.566 MPa. The values for T* and p* correspond to

the temperature and pressure at the ice Ih–ice III–liquid tri-

ple point, respectively, as shown in Table 5. The range of va-

lidity of Eq. (7) covers temperatures from 251.165 K to

256.164 K. For the uncertainty and the values for computer-

program verification of Eq. (7), see Tables 6 and 7. Based on

the relatively high uncertainties of the experimental melting

pressures, the derivatives of Eq. (7) could be subject to larger

relative errors.

FIG. 6. Percentage deviations in melting pressure between the input data

pmelt;data (examples are given in Table 2) and the values pmelt;calc calculated

with Eq. (6). For comparison, the lower diagram (with a different deviation

scale) also shows the deviations of values calculated from the previous

IAPWS melting-pressure equation1 and of experimental data.
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5.2. Melting-pressure equations for ice V, ice VI,
and ice VII

The IAPWS melting-pressure equations for these modifi-

cations of ice are unchanged compared to the Release of

1993 and the corresponding paper;1 they are included in this

article for completeness.

Melting pressure of ice V (temperature range from
256.164 K to 273.31 K):

p ¼ 1� 1:18721 1� h8
� �

; (8)

where p¼ pmelt/p* and h¼T/T* with T*¼ 256.164 K and

p*¼ 350.1 MPa.

Melting pressure of ice VI (temperature range from
273.31 K to 355 K):

p ¼ 1� 1:07476 1� h4:6
� �

; (9)

where p¼ pmelt/p* and h¼T/T* with T*¼ 273.31 K and

p*¼ 632.4 MPa.

Melting pressure of ice VII (temperature range from
355 K to 715 K):

ln p ¼ 0:173683� 101 1� h�1
� �

� 0:544606� 10�1 1� h5
� �

þ 0:806106� 10�7 1� h22
� �

; (10)

where p¼ pmelt/p* and h¼ T/T* with T*¼ 355 K and

p*¼ 2216 MPa.

Note: The upper value of the temperature range of

Eq. (10) corresponds to the highest temperature for which

measurements exist and not the end of the melting curve of

ice VII.

Equations (8) to (10) are constrained to fit the experimen-

tal temperature and pressure values of the relevant triple

points given in Table 5.

5.2.1. Range of validity and estimates of
uncertainty of the equations

Equations (8) and (9) are valid for the entire range of the

solid-liquid equilibrium for the ice form stated. Equation

(10) only covers the range of the solid-liquid equilibrium for

ice VII up to 715 K, as indicated.

The estimated uncertainties of the melting pressures calcu-

lated from Eqs. (8) to (10) are listed in Table 6. Based on the

relatively high uncertainties of the experimental melting

pressures, the derivatives of Eqs. (8) to (10) could be subject

to larger errors.

5.2.2. Computer-program verification

To assist the user in computer-program verification,

Table 7 lists values for the pressures calculated from each of

the equations at one temperature within its range of validity.
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7. Appendix: Uncertainty Estimate for the
Sublimation-Pressure Equation

In the sublimation range of T and p, the specific Gibbs

energy of water vapor can be estimated with sufficient accu-

racy by

gvap T; pð Þ ¼ g0 þ s0T þ RT ln pþ pB Tð Þ

þ
ðT

Tt

1� T

T0

� �
� cid

p T0ð ÞdT 0; (A1)

where B(T) is the second virial coefficient, which may be

estimated from IAPWS-952,3 or from the correlation of Har-

vey and Lemmon.32 The specific Gibbs energy of ice Ih can

be estimated by

TABLE 5. Values for the triple points of the solid phases that coexist with

another solid phase and with the liquid.

Coexisting phases Tt/K pt/MPa

ice Ih – ice III – liquid 251.165 208.566 a

ice III – ice V – liquid 256.164 350.1

ice V – ice VI – liquid 273.31 632.4

ice VI – ice VII – liquid 355 2216

a This is not the experimental triple-point pressure pt,exp, but was calculated

to make, at this triple point, Eqs. (6) and (7) consistent with each other. The

difference (pt,exp� pt,calc) is 0.64% of the triple-point pressure, which is

clearly within the 3% uncertainty of the experimentally determined triple-

point pressure.24

TABLE 6. Estimated uncertainties of the calculated melting pressures.

Equation Equilibrium Uncertainty

(7) ice III – liquid 3%

(8) ice V – liquid 3%

(9) ice VI – liquid 3%

(10) ice VII – liquid 7%

TABLE 7. Melting pressures calculated from Eqs. (7) to (10) for selected

temperatures.

Equation Equilibrium T/K p/MPa

(7) ice III – liquid 254.0 268.685

(8) ice V – liquid 265.0 479.640

(9) ice VI – liquid 320.0 1356.76

(10) ice VII – liquid 550.0 6308.71
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gIh T; pð Þ ¼ gIh T; ptð Þ þ vIh T; ptð Þ p� ptð Þ: (A2)

The constants g0 and s0 can be expressed by the vapor–

liquid–solid triple-point properties. From equating the spe-

cific Gibbs energies of ice Ih and water vapor, the expression

for the sublimation pressure, psubl Tð Þ, is obtained,

RT lnpsublþpsubl B Tð Þ� vIh T;ptð Þ
� 	

¼RT lnptþpt B Ttð Þ� vIh T;ptð Þþ T�Ttð Þ dBðTÞ
dT

� �
T¼Tt

" #

þ T�Ttð Þsvap T;ptð Þ

�
ðT

Tt

1� T

T0

� �
� cid

p T0ð Þþ sIh T 0;ptð Þ
� �

dT 0: (A3)

We consider possible deviations d of the various quantities

from their true values, and the way these deviations are corre-

lated by Eq. (A3), at a given exact temperature T, exactly

defined triple-point temperature Tt, and R considered as exact,

dpsubl

psubl

¼ dpt

pt
þpsubl�pt

RT
dvIh T;ptð Þþ pt

Tt

�psubl

T

� �
dB Ttð Þ

R

� 1

T
� 1

Tt

� � pt d Tt

dBðTÞ
dT

� �
T¼Tt

�B Ttð Þ
" #

R

þpsubl

RT
d B Ttð Þ�B Tð Þ½ �þ 1�Tt

T

� �
dsvap Tt ;ptð Þ

R

�
ðT

Tt

1

T
� 1

T 0

� �
dcid

p T0ð Þ
R

dT 0 þ 1

T

ðT

Tt

dsIh T0;ptð Þ
R

dT0:

(A4)

Some minor terms compared to the ideal-gas volume were

neglected here. We now consider the individual deviations

of Eq. (A4) as statistically independent and infer for their

related expanded (k¼ 2) uncertainties U the equation,

U psublð Þ
psubl

� �2

¼ U ptð Þ
pt

� �2

þ
pt � psublð ÞU v Ih T; ptð Þ

� �
RT

� �2

þ pt

Tt

� psubl

T

� �
U B Ttð Þð Þ

R

� �2

þ 1

T
� 1

Tt

� � pt U B Ttð Þ � Tt

dBðTÞ
dT

� �
T¼Tt

 !

R

2
66664

3
77775

2

þ psubl U B Ttð Þ � B Tð Þð Þ
RT

� �2

þ Tt

T
� 1

� �
U svap Tt ; ptð Þð Þ

R

� �2

þ
ðT

Tt

1

T
� 1

T0

� � U cid
p T0ð Þ


 �
R

d T0

2
4

3
5

2

þ 1

T

ðT

Tt

U s Ih T0; ptð Þ
� �

R
d T0

� �2

:

(A5)

Reasonable estimates for the various quantities involved

here show that only four of them are practically relevant.

(1) The experimental uncertainty of the triple-point pressure

was estimated by Guildner et al.,8 with the value of

0.010 Pa as an expanded uncertainty at the k¼ 3 level;

see Eq. (1b). For a k¼ 2 expanded uncertainty, we multi-

ply the value of 0.010 Pa by 2/3,

U ptð Þ
pt

¼ 2

3
� 0:01

611:657
� 1:1� 10�5: (A6)

The dominant contributions below the triple point result

from the uncertainties of the entropies of vapor and of

ice, points (2), (3), and (4) below.

(2) To estimate the vapor-entropy term of Eq. (A5),

Tt

T
� 1

� �
U svap Tt ; ptð Þð Þ

R
; (A7)

we use the IAPWS-95 uncertainty of the vapor entropy

at the triple point (Ref. 4, p. 1036, and Ref. 9, p. 43, and

Fig. 4 of the IAPWS Advisory Note No. 133),

U svap Tt ; ptð Þð Þ
svap Tt ; ptð Þ ¼ 2� 10�4: (A8)

With the value of the triple-point entropy of vapor,

svap Tt ; ptð Þ � 9000 J kg�1 K�1; (A9)

we obtain the estimate,

Tt

T
� 1

� �
U svap Tt ; ptð Þð Þ

R

� Tt

T
� 1

� �
1:8

462
� 4� 10�3 Tt

T
� 1

� �
: (A10)

(3) The ideal-gas term of Eq. (A5),
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�
ðT

Tt

1

T
� 1

T0

� � U cid
p T0ð Þ


 �
R

d T0 (A11)

can be estimated using the uncertainty of the isobaric

heat capacity of water vapor above 130 K, U cp

� �
=cp

� 0:01%,

U cid
p T0ð Þ


 �
cid

p T0ð Þ ¼ 1� 10�4; (A12)

with the result

�
ðT

Tt

1

T
� 1

T0

� � U cid
p T0ð Þ


 �
R

d T0

� � 1� 10�4

462 J kg�1K�1

ðT

Tt

1

T
� 1

T0

� �
cid

p T0ð Þ d T0: (A13)

Down to 50 K, the isobaric heat capacity of vapor is suf-

ficiently well approximated by

cid
p � 2000 J kg�1K�1: (A14)

We carry out the integral in Eq. (A13),

�
ðT

Tt

1

T
� 1

T0

� � U cid
p T0ð Þ


 �
R

d T0

� 0:4� 10�3 Tt

T
� 1� ln

Tt

T

� �
: (A15)

At 130 K, this uncertainty is

0:4� 10�3 Tt

130 K
� 1� ln

Tt

130 K

� �
� 1:4� 10�4:

(A16)

Below 130 K, the correlation for the sublimation pressure

is based on linear interpolation between the Woolley10

grid points carried out in Ref. 9, Fig. 3. Very likely, the

interpolation leads to an error larger than the uncertain-

ties of Woolley’s data. For simplicity, we conservatively

infer from Fig. 3 of Ref. 9 that the interpolation error of

cid
p does not exceed 1% between 130 K and 50 K. With

this value, we get for T< 130 K,

�
ðT

Tt

1

T
� 1

T0

� � U cid
p T0ð Þ


 �
R

d T0

� 1:4� 10�4 þ 0:4� 10�1 130 K

T
� 1� ln

130 K

T

� �
:

(A17)

(4) For the final term of Eq. (A5),

� 1

T

ðT

Tt

U s Ih T0; ptð Þ
� �

R
d T0; (A18)

we use the uncertainty estimate for the ice entropy

(k¼ 2),9

U s Ih T; ptð Þ
� �

¼ 4 J kg�1 K�1; (A19)

and calculate the integral,

� 1

T

4

462

ðT

Tt

dT0 � 9� 10�3 Tt

T
� 1

� �
: (A20)

Result: Summing up the contributions (1)–(4), our final

result for Eq. (A5) reads above 130 K,

U psublð Þ
psubl

� �2

� 1:1� 10�5
� �2þ 1� 10�2 Tt

T
� 1

� �� �2

þ 4� 10�4 Tt

T
� 1� ln

Tt

T

� �� �2

; (A21a)

and between 50 K and 130 K,

U psublð Þ
psubl

� �2

� 1:1� 10�5
� �2þ 1� 10�2 Tt

T
� 1

� �� �2

þ
�

1:4� 10�4 þ 0:4� 10�1

� 130 K

T
� 1� ln

130 K

T

� ��2

: (A21b)

Equations (A21a) and (A21b) correspond to Eqs. (5a) and

(5b), respectively.
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