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Quantum entanglement has been the subject of considerable research, in part due
to its non-intuitive nature and ubiquitous presence in quantum information processing.
For this reason, it is of interest to study entanglement in a variety of systems. The work
discussed in this thesis focuses on the demonstration of deterministic entanglement in
a system pervasive in nature: mechanical oscillators. Here, the mechanical oscillators
are composed of the vibrations of two ion pairs in spatially separated locations. The
techniques demonstrated in this experiment are likely to form core components of large-

scale trapped-ion quantum information processing.
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Chapter 1

Introduction

1.1 Motivations

This dissertation presents two experiments involving entangled mechanical oscil-
lators [Jost 09]. The first experiment entangles the internal spin of a trapped ion with a
spatially separated mechanical oscillator. The second experiment entangles the motion
of two spatially separated mechanical oscillators. In these experiments, the mechanical
oscillators consist of pairs of trapped ions held in different locations. A pair of trapped
ions behaves like a system of masses connected by springs, a canonical example of a
mechanical oscillator.

Creating novel entangled states of mechanical oscillators serves as a test of quan-
tum mechanics in a new regime. The techniques developed to reach this end formed
key components in demonstrating a complete methods set for scalable ion trap quan-
tum information processing (QIP) [Home 09] and realizing the first multi-qubit quantum
processor [Hanneke 10].

Quantum mechanics is a very successful theory for explaining many aspects of
nature. However, it is perhaps better known for some of the counter intuitive predictions
it makes about the world, such as quantum mechanical superpositions [Schrodinger 35
and entanglement |[Einstein 35, Bell 64]. A superposition state is one where a system
is in two or more possible states at the same time. Entanglement manifests itself as a

correlation between two systems that is stronger than anything described by classical



physics. These effects have been observed in many systems, but at size scales or in
systems not commonplace outside of a lab. One of the unresolved questions in physics is
why do we not experience these effects in everyday life, such as cats in a superposition
of being both dead and alive [Schrédinger 35]. Perhaps it might depend on the number
particles that can be put in a superposition state or entangled [Bassi 03, Leggett 02a)
or maybe only certain degrees of freedom can experience these effects.

Many experiments have probed superpositions and entanglement in atomic, pho-
tonic, condensed matter systems [Aspelmeyer 08a, Southwell 08]. For the case of ions
a “Schrodinger Cat ” superposition state [Schrodinger 35] has been created using the

internal spin state of a “Be™

ion and a coherent state of its motion [Monroe 96|. Sev-
eral different experiments have entangled the internal states of trapped ions [Sackett 00,
Leibfried 04, Leibfried 05, Roos 04, Riebe 04, Héaffner 05]. Also entanglement has been
demonstrated between a trapped '''Cd" ion and a photon [Blinov 04], and between
the internal states of two "1Yb™ ions held in separate traps approximately 1m apart
[Moehring 07]. With neutral atoms, the internal spin states of two clouds of Cesium
atoms have been entangled [Julsgaard 01]. Each cloud contained ~ 10'? atoms. Using
the solid-state system of a semiconductor quantum-dot, two excitons have been entan-
gled [Chen 00]. In addition, entanglement has been demonstrated between the electron
spins of two separate quantum dots [Petta 05]. Another demonstration of entanglement
in a solid-state system involved the currents in two superconducting circuits [Steffen 06].

One of the goals of this thesis was to test the limits of quantum mechanics by
probing entanglement in mechanical oscillators. Mechanical oscillators are ubiquitous
in nature. The same equations that govern the motion of a pendulum in a grandfather
clock also dictate the motion of ions in an ion trap. The demonstration of entanglement
of mechanical oscillators on a small size scale formed from a few atoms (bottom up

approach), might imply the possibility of entangling them on a larger scale.

Currently there is a research effort taking a top down approach, focusing on ob-



serving quantum mechanical states in the motion of high  nano- and micro-mechanical
resonators. Only recently has a mode of a nano-mechanical resonator been cooled
to the ground state [O‘Connell 10]. There are many other forms of nano- and mi-
cro mechanical resonators being studied: harmonically suspended gram sized mirrors
[Corbitt 07], micro-mirrors [Arcizet 06, Gigan 06|, SiNs membranes held in an optical
cavities [Thompson 08], toroidal optical micro cavities [Kippenberg 05], superconduct-
ing microwave resonators coupled to a nano-mechanical beam [Regal 08], and dielec-
tric spheres in a optical cavities [Chang 10]. For a review of the field see references
|[Kippenburg 08] and [Aspelmeyer 08b|. These systems will offer a good testing ground
for the effects of quantum mechanics in mesoscopic systems.

The oscillating mechanical systems used in this thesis are composed of two pairs of
9Bet —24Mg+ ions held in separate locations. The two pairs of ions each vibrate in a way
similar to two balls connected by a spring, and it this motion that is entangled. Since
each oscillator is comprised of only two atoms, this is one of the simpler mechanical
system that could be studied, which makes it an elemental starting point for testing
entanglement of distinct mechanical systems. The systems described above contain
many more atoms. However, the size scales of the systems are comparable. The extent
of one of the ?Be™ — 241\/Ig+ oscillators is ~ 4 pum, which is comparable to the size scale
of some of the nano-mechanical resonators |[Regal 08]. The spacing between the two
oscillators in the experiment was ~ 240 pm. This may not seem like a large spacing,
but relative to the other distance scales, it is. The spatial extent of the ground state
wavefunction of “Be™’ is ~ 10 nm [Wineland 98]. If the ground state wavefunction was
scaled up to the size of a soccer ball (diameter = 22 cm), then the two soccer ball sized
9Bet and 24MgJr ions that comprise one mechanical oscillator would be ~ 100 m apart.
The other mechanical oscillator would be over 5 Km away. This work represents the
first demonstration of entanglement between two such separated mechanical systems.

Another focus of the entangled mechanical oscillators experiment was the devel-



opment of the techniques that have important applications for trapped ion based QIP.
The simplest component in classical information theory is the bit, which can be either
0 or 1. In QIP, the analogy to the bit is called the quantum bit or qubit. The qubit is
a two-level quantum system, which has states that can be labeled with 0 or 1 just like
a bit. However, in contrast to a classical bit a qubit can also exist in a superposition
state, where it can be thought of as carrying the information of both 0 and 1 at the
same time, until it is measured [Schrodinger 35, Nielsen 00]. R. Feynman was the first
to propose that a quantum mechanical systems could be used to perform simulations of
other quantum systems [Feynman 81, Feynman 85]. David Deutsch extended some of
these ideas to universal computations [Deutsch 89]. For a classical computer any com-
putation can be performed using NAND gates [Nielsen 00|, which is called a universal
gate. An important realization was that a universal gate set for quantum computation
could be constructed with one and two qubit gates [Barenco 95, Sleator 95|. The field
gained significant momentum when P. Shor published his algorithm for factoring num-
bers with a quantum information processor [Shor 94|. Factoring numbers on a classical
computer with known algorithms scales exponentially with the size of the problem, but
Shor’s algorithm scaled polynomially. This received a lot of attention as a result of the
significant increase in speed it implied, and its potential use for breaking encryption
schemes. Another important algorithm developed by L. Grover involved searching for
an item in an unstructured list |Grover 97].

It was clear early on that it would take a large number of qubits to implement
an algorithm that would outperform a classical computer (for an example see refer-
ence |Steane 03a|). Qubit superpositions are sensitive to interactions with their en-
vironment. These interactions, which cause superpositions to decohere, degrade or
destroy the information encoded in the qubit. For most systems this would make
it very difficult to perform any significant computation. However, it was discovered

by P. Shor [Shor 95| and A. Steane [Steane 96| that quantum error correcting codes



could be used to correct errors in qubits provided the errors were below a certain level
[Shor 96, Cirac 96b, Zurek 96, Kitaev 97a, Kitaev 97b, Steane 03b, Knill 05].

How one goes about building a useful quantum information processor is still an
open question. One of the early proposals for implementing QIP was for trapped ions
[Cirac 95]. This was followed shortly afterward by the first demonstration of a quantum
gate with a trapped ion [Monroe 95a|. Since then many systems have been proposed
as a potential qubits [Ladd 10]: infrared photons, trapped ions, trapped neutral atoms,
electron spins in GaAs quantum dots, electron spins bound to 3!P:28Si | 29Si nuclear spins
in 28Si, Nitrogen vacancy centers in diamond, and superconducting circuits. Although
it is not precisely determined what conditions qubits must satisfy in order to build a
useful quantum information processor, a reasonable set of criteria was put forth by D.

DiVincenzo [DiVincenzo 01]:
(1) A scalable physical system with well-characterized qubits
(2) The ability to initialize the state of the qubits to a simple fiducial state
(3) Long relevant decoherence times, much longer than the gate operation time
(4) A universal set of quantum gates
(5) A qubit-specific measurement capability

To date, trapped ions are one of the most advanced architectures, and the basic Di-
Vincenzo criteria have been demonstrated [Home 09]. It could be argued that it is not
yet a scalable system, since it has not been scaled to more than a few qubits; however,
there appear to be no fundamental limitations to doing this. One of the proposals for
scaling up the trapped ion QIP relies on using a multi-dimensional multi-zone trap-
ping architecture [Kielpinski 02a, Steane 03a, Wineland 98]. An important component
of such architecture would be moving the qubit ions from one location to another. Some

of these processes, if not performed correctly, can excite the ion‘s motion [Rowe 02].



Electric field noise can contribute to this motional excitation. Reducing the amount
of motional excitation is important, because multiqubit gates require the motion to be
well-controlled. Gate interactions are mediated by the Coulomb interaction. This in-
teraction has the result that multiple ions trapped together are coupled through their
motion, which acts as a data bus [Cirac 95|. If the ions have a uncontrolled motional
excitation, this can lead to errors. One solution to this problem is to laser cool the
ion‘s motion [Wineland 98]. However, this cooling cannot be performed on the qubit
ions. Laser cooling techniques require dissipation, which destroys information encoded
in the internal states. One solution is to simultaneously trap a type of ion different from
the qubit ions, called a sympathetic cooling ion, which can be used for laser cooling
[Blinov 02, Rohde 01, Kielpinski 00, Barrett 03].

The work discussed in this thesis and in reference [Jost 09] represents the first
demonstration of the ability to distribute entangled qubit ions in an ion trap array and
sympathetically recool them. Following the recooling, single qubit gates were performed.
These techniques paved the way for an experimental demonstration of performing mul-
tiple two qubit gates with transport and sympathetic cooling [Home 09]. They also

enabled the demonstration of the first two-qubit quantum processor [Hanneke 10].

1.2 Thesis Organization

This thesis describes the most important components for performing the entan-
gled mechanical oscillators experiments [Jost 09]. The thesis begins with an overview
of the apparatus (chapter 2), where the construction of the ion trap and the vacuum
system are discussed. Other subjects covered in this chapter are magnetic field coils,
the imaging system, the laser sources, and the experimental control. The next chapter
(chapter 3) discusses the “Be™ qubit ion used in the experiments. In addition to be-
ing a component of the mechanical oscillators experiment, the 241\/[g4r ion is also used

as a sympathetic cooling ion, which is discussed in chapter 4. The ability to re-cool
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the two mechanical oscillators using 241\/[gJr ions is a crucial part of the experiment.
Chapter 5 discusses Doppler cooling, which is the first stage of cooling used in the ex-
periments. This chapter also shows the results of using Doppler cooling of a 24Mg+ ion

to sympathetically cool a Be™

ion. The entangled mechanical oscillators experiments
required the additional ability of cooling the mechanical oscillator’s motion to the ground
state. This is accomplished with Raman cooling, which is described in chapter 6. This
chapter also covers the basics of Raman transitions. It concludes with the experimen-
tal demonstration of ground state cooling of the motion of two pairs of trapped ions
held in different locations. This served as a tune-up experiment for the work discussed
in the final chapter. The next chapter (chapter 7) discusses how the internal states
of two ?Be™ ions can be entangled. This entanglement technique is used to generate
the entanglement that will be transferred to the mechanical motion of the ions. This
chapter concludes with the demonstration of entanglement between two “Be™ ions in a

9Bet — 241\/IgJr — 241\/IgJr —9Be™ mixed species ion “chain”. The final chapter (chapter 8)

discusses the entangled mechanical oscillators experiment.



Chapter 2

Apparatus

This chapter describes the apparatus used in the experiments discussed in this
dissertation. A photo of part of the apparatus appears in figure (2.1). In the photo
some of the optics and the ion trap can be seen. This experiment includes five frequency
doubled dye lasers, hundreds of optical elements, dozens of servo loops, and a multi-
zone ion trap. This chapter attempts to highlight some of the salient components of
the experiment. A simple description of ion trapping and the ion trap used begins the
chapter. This is followed by sections related to the ion trap: a brief discussion of the
sources of the potentials applied to the ion trap, loading ions into the ion trap, and the
ultra high vacuum system containing the ion trap. The next sections describe a few
components external to the ion trap: the magnetic field coils and imaging system. The
laser sources and different laser beams used are then discussed. This chapter ends with

a short discussion of the experimental control used to run the experiments.

2.1 Ion Trap

2.1.1 Ion Trap Theory

One difficulty in studying quantum systems comes from their strong coupling
to the environment, which often causes decoherence of the quantum states. Trapped
ions are a good system in which to study quantum mechanical effects [Meekhof 96,

Rowe 01, Barrett 04, Leibfried 05, Jost 09], because they can be reasonably decoupled



Experimental Apparatus for the
Entangled Mechanical Oscillators Experiment

Figure 2.1: Photo of the experimental apparatus at NIST used for the entangled mechan-
ical oscillators experiment [Jost 09]. This apparatus has also been used in several quan-
tum information processing experiments [Langer 05, Ozeri 05, Home 09, Hanneke 10].
Part of the ion trap apparatus is visible in the upper right hand corner of the photo.

from the environment [Wineland 98, Langer 05, Bollinger 91|. Long coherence times,
exceeding ten minutes, have been demonstrated for the internal states of trapped ions
[Bollinger 96, Langer 05]. This is not to say that trapped ions are immune to decoherence
(Reference [Wineland 98| discusses many of the sources of decoherence.).

Ions can be well isolated from the environment by confining them in an ion trap
which is held inside a vacuum system. The ions have a charge, which allows them to be
strongly confined using electric fields. However, from Earnshaw’s Theorem we know “A
charge acted on by electrostatic forces cannot rest in stable equilibrium in an electric

field [Foot 05]”. One way this can be understood is with Gauss’s Law, whichis V- E =0
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Low DC voltage Linear RF Paul Trap

control electrode \
V,cos(Qqt
| — | . > Trap Frequencies
«— U,
Positiveions—— ' Jo 0 Z L 1A Axial : ~ 5 MHz
" Radial: ~ 15 MHz

i Radial Freq « 1/Mass
RF electrode ngh DC voltage X
control electrode >< Radial Directions

Figure 2.2: Illustration of a linear Radio-Frequency (RF) Paul trap used to trap ions.
The figure on the left shows the electrodes used in an ion trap with one trapping zone. In
this style of ion trap the electrodes are made from conducting rods. There are two types
of electrodes RF and static (DC). The RF electrodes have a large amplitude oscillating
electric potential applied to them This provides a quadrupole confining field resulting
in radial confinement for the ions. The radial directions labeled = and y are the two
directions orthogonal to the long axis (trap axis) of the system. The trap axis is labeled
with the coordinate z. A end on view of the electrodes is shown in the right part of
the figure. The quadrupole field lines are shown in this picture. The DC electrodes are
segmented so that different voltages can be applied to create a confining potential along
the trap axis. The confinement is made weaker along the trap axis causing the ions to
form a linear chain in this direction.

for a space with no free charge. Therefore, Gauss’s law requires that all the electric field
lines that enter a region of space must leave, which implies that along some directions,
the electric force must be outward. This prevents any stable confinement of charged
particles.

There are a couple of solutions to this problem. A combination of static electric
fields and a magnetic field can be used (Penning Trap). Combining static electric fields
with an oscillating electric field provides a stable trap (Paul trap). The linear Paul trap
uses oscillating electric fields to confine a charged particle in two dimensions. This can
be visualized using a classical mechanics example. Imagine placing a ball on a saddle
potential. The ball can sit in the middle of the saddle, but it is in an unstable equilibrium
in the XY plane. Rotating the saddle about the vertical axis (z axis, gravity acts in the
z direction in this example) can create a stable equilibrium. If the ball starts to roll

down the saddle it is pushed back up as the saddle, rotates. In the case of a charged
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particle the z direction is still not confined. However, confinement in this dimension can
be provided with static electric fields.

A linear radio frequency (RF) Paul trap is used in experiments discussed in this
dissertation. The design of the trap is similar to the original design by Drees and Paul
[Drees 64|, but is closer to the one described by Raizen in reference [Raizen 93]. A
review of ion traps can be found in an article by Paul [Paul 90] and the books by Gosh
[Ghosh 95| and Major et al. [Major 05]. A schematic of a linear RF Paul trap (will be
referred to as an ion trap) is shown in figure (2.2).

The left side of the figure shows all of the relevant electrodes for creating an ion
trap with a single trapping zone. There are two types of electrodes, which are made from
conducting rods: RF electrodes and DC static potential electrodes. The DC electrodes
are coupled with a capacitor to ground, but static DC potentials can be applied to them.

The radial directions are shown in the figure on the right. To provide confine-
ment in these dimensions, a potential V, cos(§2rt) is applied to the RF electrodes. The
frequency of the oscillating potential is 7, and for the trap discussed below is ~ 150
MHz. The magnitude of the potential is given by V, and can be a few hundred volts in

typical operating conditions. This gives rise to the potential [Wineland 98|

o~ (V(’COSQ(QTt)) (1 + x2];2y2) . (2.1)

The distance from the trap axis to the electrodes is R, and for the trap described

below R ~ 140 um. To account for the electrode surfaces not lying at quadrupole
equipotentials, a multiplicative geometric factor of order one can be used. This is the
oscillating saddle potential described above. This does not provide confinement along
the trap axis (z direction). This can be accomplish by applying a static voltage U, to

the outer DC electrodes. It is assumed the central DC electrodes are held at 0 V. This
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gives rise to the potential [Wineland 98]
1
o, = kU, (a22 ~3 (ﬁxQ + 'yy2)) (2.2)

e Cew) e

The constants «, 3, and 7 are determined by the electrode geometry. The potential
must satisfy Laplace’s equation, which puts the constraint 2 — 3 — v = 0 on the
coefficients. The axial trap frequency w, = \/%, where & is a geometric factor, m
is the ion’s mass, and ¢ is the charge of the ion. The expression for the static potential
satisfies Laplace’s equation and the constant € will depend on the ion trap geometry.
This assumes that only a single ion is being trapped. Trapping more than one ion does
not change the potential but will change the resonant frequencies of the ions. The total

potential is then

(Vo cos (Qrt) z? — 2 m of o 1(B 5 7 4
oo (B0 () (LB 1)y

The total potential in the z direction has only a harmonic term. The other two di-

mensions do not have such a simple solution for the motion. The ions motion in these

directions is given by the Mathieu equations [Wineland 98]

d*z
e [az + 2¢g cos (26)]z =0 (2.5)
d%y
o [ay + 2¢y cos (26)] z = 0. (2.6)

The following substitutions have been made:

¢ = 0 (2.7)
4
Ay = <m5%> (ﬁﬁUo)> (2 8)
ay = <m4£%> (kyU,) (2.9)
and
g = —q, — 22V (2.10)
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In the regime where a; < ql-2 < 1,1 € x,y, the Mathieu equations can be solved using
the general Floquet solutions [Wineland 98, Ghosh 95| giving the equations of motion

for the x and y directions.
w; (t) ~ A; (cos (wit) [1 + %cos (QTt)D , (2.11)

where u; (t) can either be z (t) or y (t). The constant A; depends on the initial conditions.
The frequency w; = \/a; + g, where ¢ € x,y, and this frequency is lower than Qp. If
the second term oscillating at €2r is neglected, then in the two radial directions the ion’s
motion behaves as if confined in a harmonic potential. This is referred to as the pseudo

potential ®p

1
dp = Z—mwz (z® + %), (2.12)
q
where w, ~ %. The expression for w, assumes the effects of the static potential

are negligible. Thus, the ion can be described as experiencing harmonic confinement
in all three dimensions. For the traps discussed here, the confinement in the radial
directions is stronger than the confinement in the axial direction. For a single “Be™ ion,
typical radial frequencies are w, = 27 x (10 — 15) MHz, and typical axial frequencies are
w, = 27 x (1 —5) MHz. This imbalance in the confining potential causes the ions to
form a linear chain along the trap axis. One important feature of the pseudo potential is
its mass dependence. The frequency of the pseudo potential is proportional to % Thus,
heavier mass ions see a weaker radial potential. This dependence can be exploited to

reorder mixed species ion crystals [Jost 09].

2.1.2 Ion Trap Construction

The construction of a linear RF Paul trap can take many different forms. For
quantum information processing it will be important to have many different trapping
regions |Kielpinski 02b], and some designs are better suited for this than others. A trap

constructed from conducting rods as depicted in figure (2.2) is not well suited to this
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RF Electrode

Filter Boards

DC Electrodes

Trap Waffers

Figure 2.3: Multi-zone alumina wafer style linear RF Paul trap. This ion trap has gold
electrodes deposited on laser machined alumina electrodes. The trap is constructed from
several alumina wafers. Visible on the right side of the figure is the filter board, which
electrically filters the DC voltages applied to the electrodes.

task, because it is typically difficult to scale this down in size. One construction tech-
nique that is potentially scalable uses laser machined alumina wafers with patterned
gold electrodes [Rowe 02]. Although, it would be challenging to use this fabrication
technique to create a trap with thousands of trapping zones, no fundamental limita-
tions exist. Currently one of the most advanced ion traps of this style has 18 dif-
ferent trapping zones |Blakestad 09|, and has been used to transport an ion around
a corner in a 2D junction. The ion trap used in the work discussed in this disserta-
tion is depicted in figures (2.3) and (2.4), and was built by John Jost and much of
the design was done by Murray Barrett. It is a six-zone linear RF Paul trap. This
particular ion trap has been used in several experiments. It was first used in a ex-

periment demonstrating field-independent qubits in “Be™ [Langer 05]. This was fol-
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Trap Waffers

Filter Boards

Figure 2.4: Multi-zone alumina wafer style linear RF Paul trap. This is the same trap
depicted in figure (2.3).

lowed by an experiment that studied hyperfine coherence in the presence of spontaneous
scattering in 9Be™ [Ozeri 05]. The next publication using this trap was the demon-
stration of entangling two mechanical oscillators [Jost 09], which is also the focus of
this dissertation. Two quantum information processing (QIP) protocols have since been
performed in this ion trap. One demonstrated a complete methods state for scalable

QIP [Home 09]. The second QIP experiment was the first demonstration of a univer-
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sal two-qubit quantum processor [Hanneke 10]. A nearly identical trap has been used
in several other experiments, see references [Barrett 04, Chiaverini 04, Chiaverini 05,

Chiaverini 06, Leibfried 04, Schaetz 04, Schaetz 05, Leibfried 05, Reichle 06b].

2.1.2.1 Construction

Pictured in figures (2.3) and (2.4) is the ion trap that will be described here. There
are two main parts seen in the figures: the ion trap and the filter boards. The ion trap
consists of two rectangular (1.5 cm x 1.8 cm x 125 pm) alumina wafers stacked together.
Stacked below the ion trap are two additional wafers called the bias board wafer, and
mask wafer (1.5 cm x 1.8 cm x 125 pm). The purpose of these wafers is described below.
The wafers are made from polished alumina from Coors Tek. Additional alumina spacers
set the spacing between the various wafers (see figure (2.6) for a side view). The stack
of wafers is held together with two 18-8 series stainless steel screws, which have been
annealed to reduce their magnetization.

Trap wafers

In figure (2.3) one of the trap wafers is visible. The two types of electrodes can
be seen, which are the RF and DC electrodes. There is another trap wafer 200 pm
below the one seen in the figure with an identical set of electrodes patterned on it. The
electrodes on the two trap wafers are on opposites sides, see figure 2.5. The slits in the
trap wafer, which segmented the DC electrodes, are created with laser machining. A
schematic top view of one of the trap wafers with the dimensions is shown in figure (2.7).
Gold electrodes are made with a ion assisted E-beam deposition, which sputter-coated
gold onto the alumina wafers (There is a titanium adhesion layer between the gold and
the alumina.). The gold layer has a thickness of ~ 2.5 um. The sputter-coating allowed
for gold to be deposited in the 20 pm slits between the electrodes. This is important
because it helps reduce the amount of insulating surface near the ions. Insulating surfaces

are problematic, because they can become charged, which leads to uncontrolled electric
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fields.

Figures (2.7) and (2.5) also show the DC and RF electrodes. The DC electrodes are
segmented, so that potentials can be applied independently to these electrodes. There
are eight electrodes on each of the trap wafers. The RF electrode is not segmented.
One feature visible in the figures is that distance between the DC and RF electrodes is
different in two regions. The region where the distance is 400 pm is called the loading
zone, and region where the distance is 200 pm is called the experiment zone. To load
ions into the trap neutral Be and 2*Mg atoms are emitted form a thermal source (see
section (2.3)). As a result of this process the electrodes can become coated with the
neutral atoms. There is some experimental evidence that this can lead to noisy electric
fields [Turchette 00, Rowe 02]. It is desirable for experiments to have the electric fields
well controlled. Thus, the ion trap has a loading region and an experiment region that
is shielded from the neutral atom flux by the mask board.

In the experiment region (see figures (2.7) and (2.5)) there are different sizes of
electrodes. Ideally, all of the electrodes would be as small as possible to provide the most
accurate control over the potential. In addition, small electrodes are useful for separating
ions [Rowe 02]. The separation process works by bringing an electrical potential wedge
up between two ions, which forces them apart. Typical ion spacings are a few microns,
so small electrodes allow for finer control of this separation process. The ion trap has
one electrode that is smaller than the rest, which is used for separation. It is 100 pm
wide, and this size is limited by the current capabilities of laser machining.

For all the experiments discussed in this dissertation, there are three main areas
of the ion trap that are relevant. There are two areas used for trapping during the
experiments, and the electrodes nearest these two regions are labeled with A and B. The
third area is the separation region, which is near the separation electrode (labeled SE).

Bias and Mask Wafers

The two additional wafers depicted in figure (2.6) are the bias wafer and the mask
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wafer. Both of these wafers are made from polished alumina and are coated with gold on
both sides to create one large electrode. The schematic of the bias wafer can be found
in the appendix (D). It has a rectangular opening (600 ym x 1.3 mm). This slit allows
for laser access to the ions and prevents the metallic neutral atom sources from shorting
out the electrodes. It is called the bias wafer, because a potential bias can be applied
to the electrode on the wafer. The electric field from the bias wafer is orthogonal to the
trap axis (2.2) and at 45 degrees to the both radial directions. This field is used to help
null stray electric fields [Meekhof 96].

The mask wafer‘s main function is to prevent any flux from the neutral atom
sources depositing on the electrodes in the experiment region. It has two rectangular
openings, which allow the laser beam access to the different regions of the trap while at
the same time shielding the experiment region from neutral atom flux. A picture of the
mask wafer appears in appendix (D). This wafer has also been gold plated on both sides
to create one large electrode. This enables an additional bias potential to be applied.
However, it is not typically used for this, and is held at OV to prevent it from charging
and creating stray electric fields.

Filter boards

One of the two filter boards is visible in figures (2.3) and (2.4), but both can be
seen in figure (2.6). The filter boards are also made of alumina and patterned with gold
traces (Here the traces were silk screened onto the filter boards.). The filter boards are
used to deliver the DC electrical potentials to the trap wafers, and provide a RF ground
for the DC electrodes. Each electrode on the trap wafer has a corresponding trace on
the filter board. Also, each trace on the filter board has a low-pass filter created with a
820 pF capacitor and a 240 € resistor, which has a corner frequency of ~ 800 KHz. This
helps filter high frequency noise from the voltage sources that provide the DC potentials.
This is important because an ion’s motion will be excited by electric field noise at the

resonant frequency of the motion.
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Views of the lon Trap and Electrode Labeling
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DC

Electrodes
(on bottom trap wafer)
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Figure 2.5: Views of the ion trap and electrode labeling. The top two pictures show
two different perspectives of the ion trap. The bottom picture is a top view of one of
the trap wafers. The main DC electrodes are labeled. Electrodes A and B are the main
trapping regions used in the experiments. The narrow electrode is used for separation
of ion and is labeled SE. The region used for loading ions is labeled the loading region.
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Side View of the lon Trap
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Figure 2.6: Side view of the ion trap. The figure shows how the two trap wafers, the bias
board wafer, and the mask wafer are stacked together to make the ion trap assembly.
There are additional alumina spacers that set the spacing between the various wafers.
These wafers are also made from polished alumina.

2.2 Producing the DC and RF Potentials

2.2.1 DC Potentials

The segmented DC electrodes provide the confinement for the ions along the trap

axis. A trapping area is created by applying the appropriate potentials to the DC
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Dimiensions of a Trap Wafer (Top View)
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Figure 2.7: Schematic (top view) of one of the trap wafers. The slits in the middle
region, which form the electrodes when gold platted, are made with laser machining.
The other holes were created when the wafers were made by the manufacturer. Two of
the holes are for the 18-8 stainless steel screws that hold the trap assembly together.

The other two holes are used when aligning the wafers.



22
Close up of Electrode Structure (Top View)
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Figure 2.8: Schematic of the electrode structure. This is a close up view with dimensions

of the trap wafer shown in figure 2.7.

electrodes to create a potential minimum. Typically, the same voltage is applied to the
corresponding electrodes on each trap wafer. The source of the DC potentials is a 16-bit

analog output card from National instrument (NI PCI 6733 with 1MS/s). The applied
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potential range is from -10 V to 10 V. This is a large enough potential to allow for
trapping frequencies of several MHz along the axial direction for °Be™ and 24Mg+ ions.
The voltages can be changed in a time-dependent fashion to move and separate the ions
[Home 06a, Reichle 06a, Rowe 02, Blakestad 09].

As noted in section (2.1.2.1) it is important to filter the DC potentials applied to
the DC electrodes to prevent excitation of the motion from electrical noise. On the filter
boards inside the vacuum system (section (2.4)) there is a low-pass resistor capacitor
filter for each electrode (see section (2.1.2.1)). External to the vacuum system there
are two in-series low-pass resistor/capacitor filters (R= 820 Q and C = 1 nF, corner

frequency ~ 200 KHz).

2.2.2 RF Potentials

The radial confinement is provided by an oscillating RF electric field, which is
applied to the RF electrodes as discussed in section (2.1). The large electric potential
at the trap is generated by a quarter wave coaxial RF resonant transformer [Jefferts 95|,
and is constructed out of copper. The resonator has a resonant frequency of ~ 150 MHz
and @ ~ 300. An RF signal generator producing 1-2 W of power is inductively coupled
to the resonator. Radial trapping frequencies of ~ 10 MHz are observed for a single

9Be™ ion when ~ 1.5 W of RF power is coupled into the resonator.

2.3 Loading Ions

2.3.1 ‘Be™

The experiments discussed in this thesis involve two types of ions “Be™ and 241\/Ig+.
Both types of ions are generated from neutral sources. The ?Be source is created from
50 pm diameter ?Be wire and wrapping it tightly around a 100 pm diameter Tungsten

wire (The ?Be wire comes from the Goodfellow corporation and is 99.7% pure. Note
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that °Be is the only stable one of the Beryllium isotopes. The Tungsten wire comes
from Alfa Aesar and is 99.9% pure). This “Be wrapped tungsten wire is then coiled to
resemble a incandescent light bulb filament, where the coils have a diameter of a few
millimeters and about 6 turns are made. A current of 1.56 A at 0.99 V is sent through
the Tungsten filament, which heats up and evaporates some of the ?Be atoms. With this
current, the central region of the coiled is glow orange in color.

The neutral "Be atoms are emitted in all directions, and some of the flux of atoms
pass through the loading region of the ion trap. The atoms must be ionized while in
the loading region in order to be trapped. To ionize the neutral ?Be atoms an “electron-
gun” is used. The electron gun used here is made from a ~ 75 ym diameter thoriated
Tungsten wire (This wire comes from H. Cross Co.). A length of this wire ~ 1.5 cm
long is bent at the middle to create a field emitter. A current of 1.63 A at 1.10 V is
passed through the wire. The wire is biased to ~ —110 V with respect to the resonator.
This provides an acceleration voltage for the electrons, which are directed toward the
loading region of the ion trap. These parameters create an emission current of ~ 30
1A, where the emission current corresponds to the total number of electrons emitted.
The ~ 120 Gauss magnetic field used during the experiments is turned off for loading
9Be' ions. These parameters yield a loading rate of one °Be™ ion in ~ 45 s. During
loading we apply a Be™ Doppler cooling laser beam in the loading region. This cools
the ion‘s motion and causes them to fluoresce. This fluorescence is imaged onto a UV
sensitive charge-coupled device camera, which allows us to visually determine that an
ion has been loaded into the ion trap.

One major disadvantage of using an electron-gun for loading ions is that it does
not discriminate what atoms or molecules are ionized. Thus, occasionally other types
of ions are loaded into the trap. Typically, when this occurs all the ions are released
from the trap and it is re-loaded. Photo-ionization provides a way to selectively ionize

the Be atoms, and it is typically more efficient than ionization with an electron gun in
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apparatuses similar to the one discussed in this thesis. Photo-ionization of ?Be was used

in reference |Blakestad 09].

2.3.2 24Mg "

To load 24MgJr into the ion trap a similar process to that described for Be™ is
used. The 2*Mg atoms also come from a thermal source. It is fabricated by taking ~ 5
mm length 18 Gauge tubing (outer diameter = 1.27 mm, inner diameter = 0.965 mm)
made of 316 stainless steel and cutting a slit perpendicular to the long axis of the tube.
The slit was ~ 600 pm x ~ 150 pm and created with a diamond saw. The tube is filled
with isotopically enriched 2 Mg from Oak-Ridge National Labs. Isotopically enriched
24Mg is used, because 2*Mg’s natural abundance is only ~ 80%. The other isotopes
Mg and Mg would be trapped in our apparatus. However, we only want to work
with one of the isotopes. The stainless steel tube is sealed by mechanically crimping at
both ends, so 2*Mg can only be emitted from the slit. A curre nt of 1.01 A at 1.22 V is
passed through the tube. This is sufficient to evaporate some of the Mg in the tube.
The resulting neutral atom flux is directed toward the loading region of the ion trap.
As for the °Be atoms, the 2*Mg atoms need to be ionized in the trapping region
of the ion trap. This has been accomplished with the electron-gun described above.
However, photo ionization of 2*Mg [Epstein 07, Seidelin 06, Madsen 00| was found to
be more efficient. The photo-ionization is a resonant two-photon process using 285 nm
light. The first step excites the transition 3s? 1Sy — 3s3p 1Py in 24Mg [Madsen 00]. The
second photon that excites the electron into the continuum can come either from the
285 nm photo-ionization source or from the 280 nm source used for Doppler cooling of
24Mg+. Did you know Pirates Arrrr Cool! About 1 mW of power at 285 nm is used, and

the beam waist in the loading region of the trap is < 100 pm. With these parameters,

it takes about 45 s to load a 241\/[g+ ion into the ion trap.
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Figure 2.9: Schematic of the vacuum system discussed in section (2.4), where the major
components are highlighted. Two solid metal con-flat tubes are shown as transparent,
so the titanium sublimation pump can be seen.

2.4 Vacuum System

Keeping the ion trap in an ultra-high-vacuum (UHV) environment (~ 1079 Pa)
is critical for the experiments discussed in this dissertation. This is important because
if the trapped ions undergo a single collision with the background gas this is enough to

disrupt an experiment. Typically, the ion is not expelled from the ion trap, but gains
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enough energy to require being re-cooled before further experiments can be performed.
More importantly, “Be™ and 241\/IgJr can undergo chemical reactions with Hy to for form
9BeH" [King 99, Wineland 98] and *MgH™ [Bertelsen 04, Mglhave 00]. These ions are
still trapped, but the absorption spectrum changes, and they are no longer useful. In the
apparatus used in the experiments discussed here, lifetimes of several hours for a single
9Be™ ion were typical (The longest lifetime observed was ~ 42 hours.). A rough estimate
of the collision rate was made by looking at the rate at which a pair of °Be™ —24Mg+ ions
switched their order in the ion trap. It is assumed that a collision event imparts enough
energy to the ion pair that their order can change. The ions were observed to switch
places approximately once every couple of minutes, which gives a reasonable estimate
of the collision rate. An estimate of the collision rate could be made from knowing the
pressure in the vacuum system; however, it was unclear if the pressure gauge used in
the system (ion gauge) gave an accurate reading of the pressure for the typical vacuums
obtained.

The major components of the vacuum system are shown in figure (2.9): an ion
pump, a titanium-sublimation pump, an all metal valve, electric feedthroughs, an ion
gauge, a RF resonator, and a glass envelope. The rest of the vacuum system consists
of ULV grade con-flat flanges. Standard UHV vacuum techniques are used to assemble
the vacuum system [O’Hanlon 89]. After assembly the vacuum system was evacuated
through the all metal valve using a turbo pump, taking the pressure into the 1075 Pa
regime. The system then was baked out at a temperature between 200°C' and 250°C' for
several days, and the gas was pumped out with a large external ion-pump connected to
the system via the all metal valve (Varian, part number: 9515027). The pressure was
in the 107* Pa range during the bakeout . An additional ion pump (Varian Plus 20
Starcell, 20L/s), which is permanently part of the system, was also turned on near the
end of the bake out. This ion-pump runs continuously during normal operation. The

pressure measured by the ion-gauge after the bake out was in the mid 10~!° Torr range.A
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titanium sublimation pump (Varian, part number: 916-0061) is used to evaporate a
titanium getter coating on the inside walls of a section of the vacuum system. This
getter coating also acts as pump by trapping residual gas in the system. The pressure
in the vacuum system was measured with a nude Bayard-Alpert type ionization gauge
(Granville-Phillips). The lowest pressure measured by the ion-gauge was 1.33 x 1078 Pa.
Other ion traps used in the past at NIST with similar or worse ion lifetimes measured
pressures < 1 x 107!% Pa. This observation lead to the conclusion that the ion gauge
used might not be functioning properly, so it was turned off and not used on a regular
basis. Two electrical feedthroughs were used to bring DC currents and potentials into
the vacuum system. One 25 pin feedthrough (MDC, part number 633002) was used to
deliver all of the DC potentials to the segmented DC electrodes of the ion trap. Another
7 pin feedthrough (MDC, part number 647054) was used to supply the large currents
(1-2 A) used for the °Bet and 2*Mg™ sources (see section (2.3)).

The RF resonator used to deliver the RF potentials to the trap was described in
section (2.2.2). This resonator had an additional special feature. It was coated with
a special TiZrV getter coating [Benvenuti 01] (Coating done by the CERN technology
transfer, contact C. Benvenuti). It was difficult to evaluate the performance of the
coating, since it was believed the ion gauge was faulty. However, this vacuum system
has demonstrated comparative ion lifetimes to other traps, so it can be concluded that
it did not make things worse. Evidence that it may have had a positive influence is that
this vacuum system holds the record for keeping a single *Be™ ion in the ion trap of
~ 40 hrs. The ion trap is mounted inside the resonator, which also has holes for optical
access. Surrounding the resonator is a quartz cell that includes UV grade fused silica

windows that provide optical access for the laser beams.
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Figure 2.10: Laser beams and optics near the ion trap. The Be’ and 24Mg+ Raman
beams are listed in the top portion of the figure. There are two 241\/IgJr Raman beams for
each of the experiment regions A (Mg-CO, and Mg-90,) and B (Mg-CO,, and Mg-90,) see
figure (2.5). The “Be™ Raman beams ( R-CO and R-90) can be directed to either regions
A or B, using acousto-optic modulators (see section (2.7.0.1)). The *Be™ detection and
Doppler cooling beams are only directed to experiment region A. The loading beams are
only applied to the loading region. This figure is modified from a figure appearing in
[Langer 06].
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2.5 Magnetic-Field Coils

The ion trap is placed inside a Helmholtz coil. This created an approximately a
uniform magnetic field oriented at 45 degrees to the trap axis that provides the quanti-
zation axis for the ions’ internal states. The experiments discussed here used a magnetic
field of ~ 120 Gauss. This value of the field was chosen, since it provides a magnetic
field-independent transition in “Be™ [Langer 05] (see chapter (3)). The two coils that
make up the Helmholtz pair are each made from nine turns of 1/8 inch outer diameter
hollow copper tubing. Each coil has a radius of 3.75 inches and they are placed symmet-
rically around the center of the trap one inch apart see figure (2.10). The copper tubing
is hollow to allow for water-cooling of the coils. Approximately 100 A at 5.5 V applied

to the coils.

2.6 Imaging System

Part of the imaging system is depicted schematically in figure (2.10). The imaging
system collects the ions‘ fluorescence from trapping region A (see figure (2.5)) and can
either image it onto a ultra-violet (UV) sensitive charge coupled device (CCD) camera
or on to a photo multiplier tube (PMT). The CCD camera is used when loading the ions
into the ion trap, and the PMT is used for photon counting. Looking at the number
of photons collected in a 200 us detection time distinguishes the qubit states from each
other (see chapter (3)). In a 200 ps detection period about 10 photons are collected
from a single “Be* ion with a background of ~ 0.1 photons. The main component of
the imaging system is a ~ f/1 lens. This lens is placed ~ 40 mm from the ion trap,
outside of the vacuum system. The lens forms an image with a magnification of x5 at
an image plane. A pinhole with a diameter between 600 um and 800 um is placed at
this first image plane to filter out stray light. A UV microscope objective is used as a

second stage lens to provide an additional magnification of ~ 25 for a total magnification
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Figure 2.11: Image of Be™ — 24Mg+ — 24Mg+ —9 Be™ chain of ions taken with a UV
sensitive charge-coupled device camera. The two outer ions in the image are the Be™
ions, and the imaging system and laser beams are configured to view only the “Be™ ions.
Two 241\/[g4r ions are also present but not visible and have been drawn in the figure. The
distance between the *Be™ ions is ~ 10 pm.

of ~ 125. This is enough to distinguish two “Be™ ions that are about 4 um apart on
the UV CCD camera. Figure (2.11) shows an image from the UV CCD camera of a
9Bet — 2MgT — Mgt —9 BeT chain of ions. Only the °Be® ions (outer most ions)
fluoresce. The two 24Mg+ ions have been drawn into the figure. The spacing between
the two ?Be™ ions is ~ 10 ym. The image can be either directed to the UV CCD camera

or the PMT with the use of a mechanical flipper mirror.

2.7 Laser Sources

The internal electronic states of trapped ions can be manipulated using electric-
dipole transitions. Typical these transitions are made between the ground and first
excited electronic states. For the “Be™ and 24MgJr ions used in the experiments discussed
in this dissertation this corresponded to making a transition between the S and P internal

levels. To excite these transitions requires a photon with and energy of ~ 4 eV, which



32

Dye-Lasers ‘ ~ Visible Color (nm) ‘ ~ Visible Power (mW) ‘
9Be' Raman Laser 626.340 770
9Be™ Red Doppler (RD) Laser 626.393 540
9Be™ Blue Doppler (BD) Laser 626.264 605
21Mg" Laser 560.710 400
24Mg" Photo-ionization Laser 570.591 200

Table 2.1: Table of the visible laser systems. There are five frequency doubled dye-laser
systems, four of which are which are used in the QIP experiments. The fifth, which is
the 24Mg+ photo-ionization laser is only used when loading the ions. This table shows
the visible wavelengths used, and table (2.2) shows the UV wavelengths after doubling

Dye-Lasers ‘ ~ UV color (nm) ‘ ~ UV power (mW) ‘
9Be’ Raman Laser 313.17 100
9Be™ Red Doppler (RD) Laser 313.2 20
“Be™t Blue Doppler (BD) Laser 313.13 30
20\[g" Laser 280.355 14
24Mg" Photo-ionization Laser 285.3 4

Table 2.2: Table of the UV laser systems. There are five frequency doubled dye-laser
systems, four of which are which are used in the QIP experiments. The fifth, which is
the 24MgJr photo-ionization laser is only used when loading the ions. This table shows
the UV wavelengths used, and table (2.1) shows the visible wavelengths before doubling.

corresponds to a wavelength in the UV. The transition can be made in “Be’ with a ~ 313
nm photon and in 24MgJr with a ~ 280 nm photon. To drive all the necessary transitions
in YBe™ requires three different wavelengths (see tables (2.1) and (2.2)). One transition
is from 25% level to the QP% level and the transition occurs at wavelength of a 313.2
nm (The laser system used for this transition is referred to as Red Doppler (RD). see
chapter (3)). Another laser system is resonant with the 29 1 to QP% transition, and the
transition occurs at a wavelength of 313.13 nm (The laser system used for this transition
is referred to as Blue Doppler (BD). see chapter (3)). A third laser at a wavelength of
313.17 nm is ~ 80 GHz blue detuned from the 25% to 2P% transition (This laser system
is referred to as the Raman laser. see chapter (3)). To excite transitions in 2*Mg™, one
laser system at a wavelength of 280.355 nm was used. It was ~ 9.2 GHz red detuned from

the QS% to QP% transition (see chapters (4), (5), and (6)). A fifth laser system was used
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in photo-ionizing 2Mg to create 241\/IgJr [Epstein 07, Seidelin 06, Madsen 00|, which uses
a ~ 285.3 nm photon to excite the transition 3s21Sy — 3s3p!' P in 2*Mg [Madsen 00].
Tables (2.1) and (2.2) shows a list of the different lasers used, their wavelength in the
visible and UV and the optical powers in the visible and UV.

To date there are no commercially available laser sources in the UV with sufficient
optical powers to meet the experimental requirements. All five laser systems were cus-
tom built. The laser systems used consist of a visible continuous-wave (CW) dye laser
that is frequency doubled [Boyd 68] using a resonant second harmonic generation cavity
[Steinbach 96] to create a UV source.

The CW dye lasers used are a 4-mirror unidirectional ring laser [Hollberg 90],
which were designed by Jim Bergquist. There are four mirrors used to create the ring
cavity (sometimes called a bow-tie cavity). The pump sources for all of the dye laser
were Coherent Verdi lasers, which are doubled Nd:Yag lasers emitting 532 nm light. The
pump powers used ranged from 3W - 6W.

Different types of dye were used for the “Be’ and 241\/IgJr dye lasers. The ?Be™
lasers used Kiton Red dye made by Exciton. The dye was dissolved into ethylene glycol
at a concentration of ~ 1g of dye per 1 L of ethylene glycol. The 241\/Ig+ lasers used
200 mg of Rhodamine 575 dye dissolved in 50 mL of Benzyl Alcohol, which is then
mixed with 350 mL of ethylene glycol. For all the laser systems, a thin stream of dye is
created by forcing dye under pressure through a thin nozzle. The dye is then caught and
recirculated. The dye stream is at Brewster’s angle with respect to the lasing direction.

Each of the dye lasers has several inter cavity elements. There is an optical diode
to make the laser lase in only one direction. Three frequency selective elements in the
cavity narrow the lasers linewidth: a birefringent filter, a thin etalon, and a thick etalon
(consists of two etalons). The laser frequency was set by aligning the transmission
maxima of all of the filters. This allows for tuning the laser in steps of < 0.005 nm.

The spacing between the two etalons that make up the thick etalon can be varied
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with a piezo-electric transducer (PZT) to track the center frequency of the laser. This
is accomplished by modulating the PZT. The signal can be demodulated with a lock-
in-amplifier to create a dispersive error signal with a zero crossing that corresponds to
maximum in transmission for that particular etalon mode. This signal can be used in a
servo loop. To stabilize the frequency of the lasers one of the cavity mirrors is mounted
on a PZT. Changing the voltage applied to the PZT shifts the frequency of the laser.
This PZT serves as the transducer in a servo loop. The feedback for this servo loop
is derived from a external Fabry-Perot cavity. For the Be™ lasers the cavity is made
from a 10 cm long INVAR support with two mirrors (a 10 cm radius of curvature and
reflectivity of 95% at 626 nm) mounted on the ends. The 24Mg+ lasers use a similar
external cavity. A Hansch-Couillaud lock [Hansch 80] is used to create the error signal
for the feedback to the PZT.

All of the lasers use an absolute frequency reference except for the °Bet Raman
laser. This laser is ~ 80 GHz detuned from the QP% transition, so small deviations in
the frequency of the laser have a negligible effect on their function. The other lasers use
Doppler-free saturated absorption spectroscopy of 1271, which is referred to as an Iodine
lock, to reference the lasers to a transition in 1271, (The 24MgJr lasers used both 1271,
and '2°I,.). The fast frequency noise of the laser is servoed using the Hansch-Couillaud
lock to the external reference cavity, and slow frequency drifts are removed with the
lodine lock. Omne of the cavity mirrors in the reference cavity is mounted on a PZT,
which allows the cavity length to be changed. The servo signal from the lodine lock is
feedback to this PZT. This changes the resonant frequency of external cavity, which in
turn affects the error signal of the Hansch-Couillaud lock. This causes the error signal
sent to the PZT inside the laser cavity to track this change, and thus changes the laser’s
frequency. The laser‘s frequency can be changed relative to the transitions in iodine,
using AOMs. The laser’s linewidth is typically less than ~ 500 KHz.

To produce the required UV laser light, the visible light is frequency doubled
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[Boyd 68| inside a second harmonic generation cavity [Steinbach 96]. The cavity is a
4-mirror ring cavity (bow-tie cavity), allowing for the resonant build up of the visible
light. One of the mirrors used is partially transmissive to the visible light, which allows
the visible light to couple into the cavity. The second harmonic generation is done in
a non-linear [-barium borate (BBO) crystal [Boyd 68]. The UV light produced in the
BBO crystal passes out of the cavity through one of the cavity mirrors. This mirror
has a special anti-reflection coating that is highly reflective in the visible and allows
the UV light to be transmitted. The cavity is stabilized using a Hansch-Couillaud lock

[Hansch 80].

2.7.0.1 Beam lines

Although there are five laser systems used in the experiment, there are 14 laser
beams generated from theses five laser systems. Several of these beams were generated
with beam splitters, acousto-optic modulators (AOM) and an electro-optic modulator.
The absolute frequency of the lasers is stabilized to resonances in 2715 and ?°I,; however,
these resonances do not occur at the needed frequencies. Thus, AOMs and EOMs can
be used to shift the laser’s frequency by the appropriate amounts. This section briefly
highlights the systems used to generate the necessary laser beams.

Blue Doppler

The “Be’ Blue Doppler (BD) beam line consists of three laser beams used for
Doppler cooling (see chapters and (3) and (5)) and state dependent resonance fluo-
rescence detection (see chapter (3)). The “BD beam” is approximately resonant with
\2S%,F =2,mp=2) — \QP%,mI = 3,my = 3) transition in *Be™ (see chapter (3)). It
is used for state-dependent resonance fluorescence when tuned on resonance. It can also
be detuned by —I'/2 relative to the “Be™, QP% excited state of resonance for optimum
two-level Doppler cooling (I' = 27 x 19.4 MHz) . The “BD detuned” beam and the “BD

load” beam are derived from the same beam but have been split by a beam splitter. They
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Figure 2.12: The Blue Doppler (BD) beam lines. This beam line generates the BD and
the BD Detuned beam lines. Also shown is the beam splitter where the beams RD and
repumper are combined with the BD and BD detuned beams. See the text for a detailed
description.

are sent to different locations in the ion trap (This is done after the beams propagate
through the AOMs discussed below). These beams are used for far-detuned Doppler

cooling. The BD load beam is used in the loading region of the ion trap to Doppler cool
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ions as they are loaded. The BD detuned beam is directed into the experiment region
to perform far detuned Doppler cooling on the ions in that region. This far-detuned
cooling is useful for cooling very hot ions, because the motion of the ions can Doppler
shift their transitions out of resonance with the BD beam.

The BD detuned and BD load beams are ~ 400 MHz lower in frequency than the
(3) BD beam. This frequency difference is created with AOMs (see figure (2.12) for the
labeling of the AOMs). The BD detuned beam is taken from the Oth order of the BD
split AOM. It is then deflected into the +1 order of the 200 MHz BD detuned SW AOM
(SW stands for switch). The BD beam is generated from the -1 diffraction order of the
200 MHZ BD split AOM. This beam is then sent through a double pass AOM (BD SW)
that is tunable around a center frequency of 200 MHz. This allows the BD beam to be
tuned from resonance to a detuning of —I'/2 without shifting the beam position. This
beam is combined with BD detuned beam by overlapping the beam with the +1 order
of the 200 MHz BD detuned SW AOM. The combining technique works because the BD
beam enters the AOM not at the Bragg diffraction angle. It is not diffracted like the
BD detuned beam. The beams then pass through a 50/50 beam splitter, which allows
them to be overlapped with the two Red Doppler beams discussed below.

These beams can be shut off by turning the power off to the AOMs. However,
there can be some transmitted leakage light, which causes excess scattering of photons
by the “Be™ ions. To help solve this problem, two additional 200 MHz AOMs were added
in series after the beams have been combined. The first 200 MHz AOM (SW1) diffracts
the light into the +1 order. The second 200 MHz AOM(SW2) diffracts the beams into
the -1 order, resulting in no net frequency shift of the beams. The 0th orders of the
beams are blocked. The beams are then sent through a beam splitter, which allows some
of the BD detuned light to be picked off and sent to the loading region of the ion trap.

RD Doppler

The “Be™ red Doppler (RD) beam line consists of two beams “RD” and “repumper”.
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Both beams are used in state initialization of Be™ (see chapter (3)) and for repumping
during Raman-sideband cooling (see chapter (3)). The RD beam is resonant with the
|25%’ F=1mp=1)— |2P%, F =2, mp = 2) transition in °Be*. The repumper beam
is resonant with the |QS%,F =2,mp=1) — |2P%,F = 2, mp = 2) transition. There is
a frequency difference between these beams of ~ 1120 MHz, which is generated with
AOMs (see figure (2.13)).

To generate the frequency difference between the two beams the RD beam is taken
from the Oth order of the 636 MHz RD splitl AOM (see figure (2.13) for AOM labels).
This beam is then diffracted into the +1 order of the 636 MHz RD split2 AOM, giving
a frequency shift of +636 MHz from the output of the frequency doubling cavity. The
repumper beam is taken from the -1 order of the RD splitl AOM. It is then directed
through another AOM, which shifts the frequency by +152 MHz. This gives a total
frequency shift from the output of the frequency doubling cavity of -484 MHz. This
beam is recombined with the RD beam by sending it through RD split2 AOM at angle
that does not diffract, which allows it to be overlapped with the diffracted RD beam.
This generates the required 1120 MHz frequency difference between the beams.

Both beams are then sent through a 200 MHz double pass AOM (RD SW). This
shifts the overall frequency of both beams by the same amount. The RD SW AOM
switch helps to minimize any leakage light. The beams are then combined with the
blue Doppler beam line (see section (2.7.0.1)) on a 50/50 beam splitter. As described
in the previous section the beams then pass through two more AOMs that provide no
net, frequency change, but help reduce any leakage light. The beams are then directed
to the experiment region of the ion trap.

‘Be™ Raman Beams

The Bet Raman beam line generates the beams used for two-photon stimulated-
Raman co-carrier rotations (see chapter (3)), two-photon stimulated-Raman sideband

transitions (see chapter (3) and (6)), and the geometric phase gate (see chapter (7)).
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There are two main types of Raman transitions, which are designated “co-carrier” and
“90° transitions”. For co-carrier transitions the two beams that make up the stimulated
Raman transition |[Wineland 98| are co-linear with k-vectors perpendicular the quantiz-
ing magnetic field axis. These transitions implement motion independent internal state
rotations [Wineland 98]. The experiments discussed in this dissertation used co-carrier
stimulated-Raman transitions that obey the selection rule AF = 0 and Amp = +1 for
the 29 1 hyperfine ground states of “Be™ (see chapter (3) for a description of the internal
states of “Be™"). The other type of transitions are referred to as 90° transitions, because
the two beams have k-vectors orthogonal to each other. One beam is has a k-vector par-
allel to the magnetic field and the other has its k-vector perpendicular to the magnetic
field. These beams are sensitive to the ions’ motion along the trap axis and can be used
to drive stimulated-Raman sideband transitions (see chapter (3) and (6)). They are also
employed to excite a coherent state of the ions motion for use in creating a geometric
phase gate (see chapter (7))

Figure (2.14) is a schematic of the Be™ Raman beams lines. After the UV light
leaves the frequency doubler it passes through a spatial filter with a 75 pum pinhole.
This helps filter the spatial mode of the beam and is used as an alignment tool. Next
the beam passes through a double pass AOM labeled AF in figure (2.14), which is not
used in the experiments discussed in this dissertation. This is a ~ 600 MHz AOM that
would allow AF = =1 transitions to be driven in the 29 1 hyperfine ground states of
9Be™. These transitions are used when working with the magnetic field-independent
levels of YBe™ [Langer 05, Langer 06, Home 09, Hanneke 10]. This part of the beam
path is common to all the Raman beams.

First, the co-carrier transitions will be discussed. All of the AF =0 and Amp =
+1 transitions in the 25 1 hyperfine ground states of Be™ have frequencies of ~ 70— 100
MHz at a magnetic field of ~ 120 Gauss. Thus, the two beams used to make these two-

photon stimulated-Raman transitions need to have a frequency difference equal to these
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transition frequencies. To generate these frequency differences the laser beam is sent
through a double pass AOM called the R-CO AOM. This AOM has a bandwidth of
160-240 MHz, and two frequencies are sent into the AOM at one time. This generates
the desired frequency difference in the beams. For example to create 100 MHz frequency
difference, a 175 MHz and 225 MHz signal could be sent into the AOM. Assuming the
AOM is aligned so that beams are diffracted into the +1 order of the AOM, then there
will be two beams exiting the AOM. One is shifted by +175 MHz and the other by
4225 MHz with respect to the Oth order beam, which is blocked. These beams are retro
reflected and diffracted a second time and now have the frequency shifts of +350 MHz
and +450 MHz with respect to the Oth order. This gives the desired 100 MHz frequency
difference. These two co-linear beams are then sent to the ion trap. There is another
AOM used to steer the beams, which is discussed below.

The 90° beams are also generated with AOMs. The difference frequency required
between the two beams is also ~ 70 — 100 MHz, since the same AF =0 and Amp = +1
transitions in the 29 1 hyperfine ground states of “Be™ are being driven. To generate the
required frequency difference and create the two beams necessary, two AOMs are used,
which are labeled R-CO and R-90. The first beam is generated from the R-CO AOM;
however, only one frequency (+175 MHz) is applied to the AOM. This AOM is used in a
double pass configuration, giving a net frequency shift of +350 MHz to this beam. It is
then sent to the ion trap in a direction perpendicular to the magnetic field. The second
beam is derived from taking the Oth order of the R-CO AOM and directing it to the
R-90 AOM. This AOM is used in a double pass configuration with a frequency of ~ 225
MHz. This results in a total frequency shift of the second beam of ~ 450 MHz, giving a
net frequency difference between the beams of ~ 100 MHz. The R-90 AOM also has a
bandwidth of ~ 160 — 240 MHz, which allows the frequency difference between the two
beams to be tuned. The second beam is then sent to the ion trap in direction such that

its k-vector is parallel to the quantizing magnetic field.
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In order to conserve laser resources, it is advantageous to use the same Raman
laser beams to address ions in different locations of the ion trap (The waist of the Raman
beams is ~ 30um at the position of the ions, which is smaller than the distance between
the different trapping regions). The laser beams can be distributed to the different trap-
ping regions using the two AOMs labeled DEFL-CO and DEFL-90 (These AOMs have
a bandwidth of ~ 160 — 240 MHz. ) in figure (2.14). The AOMs are used in a single
pass configuration, and thus when the frequency of the AOM drive changes the angle of
the diffracted beam changes. This allows the beams to be quickly steered to different
locations, in a time limited by the time it takes the acoustic wave to travel across the
beam. For a for bmm diameter beam this takes ~ 1 us, which is relatively short com-
pared to the time scale of the experiments (~ 10 ms) discussed in this work. A problem
can arise when scanning the frequencies of the DEFL-CO and DEFL-90 AOMs. If the
frequencies are not shifted by the same amount to move the beams in the ion trap, then
this changes the difference frequency between the beams. This can be compensated for
by changing the frequency applied to the R-90 AOM.

24ngL Beam line

The 24ngL beam line has several different beams all derived from one source: the
24)\g" stimulated-Raman beams (see chapter (6)), the 2*Mg" Doppler cooling beams
(see chapter (5) ), and the 2*Mg" repump beam (see chapter (6)). The UV output of
the 24MgJr frequency doubler is ~ —9.2 GHz detuned from the 29 1 to 2P% transition in
24)\g™ (see chapter (4)). This is used as the detuning of the 2Mg™ stimulated-Raman
beams from resonance. The electro-optic modulator (EOM) before the doubler is used
to shift the frequency of the 241\/Ig+ Doppler cooling and repump beams and is discussed
below. All of the beams discussed in this section first pass through a single pass 200 MHz
AOM (The AOM is called Mg SW, and the beam is diffracted into the +1 order) at the
output of the frequency doubler. This is used as an optical switch that helps minimize

any leakage light reaching the ion trap when the laser beams are ideally switched off.
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For the 241\/IgJr ions, no co-carrier stimulated-Raman transitions are used as in
9Be™. Only 90° stimulated-Raman transitions are utilized, and these beams are used
for stimulated-Raman sideband cooling (see chapter (6)). The frequency difference be-
tween the two beams needs to be ~ 334 MHz, because this is the splitting between
the ‘QSé,mJ = 3) and ‘QSé,mJ = 1) levels. The two beams used for the transitions
will be referred to as Mg-CO and Mg-90, where at the ion trap Mg-CO has a k-vector
perpendicular to the quantizing magnetic field and Mg-90 has a k-vector parallel to the
quantizing magnetic field. The Mg-90 beam is generated from the -1 order of an 80 MHz
AOM labeled Mg Split in the figure (2.15). This beam is then directed toward the ion
trap. The Mg-CO beam is derived from the Oth order of the Mg Split AOM. This beam
is then sent through the -1 order of the double pass Mg DBL AOM, which is driven at a
frequency of ~ 207 MHz (This AOM has a bandwidth of 160-240 MHz.). This gives the
beam a frequency shift of -414 MHz relative to the frequency of the laser at the input of
the MG Split AOM. This beam is then directed toward the ion trap. The net frequency
difference between the beams is then the desired 334 MHz.

To implement stimulated-Raman sideband cooling requires the use of the 24MgJr
Raman beams described above is required. However, a 241\/Ig+ repumping beam is also
required (see chapter (6)). The 241\/Ig+ repumping beam used in this experiment is res-
onant with \QS%,mJ =3 — IQP%, my = 1) transition. The 24M[g" laser is nominally
detuned from this transition by ~ —9.2 GHz. To shift the frequency of the UV output,
a visible 9.2 GHz EOM is placed in front of the frequency doubling cavity. When a 9.2
GHz RF signal is applied to the EOM this creates 9.2 GHz sidebands on the visible
laser light. The frequency doubling cavity is a resonant cavity, and any light not res-
onant will be reflected. The cavity for the 24MgJr frequency doubling was designed to
have a free-spectral range with a multiple of 9.2 GHz. This allows both the carrier and
the sidebands to be resonant in the cavity. The UV output then consists of the carrier

frequency with 9.2 GHz sidebands. The positive frequency sideband is used to create
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the light resonant with the |28%,mj =3 — |2P%,mJ = 1) transition. The beam used
to do is the same as the Mg-90 described above. The -9.2 GHz off resonant light is
still present but does not scatter a significant number of photons in the time it takes to
repump the transition (a few us).

The beams used for 241\/IgJr Doppler cooling are derived from the same beam
as those for the 241\/IgJr stimulated-Raman transitions, but with the EOM turned on.
The frequency of the Mg-Co beam can be changed to suppress any Raman transitions.
The Mg-CO and Mg-90 beams are both split with a beam splitter and sent to the
two different trapping locations A and B (see figure (2.5)). These beams are labeled
Mg-CO,, Mg-CO,, Mg-90,, and Mg-90,. An additional laser beam is derived from the
Mg-90 beam, using a beam splitter. This beam is directed to the loading region and can
be used for Doppler cooling of 241\/IgJr at zero magnetic field (The 120 Gauss magnetic
field is turned off for loading ) see reference [Seidelin 06]. For loading the 2*Mg™ ions,
the 24Mg+ laser could be tuned near resonance with the 29 1 to QP% transition. However,
it was found to be easier to not Doppler cool the 24Mg+ ions in the loading region after
being photo-ionized, which meant the magnetic field could be left on. Because the Be™

ions were always loaded first, the uncooled 24ngL ions in the loading region could be

transferred to the experiment region and be sympathetically cooled by the *Betions.

2.8 Controlling the Experiment

The computer control used in the experiments described in this dissertation was
discussed in depth in the thesis by Chris Langer [Langer 06]; therefore, only the relevant
features will be highlighted here. All of the experiments described in this thesis have
similar features. A given experiment consists of many laser pulses at different frequencies
(sometimes moving the ions in between pulses) followed by the collection of fluorescence
from “Be™ ions. Thus, basic function of the controller is to set the frequencies of the

laser pulses, turn on and off the laser pulses, move the ions, and collect fluorescence. For
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example a single iteration of the entangled mechanical oscillators experiment (discussed
in chapter (8)) lasted ~ 14 ms and ~ 600 laser pulses were applied to the ions. This
would be difficult using just a desktop computer.

The experiment is controlled by a field programmable gate array (FPGA)' . This
is a chip that can be thought of as a reconfigurable digital logic device. The chip can
be configured to include memory, registers, buffer drivers, counters and other functions.
These can be programed using a hardware description language. For the experiments
here the FPGA can be programmed to set the frequency output of direct digital synthe-
sizers (these control the AOMs frequencies), toggle TTL’s, and store data in memory.

To run an experiment, the desired pulse sequence is written in a custom text
based language, which can be interpreted by a control computer. The computer then
downloads the pulse sequence to the FPGA. The FPGA runs the pulse sequence and
records the data into its memory. The control computer can then read the data from
the FPGA at a much slower rate than the experiments are run. The control computer
can also perform additional processing of the data that is needed without affecting any
ongoing experiments. The FPGA is also used to control the DC voltages sources, which
enable the ions to be moved during the experiment. A sequence of voltages can be
stored in the on board memory of an analog output card (NI PCI 6733 with 1MS/s).
The FPGA can issue a series of TTL pulses at the appropriate time that tell the analog

output card to step through the voltages stored in its memory.

! The FPGA card used was the Xlinx Xtreme DSP kit with a Virtex IV chip.
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Red Doppler (RD) Beam Lines: RD and Repumper
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Figure 2.13: The Red Doppler (RD) beam lines. The AOMs in this beam line generate
the RD and the repumper beam lines. See the text for a detailed description.
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‘Bet Raman Beam Lines

Telescope
photo | not to scale
diode

\' l ’
v

’ j diode /,/’

N4

N2
Glan-laser
polarizer

DEFL-90
+(16O - 240)

ion positions
in trapping regions
A an\d B

RCO
X2
+(160 - 240)

N4

N2
Gan-laser
polarizer

88 E
T H:I% _( Telescope
oo
¥

not to scale
. photo
photo_, | diode
diode
= =
< r—
_—
o
S — E
= S
8 T ¥
o
g
g
co |l
g

M1

~L

Figure 2.14: The Be™ Raman beam lines. This beam line generates the R-CO and R-90
beam lines. See the text for a detailed description. This figure is modified from a figure

appearing in [Langer 06].

Raman doubler
BBO




47

2’Mg*Beam lines: Mg-CO, Mg-90, and Mg Load
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Figure 2.15: The 24Mg+ beam lines. This beam line generates the Mg-CO, Mg-90, and
Mg Load beam lines. The Mg-CO and Mg-90 are split into two beams each and sent
to trapping regions A and B. These beams are labeled Mg-CO,, Mg-CO,, Mg-90,, and
Mg-90,,. See the text for a detailed description.



Chapter 3

‘Be™ Qubit

The entangled mechanical oscillators experiment [Jost 09] discussed in chapter (8)
uses two types of ions: a sympathetic cooling ion 2*Mg™ (see chapter (4)) and a logical
ion “Be™ (also referred to as a qubit (two-level quantum system)). The logical ion serves
as an information carrier. In the entangled mechanical oscillator experiment, this enables
the distribution of entanglement (of internal states of the two logical ions) to different
parts of an ion trap array. Using sympathetic cooling ions and logical ions, together
for experiments is not unique to the work discussed here, but is considered important
for scaling up quantum information processing (QIP) using trapped ions [Kielpinski 00,
Kielpinski 02b, Blinov 02, Rohde 01, Barrett 03, Haffner 08, DiVincenzo 01|

On the surface, the entangled mechanical oscillators experiment might not ap-
pear to have much to do with QIP. However, several of the techniques demonstrated
in this experiment are important for QIP, and have enabled several subsequent QIP
experiments [Home 09, Hanneke 10]. Thus, the Be™ ion will be discussed in terms of
its advantageous properties for QIP, and these advantages also apply to the entangled
mechanical oscillator experiment.

There are several choices that could serve as logical ions |Ozeri 07|, and it is
still unclear what the best ion is for QIP. The “Be™ ion has several desirable properties
|Ozeri 07] and meets many of the requirements of the DiVincenzo criteria |[DiVincenzo 01]

(Although not absolute, these are the widely accepted criteria that must be full filled for
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scalable QIP). The ?Be* ion is "1.) A scalable physical system with well characterized
qubits.[DiVincenzo 01]". The internal levels are discussed more in section (3.1). The
internal levels should have "3.) Long relevant decoherence times, much longer than the
gate operation time [DiVincenzo 01].". In ?Be’ the hyperfine ground states are used,
which have very long lifetimes [Wineland 98|, and internal states can be chosen that
are insensitive to magnetic field noise [Langer 05, Langer 06] (Magnetic field noise is a
common source of decoherence in trapped ions). This is discussed briefly in section (3.2),
but a detailed description is the subject of the thesis by Langer [Langer 05, Langer 06].
Through the use of optical pumping techniques, which is covered in section (3.3), the
9Be™ ion meets the criteria of "2.) The ability to initialize the state of the qubits to a sim-
ple fiducial state [DiVincenzo 01]." There exist techniques to accurately determine the
spin state of “Be™ through state dependent resonance fluorescence, which also meets the

DiVincenzo criteria of "5.) A qubit-specific measurement capability [DiVincenzo 01]."

3.1 Energy Level Structure

There are many possible choices of ions to use for QIP. One of the main factors
in choosing a particular atomic species to work with is the simplicity of the internal
level structure. The internal level structure is usually considered “simple” if the internal
levels have resonances with energies that are compatible with current laser technologies.
Another factor is how hard is it to prepare the states used to form the qubit. If it
takes numerous lasers to optically pump to the desired internal level, then although
technically possible it is not practically feasible for most experiments. There are several
elements scattered throughout the periodic table (see reference [Ozeri 07] for a more
complete list) that make good candidates for QIP. Several of the atomic species used
for ion trap quantum information processing are alkaline-earth elements. These are
common choices since the neutral atoms have two valence electrons. When ionized they

have a similar level structure to the alkali neutral elements, which are commonly used in
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’Be* Level Diagram
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Figure 3.1: Level structure for °Be’. This figure is reproduced from reference

[Langer 06]. The ground and excited states are coupled via an electric dipole tran-
sition with a wavelength of approximately 313 nm. The ground 25: state has two
hyperfine states FF = 2 and F' = 1 with magnetic sub-levels labeled %vith mp. Note
that the F labeling of the states is only valid at low magnetic field. The excited state
QP% also has two hyperfine states F' = 2 and F' = 1 with magnetic sub-levels labeled

with mp. The 2Ps excited state also has hyperfine levels. but their splitting is < 1MHz

2
[Poulsen 75]. Since the splitting is small the states are labeled with their m; quantum
numbers where J = 3/2. For each mj there will be four my levels, since I = 3/2
(mp=—-I,—-I+1,...,1—11).
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neutral atom trapping experiments. In addition, these ions can have ground to excited
state transitions that are excited with photons from the visible spectrum. Although
most of the transition wavelengths are in the UV, they are still accessible with current
laser technology.

Both of the ions species used in the experiments discussed in this dissertation are
alkaline-earth elements. Beryllium is used as a logical ion and Magnesium is used as a
sympathetic cooling ion (see chapter (4) for more details on Magnesium). Beryllium is
the lightest of the alkaline earth elements with a mass of ~9 atomic mass units. The only
isotope that is stable is ?Be with nuclear spin I=3/2. There is a rare °Be isotope with
nuclear spin I =0 that has a half-life of approximately 1 million years. The neutral ?Be
is ionized using electron impact ionization to create the ion *Be™. Figure (3.1) shows the
relevant internal level structure for °Bet. The electron configuration is 1s%2s'; therefore
there is one electron in the level labeled by the principle quantum number n = 2. There
are three relevant internal states for the work here; using the Russell-Sanders notation
n25*t1L; [Metcalf 99], these levels are the 225’%, QQP%, and ZQP%. The 2 in front of
the states corresponds to the principal quantum number n and will be dropped in the
remaining discussion. The ground state is the 2.5 1 state, and QP% and 2P% are the first
excited states. The excited state linewidth is I' = 27 x 19.4 MHz. The main energy
splitting of the 25% state from the QP% and QP% states is a result of accounting for the
quantum defect in the the energy level calculations [Foot 05]. The 25 1 levels are coupled
to the 2P% and QP% levels via an electric dipole transition of wavelength of ~ 313 nm.
The electron’s orbital angular momentum L couples to its spin, which is known as the
fine structure interaction [Foot 05]. The fine structure shifts the levels 2.5 1 2P% , and
2P:%, and is the main the source of the splitting of the QP%, and 2P% levels, which has
been measured to be 197 GHz |Bollinger 85|.

One of the reasons for choosing “Be™ over the isotope 1“Be™ is that Be™ has a

non-zero nuclear spin of I = 3/2. This has the important implication that 251, 2P,
2 2
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and QP% levels have hyperfine structure (see section (3.2) for more details and reference
[Langer 06] for even more details). Hyperfine ground states can make good qubits (see
below). The hyperfine interaction comes about from the coupling of the nuclear spin I
to the angular momentum J (J = L+ S). The hyperfine states are characterized by the
total angular momentum F' (F = I + J). At low magnetic fields F' and mp are good
quantum numbers and are used to label the states. For convenience these states will
be used to label the energy levels when discussing the internal states at intermediate
magnetic fields, where the only good quantum number is mg. For the 2S 1 state there
are two hyperfine levels F' = 2 and F = 1 with a splitting of 1.25 GHz [Wineland 83],
where the F' = 2 state is the lower energy state (In Beryllium the g-factor gr has the
opposite sign from that seen in most neutral alkalies, because the g-factor gy is negative.
As aresult the F' = 2 (gp ~ —1) manifold has lower energy than the F' =1 (gp ~ 1)
manifold.). In the QP% state there are also two hyperfine levels F' = 2 and F = 1 with
a splitting of 237 MHz [Bollinger 85]. The QP% state also has hyperfine structure, but
the splitting between the levels is small < 1 MHz [Poulsen 75]. In figure (3.1) the states
in this manifold are labeled with their m; quantum numbers where J = 3/2. For each
m there will be four my levels since I =3/2 (m; = —I,—1+1,....1 —1,I). Again this
labeling is only correct at low values of the magnetic field. Figure (3.1) also shows the
magnetic sub-levels for each of the hyperfine states. These will be split by the Zeeman
effect, which is discussed in the next section.

It can be seen now how ?Bet

meets the DiVincenzo criteria of "1.) A scalable
physical system with well characterized qubits.|DiVincenzo 01|". Many possible states

can be distinguished and used as a qubit. It will be discussed in the next section how

some of these levels make a better choice than others for forming a qubit.
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3.2 Hyperfine and Zeeman Interactions

9

As mentioned in the previous section “Be™ has a nuclear spin of I = %, and this

couples to the angular momentum J to via the hyperfine interaction
H = hAT - J. (3.1)

The hyperfine constant is represented by A for “Be™ it has a value of ~ —625 MHz
[Langer 06], h is Planck’s constant. At low magnetic fields the good quantum numbers
are the total angular moment F =T+Jandits projection mg on the quantization axis.
This is why the states are labeled with |F,mpg). For low magnetic fields the shift in the
energies of the magnetic sub-levels is E = —grpupmpB [Foot 05]. The Bohr-magneton
is represented by pp, and B represents the value of the magnetic field. The first constant
gr is the g-factor. (In Beryllium the g-factor g has the opposite sign than that seen in
most neutral atom experiments.).

Several experiments [Leibfried 03b, Barrett 04, Chiaverini 04, Chiaverini 05| [Leibfried 04,
Reichle 06a]have been performed using the hyperfine ground states of “Be™ at low mag-
netic fields (< 20 Gauss). These states have very long lifetimes measured in millions
of years [Wineland 98]. Most level splittings will have a first order dependence on the
magnetic field. (An exception is the |ZS%,F =2,mp =0) and |25%,F =1,mp =0)
transitions, which is called a clock transition.) The splitting is first-order independent
of magnetic field only at B = 0. A magnetic field must be introduced to break the
degeneracy of the other levels, which means this level splitting will have some first order
dependence on the magnetic field.) This makes a superposition of these levels sensitive
to decoherence from changes in the magnetic field. Typical decoherence times for these
transitions in the laboratory are < Ims. This is on the same time scale as the length
of the experiments in references [Leibfried 03b, Barrett 04, Chiaverini 04, Chiaverini 05,
Leibfried 04, Reichle 06b|. Spin echo techniques [Ramsey 63, Vandersypen 04| are used

to extend this time, but they are most likely not sufficient to meet the DiVincenzo crite-



o4

ria of "3.) Long relevant decoherence times, much longer than the gate operation time
[DiVincenzo 01]."

In the low field limit where the hyperfine interaction is large compared to the Zee-
man interaction the splitting of the levels is linear in the magnetic field except for the
clock transitions. This is also true in the high field regime where the Zeeman interaction
is much larger than the hyperfine interaction. In the intermediate field regime where
the two interactions are of comparable energies, the splitting between some of the levels
is no longer linear, but has curvature. For particular values of the magnetic field there
are “field independent” transitions [Bollinger 91, Wineland 98, Langer 05, Langer 06|,
where the splittings between two levels is no longer depends to first order on the mag-
netic field, but only to second order. The Breit-Rabi formula allows for the calculation
of the field-independent transitions. References [Langer 05, Langer 06| discuss this in
detail for the system used in this dissertation. There are two field-independent transi-
tions in ?Be™ that occur near a magnetic field of ~ 120 Gauss: |QS%, F=2mp=0)—
\QSé,F: 1,mp =1) and |QS%,F: 2,mp=1) — |2S%,F =1,mp =0). In reference
|[Langer 05] a coherence time of ~ 15 seconds was demonstrated on the \25% JF=2mp=0)—
\QSé,F = 1,mp = 1) transition.

The experiments discussed in this dissertation do not make use of the field-
independent transitions. However, the experimental apparatus was set up around with
B = 120 Gauss, so that future experiments [Home 09, Hanneke 10] could use the field-
independent transitions with fewer changes. The two logical levels (qubit levels) in this
dissertation are the \QSé,F =2,mp = 2) and the |QS%,F =2,mp = 1). Not using the

field-independent transitions simplified certain aspects of the experiment.

3.3 State Preparation

As was discussed in the previous section, “Be™ has several possible states that

could serve as good qubit states. However there needs to be a way to prepare the “Be™
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ion in one of these states. This requirement is also one of the DiVincenzo criteria "2.)
The ability to initialize the state of the qubits to a simple fiducial state [DiVincenzo 01]."
Through a combination of optical pumping and stimulated Raman transitions (see chap-
ter (4)) it is possible to prepare a “Be™ ion’s internal state in any of the hyperfine ground
states. To do this we first initialize the population to particular level via optical pump-
ing. It can then be transferred to other levels with stimulated Raman transitions.

For the experiments discussed in this dissertation, the states |QS%, F=2mp=1)
and \QSé,F =2,mp = 2) are used as the qubit states. Using optical pumping tech-
niques, it is possible to first prepare the population in the state |25’%,F =2, mp =2).
The beams used for optical pumping are shown in figure (3.2). Their orientation with
respect to the trap axis and the magnetic field are shown in figure (3.3). All the beams
ideally have o polarization, and this is adjusted with a \/4 waveplate and magnetic field
coils that allow for fine tuning of the magnetic field direction. However, the polarization
is never perfect, which must be taken into account.

After loading an ion in the ion trap, it must be assumed that the internal state
population is distributed over any of the 29 1 ground states. It is necessary that the
optical pumping efficiently transfer all of the population to the \25%,}9’ =2,mp =2)
state. A single beam with perfect o polarization tuned to near resonance with the
28 1 —2 P% transition would eventually transfer all the population to this level. However,
the 1.25 GHz splitting of F' = 1 and F' = 2 ground state manifolds makes it difficult
to accomplish this in a reasonable amount of time (~ few ms) with one laser beam,
since the excited state linewidth is 19.4 MHz and some of the transitions would be off
resonant. Thus, several beams are used.

Two beams are tuned near resonance with QP% level. One beam is called the “re-
pumper” and is tuned to be resonant with the \25%, F=2mp=1)— \QP%,F =2, mp =2)
transition. These beams efficiently pump the population from ’25%7F =2,mp=1) to

\25%717: 2,mp = 2). Once the population is in the \zSé,F =2, mp = 2) state ion
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Figure 3.2: ?Be™ levels at a magnetic field of 119.4 Gauss with tuning of laser beams
indicated. This figure was reproduced from reference [Langer 06]. It depicts the approxi-
mate level splittings for the levels used in the experiments discussed in this dissertation.
The exact magnetic field varied slightly < 1 Gauss from the field used in this figure.
The level splittings are in MHz. The laser beams used for optical pumping and Doppler
cooling with ?Be™ are shown.
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‘Be* Laser Beams for optical pumping and Doppler Cooling
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Figure 3.3: Orientation of the RD, repumper, BD, and BD detuned laser beams with

respect to the trap axis and magnetic field direction. All beams are used for the initial

state preparation of the state |2S1, F = 2,mp = 2). The RD and repumper beams are
2

also used for Raman cooling with Be™. The BD detuned beam is used for Doppler
cooling. The BD beam is used for near-resonance Doppler cooling and state dependent
resonance fluorescence.

scattering from the RD and repumper beams ceases, because there is no transition cou-
pling the \QSé,F = 2,mp = 2) ground state to the QP% state. These beams are also
used as the repumping beams for a Raman cooling cycle on the \25%, F=2mp=2)—
\25%, F =2, mp = 1) transition (see chapter (6)). The other beam near resonance with
the QP% level is called RD (RD stands for Red Doppler, and is somewhat of a historical
name). It is tuned near resonance with the |2S%, F=1mp=1)— \QP%,F =2, mp =2)
transition. Although this beam is farther from resonance with the other levels in the F' =
1 ground state manifold, it can help optically pump them to the \25%, F=2mp=2)
state. The RD beam is also necessary for Raman cooling. When repumping the
\QS%7 F =2, mp = 1) state via the ]2P%, F =2,mp = 2) level the population can spon-
taneous decay to the ]2S%,F = 1,mp = 1) state, and the RD beam helps pump this

population to |2S1, F = 2,mp = 2). The optical power for these beams is ideally kept
2
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such that the transitions are not saturated. If the transitions are saturated and the
polarization is not perfect, then this will lead to depumping of the |2S%’ F=2mp=2)
state.

Two other beams aid in state initialization. These are labeled in figure (3.2)
as BD and BD detuned (BD stands for Blue Doppler). Both beams have ot po-
larization. The BD detuned beam is red detuned from the |28%,F =2,mp =2) —
|2P%,m1 = 3m; = 3) cycling transition [Metcalf 99] by ~ 400 MHz. The laser intensity
in this beam is several times the saturation intensity, so transitions help in optically
pumping all ' = 2 manifold ground states to the state |2S%,F =2,mp =2). This
beam is also used for Doppler cooling of the Be™ ions (see chapter (5) for more on
Doppler cooling). This beam helps pre-cool ions that are very hot. When ions are ini-
tially loaded in the trap, they are quite hot, since they are loaded into the trap from a
thermal source of neutral Beryllium atoms. In addition, the ions can undergo collisions
with the background gas, which can impart energy to the ions. The BD beam also

helps with state preparation, but its main purpose is for Doppler cooling and detection

L

(see section (3.4)). For Doppler cooling it is red detuned from the resonance by ~ 5

(I' = 27 x 19.4 MHz) and the intensity is below saturation, which provides the optimum
two-level Doppler cooling (see chapter (5)).

Doppler cooling was discussed along with the state preparation of “Be™ (see sec-
tion 3.3), because these to things work together in the experiments. If the internal state
population is not completely optically pumped to the \25%, F =2 mp = 2) state, the cy-
cling transition (IQSé,F =2,mp=2) — IZP%,mI = 3,my = 3)) can not be efficiently
driven. A typical Be* state preparation/Doppler cooling sequence starts with ~ 3.5 ms
of RD, repumper, BD and BD detuned. This is followed by ~ 500 us of RD, repumper,
and BD. This stage helps achieve the lowest possible Doppler temperature (see chapter

(5)). The last pulse is ~ 25 us of RD and repumper.
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3.4 Detection

The ability to able to distinguish the states of a qubit is important in QIP,
and is one of the DiVincenzo criteria "5.) A qubit-specific measurement capability
[DiVincenzo 01]." For trapped ions, this is typically done by implementing state depen-
dent resonance fluorescence. This technique was originally proposed by Dehmelt et al.
[Dehmelt 75| and demonstrated experimentally in references [Wineland 80, Nagourney 86|
[Sauter 86, Bergquist 86]. For QIP applications it is not adequate to simply distin-
guish the two qubit states. The error rates need to be as low as possible. Fault toler-
ant thresholds [Knill 05, Steane 03b, Kielpinski 02b] that set minimum tolerable errors
rates for QIP. High detection efficiencies have been demonstrated for ions in references
[Hume 07, Myerson 08, Burrell 09].

Resonance fluorescence detection of the internal states of Be™ used in this disser-
tation was a major focus of the dissertation by Langer [Langer 06], and only the relevant
portions will be highlighted here. (- A Joke: Why did the cucumber blush? The answer
is somewhere in this dissertation. -) State-dependent resonance fluorescence detection
works by having one of the qubit states strongly fluoresce (called the bright state, which
is the |QS%,F =2, mp = 2) state) and the other fluoresce negligibly (called the dark
state, which here is the |2S%, F =2, mp = 1) state). The bright state is coupled to the
m; = 3) state, excited via a closed cycling transition [Metcalf 99] and can
scatter millions of photons per second. This is accomplished with the BD beam shown
in figure (3.2), with the frequency is tuned a few MHz red of resonance with an intensity
below the saturation intensity. The scattering rate is limited by the linewidth of the
excited state, which is I' = 27 x 19.4 MHz. Assuming the saturation is s = 1/2, the
scattering rate [Metcalf 99] is Ry = % . A 200 ps detection time is used, and in that
time N ~ 4000 photons are scattered. An F' ~ 1 imaging system collects some of the

scattered photons and focuses them on to a photo-multiplier tube (The apparatus for
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collecting the photons is discussed in more detail in chapter (2).). Only a small fraction
of the photons are collected in this time, ng ~ 10. The overall collection efficiency is
then g ~ 2.5 x 1073 . Assuming there is no background and the dark state scatters no
photons, the probability of the ion being in the bright state but not being detected is
[Wineland 98] Py (0) = (1 — )" ~ e ™. For ng = 10 then Py (0) ~ 5 x 10~°, which
is a relatively small error.

One source of error in detection is due to the dark state not being completely dark
and scattering photons. The dark state |QS%,F = 2,mp = 1) is shifted by only ~ 100
MHz from the |QS%, F =2, mp = 2) state. For s = 1/2, approximately 60 photons would
be scattered in the detection time of 200 us and ~ 0.2 would be collected by the imaging
system, not an insignificant error. In addition, once the dark state is pumped to the
bright state it will scatter more photons, contributing to a false signal.

This can error can be made smaller by “electron shelving” [Dehmelt 75|. In our
experiment the dark state |2S%,F =2,mp = 1) can be transferred to another auxil-
iary state IQS%,F = 2, mp = —2), which scatters less photons. See reference [Langer 06]
for more details on the error rates. Shelving can be accomplished by using co-carrier
Raman pulses (see section (3.5)) to transfer the population. (Note that a m-pulse de-
notes complete transfer from one state to another.) This is accomplished by perform-
ing a m-pulse on the ]25%,}7 =2,mp=1) — \QSé,F = 2,mp = 0) transition followed
by two more sequential m-pulses that make the transitions |2S%,F =2,mp=0) —
PS%,F =2, mp = —1) and ]23%,}7 =2,mp=—1) — PS%,F =2,mp = —2).

If a “Be™ ion is in the bright state, then in a single 200 us detection period
approximately 10 photons should be detected. Repeating the same experiment many
times gives a histogram of the number of photons collected. The histogram will follow
a Poissonian distribution with a mean of ~ 10 photons. A single data point in a scan
of some parameter is the average of many single experiments (typically between 100-

500 experiments). When the ion is in the dark state, no photons should be collected;
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however, a background of ~ 0.1 counts on the photomultiplier tube is observed. Also
the mean number of photons detected can drift in time. For several of the experiments
discussed (for example see section (6.7)) in this dissertation it sufficient to know the
average number of photons received for each data point. For analyzing the data from
the geometric phase gate (7.6) and the entangled mechanical oscillators experiment 8
it is necessary to carefully distinguish the brig detected provides. In the case of the

geometric phase gate (chapter (7)) where two “Be*

ions are detected, for a given data
point (A data point is the average of many experiments) the state of the qubits might
be in a superposition of having 0, 1, and 2 ions bright, and it is necessary to determine
the relative probabilities. To accomplish this, the data is summed together from a given
experiment creating a histogram of the number of photons collected. This data is then
fit to a sum of poissonian distributions, and the resulting means are found. Typically,
the means are approximately 0.1, 10, and 20 photons, which corresponds to detecting 0,
1, or 2 ions in the bright state. For a single data point, the histogram data can be fit
to a sum of poissonian distributions with fixed means to the find the relative weights of

each distribution. This gives the relative probabilities of 0, 1, and 2 ions being in the

bright state.

3.5 Raman Transitions in °Be™

Two photon stimulated Raman transition are discussed in detail in chapter (6).
A simple overview of the levels and the beams used for Raman transitions will be given
in this section. Stimulated Raman transitions are performed with two laser beams
that are blue detuned from the 25 1 —2 P% transitions by ~ 80 GHz. The frequency
difference between these beams can be tuned from ~ 0 to ~ 100 MHz. Stimulated
Raman sideband transitions (see chapter (6)) are driven between \QS%,F =2,mp =2)
and \QSé,F = 2,mp = 1) states. One beam has 7 polarization and its k-vector is per-

pendicular to the magnetic field. The second beam propagates along the magnetic field
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direction with linear polarization. This means both ¢ and o~ polarization components
are present. Only the o component contributes to the transition. The ¢~ component
is off resonance, and is used to balance Stark shifts. The two beams are perpendicular to
each other and have a projection along the trap axis. Thus they can be used for Raman
cooling with ?Be™, for the motion adding, and motion subtracting sidebands, which are
discussed in chapter (8). Although not used on all the transitions, these beams could
drive any AF=0 and Amp = 1 transitions in the QS% state.

By making the two Raman beams co-linear, motion insensitive transitions can be
driven between any AF = 0 and Amp = 1 transitions in the 29 1 manifold. These
transitions perform a rotation between two internal states of a “Be™ ion [Wineland 98].
This is often described as a single qubit gate [Nielsen 00]. The k-vectors of both beams
are oriented perpendicular to the magnetic field with a polarization such that both beams
have 7w, 0T, and ¢~ polarization components. The frequencies and polarizations of the
two beams are such that AF = 0 and Amp = 1 transitions in the 25’% state are driven

with both o% /7 and ¢~ /7 combinations of polarizations.



Chapter 4

Sympathetic Cooling and *'Mg™

This chapter has a discussion of sympathetic cooling and the Magnesium ion. The
first section is a general discussion of the motivations and issues surrounding sympa-
thetic cooling for quantum information processing. This chapter does not experimental
demonstrations of sympathetic cooling, which is covered elsewhere in this dissertation.
The second section provides an overview of the 2*Mg™ ion and its structure, which is
used as the sympathetic cooling ion in the experiments discussed in this dissertation. A

simplified overview is given of how the internal structure comes about.

4.1 Sympathetic Cooling

One of the main goals of quantum information processing is to perform fault
tolerant operations [Nielsen 00] in any system, there will be multiple sources of errors,
and these errors will need to be reduced to below the appropriate fault tolerant threshold.
In ion trap based quantum information processing, one of the fundamental operations
for forming a universal gate set is the two-qubit entangling gate. Most proposals for
implementing such an operation involve using the motional modes of the trapped ions,
where it is assumed that the ions are in the Lamb-Dicke regime [Wineland 98]. The
motion is the natural choice since this provides the dominate coupling between ions
trapped in the same potential well. Most gate implementations involve the axial modes

of motion [Cirac 95, Wineland 98]; however, radial modes can also be used [Zhu 06,



64

Lin 09, Kim 09]. These gates require the ability to excite the motion of the ions in a
state dependent way. Several schemes allow the ions motion to be in a thermal state
[Serensen 99, Sgrensen 00, Kirchmair 09|, but all of these schemes require the ions to
be in the Lamb-Dicke regime. Unless the ions can be placed in a completely noise
free environment there will always be some need to recool them. Sympathetic cooling
provides this capability of recooling the ions used for the two qubit gates.

In the context of trapped ions, sympathetic cooling is the process of using one
or more ions to cool other ions. Typically, information is stored in the internal state
of a “logic” ion and the information needs to be preserved throughout the computation.
Laser cooling techniques applied to the logic ion would destroy this information, since
they rely on manipulating the ions‘ internal states. When there is more than one ion in
the ion trap, there are multiple normal modes of motion. Since the motion is usually
shared between all the ions it is sufficient to only cool one of the ions in the chain.

The primary reason the motional state changes in time in an uncontrolled way
can be attributed to heating of the motional modes from noisy ambient electric fields.
Efforts can be made to minimize the amount of electric field noise the ions experience.
This can include placing an ion trap in a cryogenic environment [Antohi 09] or filtering
all electrical signals going into the apparatus. Another source of the heating results
from having imperfect waveforms, which are used in transport and separation of the
ions. This can lead to modulations of the trapping potential, which drives the ions’

motion |Blakestad 09].

4.1.1 Options for Sympathetic Cooling

There are many different proposals for sympathetic cooling with trapped ions.
Most of the proposals involve having a chain of ions, where some of the ions serve
as logical qubits and others serve as coolant ions. One scheme uses a homogeneous ion

crystal and relies on individual addressing of particular ions to cool the chain [Rohde 01].
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There are two proposals that involve using a different types of ions as the cooling ions.
One makes use of having a different isotope of the same type of ion [Blinov 02]|. The other
uses a different species of ion altogether [Kielpinski 00, Barrett 03|. Another proposal
involves having a long string of ions and cooling some of the ions on the end of the chain
[Herrmann 09].

It maybe possible to use some ions in the chain to remove energy from the other
by separating them off. In the experiment performed in ref [Barrett 04| one ion was
separated off from a chain of three ions leaving the remaining two ions with relatively
low motional excitation. The third ion was presumably hot. A protocol for this might
involve having a reservoir of cold ions where one or a few are merged with the hot chain of
logical ions. The motional energy should thermalize across the normal modes of the new
crystal. Then these ions could be separated off in a way such the ions being separated
from the chain carry away some fraction of the motional energy.

Although schemes exist that allow gates to be preformed at Doppler temperatures.
This alone will not be enough to do away with the need of sympathetic cooling. One
alternative architecture might involve only storing information in the logical qubits for
a time short compared to the heating rate. This would require the ability to bring new
cold ions in at fast rate and transfer the information from the ion that is getting hot to

the one that is cold.

4.1.2 Issues with Sympathetic Cooling

Our experiments involve using a different species of ion as the coolant ion. This
scheme has several advantages over others. One of the main ones is negligible sponta-
neous scattering errors on the logical qubits from the laser light used to cool the coolant
ions. This results from the fact that if the logical ion is a different species from the
coolant ion, then its transition frequency will typically be significantly different from

that of the qubit. This will be important, because a large-scale ion based quantum
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information processor will probably require substantial sympathetic cooling.

The ions experience micromotion from the oscillating radio-frequency (RF) field
when they are forced off of the RF field minimum of the trap. This will degrade the
performance of some of the relevant quantum operations [Berkeland 98]. Typically, the
ions are forced off of the RF null by stray electric fields, which can have a number of
sources. If the fields are small and do not change quickly, then the possibility does
exist to compensate for them. However, we required some way to detect the presence
of stray fields. This can be accomplished by detecting depumping! of the logical ions
[Berkeland 98]. We need observe for this depumping in two non-coplaner x-y directions
to null the micromotion in the X and Y directions (radial directions, which are not
along the trap axis). This can be accomplished with the use of the logical qubits, but
requires two separate laser beams. Often, the detection beam (see chapter (3)) can
be used for one, but another beam is required, which further complicates the setup.
Having a coolant ion with a different mass allows for another method of probing the
local electric field environment. The RF pseudo-potential depends on the mass of the
ion [Wineland 98, Leibfried 03a]. Two ions of different mass will be pushed off axis
by different amounts from the same electric field. This has a number of effects. An
ion crystal with more than two ions that was linear will no longer be linear. If the
stimulated Raman beams [Wineland 98| (see chapter 6) were set up to probe along the
axial direction, then it will no longer probe only axial modes. Components from the
radial modes will now also show up when scanning the frequency of a sideband pulse.
This has both advantages and disadvantages. If these modes are not spectrally will

resolved from the axial modes, then the radial modes presence will increase the errors

! The RF micromotion puts sidebands on a the transitions. A laser beam can be tuned near resonance
with one of these sideband transitions, and when there is micromotion this laser will scatter photons.
If the appropriate transition is chosen, then this scattering can optically pump the ion’s state to other
levels. This will cause a decrease in fluorescence when using state dependent resonance fluorescence. In
addition, if a cycling transition is being used to scatter photons, then the micromotion will broaden this
transition, which leads to a decreased scattering rate, and this can be detected with state-dependent
resonance fluorescence.
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that result from off resonantly driving the radial transitions. However, being sensitive
to these modes can also be viewed as a tool for nulling out the micromotion. The
micromotion can be nulled by scanning a compensating electric fields to minimize the
coupling.

The use of different mass ions potentially gives rise to more overlaps of the normal
mode resonant frequencies. Here we assume a typical linear RF Paul trap, where the
radial confinement is higher than the axial confinement. With a small uniform chain of
a few ions, the frequency of the radial modes do not typically overlap with axial modes.
If the two types of ions have a different mass, then depending on the mass difference,
some of the radial mode can be lower in frequency then some of the axial modes. This
is not a fundamental problem, but does create technical difficulties. These difficulties
arise from the fact that the closer you have a radial mode near an axial mode in the
frequency domain, the more carefully the stray electric fields need to be nulled. If not
well compensated, then this will lead to increased off resonant coupling when trying to
drive sideband transitions or other operations that involve exciting the motion.

Another consideration for the coolant ion is the simplicity of its internal level
structure. In a large-scale quantum information processing devices cooling will most
likely be needed in several regions. Laser beams will have to be distributed to these
locations. Thus if the coolant ion requires multiple beams to be cooled, then this will

only further complicate the setup.

4.2 Mgt

4.2.1 Energy Level Structure

The sympathetic cooling ion used in our experiments is the alkali earth element
Magnesium. There are three stable isotopes Mg, 2?Mg, and ?*Mg, which have natural

abundances of 11%, 10%, and 79% respectively [Mgl |. The experiments use 2*Mg which



68

use zero nuclear spin, which simplifies the internal level structure. We ionize neutral
24Mg to create 2*Mg*t . This creates an ion with similar internal properties to alkali
neutral atoms that have one valence electron. In ?*Mg* the valence electron is in the
n = 3 shell. Its ground state is an S orbital labeled 25 1 The first excited state is a
P orbital. These levels are split by ~ 280 nm [Herrmann 09]. We excite the electron
through an electric dipole transition using a laser beam with a wavelength approximately
equal to 280 nm.

The excited P orbital has an additional level splitting called fine structure, which
splits the excited state into the two levels QP% and QP%. Two effects give rise to the
fine structure for the excited P state: the relativistic shift, and spin orbit coupling
[Brandsden 03, Foot 05]. The ground state will experience an additional shift from the
Darwin term [Brandsden 03]. The relativistic correction comes about by taking into
account the relativistic kinetic energy of the electron. The spin orbit correction arises
from the coupling of the magnetic moment of the electron to the magnetic field arising
from the electron’s motion in the electric field of the atomic core. Its motion relative to
the nucleus. These effects give rise to a splitting of ~ 2.75 THz [Yu. 08].

The ground and excited states also have magnetic sub levels, which are degenerate
at zero magnetic field. Each of the energy levels will have 2J4-1 degenerate magnetic sub-
levels where J is the total angular momentum J = L+S (The orbital angular momentum
is represented by L, and S represents the spin angular momentum.). Breaking the
degeneracy of these levels, is useful for quantum information processing and laser cooling.
Applying a static magnetic field B breaks the degeneracy, which is known as the Zeeman
effect. How the energy shift from the Zeeman effect is calculated depends on the strength
of the interaction compared to the spin-orbit coupling. There are three regimes: the
weak, the intermediate, and the strong. The strength of the external magnetic field
when compared to the internal magnetic field determines the regime. In the weak-field

limit, the Zeeman effect is a perturbation on the spin-orbit correction and treated as a
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perturbation, using the base kets of spin orbit interaction. For the strong field limit, the
base kets of the Zeeman Hamiltonian are used and the spin-orbit is the perturbation. In
the intermediate regime both are treated on the same level and the resulting Hamiltonian
has to be diagonalized to find the energies. The experiments discussed in this dissertation
are performed at a magnetic field of 120 Gauss, which is in the weak field regime. The

Hamiltonian that describes this effect is
Hzm = —/ngjj' é (4.1)

The Bohr magneton is 1. The Landé g-factor g; is given by [Brandsden 03]

JU+D+S(S+1) ~ LL+1)

1
g =1+ 2J(J +1)

(4.2)

The g factors are: for the 251 states g; ~ 2, for the 2P1 states g7 f:%, and for the 2P;
2 2 2

states gy ~ %.

The change in energy for a given magnetic sub-level m; is
AE = —upg;m;B. (4.3)

As function of the applied magnetic field the splitting of the energy levels is shown
in figures (4.1) and (4.2), and (4.3). Figure (4.4) shows the internal level structure of
24Mg*t at a magnetic field of 119.65 Gauss. The splittings of the magnetic sub levels
is determined from calculations. The splitting of the 25 1 and QP% levels is determined

from experimental values. The fine structure splitting of 2.75 THz comes from reference

[Yu. 08].
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Mg* Zeeman Effect: 2P3/2 Levels vs Magnetic Field
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Figure 4.1: Splittings of the ZP% levels of ?*Mgtas a function of the applied magnetic
field. The g-factor g 2%.
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Mg* Zeeman Effect: 281/2 Levels vs Magnetic Field
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% Mg* Level Diagram
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Chapter 5

Doppler Cooling

This chapter provides an overview of Doppler cooling and examines some issues
with its use to cool 24Mg+. The beginning section discusses the basics of Doppler cooling
in a two-level system. However, for our implementation of Doppler cooling with 24MgJr it
is necessary to consider a more complicated three-level system, where “dark resonances”
can occur. This is examined with a master equation and covered in section (5.4). The
sections following this discuss the issues from having two different types of laser beam
orientations. The last section (5.6) discusses an experimental implementation of 24Mg+

+

Doppler cooling, which is used to sympathetically cool a Be™ ion. This technique was

developed to enable the entangled mechanical oscillators experiment [Jost 09].

5.1 Background

Laser cooling has been used for many years to cool the motion of atoms and ions.
Early theoretical proposals for laser cooling were described by Hénsch and Schawlow
[Hénsch 75] as well as Wineland and Dehmelt [Wineland 75] in 1975. The first ex-
perimental demonstration came a few years later by Wineland et. al. [Wineland 78],
concurrently with another set of experiments by Neuhauser et al. [Neuhauser 78]. A
good review of the history of laser cooling can be found in an article by Stenholm
[Stenholm 86].

One of the more common techniques is Doppler cooling. This technique makes
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use of the Doppler shift of an internal transition in ions (or atoms). If an ion absorbs a
photon it receives a momentum kick Ak from the laser light in the direction the of the
laser propagation. If an atom were stationary then it would start moving in the direction
of the light, which is obviously not an example of cooling. However, if the laser light
is tuned to a lower frequency than the atomic transition, then the stationary ion will
not absorb any light. This assumes the detuning is sufficiently large. Now, if the atom
is moving toward the laser source, then it will experience the light as Doppler-shifted
to higher frequencies. This brings the light into resonance with the atomic transition,
causing the atom to absorb a photon. In this case, the atom receives a momentum kick
in the direction opposite to its motion, causing it to slow down. In the case where the
atom was moving away from the laser source, it sees the light as being shifted even
further from resonance.

Doppler cooling slows down motion of the ion, which is often referred to as cooling
the ion. However, there is a problem discussing the temperature of an ion [Metcalf 99].
The thermodynamic definition of the temperature of a system requires it to be in thermal
contact and equilibrium with a bath. A trapped ion is not in thermal contact with
any bath. However, it is still convenient to discuss the temperature of a system by
relating its average kinetic energy to a temperature E:%kz BT, where kp is the Boltzmann
constant, and 7' is the temperature. It should be noted there are infinitely many velocity
distributions that can lead to the same average kinetic energy. However, Doppler cooling
leaves the ions’ motion in a thermal distribution [Stenholm 86|, and the concept of
temperature is valid.

It appears from the above simple description of Doppler cooling that by controlling
the detuning of the laser an ion could be cooled to zero temperature. This would work
by changing the frequency of the detuning, as the ion gets colder until the last recoil
kick removes the final bit of energy from the motion. At this point, the laser is shut

off. Unfortunately, this is not the case, and there is a limit to how cold the ions become
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because of recoil upon absorption and re-emission. For a two-level system that has an

excited state line-width of I' the Doppler cooling limit [Metcalf 99, Wineland 79| is

hT

=3 (5.1)

D

This limit comes from a balance between the cooling and heating.

5.2 Doppler Cooling of Trapped Ions

Most treatments of Doppler cooling treat the particle as a free-particle, which is

not true for a trapped ion. Assuming the 1D case, then the ion sees a potential
L 99
V = —mwz”. (5.2)

The mass of the ion is m, angular frequency is w, and z is the displacement from
equilibrium. This is a harmonic potential, so the velocity of the ion has the form v () =
Vo cos [(wt)]. As long as the trap frequency w < I' the system is said to be in the weak
binding limit [Stenholm 86|, and the ion can be treated like a free particle. In this case,
the time between absorption and re-emission of a photon is short compared to the period
%”. This is an oversimplified treatment. It does not take into account micromotion
[Leibfried 03a] in Paul traps, which has a term in the potential that typically oscillates
with a frequency near to or higher than the spontaneous emission rate. Nevertheless the
effects of micromotion are typically small and the simple theory suffices.

Following the discussions in references |Leibfried 03a, Wineland 78, Wineland 87,
Neuhauser 78|, the cooling rates, heating rates, and final temperature can be calculated.
The damping force from scattering photons is dependent on the on the velocity of the
ion. The force results from the ion’s change in momentum from a scattering event.

The rate of momentum kicks is determined by the linewidth I' and the excited state

population p.. (v), giving a force of

F, = hkT pee (v) . (5.3)
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The magnitude wavevector of the laser is represented by k. The Doppler shift is given
by k-7 (t), and comes into the equations via the excited state population. The Doppler
shift is modeled as changing the effective detuning from resonance, which affects the
excited state population. If the velocities are small, then the force can be linearized by
expanding p.. (v) in terms of the velocity around v = 0 and keeping terms up to O (v).
This gives a linearized force of

Fa = Fo + ﬂdva (54)

where Fj, is a velocity-independent force and (g is the effective damping coefficient. It
is worth noting that in this approximation, the damping coefficient will not depend on
the velocity and will depend only on the other parameters.

The average cooling rate EC is given by the force times the velocity averaged over

many cycles of the ions motion.
Ee = (Foo (t)) = Fo (v (£) + B4 (v (1)) (5.5)

The term proportional to (v (¢)) will time average to 0. The quadratic term will
average to %ﬂdvg, where v, is the peak velocity. The final temperature reached will
come from a balance of the cooling with the heating rate. Part of the heating results
from the spontaneous scattering of photons in random directions by the ion. We will
be considering a dipole transition, where the radiation pattern is symmetric resulting
in an average momentum kick (p) = 0 for re-emission. However <p2> # 0 since the
ion is undergoing a random walk in momentum space. Imagine the ion started out at
rest. After undergoing many random momentum kicks, the average velocity would still
be zero, but the velocity would follow some distribution with a finite value of <v2>.
Thus, the heating rate from the emission of a photon will be related to the square of the
momentum kick. Another heating mechanism comes from the absorption of photons.
If the ion starts with zero velocity and absorbs photons, then it receives momentum

at random times that the motion. The heating rate is determined by the time rate of
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change of the kinetic energy, which is proportional to <p2>.
Eh -5 4, = Eabs + Eemis + Eo- (56)

The heating rate from absorption Eabs is proportional to the average momentum kick
squared times the rate of absorption at zero velocity, (ﬁE)Q I'pee (v =10). The heating
rate from emission Eemis is proportional to this with a constant £ is proportional to
this. The constant depends on the projection of the dipole radiation pattern along the
axis of motion. It will be seen in the more specific case studied later that Eemis can
be composed of more than one term. This occurs if there are multiple spontaneous
decay paths. Other heating mechanisms are accounted for with the term Eo. One such

example is the heating of the ion’s motion from noisy stray electric fields.

1

Eh = Eabs (1 + 5) + Eo m

(hE)2 Tpee (v = 0) (14 €) + B, (5.7)

The Doppler cooling temperature limit can be found from setting the sum of (5.5) and

(5.7) to zero. This gives

mE,
Ba

1ik)? Tpee (v = 0)
2 Ba

m<v2>:kBT:—<

(1+¢) — (5.8)

Equations (5.5) and (5.8) can be used to optimize Doppler cooling. Before this can be
done, an expression for the excited state population needs to be found, and this will
depend on the system under study.

The typical example used in Doppler cooling is a closed two-level system, which
has been worked out in several papers and books [Metcalf 99, Leibfried 03a]. The result

for the temperature assuming Eo: 0 is given in reference [Leibfried 03a] as

Il r 2d
kT = — (1 1 — 4+ —. 5.9
b7 =949 5+ T (5:9)
2
The variable s = 2‘?—'2 and is called the saturation parameter, where € is the resonant

Rabi rate. The detuning of the laser from the excited state of the two-level system is



78

given by d. For this case the minimum temperature

T = "EYITS (14 g (5.10)
.

is obtained when the detuning d = FT‘/m In the limit where £ =1 and s = 0, which
corresponds to emission along the ion’s axis of motion and low laser beam intensity, this
reproduces the Doppler temperature limit (5.1).

The following sections discuss a more complicated system involving three internal
levels. It will be useful to compare the more complicated setup to two-level Doppler
cooling, using a specific example. The experiments discussed later in section (5.6) involve
a pair of “Be™ —241\/[gJr ions confined to a linear RF Paul trap. Along the axis of weakest
confinement, there are two normal modes: the in-phase (INPH) and out-of-phase mode
(OOPH) with normal mode frequencies 1.89 MHz and 4.05 MHz respectively (see section
(5.6) for more details).

241\/IgJr has a cycling transition on the 29 1 to QP% transitions, which has a linewidth
of ~ 42 MHz |[Herrmann 09]. It should be noted that this transition is not used in any
of the experiments discussed here, but since the linewidth of the 2.5 1 —2 P% transition
(~ 41 MHz) will be nearly the same, it will be used to compare the experimental results
to the more typical Doppler cooling limits. If Doppler cooling was to be performed on
the cycling transition of 24Mg+, then a laser with o polarization would be oriented
parallel to the quantizing magnetic field and at a 45 degree angle to the axis of weakest
confinement.

To determine the Doppler cooling temperature for this particular two-level case,
the value of £ need to be calculated. For the case of spontaneous decay via a Am =
—1 transition, which emits o~ polarized light, the dipole radiation pattern is given in

spherical coordinates by [Itano 82, Jackson 99|

- 3
P7 dQ=—(1 2 Q. 11
7 d T6m (1 + cos®(9)) d (5.11)

The probability for emitting a photon in a solid angle dQ2 is PJ . It is assumed that the
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dipole axis is aligned with the magnetic field, which determines the quantization axis.
The probability of the ion receiving a momentum kick along the trap axis will be given
by |Itano 82]

et = / P k2,dS. (5.12)

The unit wavevector corresponding to a photon emitted along the trap axis is l%m, which

1

can be written in terms of Cartesian coordinates ki, = 5

(Z 4 2). Switching to spherical

S

coordinates and integrating gives the following result

otta _ 3 1

A5 e cos? sin sin () cos cos 2 = l
oy [ 1o ) sin 0) (in (9)c0s () + cos (0)) dods =

20
(5.13)
Using equation (5.10) a minimum temperature can be calculated for this case.
Assuming s < 0 this gives an average motional occupation of the normal modes of
ninpH = 7 and npopy = 3.0. This assumes a thermal distribution of the ion’s motion,
see appendix (B). These temperatures are lower than what would be expected for
the typical Doppler cooling limit equation (5.1), which would give Tynypy = 10.6 and
noopy = 4.7. Figures (5.1) and (5.2) show plots of the average motional state for
both modes versus the detuning of the laser for different saturation parameters. The
figures show the quantum number n dropping below the typical Doppler cooling limit
equation (5.9). This is a result of the parameter £ < 1. In the rest of this chapter unless

stated otherwise, the Doppler temperature will refer to the two-level Doppler cooling

temperature of equation (5.9).

5.3 Doppler Cooling Setup for Mg

The level structure used in modeling the 24Mg+ Doppler cooling can been seen in

)

b), and [*P1,m; = 3) = |c). Each state has a corresponding energy hwq, hwp, and hw,
2

figure (5.3). The states are labeled as follows: \Qsé,mj = —3) = |a), \QSé,mj =

[N
Do

associated with it. Note that hw, could be chosen to be zero but is left as a variable. The
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on the 38y, —> *P3, — INPH mode

14l SN N
8 TR ’l |
[ = ~ N\N\ I’ ]
12} S T J I
[ > e “—_~ ", I ]
101 S - TTeeT // ]
2 R S~ / :
= i ~ - s
1 € [ -
6 [ -
L — s=0
41 .
2: Doppler
0 7\ L L L L | L L L L | L L L L | L L L L | ]
-2.0 -1.5 -1.0 -0.5 0.0

Detuning (I')

Figure 5.1: This figure shows nyypp for two-level Doppler cooling of the INPH mode of
a 9Bet — 241\/Ig+ ion pair with 24Mg+ on the 251 to 2Ps transition versus the detuning
from resonance. The detuning is in units of the 2linevvid2th I' =27 x 42 MHz. The final
temperature is plotted for different values of the saturation parameter s. The horizontal
dashed line is the traditional two-level Doppler cooling limit given by equation (5.1).
The vertical line is an asymptote.

fourth level in the system is \QP% My = _71) It is shown in the figure but not included in
the model, which simplifies the calculations. It should be reasonable to ignore this level,
since there are no near resonant laser beams connecting it to any other levels. In the
experiments there is a o~ polarized beam connecting \QS%,mj = %> to \QP%,mj = _71),
but it is off resonance by ~ 440 MHz, which is why it can be neglected for this simplified
model. Only the two relevant lager beams are included in this simplified model figure
(5.3). The laser connecting states |a) — |c) is o polarized and has a frequency given
by wi, which is detuned from the excited state by an amount §. Laser light with =
polarization and frequency wy connects the states |b) — |c). The light is detuned from
this transition by an amount A. Each laser beam has a Rabi frequency given by ©; and

Qy respectively. Figure (5.3), shows the two possible spontaneous emission decay paths,
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on the S, —> *P3,, — OOPH mode
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Figure 5.2: This figure shows npoopg for two-level Doppler cooling of a OOPH mode of a
9Bet —24Mg+ ion pair with 24Mg+ on the 251 to 2Ps transition versus the detuning from

resonance for the OOPH mode. The detuni;g is in units of the linewidth T’ = 27 x 42
MHz. The final temperature is plotted for different values of the saturation parameter
s. The horizontal dashed line is the traditional two-level Doppler cooling limit given by
equation (5.1). The vertical line is an asymptote.

which are labeled T', for |¢) — |a) and Iy for |¢) — |b). Figure (5.4) shows the beam
orientations relative to the magnetic field and trap axis for the two cases considered
below. The wavevectors for both beams will have a reduced projection along the trap
axis, given by Elm = %El and EQm = %];:'2 Also, there is only a small difference between
|k1] and |ko| so it will be assumed that |ki| =~ |ko| = |k| and |k14a| = |k2ta] = |kta|. The
case where the two beams are orthogonal in figure (5.4) is what used in the experimental

setup. The co-linear case is discussed first, so it can be compared to the orthogonal case.

5.4 Master Equation

Typically, Doppler cooling is performed on a closed cycling transition, and this

allows the system to be modeled as a two-level system. There are no closed transitions
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%Mg* Level Diagram for Doppler Cooling

~110 MHz |-
ZP% A |>—_5 A
— Y ssasgauas ¥ :
—-A
AT Y.
A
~ 280(nm k‘—f ot T k—;
29

Doppler Cooling Beams Spontaneous Emission

Figure 5.3: The 241\/IgJr internal levels used for Doppler cooling. The three relevant
internal levels are labeled |a), |b), and |¢). The figure on the left shows the different laser

beams. Two different laser beams are used. Beam one is labeled with k:—l> and has ot
polarization with a detuning 0 from state |¢). Beam two is labeled with k2 and has =
polarization with a detuning A from state |c). The figure on the right shows the different
spontaneous decay paths I'; and T, from the excited state |c).

between the 25% and 2P% states of 24Mg+, when the ion is in a finite magnetic field,
requiring a more complicated model to be used. A three-level system will be used to
model the lasers used for Doppler cooling in 24Mg+. Two photons will be required
to prevent the population getting trapped and as result, this system exhibits “dark
resonances” when the condition s <« 1 is not satisfied, which can potentially be used to
enhance the cooling [Lindberg 86, Blatt 90]. A master equation approach can be used
to find the populations and the scattering rates. The disadvantage to using a simple
rate equation approach is that coherent effects such as dark resonances do not show up

in results of the calculations for large values of s.
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24Mg* Laser Beams for Doppler Cooling Experiment

Co-linear Beams Case: Orthogonal Beams Case:
— —
ki ——> ki
— —
kg kg
Trap axis: 2 —.—©—> Trap axis: 2 +©—> ‘/B-Field
0 2
ﬁ Field 45 —
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° 9Be+ k?g, T o
O 24]Wg+ 90

Figure 5.4: Orientation of the 24Mg+ laser beams for Doppler cooling with respect to
the trap axis and the magnetic field. There are two relevant laser beams labeled with
wave vectors /’4:—1> and l{:—; with polarizations o and 7. Both laser beams are oriented at
45 degrees with respect to the trap axis. Their projections along the trap axis (ta) are

labeled kﬂ and a respectively. In the co-linear case, their projections along the trap
axis are in the same direction and the beams are perpendicular to the magnetic field.
In this case there is a o~ polarization component, but it is off resonance and can be
neglected to a good approximation. In the orthogonal beam case, one beam is parallel
to the magnetic field and one is orthogonal. The projection of the two wavevectors along
the trap axis are in opposite directions.

The goal of the master equation is to describe the evolution of a system interacting
with the environment [Haroche 06, Cohen-Tannoudji 92, McDonnell 03]. The environ-
ment is too complicated to model completely. However, it can often be simplified to a
few relevant interactions. The effect of the environment that will be modeled here is
an atom’s interaction with electromagnetic vacuum fluctuations. This results in spon-
taneous emission from the excited state of the atom. It is a assumed the system is
Markovian, meaning the systems future state depends only on its current state.

The Linbald form of the master equation is used [Haroche 06], which describes
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the time evolution of the density matrix p of the system.

0 1 1 1
a{ =~ [Hp]+ <LipLI ~ 5 LiLip— 2pLILz~> (5.14)
i#£0

The Hamiltonian of the system is given by H, and L; represent the different
Linbald operators. This equation results in a set of coupled differential equations that
need to be solved to find the time evolution of the density matrix. The calculations are
usually simplified if the resulting set of differential equations is linear and homogeneous
in time. This is often accomplished by transforming the Hamiltonian to the interaction
picture by going to the appropriate rotating frame. The steady state case where % =0
is the easier of the cases to be solved. For more complicated dynamics and systems it
can be computationally convenient to convert the density matrix into a column vector

format [McDonnell 03, Tan 99|. For a two-level system this would be

P11
P11 P12 . P21
p= = p= , (5.15)
P21 P22 P12
| P22 |

where ~ over a variable will be used to denote a column vector. In order to con-
vert equation (5.14) into this form, an operator A that acts on p needs to be trans-
formed to act on p. The transformation will depend on whether or not the operator is
pre or post multiplying the density matrix. For pre multiplication the transformation
[McDonnell 03, Tan 99] is

B=Ap=B=(I®A)p. (5.16)

The transformation for post multiplication of the operator is
C=pA=C=(ATI)p (5.17)

The superscript T' represents taking the matrix transpose, and I is the identity matrix
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with the same dimensions as p. In this format equation (5.14) can be written as

9p

= — Mo 5.18
5 p (5.18)

The solution for this differential equation is
pt) = el M5 (0) = M5 (0). (5.19)

The matrix M is time-independent. Routines exist to perform the matrix exponentiation
of Mt [Tan 99, Matlab , Mathematica |.
5.4.1 The System Hamiltonian

A three-level system is used to study Doppler cooling of 24Mg+, and the basis

states are |a), |b), and |c) (see figure 5.3). the density matrix for the system will take

the form -~ _
Paa  Pab  Pac

P="|Pba Pob Poc| - (5.20)
_pca Pcb Pcc_

There are two components to the Hamiltonian
H=H,+ H,. (5.21)

The Hamiltonian H, represents the internal states of the atom, and H; represents the
atom-laser interaction. The Hamiltonian for the internal state is given by the energy of

the three possible levels, which is written in terms of the angular frequencies.

we 0 0
Ho=h|0 w, 0]- (5.22)
0 0 we

The interaction of the laser with the ion’s is through an electric dipole transition

|Cohen-Tannoudji 92, Wineland 98|.

H, = —i. - E(t). (5.23)
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This Hamiltonian describes the coupling of ions electric dipole moment i to the electric

field E(t) of the laser. The dipole moment is written as
o = —e (jI FIk) (5.24)

When the atom has a single optically-active electron (as with 241\/Ig+), the vector 7 is the
electron’s position relative to the nucleus and e the charge of the electron. The states

|7) and |k) are the internal states connected by the laser. The electric field of laser is
E;(t) = E,é; cos (wit + ¢;) . (5.25)

The index ¢ sums over the different laser beams, which have an angular frequency wj,

phase ¢;, and polarization €. Substituting equation (5.25) into equation (5.23) gives

H; = hQy cos (wit + ¢1) |c) (a] + 78 cos (wat + ¢2) |c) (b] + h.c.. (5.26)

The Rabi frequency €); describes the rate at which transitions are made and is given by

Q]

Qi =~ B, | - k). (5.27)

The atom-laser interaction Hamiltonian for the system in figure (5.3) can be written in

matrix form

o~

0 0 il (ei@utfm) +e*i(w1t*¢1))

2
2

<]

H =h 0 0

)

22 (ei(w2t*¢2) + e*i(wzt*cbz))

% (ei(wlt—<f>1) + e—i(wlt—(bl)) % (ei(WQt—¢2) + e—i(w2t—¢2)) 0
(5.28)

where the cosine terms have been written in terms of exponentials. It is convenient to

rewrite the laser frequencies in terms of the atomic energy levels and the detunings:

Wl =We—Wg +0 (5.29)

wo = we — wp + A (5.30)

The Hamiltonian is time dependent, which makes the system more difficult to solve. If

the interaction picture is used the time dependence of the equations can be removed.
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This is accomplished by transforming into a series of rotating frames and dropping

rapidly-oscillating terms. To do this rewrite equation (5.21) as two parts
H=H,+V, (5.31)

where H, is often chosen as the unperturbed Hamiltonian of the system. In this case it
is convenient to use a slightly different form. It is chosen such that it removes the time

dependence from the interaction Hamiltonian. To accomplish this, H, is for this system

Wg — 0 0 0
Ho,=h 0 wp—A 0]~ (5'32)

0 0 We

This leaves all of the time dependence in V', which is given by.

5 0 % (ez‘(wltﬂm) 4 e*’i(wltﬂbl))
V=r 0 A % (ei(th—qbz) + e—i(wzt—ﬂbz))
% (ei(ult—d)l) + e—i(ult—m)) % (ei(w2t—d>2) 4 e—i(wgt—du)) 0
(5.33)

The transformation [Sakurai 94| to the interaction picture is
H' = eioyemiHo, (5.34)

Substituting equations (5.29) and (5.30) for the laser frequencies, gives

5 0 %eﬂo‘l (1 + e—2i(w57ua+5)t+2i¢l)
H =8 0 A %6_@4)2 (1 + E—Zi(mc—wb+A)t+2i¢2)
%eﬂ:m (1 + e2i(wc7wa+6)t+2iol) %e*’«bz <1 + E2i(wc—wb+A)t+2i02) 0

(5.35)
for the interaction picture Hamiltonian. The rotating wave approximation [Cohen-Tannoudji 92]
can be made that allows exponential terms having a frequency near twice the transition
frequencies to be dropped. This is reasonable since these terms rapidly average to zero.
In addition if we chose the time origin appropriately, we can set ¢1 = 0 and ¢o = 0,

then the interaction Hamiltonian takes on the much simpler form

5 0 &
H=hlo A 2 (5.36)

ol
ofp
o
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For the model of 24Mg+ the only Linbald operators taken into account are those for
spontaneous emission, see figure (5.3). They can be written down by inspection. They
couple the excited state to one of the ground states at rates given by the spontaneous

decay rate,
Ly =T (1=5)la)(c (5.37)
Ly = /I'B,|b) {c]. (5.38)

The branching ratio for the |¢) — |b) decay path is given by f,, and for 24Mg+ By = %
This value comes from the Clebsch-Gordon coefficients |Griffiths 95] for the coupling of

the ground and excited states in the 26, =2 Pisystem.
2 2

5.4.2 Calculating Populations
5.4.2.1 Steady State Solutions

The set of differential equations is found by plugging equations (5.20), (5.36),

(5.37), and (5.38) into equation (5.14). This gives the following set of equations

Opaa L.
gt = (P - ﬁrF)Pcc - 52 (pac - pca) 0 (539)
0 1.
% = 67‘FpCC - iz (pbc - pcb) Q2 (5'40)
Opee 1.
(f;t = iz ((pac - pca) Ql + (pbc - pcb) 92) - FPCC (5'41)
Opw  Opf, 1.
gtb = gi = 51 (2(6 - A)pab + pchI - pacQ2) (5'42)
Opac _ Op, 1 ‘ .
gt = % = _5 ((F - 225)pac +t (paaQI — Pecf + pabQQ)) (5'43)
Oppe  Op= 1 ) .
o= o =5 (F(0 =28 pe — i (prafhi + (o — pc) ). (5:44)

The steady state solution is often the only relevant one, where % = 0. This can be
found by solving the set of linear differential equations. The constraint the Tr[p] = 1

is imposed on the system, which guarantees the populations sum to 1. The solutions
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Table: Populations

166%—32A6544(4A2-02) 524304 +4T2(5—A) 2444202

1 Paa = (85T _16A65+2(6A2+02)52—2(4A3+302A) 5 +AAT+ 30132 (6—A)2TAAZ02)
9 B 8A%—166A%—202A24+304+2T2(5—A)2 4262 (4A2+0?)
Pbb = 3(R6T—16A53+2(6AZT02)0% —2(AAS+ 302 A )6+ AAT 130 13T 2 (5—A)2HAAZ0?)
3 _ 3(6—A)2Q2
Pec = 85T _16A8512(6A2102)02—2(4A31302A)d +4AT 1303 1302 (0—A)2+AAZ02

4 . 02(462—6A5+2A2-302-3iI'(5—A))
Pab = Pba = 3(867—16A55+2(6A21012)6% —2(AA3+ 302 A)o+AAT 1301312 (5—A)2HAAZ02)

5 . (0—A)Q(852—8AJ—302—4T'(5—A))
Pac = Pbe = 2(85T-16A53+2(6A2Z+12)02—2(AA3+ 302 A) 0+ AT+ 303 1302 (6—A)2HAAZ0Z)

6 . (0—A)Q(—4A2+46A+302 2T (5—A))
Pbe = Peb = 2(851—16A05+2(6A21012)52—2(AA3+302A)0+ AT 3031302 (6— A)2+4AZ02)

Table 5.1: Populations for the three level system.

are quite complicated but can be simplified if a few assumptions are made. Taking
Q=0 =0Qand 3, = % results in solutions shown in table (5.1).

These equations can be used to help find the optimum parameters for Doppler
cooling. There are a few experimental constraints. Laser beam 1 will ideally be tuned
to resonance on the |a) — |c¢) transition. This is because this beam is also used for
resonant repumping during Raman cooling. The parameters that can be adjusted are
the detuning and the Rabi frequencies of the two beams.

It will be useful to examine the results of the above equations for some real exper-
imental parameters. The radiative linewidth of the 251 to 2P transition [Herrmann 09,

2 2

Jost 09] of 2*Mg™ is 41 MHz, which gives I' = 27 x 41 MHz. Laser beam 1 couples

\QS%,mj =-1) - |2P%,m; = 1) with o polarized light. A typical waist of the beam

is about 15 pum and there is about 0.5 W of power in the laser beam' . The Rabi

frequency for this transition can be found using equation (A.1) to be 2 = 27 x 18 MHz.

! Technical aside: Typically we have about ~ 100xW in this beam but most of it is off resonance

by 9.2 GHz and the polarization is € = 3

An electro-optic modulator is used to shift the beam near resonance. The usual power setting for the
electro-optic modulator puts the sidebands at about 1% of the power of the carrier, or 0.5uW.

(et 4 60-7)7 which gives ~ 50uW at the right polarization.
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Figure 5.5: The steady state population of state |c) for the three-level model for 24Mg+
Doppler cooling for various detunings A of laser beam 2. The detuning § = 0 and
Q =27 x 18 MHz.

Laser beam 2 couples |QS%,mj =+3) — |2P%,m;- = +1) with 7 polarized light. This
beam has a similar amount of laser power? and waist. Figures (5.5), (5.6), and (5.7)
show the excited state population as a function of the detuning A of laser beam 2.
There is a major difference between the three-level system and a two-level system,
which is exhibited in figure (5.5). The dip in the excited state population at A=0 is
the result of a coherent process of the two laser beams interfering, when they have the
same detuning from the excited state. This is know as coherent population trapping
[McDonnell 03, Dalton 82] or a “dark resonance” [Blatt 90, Lindberg 86]. It leads to a

suppression of the excited state population and thus the scattering rate

dN
— =T'peec. 5.45

This condition needs to be avoided for Doppler cooling. If the scattering rate goes zero

2 This beam typically has 300uW of power and a polarization of & = % (e”+ + e”7> + %e". As

described in footnotel the electro-optic modulator puts about 1% of the power in the near resonant
sideband. This gives a power of ~ 1.54W in beam 2. For the sake of the model the two laser beam
powers will be considered to be the same
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Figure 5.6: The steady state population of state |b) for the three-level model for 24MgJr
Doppler cooling for various detunings A of laser beam 2. The detuning § = 0 and
Q =27 x 18 MHz.

there will be no Doppler cooling, since the ion will scatter no photons. The width of the
dip in figure (5.5) depends only on the Rabi frequencies and the branching ratio of the
excited state. This can be seen by finding the maximum of the excited state populations,
where % = 0 for arbitrary 1, Qo, and 5. It is still assumed that 6= 0. The maximum

of the excited state population occurs at detunings of

(92 +93)7 (5,92 — (Br - 1)9B)

A=+ 5.46
2 \/4 ﬁr V Q1 ( )
The solution simplifies for Q1 = Q9 = Q and 3, = % to
1
31
A=—0Q. (5.47)

V2
If this detuning is used, then the excited state population becomes (still assuming § = 0)

1
2B 1)t et 542

Pec = (5.48)

A plot of the excited state population versus the Rabi frequency can be seen in figure

(5.8).
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Figure 5.7: The steady state population of state |a) for the three-level model for 24Mg+
Doppler cooling for various detunings of A of laser beam 2. The detuning 6 = 0 and
Q) =27 x 18 MHz.
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Figure 5.8: Excited state |¢) population versus the Rabi frequency Q2 of both laser beams.
1

31

The detunings are 6= 0 and A = \/iﬂ‘ The value for 3, and I is the same as in figure
(5.5)
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Figure 5.9: Populations as function of time for detunings A = § = 0. The Rabi frequen-
cies used are ] = Q = 27 x 18 MHz and Qs = 3 x ;. The linewidth and branching
ratio are I' = 27 x 41 MHz and 8, = 1/3.

5.4.2.2 Time Dependent Solutions

The time evolution of the populations can be useful to understand the dynamics
at short time scales. Inserting equations (5.36), (5.37), and (5.38) into (5.14) gives the
same set of equations described above. Now if we convert it to a more convenient form
using equations (5.15), (5.16), (5.17), and (5.18). Then the time dependent solution
is given by (5.19). To find this solution the matrix exponential must be evaluated at
each point in time. This can be calculated using several different mathematical software
applications, but in this case Mathematica was used [Mathematica |.

Two cases are shown in figures (5.9) and (5.10), where both lasers are tuned to
resonance and there exists coherent population trapping. Initially the atom is in the state
% la) + % |b). In the steady-state there will be zero population in the excited state
and some other distribution of populations in the ground state |a) and |b), depending on
the other parameters. The interesting thing to note is it takes a finite amount of time

before this dark state is formed.
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Figure 5.10: Populations as function of time for detunings A = § = 0. The Rabi
frequencies used are 0 = Q9 = 27 x 18 MHz. The linewidth and branching ratio are
I' =27 x 41 MHz and 8, = 1/3.
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Rabi frequencies used are Q1 = Q = 27 x 18 MHz and Q9 = 3 x 1. The linewidth and
branching ratio are I' = 27 x 41 MHz and 3, = 1/3.

Other cases are considered is where the detuning is chosen to give the maximum

population in the excited state. These are shown in figures (5.12) and (5.11). The
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Figure 5.12: Population as function of time for detunings A = %Qg and 6 = 0. The
Rabi frequencies used are €2y = Q9 = Q = 27 x 18 MHz. The linewidth and branching
ratio are I' = 27 x 41 MHz and 3, = 1/3.

populations reach steady state values in =~ 50 ns. An ion’s motional oscillation frequency
of ~ 3 MHz corresponds to a period of ~ 300 ns. This is longer than the settling time,
so it should be reasonable to assume the system is close to the steady state. However

for a precise description a more detailed calculation is needed to take this into account.

5.5 Beam Orientations and the Doppler Shift

The above discussion gives the populations for an ion at rest, which is not the
case in the experiments. To try and better understand how the dark resonances where
affect by the ions motion, the Doppler shift can be incorporated into the calculation of
the excited state populations. It is assumed that the ions are in the steady state as
discussed in section (5.4.2.2). It was found that the orientation of the two beams used
in Doppler cooling affect the dark resonance.

Two cases will be analyzed. In the first case both beams are co-linear and prop-

agating along a direction orthogonal to the quantization axis, and at 45 degrees to the
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trap axis (see figure (5.4)). The second case is what is used in the actual experiment and
also depicted in figure (5.4). Here, the two beams used are orthogonal to each other. The
one with o polarization is parallel to the magnetic field, and the beam that creates the
m polarized light is perpendicular to the magnetic field. Both beams are at 45 degrees
with respect to the trap axis. The main difference between the two cases will be how
the Doppler shift from the ions’ motion affects the effective detuning of the laser beams.
In the first case, to incorporate the Doppler shift, the substitutions A — A — k- ¥ and
§ — & — k - 7 need to be made (Positive velocity is taken to be when the ion is moving
to the left in figure 5.4). Here the Doppler shift acts as a common detuning change for
both the beams. For the second case the substitution A — A —k-7and § —» 6+ k- ¥

will be made. In this instance, the Doppler shift acts as a differential shift between the

two beams.

5.5.1 Co-linear Cooling Beams

When the two beams are co-linear, they must be oriented orthogonal to the quan-
tization axes in order to obtain 7 polarization. In this orientation it is not possible to
only have ot polarized light without having a o~ polarization as well. However in this
model the ¢~ component will be ignored as explained above. Substituting the Doppler
shift into equation (3) of table (5.1) and considering the 1D case along the trap axis,
the excited state population can be plotted as a function of the velocity as seen in figure
(5.13).

The shift of the maximum population to the negative velocities is a result of the
detuning chosen. As can been seen in figure (5.13) for certain values of the detuning
there are larger values of the excited state population. In the case plotted in figure
(5.13) the Doppler shift is changing the effective detuning, which moves the center of
the peak depending on the values chosen for § and A. The Rabi frequencies also affect

the amplitude of the excited state population. The excited state population for different
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Figure 5.13: Excited state population in the co-linear Doppler cooling configuration.
The population is plotted for different values of the detuning A. The Rabi frequencies
are chosen to be Q1 = Q9 = 0.5 '. The detuning § = 0.

Rabi frequencies 2 is plotted as a function of the velocity in figure (5.14). .

5.5.2

Orthogonal Cooling Beams

In this scenario one of the beams is orthogonal to the quantization axis (see

figure (5.4)), which allows for 7 polarization. The second beam propagates along the

quantization axis and has pure o' polarization. In the experiment, this beam also has

an equal amount of o~ polarization to balance out stark shifts, but is not considered in

this model. Both beams are oriented at 45 degrees to the trap axis, so the k-vectors from

both beams will have a % projection along that axis. The main difference between this

case and the co-linear one considered early is the Doppler shift has the opposite sign for

the two beams. This makes the Doppler shift appear as a differential shift between the

beams and not a common one as in the co-linear case.

A interesting feature of this case is that beams are not orthogonal with respect to
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Figure 5.14: The excited state population versus the velocity along the trap axis for
different values of Q9. The detunings are held fixed at 6 = 0 and A = —0.5T". The Rabi
frequency 27 = 0.5 .

each other in the & and ¢ directions of the trap axes (2 is trap axis), which are referred
to as the radial axes (This is different from the #’ and ¢ directions determined by the
quantization axis depicted in figure (5.4), where 2’ is along the magnetic field). This
implies that the Doppler cooling will be different between the trap axis and the radial
axes.

As above, to incorporate the Doppler shift into the results for the excited state
population (equation 3 table (5.1)) we make the substitutions A — A — k - ¥ and
§ — 8+ k- #. The excited state population is plotted in figure (5.15) as a function of
velocity along the trap axis for different detunings of A. The results here are different
than that obtained from those in the co-linear case shown in figure (5.13). For the
co-linear case the expression for the excited state population (see equation 3 of table
(5.1)) has the factor (§ — A)? in the numerator. Thus when § = A the excited state

population (see equation 3 of table (5.1)) goes to zero, which is what gives rise to the dark
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Figure 5.15: Excited state population versus velocity for the case of orthogonal Doppler
cooling beams with different values of A. The detuning ¢ is held at zero, and the Rabi
frequency 21 = 0.5 and Q22 =0.5T.

resonance. The case of orthogonal beams has the factor (2E U406 — A)Q. Thus, the
dark resonance now depends on velocity and no longer occurs when the two detunings
are equal. The width of this dark resonance depends on the Rabi frequency. The excited
state population is plotted as a function of velocity for different Rabi frequencies €25 in

figure (5.17).
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Figure 5.16: Excited state population versus velocity for the case of orthogonal and
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There is clear difference between the co-linear and orthogonal beam cases. The
orthogonal beam case exhibits a velocity dependent dark resonance. This resonance
could potentially be exploited to obtain colder temperatures than is possible in the
two-level case. In the simplified two-level model discussed in section (5.2) the damping
coefficient is determined by G; = dpzicv(v) lv=0 - Thus the steeper slope suggests that
the damping can be larger. A simple model was initially considered to evaluate the
final the temperatures that could be reached in this case, and it did appear that lower
temperature could be reached. However, it was determined the model was too simple
because it neglected stimulated-emission and dressed-state effects which are absent in the
simple treatment of Doppler cooling. Therefore, a more complete theoretical treatment
will be needed to describe this case. Even though we did not have an accurate model of

the cooling expected for the three level system, experiments were performed to explore

Doppler cooling in this system. The results of which are discussed in the next section.

5.6 Demonstration of Doppler Cooling with 2Mg"

We performed experiments to observe Doppler cooling of the axial modes of a
Be™ — 241\/[g+ ion pair as discussed in section (5.5.2). With the goal of observing
better cooling than the two-level Doppler limit. Our apparatus is not setup to detect
the motional state of a single 241\/IgJr ion, and thus 241\/[g+ is used to sympathetically
cool a ?BeTion, which can be used to detect the motional state of the two ions. The
experiment is performed by trapping a “Be™t and a 24Mg+ ion together in a linear radio
frequency Paul trap [Jost 09]. There are six possible normal modes of motion; however,
the experiment only probes the two normal modes along the axis of weakest confinement.
These are called the in-phase mode (INPH) (finpn~ 1.89 MHz ) and the out-of-phase
mode (OOPH) (foopn~ 4.05 MHz). At the start of each experiment, the ions are placed
in the same order. This is accomplished by changing the trap potentials in a way

similar to that outlined in reference [Jost 09]. Both “Bet and 24Mg4r Doppler cooling
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are performed during this reordering. This is followed by 241\/[gJr Doppler cooling. The
cooling time used is > 1 ms, which is sufficient time for the ions to thermalize. The
detunings of the beams were approximately §/27 = —12 MHz and A/27 = —5 MHz.
The absolute electric field from the lasers at the 241\/IgJr ion is not known precisely, since
the beam waists were not measured (They should have a waist between 10 pm and
100 pm. There was control of the overall optical power of the beams and the ratio of
the power in the two beams. These powers were varied until an optimum was found.
For reference, the experimental results will be compared to the theoretical outcome of
Doppler cooling on a two-level system.

To measure 7, a time scan of a two-photon stimulated Raman sideband transition
is performed on the YBe™ ion, which is discussed in section (6.5). The sideband transition
is performed on the |[F'=2,mp = 1) — |F = 1,mp = 0) transition (This is the labeling
of the states at low magnetic field. The experiment, like the others discussed in this
thesis, are performed at a field of ~ 120 Gauss.). Following cooling those two levels
are then shelved and readout as discussed in reference [Jost 09]. An estimation of the
average motional occupational level n, assuming a thermal distribution, can be obtained
by fitting the data to the function that describes the probability P, of finding the *Be™
ion in the \25%, F =2, mp = 2) state, which is the bright state for resonance fluorescence

detection,

1 oo (o]
R(t) = 5|1+ > PuPrex (5.49)
n=0 k=0
COS (QQn—i-Ln (Q, n, nn) Qk,k (k}, 77/6) t)] (550)
ﬁn
P = 5.51
(1+n)"* (5:51)
];:k
P, = (5.52)
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2

N N2 ,
Qi = Ne 2 <”<> g™ L =l (2) (5.53)

11

(see section (6.5) for more details). It is assumed in the above model that the energies
of the two motional modes are given by a thermal distribution labeled by P, and FP.
The symbols with a horizontal “-” over them are the average motional state for a mode
of motion, assuming a thermal distribution. The mode on which a transition is being
driven is represented by n and the other mode which is a spectator mode [Wineland 98]
is represented by k. For the spectator mode, the value of €, 1, (k, ;) is the Debye-Waller
factor for that mode [Wineland 98, King 98, King 99|. Decay during the sideband tran-
sition is introduced into the model with the phenomenological constant v. The model
is fit by floating the parameters 7, k, Q, and ~, performing a weighted nonlinear regres-
sion fit in Matlab [Matlab |. The fitting routine uses a trust-region-reflective algorithm
[Matlab |.

The data is obtained by first taking resonance fluorescence histograms [Langer (6]
for the “BeTion. For each experiment the histograms are averaged together and fit to a
weighted sum of two Poissonian distributions. The two mean values correspond to the
number of scattered photons when the ion is in the bright state and dark state. For each
data point, the weights of each distribution are found by fitting, where the means are
fixed from the fit values obtained from the average of all the data. The weight of the
bright state is then plotted for each data point. The errors on the weights for each data
point are used in the weighted fit of the sideband scan, and are one-standard-deviation
error bars on the plotted data.

Figure (5.18) shows a scan of the motion adding sideband transition time on the
INPH mode of motion after Doppler cooling with 241\/Ig+, where each data point consists
of 600 experiments. By fitting the data, the average motional occupation of the modes
was nyypg = 95.39 £ 0.43 and npopyg = 2.55 + 0.22. The other parameters found from

the fit were Q/27 = 0.885 4+ 0.003 MHz and 1/ = 163 £ 40 ps. The solid line in the
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Scan of the duration of the motion adding Raman sideband transition on the INPH mode of 9Be+—24Mg+
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Figure 5.18: Sideband flopping on the INPH mode on a pair of BeTand 24Mg+ioms
after 24Mg+ Doppler cooling. The solid line is the fit to the experimental data. Each
data point consists of 600 experiments.

figure is the expected theoretical curve using the values of n obtained from the fit.

Figure (5.19) depicts the sideband flopping on the OOPH mode of motion after
the same cooling described above. The fit result are nyypy = 5.57 &+ 0.32, nopopy =
2.29+0.11 and ©/27 = 0.874 £+ 0.003 MHz. In this case the decay parameter was held
fixed at 1/y = 294 us.

Figure (5.20) plots the flopping on the motion sensitive carrier transition. In this
case the two Rabi frequencies in equation (5.50) would be written as €, , and Q.
since no motion changing transition is made. The fit gives the following values of the
parameters niypy = 4.18 £ 0.34, noopy = 3.27 £ 0.14 and /27 = 0.86 + 0.04 MHz
The decay parameter was fixed at a value of v = 100 us. The results for the n for each

mode do not agree well the other scans. This may be due to the carrier transition not
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Scan of the duration of the motion adding Raman sideband transitionon the OOPH Mode of gBe+—24Mg+
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Figure 5.19: Sideband flopping on the OOPH mode on a pair of “Betand 241\/[g+ions
after 24MgJr Doppler cooling. The solid line is the fit to the experimental data. Fach
data point consists of 600 experiments.

being as sensitive to the motion.

Two-level Doppler cooling would typically be performed on a closed cycling tran-
sition in a two-level system. In this case the final temperature will be given by equation
(5.1). The value of £ plays an important role in determining the final temperature
reached, where £ is the projection of the scattered photons momentum along the axis
being considered. In our experimental setup a typical Doppler cooling beam would be at
45 degrees to the trap axis and have o™ - polarization. This is the orientation assumed
for the theoretical calculation. The projection onto the trap-axis of the scattered pho-
tons momentum is £ = 5 , which comes from equation (5.13). Figures (5.21) and (5.22)
show the final temperature that would be reached as a function of the detuning from the

excited QP% state for 2A‘MgJr two-level Doppler cooling on the INPH and OOPH modes.

The temperature is plotted in terms of the n reached for each mode, which is given by
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Scan of the duration of the carrier Raman sideband transition of gBe+—24Mg)r
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Figure 5.20: Flopping on a motion sensitive carrier transition on a pair of *Betand
24Mg+ions after 241\/IgJr Doppler cooling. The solid line is the fit to the experimental
data. Each data point consists of 600 experiments.

equation (B.9). The two-level Doppler temperature (5.1) that assumes £ = 1, is plotted
as a horizontal line in each figure, which for each mode corresponds to n;ypy = 10.6
and noopy = 4.7. It can be seen that the two-level Doppler cooling curves drop below
this limit. This is a result of £ < 1. The fit results nyypy = 5.57 and noopy = 2.29
from figure (5.18) and (5.19) are plotted as a horizontal lines in figures (5.21) and(5.22)
respectively.

The temperatures reached using the three-level cooling Doppler cooling is approx-
imately a factor of 2 lower than the typical temperature reached with two-level Doppler
cooling. However, when taking the dipole-radiation patterns projection along the trap
axis into account and assuming s = 0 as in figures (5.21) and (5.22) the three-level

Doppler cooling on both modes shows a slightly lower temperature than is possible with
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Figure 5.21: The nyypm of the INPH mode of motion achieved after Doppler cooling
with use of a two-level system in 241\/Ig+ versus the detuning. The curved lines are for
two different values of the saturation parameter and take into account the projection
of the scattered light along the trap axis. The typical 1-D Doppler limit is plotted
as a horizontal line nyypy = 10.6. The result of the fit to the experimental data for
nrnvpg = 5.57 from figure (5.18) is shown.

two-level Doppler cooling, including the projection.



108

24Mg+ two level Doppler cooling
on the 381/2 -> 3P3/2 — OOPH mode
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Figure 5.22: The expected npopm of the OOPH mode of motion achieved after Doppler
cooling with use of a two-level system in 24MgJr versus the detuning. The curved lines are
for two different values of the saturation parameter and take into account the projection
of the scattered light along the trap axis. The typical 1-D Doppler limit is plotted
as a horizontal line npopy = 4.7. The result of the fit to the experimental data for

noopm = 2.29 from figure (5.19) is shown.



Chapter 6

Raman Transitions and Sideband Cooling

Most physical systems are very difficult to model quantum mechanically. How-
ever, trapped ions with one valence electron can be modeled with a few simplifications.
The internal states of the ions’ (Bet and 2*Mg") discussed here can be treated as
two level systems, and the ions’ motion in the ion trap is that of a quantum harmonic
oscillator [Wineland 98]. The interaction of a trapped ion with a laser can lead to a cou-
pling between the internal and the motional degrees of freedom, which provides a means
to control the quantum mechanical motion of trapped ions [Wineland 98, Cirac 96a].
This has been exploited to make several non-classical motional states of trapped ions
[Meekhot 96, Leibfried 96, Monroe 96, Wineland 98|. To create these various types of
non-classical states it is typically necessary to cool the motion to near the quantum
mechanical ground state. Through a combination of Doppler and stimulated-Raman-
transition cooling this can be accomplished [Monroe 95b, King 98]. Cooling the motion
of a multiple ions of one type to near the ground state using another type of ion (sym-
pathetic cooling) is beneficial for QIP with trapped ions, since the shared motion serves
as an information bus |Kielpinski 00, Barrett 03, Blinov 02, Rohde 01]. Minimizing the
amount of energy in the quantized motion can help to reduce errors in some QIP opera-
tions. Also, the ability to cool logical ion qubits with sympathetic cooling ions is a nec-
essary component for some ion trap based QIP schemes |Kielpinski 00, Kielpinski 02b).

As another example, in the experiment to entangle two mechanical oscillators discussed
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in chapter (8), the motion of two pairs of trapped ions must be cooled to near ground
state to before creating the desired entangled motional state.

This chapter describes how the internal and motional states of trapped ions can be
manipulated with laser beams. The first section discusses a Hamiltonian representation
for the internal state and motion of a trapped ion. Then it is explained how these
two systems can be coupled, using a magnetic field in the interaction picture. When
working with multiple ions there are many motional states that need to be accounted
for, which is covered in section (6.3). In the experiments discussed in this dissertation,
stimulated-Raman transitions are used to couple the internal states to the motion. In
the following section (6.4) it is shown how this gives rise to the same coupling as the
magnetic field discussed in section (6.2). This is followed by a brief discussion on how
this interaction can be used for motional state analysis. The details of how stimulated-
Raman transitions can be used to the cool the motion of trapped ions is then covered
in section (6.6). Finally a demonstration experiment is discussed in section (6.6). This
experiment involves the sympathetic cooling of two pairs of “Be™ — 24Mg* ions in two
different locations of a multi-zone ion trap array. These results and the results from
reference [Jost 09] represent the first demonstration of the ability to sympathetically

recool trapped ions after separating and transporting them in multi zone ion trap array.

6.1 Basic Hamiltonian

There can be many internal states for an ion with a single valence electron. For
the discussion below it is assumed that only electric dipole transitions will be considered.
This allows for the simplification that only two internal levels will be coupled at a time,

assuming the levels are well resolved. The Hamiltonian for the internal state is given by

Ho = hwy [1) (1] + hws [2) (2] (6.1)
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The energy for each level is given by Aw; and hws. It will simplify the treatment to to
rewrite the Hamiltonian in terms of a spin 1/2 system, where the Pauli spin operators

and the energy difference (w, = wa —w1) between the two levels are used [Leibfried 03a].
Hy = hw,S:, (6:2)

where a constant term has been omitted. For a single trapped ion there will be three
normal modes of motion. Each mode of motion can be treated independently with its

own Hamiltonian, so only the z direction will be considered here.
Hy, = hw,(n+1/2). (6.3)

The mode of motion along this axis has an oscillation frequency w,. The Hamiltonian

can be rewritten in terms of the raising and lowering operators (a and a')
H,, = hw.a'a. (6.4)
The zero point energy has been left out since it is a constant.

6.2 Interaction Hamiltonian

The interaction that couples the internal and motional states in the experimental
apparatus is a stimulated-Raman transition. This is a coherent two photon process
that makes use of electric dipole transitions. This more specific case will be discussed
in section (6.4). However, it is sufficient to consider a single photon electric dipole
transition that has a Hamiltonian of the form H.q = —pe - E(z,t) . This has the same
functional form as a magnetic dipole transition|Wineland 98], which will be used for the
derivation in this section. The Hamiltonian for the interaction of a spin 1/2 magnetic

dipole with a magnetic field is

H; = —ji - (Bgatic + B (2,1)). (6.5)
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The magnetic dipole moment is [ = 75 . The gyromagnetic ratio is represented by
v, and S = 5—’; + §y + §Z. The static magnetic field component gstatic is gives rise to
the energy splitting in this spin 1/2 analogy represented by H, in equation (6.2). Since
eventually the light field of a laser beam will be considered by analogy, an oscillating
magnetic field propagating in the Z direction with a polarization in the & direction and

a magnitude B, will be used.
B(z,t) = Bydcos (k- 2z — wt + ¢) . (6.6)

The wave vector of the radiation is given by k and z is the position operator (about the
ion’s equilibrium), which can be written in terms of the raising and lowering operators
as z = z,(a + a'). Where 2, is the spread in the ground state wave function of the ion

h

= . 6.7
%o 2mw, (6.7)

The Hamiltonian for the interaction can now be rewritten as
H) = _’on (SJr + S*) <ei(k:-szt+¢) + e*i(k-sztJr(b)) ) (6.8)

It useful to use the interaction picture for calculating the time evolution of the system.
The time-independent Hamiltonian is given by H, = H, + H,, and the time-dependent
interaction Hamiltonian is V; = H;. This is transformed into a Hamiltonian in the
interaction picture by the following

- H

H; = ei%tV[e_ZTot. (69)

This can be multiplied out using the Baker-Hausdorff theorem. Another method is to

use the Heisenberg equations of motion (% = % [A, H]) to find the interaction picture

version of all of the all the operators, which gives
St Steiwet (6.10)
ST — STe el (6.11)

2 = zo(ae™:t 4 glewt), (6.12)
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The end result for the interaction a Hamiltonian is

o, — 15 [S(ei(nme*iwwa*eww—<w—wo>t+¢) (6.13)
4

+eii(n(ae—iwzt+aTeiwzt)7(w+wo)t+¢)) (6.14)

_‘_Sf <€i(n(a67iwzt+a1‘eiwzt)_(w+wo)t+¢) (615)

_}_e—i(n(ae*i”zt-i-afei“’zt)—(“’_WO)t+¢))} ) (6,16)

The parameter 7 is the Lamb-Dicke factor, and is given by n = kz,. This is the ratio
of the physical extent of the ion’s motional ground state wave packet to the wavelength
of the radiation divided by 27. The terms in the above equation that contain e*(wtwo)t
are fast oscillating terms that average to zero. They can be dropped from Hamiltonian,

and making this approximation is called the rotating-wave approximation. The resulting

Hamiltonian is

H] — 10 S+ei(n(a6_iwzt+afei“zt)*5t+¢) i 5'—e*i(W(ae_mzt+ateiwzt)75t++¢)} (6.17)

where § = w — w, and AS) = —750. For the case of an electric dipole transition, the
substitution A} = —% would be made. The electric dipole moment is p. = e (2|7 |1)

and F is the electric field of the radiation. The wave function for the states coupled by
this interaction can be written
oo
V()= Cin(t)]i)|n). (6.18)
i=1,2n=0
The subscripts ¢ and n represent the internal and motional states. The coefficients

describing the time evolution of the wave function are given by the Schrodinger equation

OV
ih = HIV. (6.19)

Only near resonant transitions will be considered, and these are occur when § ~ (n' — n) w,.

For a treatment of off resonant transitions see reference [Wineland 98|. The result is the
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coupled differential equations [Wineland 98|

Cl,n’ — _Z'(l—&-ln/_n\)ewgn,’ncm (6.20)

an = _i(li|nlin‘)eii¢9n’,ncl,n’- (621)

)

The term €2, ,,is the Rabi frequency and is given by [Wineland 98, Wineland 79, Kahill 69]

Qv = 0 e05) oy (6:22)
and this evaluates to
o (n\? In'—n| 7 |n'—n| (.2
Qn’,n = e T' n Ln< (77 ) . (623)
>!

The result does depend on the starting and final motional state n and n’. The values
of ne and ns are the lesser and greater of n and n’. The factor L¢ is the generalized

Laguerre polynomial [Wineland 98|
a > m((n+a)x™
Li(z) = E (-1) < > : (6.24)

n—m),) m!
m=0

The coupled differential equations (6.21) can be solved using Laplace transforms to give

the solution for the Schrodinger equation [Wineland 98]

cos (Qy/ nt) _ieilet5In'—nl] g (Qnt)
(1) = V(). (6.25)
_iefi[¢+%\n’fn\] sin (Qn’,nt) cos (Qn’,nt)
Cl,n (0)

The two component wave function is ¥ (0) =
02,71’ (O)
This is the general result for on resonance transitions. The Hamiltonian in equa-

tion (6.17) can be simplified if the amplitude of the motion is small compared to the wave-
length of the radiation. The is called the Lamb-Dicke limit and is defined [Wineland 98]
as ((‘I’mon’on| k222 |\I/mon-on>)1/2 < 1. The expectation value of 22 is taken because the
expectation value of z is zero. This is more restrictive than what is sometimes incorrectly

referred to as the Lamb-Dicke limit where n < 1. The Lamb-Dicke parameter maybe
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Types of Raman Sideband Transitions

Motion Adding (MA) Sideband ’ Motion Subtracting (MS) Sideband
___________ n=2
T, R n=1
/ L wz
_____ —.- _Y n=0

Carrier Transition

Figure 6.1: This figure depicts a few of the different types of sideband transitions.
When one quanta of motional energy is added this can be called a motion adding (MA)
transition. A transition where one quanta of energy is removed is called a motion
subtracting (MS) transition. It is also possible to change the internal state without
affecting the motion, which is called a carrier transition.

small; however, if the motional state is large, then the amplitude of the motion can still
be considerably large when compared to the wavelength of radiation. In the Lamb-Dicke
limit, things simplify. The interaction Hamiltonian can be expanded to first order in the
n to give

HEP = iQe 09 g+ |1 4 in(ae™ ™! + afe™=)| + H.c. (6.26)

There are several types of transitions that can be made (see figure (6.1)). A carrier

transition is one where n = n/ and § = 0. In this case only the internal state is changed,
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which leads to a Hamiltonian where
H. = Qe "S5+ 11 4 in(ae™ ™ + afe™=")| + H.c.. (6.27)

However, the resonant terms will be dominant, which means any terms oscillating in
time can be dropped to a good approximation if 2 < w,. This is equivalent to making

another rotating wave approximation, which gives
H, = hQ (S+e—i<¢> + S—e“(@) . (6.28)

The above Hamiltonian is independent of the motion, which is only strictly true in the
limit that » — 0. In general, for most experimental parameters the motion will play a
role. For example the Rabi frequency equation for the (6.23) n = 0 to n’ = 0 carrier
transition is (g0 = Qe%ﬂ. This exponential factor is known as the Debye-Waller factor
[Wineland 79|. This will show up again when multiple modes of motion are considered
in section (6.3).

Another resonant transition that is important is the motion subtracting (MS)
transition where 6 = —w,. This is sometimes called a red-sideband in the literature,
because if the initial internal state is the lower energy state, then the radiation that
does the coupling will have a lower frequency than the carrier. However, if the initial
state is the higher energy internal state, then the motion subtracting transition will be
blue detuned with respect to the carrier, that is where § = w,. For this reason, sideband
transitions will only be referred to as either motion adding (MA) or motions subtracting
(MS). In the Lamb-Dicke limit, the Rabi frequency for the MS transition simplifies to

Q1. = 1y/nQ. The interaction Hamiltonian equation (6.26)becomes
Hys = hQetiogt (eiwzt_i_in(a_i_a’fe%wzt)) (6.29)
+hQe 05~ (e_i“Zt — in(ae™ 2=t 4 aT)) . (6.30)

Again if we assume that only near-resonant processes are being considered, any fast

oscillating terms average to zero. This is same as making another rotating wave approx-
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imation. Also the phase ¢ can be arbitrarily chosen for the first application of Hy. If

the phase is chosen to be ¢ = —7, then the Hamiltonian simplifies to
Hys = hnQ (S+a + S‘a*) : (6.31)

This is also known as the Jaynes-Cummings Hamiltonian from quantum optics [Jaynes 63].
For the MA transition, the detuning is § = w,, and in the Lamb-Dicke limit the Rabi

frequency is €, , = nv/n + 1Q. The interaction Hamiltonian simplifies to
Hyrs = hnQ) (SJraT + S*a> . (6.32)

It is also possible to drive transitions where more than one quanta of motional energy is
added or subtracted. For some of the experiments discuss later, sideband transitions are
used where two quanta of energy are removed. The Rabi frequency of these transitions
will differ.

_p?

QlO = Qe 2 n (633)

2
Qoo = Qez 27127 (6.34)

1/2

Thus the second sideband Rabi frequency is a factor 27/ “n slower than the Rabi fre-

quency for the first sideband.

6.3 Rabi Rates - Multiple Modes

The above results can be generalized for multiple ions. Here it is assumed that
the laser beam only addresses one of the ions in a chain, and only the axial modes will
be considered. If there are L ions, then there will be L normal modes along the axis. If
all the other normal modes where accounted for, then there would be 3L normal modes,
which is treated in reference [Wineland 98|. The time-independent Hamiltonian for the
the j'™ ion (j is the index of the ion be addressed, where j runs from 1 to L) is

L
Hoj = hwoSzj+ Y hw. pagal. (6.35)
k=1
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The index k in the sum represents the different normal modes. The Hamiltonian de-
scribing the laser interaction (6.8) with the j%* ion becomes

B,
4

Hl,j _ (S;_ + Sj_) (ei(k-zjfthrd)) + 67i(k-zjfwt+¢>)) . (636)

The z; term can be expanded in terms of the normal modes. The interaction Hamiltonian

now becomes

. L J 7iwz’ t 1 io./z7 ty
Hyy = hs) el (Zhmmbloe s a2 0t0) |y (6.37)

The index k corresponds to the k' normal mode along the trap axis. The Lamb-Dicke
parameter ni correspond to the Lamb-Dicke parameter for the 5 ion on the £* mode.
One consequence of having multiple modes is the Rabi frequency will be affected by the

presence of the other modes. The Rabi frequency becomes [Wineland 98]

~

im (a+a®
it e = 2 (e ] [T ™ g (6.38)
=1

The subscript p represents all the other modes not being addressed by the resonant laser
interaction. For example, the Rabi frequency for a MA transition of the first mode in a
two ion crystal would be.

i

Qn’lzl,n1:0,71’2:0,n2:0 =Qe 2 me 2. (639)

The second exponential factor is the Debye-Waller factor for the second mode, which
effectively reduces the Rabi frequency. For larger ion crystals, each additional mode will

contribute another Debye-Waller factor.

6.4 Stimulated Raman Transitions

In the above, the coupling between the internal states and the ions’ motion was
derived assuming an oscillating magnetic field excites transitions between two levels.

The splitting for most ion qubit systems based on hyperfine structure range from a
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few MHz to a few GHz. Using an oscillating magnetic field to drive the transitions,
would provide a very small Lamb-Dicke parameter as a result of the long wavelength. In
addition, ion traps are usually built on the centimeter size scale, so it would be difficult
to isolate other ions from being affected by the radiation. One way around this is to have
a magnetic field gradient, creating ions with different resonant frequencies as a function
of their position [Mintert 01, Wineland 98, Wang 09]. It might also be possible to use a
combination of magnetic field gradients and oscillating magnetic fields to drive MA and
MS transitions [Ospelkaus 08]. Currently the most common technique is to use lasers to
couple the internal states to the motion. This can be done with a single laser beam when
the internal qubit levels are split by an optical frequency, and the linewidth of the excited
state is small compared to ion’s motional frequency [J. C. Bergquist 87]. The technique
used in this work is a coherent two-photon process called stimulated-Raman transitions
[Monroe 95b, Heinzen 90]. The two photons have a difference frequency tuned near the
qubit transition (typically in the MHz to GHz range), and couple the two levels via a
virtual excited state. This technique makes a large effective k vector along the trap
axis, which creates a larger Lamb-Dicke parameter than in the case of direct excitation
with radio-frequency magnetic fields. It was discussed earlier that 7 < 1 to be in the
Lamb-Dicke regime. However, there is a trade off. The sideband Rabi frequencies are
proportional to 7, so a vanishing 7 as in the radio-frequency/microwave case leads to a
vanishing €,/ ,,. Another advantage of using lasers is the ability to individually address
the ions. Typical inter ion spacings are on the order of a few microns. With diffraction
limited optics the diameter of the beam at the focus can be of order A\, which at optical
wavelengths is sufficient to individually addresses ions in most chains. This has been
demonstrated in *3Ca™ ions where the optical transitions used have a wavelength of
729 nm |Négerl 99]. The experiments discussed in this work use UV photons, so in
theory a much smaller waist should be obtainable. However, current optics are not

sufficient to generate diffraction limited spots, but it is possible to individually address
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Three-Level Stimulated-Raman Transitions

wr2

----- n=2
_____ A n=1
A . Wz
v n=0
12)
Not to scale

1)

Figure 6.2: Energy level diagram illustrating stimulated Raman sideband transitions.
The transitions are driven with two laser beams, which have frequencies wy1 and wyo .
Both beams are detuned from the excited state |3) by approximately A. We consider
two internal ground states labeled |1) and |2), which have energies hw; and hws. The
frequency difference between the the two beams is wr1 — wro + 6. Superimposed on
top of the two internal ground states are ladders of harmonic oscillator states, which
represent the quantized motion. The values of n represents the Fock states. When there
are multiple modes of motion then several sets of states must be superimposed; however,
only one mode will be considered here.

ions spaced a few 10’s of microns apart. Lasers offer the additional advantage that they
can be steered with Acoustic Optic Modulators and move-able mirrors, which enables
addressing different parts of the ion trap.

This section discusses how the two-photon stimulated-Raman transition gives the

same results for coupling the two internal (qubit) levels to the motions as the pre-
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vious section. This is also worked out in the thesis by Jonathan Home [Home 06b,
Wineland 04]. Figure (6.2) shows the setup. There are three internal levels labeled
|1),|2), and |3), which have energies fiwi, hws, and hws respectively. The splitting be-
tween levels |1) and |2) is on the order of 100 MHz or a 1 GHz for the hyperfine levels
typically used in Be™ at a magnetic field of ~ 120 Gauss. The splitting between |1)
and [3) or |2) and |3) is approximately 313 nm. For 24Mg™ the splitting between levels
|1) and |2) is about 300 MHz at a magnetic field of ~ 120 Gauss, and around 280 nm
for the difference between the excited state and ground states. The exact values for the
splitting of the two ground states will depend on the value of the magnetic field used in
the experiments.

One laser beam with a frequency wr; couples the states [1) — |3) with a detuning
A. The second laser has a frequency wra. It couples the states |2) — |3) with a detuning
A from state |3) and a detuning 0 from state |2), where § < A < wr1,wrs. It should
also be noted that for the case considered here A > I' with I' being the radiative
line width of the excited state. The electric field of the lasers is given by Ej(t) =
€iE,;cos (ki -z —writ+ ¢;). Where the index i € 1,2 denotes the laser beam. The
polarization is represented by € and the electric field magnitude by F,;. The radiation

couples the ground to the excited states via an electric dipole transition given by

Hp = —jica(E1(t) + Ea(t)). (6.40)

Substituting the oscillating electric field gives,

Hyp = hgigcos (k1 -z —wrpit + ¢1) 1) (3| 4 hgas cos (kg - 2 — wrat + ¢2) |2) (3] + H.c..

(6.41)
The coupling strengths g3 and go3 are
I, E
913 = — (3| fiea - €1]1) ;ﬁl’l (6.42)
L. E
g2z = — (3| fiea - € |2) =22 (6.43)

h
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The Hamiltonian for the internal state can be written in the form

Hy = hwy 1) (1] + fwn |2) (2] + fuws |3) (3] . (6.44)

As before it is convenient to move to an interaction picture where H, = H, and V; = Hy,.
The laser frequencies can be written in terms of the internal state energies and detunings
as wr1 = ws — w1 + A and wre = wy — w1 + A — §. Transforming to the interaction

picture using equation (6.9) gives

Hy = M3 mise (1 ety 1) ) (6.45)
+—h9223 iR 7h02) o =iA=O) (1 4 gi2rat) 9) (3] 4 H.c. (6.46)

Looking at the time dependent terms, there is one that oscillates at A and another
that oscillates at a much higher frequency 2wy, ;. For typical experimental parameters
A might range from 10 GHz to 100 GHz where w; is in the PHz regime. The position
operator z has not been transformed to the interaction picture yet but this will be done
later.

The wave function for the internal states can be written as

U (t) = Z Ci (t) i) . (6.47)

Using this wave function and the interaction Hamiltonian (6.45), the Schrodinger equa-

tion (6.19) can be solved to find the time dependence of the coefficients C; (¢). This

gives
O = —iZelBEto)inige (6.48)
N 2928 (ka2 ) —i(A-d)t
Cy = —iTe e Cs (6.49)
. * e, . * e .
C; = _i%e_z(kl'z+¢1)6+lAtcl + —ig%e_l(kl'z—‘r(m)€+Z(A75)t02, (650)

This is coupled differential equation for the three level system. The goal is to make

this set of equations look like that for a two level system. To do this it is necessary to
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eliminate the third level. An approximate solution for C’g can be found by integrating

by parts twice to give

. ) .
Oy = —i9—i(rzren) [ CLian 1 a1 C1int _ /geiAtdt (6.51)
2 iA iA | A J 1A
923 i(Fazren) (_C2Lia-sye (6.52)
2 i(A—0)

928 —i(Fa2+2) R : 2 ia-oy —/7, 2 ia-dyy (6.53)
2 i(A=0) |i(A=0) i(A—9)

An approximation can be made here to simplify things. Terms of order O (%) and

0 (@9172;)2) can be dropped (note: g13,923 < A) as long as C7 and O3 oscillate slowly.

This means dropping the two terms in the square brackets, which gives

Cs = 913 o—i(F1-7+61) Aoy — 953 6—1’(122.5+¢2)61(A76)t02_ (6.54)
2A° 2(A—9)

This equation can be plugged into the differential equations (6.50) to get a set of coupled

differential equations that do not depend on the population in the excited state.

L gl 953913 _—ist i(AR-Z+A0)
Ci1 = i A Cy+1 I(A— 5)6 e Cy (6.55)
N 923913 ist,~i(AR-7+20)
Cy = Z4(A—5)C 2+ A € . (6.56)

Now the terms in the exponentials depend on the difference of the wave vectors Ak =
k1 — ko and on the difference of the phases of the two laser beams A¢ = ¢y — ¢2. From
this differential equation, it can be determined that the Hamiltonian that gives the same

evolution is

_ \913| o lgasl®
H = (1] = b a1 2 (6.57)
953913 —ist i(AF-F+A8)
h I(A— 5)6 e 1) (2] (6.58)
923913 10t o —i(AR-Z+A0)
—h= 12) (1]. (6.59)

The first two terms in the Hamiltonian are the Stark shifts of the levels as a result of the
light fields. These do not depend on time and can be absorbed into the definition of H,,

which has the affect of redefining the energy of the two levels. Another approximation
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that can be made is A — 0 — A, which can be made for § < A. With these assumptions

the interaction Hamiltonian can be written as.
Hy = hQe 01 (AR+80) [1) (9] 1 prei®e(AF5440) 19) (1] (6.60)

This has the same form as the Hamiltonian found for the case treated early where an
oscillating magnetic field was use to couple the two levels. The difference here is that

Q= —gfgil)g, and the redefinition of k — Ak and ¢ — Ad.

The same types of transitions (MA, MS, and carrier) exist for the three level
stimulated Raman transitions as those for the two level case depicted in figure (6.1).
Figure (6.3) shows several of the possible transitions for the three level system. One
additional transition not depicted in figure (6.1) is the second sideband transition. The
main difference between this type of transition and the MA and MS transitions previously
discussed is that two quanta of energy are added or removed. This is done by tuning
the difference frequency to be § = 2w,. The Rabi frequency equation (6.23) will also be

different for these transitions.

6.4.1 Co-propagating Beam Transitions

In the above discussion of stimulated-Raman transitions, it was assumed that two
beams are orthogonal to each other. The orientation of the two beams has important
implications for whether or not the transitions are sensitive to the ions’ motion. The
sensitivity to motion enters through the term Ak-Z , where k is the effective wavevector
and Z represents the ions displacement from equilibrium. For the stimulated-Raman
sideband transitions discussed above the two beams used are at UV wavelengths with
wavevectors k1 and ko. The two beams are orthogonal to each other and at 45 degrees
with respect to the trap axis. Only the transition’s sensitivity to motion along the trap
axis is considered. This is valid if Ak = L (El — Eg) lies along the trap axis. The

V2

other case to be considered is when the two beams are co-propagating and at 45 degrees
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Types of Stimulated Raman Sideband Transitions

3) 3)

1) 1)
Motion Adding (MA) Sideband Motion Subtracting (MS) Sideband

13) |3)

Carrier Transition Second Sideband Motion Subtracting

Figure 6.3: This figure depicts a few of the different types of stimulated Raman tran-
sitions that are possible. When one quanta of motional energy is added this called a
motion adding (MA) transition. A transition where one quanta of energy is removed
is called a motion subtracting (MS) transition. It is also possible to change the inter-
nal state without affecting the motion, which is called a carrier transition. The second
sideband motion subtracting transition is relevant for the sideband cooling discussed in
section (6.6). This transition removes two quanta of energy from the motion.

with respect to the trap axis. Now the magnitude of Ak is the small. For example,
a single trapped “Be™ ion with a motional frequency of w = 27 x 3 x 10% Hz, the

Lamb-Dicke parameter n ~ 0.4 for the orthogonal beam case and n ~ 3 x 1078 for the
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co-propagating case (It is assumed the stimulated-Raman transitions were made between
the levels \QSé,F =2,mp =2) — |ZS%,F =2,mp = 1) at a field of ~ 120 Gauss giving
rise to a splitting between the levels of ~ 100 MHz). The small Lamb-Dicke parameter
for the co-propagating beams makes theses transitions insensitive to the motional state
of the trapped ions. Thus, they can be used to perform coherent rotations between the

internal states of the ions. These rotations are termed single qubit gates [Nielsen 00].

6.5 Motional State Analysis

The sensitivity of the Rabi frequency to the motional state and the presence of
other modes provide a tool for determining the distribution motional energy states. Sev-
eral types of distributions have been experimentally prepared. Reference [Meekhof 96|
gives examples of sideband flopping (Sideband flopping refers to a scan measuring
the fluorescence versus the duration of a MA or MS transition) on a single ion that
has had its motional state prepared in either a thermal distribution, coherent state,
or a squeezed state. Discussed the section on Doppler cooling of this dissertation
is an example where sideband flopping is used to estimate the temperature of the

* — 24Mg™ ion pair. Also discussed in this section is an-

two axial modes of a ?Be
other technique for estimating the temperature of a thermal distribution. This tech-
nique relies on measuring the relative probability of making a MA and MS transition
[Monroe 95b, Turchette 00, Home 06b, Diedrich 89].

If the duration of the laser interaction is scanned and the internal state populations

are measured, then a Rabi sideband flopping curve is obtained. For a single ion initialized

in the state |1,n), the probability that the ion is found in state |1) is given by

Pyyy () = |cos (Qurnt)]?. (6.61)

This can be re-expressed as Py = %(1 + cos (2Qn/7nt)). Typically the ion’s initial

motional state will follow some distribution, where each motional state in the Fock basis
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has some probability P, of being occupied. The ion’s motion is harmonic, so for a
particular sideband transition all transitions between all the different Fock states will be
driven. For example driving a MA transition causes all the transitions n =0 — 1, n =
1 — 2, etc.... The only difference between all the transitions is that each has a different
Rabi rate. Thus, each transition needs to be included in calculating the probability, but
they will be weighted by a distribution.
1 )
By =5 (14 X P cos (29% mkt) . (6.62)
ng=0

A common distribution that occurs with trapped ions is a thermal distribution. Most of
our ion experiments involve Doppler laser cooling, which to a good approximation leaves
the ions motional state in a thermal distribution.

,FLTL

Pthermal — )
" (14 a)"™

(6.63)

The average motional state is 7, and n represents the a particular Fock state. If there are
multiple modes of motion, then the other modes will affect the Rabi rate as a result of
the their Debye-Waller factors. A more general expression for the probability of finding

the ion in state |1) is

]D|1> (t) = % (1 + [ H i P, i P, x (664)

m=1,m#k nm,=0 ng=0
cos (29 t)) (6.65)

The terms in the brackets are the contributions from the other modes, which are repre-

L

<Tlm;«ék,”;c|emk(a+a ) [ H i )} [mpsn, ni)

m=1,m#k

sented by the index m, where m # k. The first bracket is the product of the sums over
all the probability distributions. Each distribution is summed over all the Fock states
for that mode. The second bracket, which appears inside the cosine term, is the product
of all the Debye-Waller factors for the other modes.

Equation (6.64) can be used as a model for performing motional state analysis.
This can be accomplished by tuning the laser interaction to the resonance of a particular

mode of motion and scanning the interaction time. The resulting data can be fit to the
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above model. Different probability distributions can be tried until an acceptable fit for
the experimental data is obtained.

If it is known the ion’s motion is in a thermal state, which it is to a good ap-
proximation after Doppler cooling, then there is another technique for estimating the
temperature. This method relies on measuring the probability of making a MA and MS
transition with fixed interaction time. If a ion is prepared in the |1) state, then the

probability of making either a MS or MA transition to state |2) is given by equation

PYS = > Pysin® (Qu-1nta) (6.66)
n=1

Pyt = > Pusin® (Qui1nta) - (6.67)
n=0

Note that the sums run over different n values. This is because the lowest |n) that a MS

can be made from is the |n = 1) state. Taking the ratio of these two probabilities gives

p = sin® (Qp—1,nta)
ZSLO:O P, Sinz (Qn—l-l,ntd) 7

R= (6.68)

where R is the ratio of the sideband amplitudes. Using the thermal distribution equation
(6.63)for P, and making the substitution n — n+1 for the motion subtracting transition,

allows the ratio to be rewritten as

00 " 1 .
ano (41+ﬁ;rn+2 sin? (Qn,n+1td)
R=— = — . (6.69)
Zn:(] (1+ﬁ)n+1 sin (Qn+17ntd)

Noting that €2, ,+1 = 5,415, the ratio simplifies to

n
R = 6.70
n+1 ( )
, which gives the expression for the n
R
"TR+1 (6.71)

In order to measure the ratio, the signal strengths two sideband are measured by applying

a fixed length Raman sideband pulse and scanning the frequency of the pulse s across
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the MA and MS resonances. This curve can be fit to the expected result for a two level

system given by[Metcalf 99|[Home 06b|

92/ 9721’ n + 53
w2 [ Ty ) 4, (6.72)

L E——— sin
Q,, +03 2

Pl =
After fitting experimental data and figuring out the amplitude and the baseline for each
transition, the signal strength of the transition can be found. Taking the ratio of the
two signal strengths gives the value of R. If the ion’s motion is near the ground state of
motion, then the signal strength of the MS transition will be quite small. In the ideal

case where |n = 0) then no MS transition can be driven. However, a MA transition can

always be driven.

6.6 Sideband Cooling

One of the interesting features of trapped ions is the ability to accurately control
the motional states. Most experiments require the ion to start in the motional ground
state before some special motional state is prepared. Upon initially trapping an ion
there is typically a large energy in the motion. We therefore perform Doppler cooling as
an initial cooling stage, which can often cool the ions down to the level of a few motional
quanta. For example, a single Be™ ion with an axial frequency of 3 MHz would be
Doppler cooled to an average motional Fock state n ~ 3 with a thermal distribution. It
should be noted that depending on the parameters an average motional state of a few
tens of quanta is possible. Cooling to the Doppler limit, is sufficient for some quantum
mechanical gate operations |[Kirchmair 09]. However gates many require the motion to
be initialized in the ground state to work [Cirac 95| or to minimize errors in the gate
operations [Leibfried 03b]. In addition, one of the main focuses of this work, which is
the entangled mechanical oscillators experiment discussed in chapter (8), requires the
motion of two spatially separated pairs of “Bet —24Mg™ ions to be cooled to the ground

state of motion. Stimulated Raman sideband cooling (Raman cooling) is the technique



130
Types of transitions used for Raman Sideband Cooling

3) 13)

n=2
______________ N n=1
______ VY% 20
- 12) -
1) 1)
Motion Substracting Sideband Resonant repumping

Figure 6.4: The two main types of transitions used in Raman sideband cooling. On the
left part of the figure, the motion subtracting transition removes one quanta of energy
from the motion. It should be noted that this transition was drawn differently from the
one depicted in figure (6.3), where the only difference is the starting state. In this figure
the ion’s internal state starts in state |2), and in figure (6.3) it starts in state |1). On
the right part of the figure, the resonant repumping transition transfers internal state
population from [1) to |2) by scattering only a few photons, which leads to negligible
heating. State |2) scatters no photons from this laser beam.

used in this work to cool the motion of trapped ions to very near the ground state.

In a simplified picture, the transitions used for Raman cooling are illustrated
in figure (6.4). There are two types of transitions used: the MS sideband transition
discussed in section (6.9) and a resonant electric dipole transition that performs optical
pumping. The procedure begins with the ion being prepared in state |2) by optical
pumping, which will also have some distribution of motional states. A MS transition
is then performed, using a two-photon stimulated Raman transition. The time of the
interaction is chosen such that all the population is transferred from |2) |n) — [1) |n — 1).,
which is is called a m-pulse (See below for a discussion on choosing which |n) — |n — 1)
transition is driven.). The next step is apply a resonant interaction, which couples

|1) — |3), referred to as repumping. The excited state will spontaneously emit a photon
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and decay to either state [1) or |2). If it decays to state |2), then optical pumping
shuts off, since it is no longer resonant or it is not possible to drive a transition with the
polarization used. If the decay was back to state |1), then it will only take a few scattering
events until all the population is in state |2). The scattering from repumping will cause
the ions’ motion to heat up but on average this is less than a motional quanta, because
% < hw,. Here the momenta of the absorbed/scattered photon are represented by ik
and w,is the motional frequency. Another way to say this is if the Lamb-Dicke parameter
is less than one, then there will not be much heating from scattering. This is because
n? = %/fwz This process is repeated many times until all the motion is cooled to
the ground state. The sequence of a MS sideband followed by a repumping pulse and
spontaneous emission will be referred to as a single Raman cooling cycle.

Other issues complicate the cooling beyond this simple picture. After Doppler
cooling, the ions’ motional state will be in a thermal distribution. This means that
is possible for some of motional population to occupy Fock states with large values
on |n). From equation (6.23) it can be seen that the Rabi frequency depends on the
particular |n) state. Thus if the time of the interaction is chosen to drive a m-pulse
on the |[n =1) to |n =0) transition this will not drive a full 7m-pulse on the |n = 10)
to |n=29). A partial solution to this is to estimate the maximum Fock state with
a non negligible population and start with a = pulse that is optimized to make the
transition |Nmaz) — |[Mmaz — 1). Then for the next cycle, the time is chosen to optimize
the |nmaz — 1) — |Pmax — 2) transition. During each pulse, partial m-pulses are driven
between the other transitions between motional states. This process can be continued
until reaching the |n = 1) — |n = 0) transition.

Trapped ions are sensitive to electric field noise, which couples to the ions motion
and causes heating. One common source of noise is Johnson noise from the electrodes.

In addition, sources of electric field noise are observed that have yet to be fully un-

derstood. This noise is commonly referred to as anomalous |Turchette 00, Epstein 07,
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Labaziewicz 08a, Labaziewicz 08b]. For Raman cooling to be efficient, the heating rate
in quanta per cooling-cycle duration must be much less than one. A typical heating rate
for the ion trap discussed in this dissertation is on the order of 0.25 quanta/ms for a
single “Be™ ion with a trap frequency of ~ 3 MHz. A typical Raman cooling cycle in the
experiment requires a few ten’s of microseconds. Several of the experiments discussed
in this dissertation involve multiple ions where it is necessary to cool all axial modes. It
would be possible to have separate dedicated laser beams to cool all the different modes
in parallel, but this is not an efficient use of laser resources. Typically, a single set of
Raman beams are used, and the frequency is changed to address the different modes in a
serial fashion. One way to cool all the modes would be to cool them serially This has the
disadvantage that many Raman cooling cycles are required to reach the ground state.
If one mode is cooled completely before cooling another mode, then the cold mode may
heat up during the time it takes to cool the other modes due to photon recoil. A better
option is to interlace the Raman cooling cycles, applying one Raman cooling cycle to
mode 1 then one Raman cooling cycle to mode 2 and so on. This prevents one mode
from heating while the others are being cooled.

Another potential problem arises from the dependence of the Rabi frequency equa-
tion (6.23) on the motional state |n), which in part comes about through the generalized
Laguerre polynomials Llr? </7n| (7]2). For a a fixed value of 7 and |n’ — n| the Laguerre
polynomials will have a value equal or near to 0 for some value of nrg. This means that
Rabi frequency will go to zero for this particular nro state and no transition can be
driven. Thus, any motional population above nrg will not be cooled to the ground state
but will tend to collect in the |nr) state. This will not be a problem if nrg is signifi-
cantly larger the n reached after Doppler cooling. However the motional state follows
a thermal distribution after Doppler cooling and there can be a significant amount of
motional state population occupying large n states.

Figure (6.5) shows the thermal distribution of motional states equation (6.63) as-
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Motional state probablity versus |n>: nbar = 15
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Figure 6.5: Probability for finding the ion in Fock state |n), assuming the ion’s motional
population follows a thermal distribution equation (6.63)with n = 15.

T can be much lower

suming a 7 = 15. Typical Doppler cooling temperatures for “Be
than this temperature. However, (in chapter (5) Doppler cooling with 24Mg* is dis-
cussed) it is possible after 2#Mg*t Doppler cooling to have an 7 ~ 15. It should be noted
from the figure, that there is a significant population for n > 15. For the Raman cooling
technique discussed earlier a particular initial |n) state is chosen and cooling proceeds
until all the motional population with n equal to or less than this value is brought to
the |[n = 0) state. To capture 100% of motional population in theory it would require
starting at |[n = co). Obviously, this is not physically possible. Instead, some threshold
needs to be established regarding what percentage of the motional population is required
to be in the ground state. This will depend on the experiment, and what level of errors
can be tolerated.

Figure (6.6) shows the largest |n) state that would have be cooled to get 95%,

99%, and 99.99% for a given fi. This assumes that the highest |n) is the starting state

for Raman cooling and that the cooling continues from there, stepping down from that
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Highest |n> value needed for Raman Cooling to get
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Figure 6.6: The largest motional state |n) that needs to be cooled in order to get X %
of the motional population in the ground state for a range of n. The figure shows the
values for requiring 95%, 99%, and 99.99% of motional population to be cooled.

|n) all the way to the ground state. For example assuming n = 15, the highest |n) state
that would need to be cooled to capture 95%, 99%,or 99.99% of the motional population
would be |n = 46), [n = 71), or |[n = 151) respectively.

Now that it is clear that it is necessary to start cooling from reasonably high values
of |n), let’s examine where the zeros in the Laguerre polynomials occur. Figures (6.7) and
(6.8) show the |n) values of the first zeros in the Laguerre polynomials as function of the
Lamb-Dicke parameter for both first (|n’ —n| = 1) and second (|n’ — n| = 2) sidebands.
For small values of 7, the value of n for this first zero can be quite large. However, values
of n > 0.1 are common in the trapped ion experiments discussed here. The zeros start to
approach the regime, where they may cause problems for Raman cooling. For example
the Lamb-Dicke parameters for the two axial modes of a “Be™ — 24Mg* pair discussed
in the next section have the values n ~ 0.28 and n ~ 0.08 . This would give the zeros

for the first sidebands at n ~ 46 and n ~ 156 respectively and for the second sidebands
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Figure 6.7: This figure shows the first zeros in the Laguerre polynomials as function of
the Lamb-Dicke parameter n . The zeros are shown for both first (|[n’ —n| = 1) and
second (|n' —n| = 2) sidebands. Note that the zeros of the second sidebands always
occur at a larger value of |n) than the first sidebands.
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Figure 6.8: This figure is the same as figure (6.7), but with a different vertical scale

at n ~ 83 and n ~ 1029. (- The answer to the joke: It saw the salad dressing. The first

part of the joke is somewhere in this thesis -) It was mentioned above that to cool 99% of

the motional population to the ground state for 7 = 15 the cooling would have to start
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Laguerre Polynomial versus |n> for different n: 1st Sideband
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Figure 6.9: The value of the Laguerre Polynomials L'# " (772) versus n for first sideband
transitions, where [n’ — n| = 1. The values of n = 0.28 and n = 0.08 are plotted.

with |n = 71) state. For a mode with a Lamb-Dicke parameter of n = 0.28 not all of
the motional population could be cooled using first sideband transitions alone. For this
case, first sideband cooling would leave behind ~ 5% of the motional population. This
problem can be solved if second sideband cooling is used in addition to first sideband
cooling, since the location of the zeros in the Laguerre polynomials is sufficiently high.
As an example figures (6.9) and (6.10) show the value of the Laguerre polynomials
for both the first and second sidebands where nyypg ~ 0.28 and noopnx ~ 0.08. Also
figures (6.11) and (6.12) show the scaled Rabi frequency €, ,/Q from equation (6.23)
for these two cases. There are regions in these last two plots where the Rabi frequency
will be higher for second sideband transitions than for first sideband transitions for the
same value of |n). Thus it may be possible to find mixture of first and second sideband

cooling to optimize the amount of time it takes to Raman cool.
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Laguerre Polynom|al versus |n> for different : 2nd Sideband
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Figure 6.10: The value of the Laguerre Polynomials L‘T{" il (172) versus n for a sideband

first stimulated-Raman transition, where |n’ —n| = 1. The values of n = 0.28 and
n = 0.08 are plotted.
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Figure 6.11: The scaled Rabi frequencies €2, ,, /€ from equation 6.23 versus |n) for the
first and second sidebands where 1 =0.28
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Rabi Frequency for Different Sidebands versus |n>: n= 0.08
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Figure 6.12: The scaled Rabi frequencies €, ,,/$2 from equation 6.23 versus |n) for the
first and second sidebands where n =0.08
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6.7 Sideband Cooling Experiments

One of the approaches in ion trap quantum computing includes having the abil-
ity to move ions around an ion trap-array and to sympathetically recool them to the
ground state of motion. This section describes an experiment demonstrating this capa-
bility. In addition this experiment served as a calibration experiment for a the entangled
mechanical oscillators experiment|Jost 09] discussed in chapter (8).

The goal in the experiments described here is to take two °BeTions that start
in the same trapping region, separate them transfer them to different locations in an
ion trap array, and show that their axial modes can be sympathetically recooled to
ground state of motion after the transport and separation (separation tends to heat the
ions). The recooling is performed with another species of ion 2*Mg* that accompany
the two “Be'ions, which allows any quantum information stored in the “Be™ions to be
maintained. Ounly the details relevant to discussing the sideband cooling of the two pairs
of °Bet — 24Mg™ ions will be elaborated on here, and the other details are discussed
elsewhere in this dissertation. Figure (6.15) shows the basic outline of the experiments.
Several different experiments are required to demonstrate the sympathetic cooling of the

axial modes of the two ‘Bet

—24Mg™ pairs. Experiments will have to be done where MA
and MS sideband transitions are performed on the °Be™ ions in both trapping locations,
which allow the temperature after sympathetic recooling with ?*Mg* to be determined.
Due to technical limitations, the experiments for measuring the temperature in traps A
and B are performed separately.

The experiment involves four trapped ions. These are loaded serially into the trap.
The order of the ions is important, since it determines the normal mode frequencies of
the ions [Jost 09]. Independent of the order they start in the ions are ordered [Jost 09]

into the spatial sequence Be™ — 24Mg*t — 24Mg*t —? Be™ as shown in step 1. This is

accomplished by applying a series of control potentials [Jost 09] combined with Doppler
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2Mg* Level Diagram for Raman Cooling
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Figure 6.13: This figure depicts the relevant energy levels for Raman cooling with 24Mg™.
The two beams used to make a MS sideband transition are labeled R1 and R2. The beam

labeled repump is used for optical pumping, and the wavy line represents spontaneous

emission. Superimposed on to the ground state internal levels |m, = 1) and [m = —1)

are the harmonic oscillator levels for the INPH and OOPH modes (see text) for a pair
of “Be™ — 2*Mg™ ions.

cooling on both the ?Be™ and ?*Mg* ions. In step 2 the four ions are Doppler cooled
using a combination of both ?4Mg* and “Be™ Doppler cooling. Combining these two
types of cooling helps ensure all modes are well-cooled. For example, if the “Be™ ions
have a small motional amplitude on a mode they will not be efficiently cooled by “Be™
Doppler cooling, but the 2*Mg* ions will have large amplitude and efficiently cooled.
Next, the four axial modes are Raman cooled to very near the ground state by driving
MS sidebands on the “Be™ ions. (Subsequent experiments [Home 09, Hanneke 10] have
performed this operation with only 2*Mg* cooling for both the Doppler component and
the for the MS sidebands. )

The ions are then transported from the position near trap A in the figure to

the separation region in front of electrode S.E.. This is accomplished by changing the
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2 Mgt Laser Beams for the Sympathetic Raman Cooling
Experiment

Trap A S.E. Trap B
~ 240 pm -
Fleld
® 9Bet
@ Mg+
Beams: Beam Beams: Beam
R1 and Repump R1 and Repump

Figure 6.14: Laser Beams used for Raman cooling of 2Mg™ ions in traps A and B. The
beams R1 and R2 comprise the two beams used for MS sideband transitions on 2Mg™.
The repump beam is used for optical pumping. The two trapping locations A and B are
located ~ 240 um apart. The boxes represent the some of the electrodes, where S.E.
stands for separation electrode.

control voltages on the electrodes [Rowe 02, Barrett 04, Reichle 06a]. The four ions can
be separated into two pairs by changing the control voltages on the electrodes such that
a potential wedge is inserted between the four ions to form two separate potential wells.
The ion pairs are then moved to trap A and B, which are separated by about 240 pm.
This is represented in the figure as step 3. The separation process typically heats the
ions [Rowe 02, Barrett 04].

The two separate potential wells were designed to have approximately the same
trap frequency. There are two normal modes along the axial direction: the in-phase
(INPH) and the out-of-phase (OOPH). They have a frequency of ~ 2.3 MHz [0.37, 0.93]
and ~ 4.9 MHz [-0.93, 0.37] respectively. The terms in the brackets are the normal
mode amplitudes for the Be™ — 24MgTions respectively. In the experiment, the two
trapping locations have slightly different axial frequencies. The INPH modes differ in

frequency by ~ 8 KHz, and the OOPH modes differ in frequency by ~ 30 KHz. The
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Lamb-Dicke parameters for 24Mg* for the two modes of motion in each trapping location
are nyypg = 0.28 and noopy = 0.08.

Sympathetic cooling is performed to recool the ions in both locations, which is
shown in step 5. The ions in both traps are simultaneously Doppler cooled for ~ 400us
using the 2*Mg™ ions, which is shown in step 4 . The Doppler cooling used is discussed in
chapter (5). The stimulated Raman sideband transitions on 2*Mg* are performed on the
Ims = 1) — |mgs = —3) transition see figure (6.13) of the 25% ground state. A magnetic
field of ~ 120 Gauss is applied to the ions, which causes the two ground states to be
split by ~ 334 MHz. There is some uncertainty of the final temperature reached after
Doppler cooling with 2#Mg™. It is possible that the temperature will reach a level that
first sideband cooling is not sufficient to cool all the motional population. Thus second
sideband cooling is initially performed. 40 Raman cooling cycles of second sideband
cooling were applied to the *Mg™ ions in both trapping locations simultaneously. For
the first sideband cooling, both traps are also simultaneously Raman cooled. However,
the frequency of the MS sideband transitions are chosen to be resonant with the motional
mode frequencies of the different traps. This means that four different Raman cooling
cycles are applied to all the ions with the parameters optimized for the INPH mode in
trap A, the INPH mode in trap B, the OOPH mode in trap A, and the OOPH mode in
trap B. In total 30 interlaced Raman cooling cycles of first sideband cooling with 2*Mg™
are applied for each of the four modes. Both types of Raman cooling are performed in
step 5.

At this point, both normal modes in both traps have been cooled to near the
ground state. Due to technical limitations closed cycling transition in 2*Mg™t between
the 25 1 —2 P% levels is not used, the 2*Mg™* fluorescence cannot be probed directly.
To diagnose the temperature, the ratio of driving MA and MS transitions on the “Be™
ions in each trapping location is measured, see section (6.5). To measure the temper-

ature in trap A of the INPH and OOPH modes, both a MA and MS Raman side-
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band transitions are driven (These two different probe pulses are performed in sepa-
rate experiments on each mode) on the |F =2, mp = 2) — |F =2, mp = 1) transitions
in “Be™ (probe pulse). Any population in the |F =2,mp = 1) level is transferred to
the |F' = 2, mp = —2) state prior to performing resonance fluorescence detection on the
9BeTion, using co-propagating Raman m-pulses. This is included in step 6a of figure
(6.15) . The fluorescence is then plotted versus the frequency of the sideband pulse for
both MA and MS transitions see figures (6.16), (6.17), (6.20), and (6.21), where each
scan is a separate experiment (see the figures for the number of experiments performed).
The ions are recombined in trap A after the detection and the experiments are repeated
(step 7a). From the ratio of the two sidebands, n for each mode is estimated to be
ninpg = 0.095 £ .022 and npopyg = 0.063 £ 0.018, where the errors are one standard
deviation.

Measurement of the temperature of the °Bet — ?4Mg* ions in trapping region B,
requires a slightly different procedure than above. This is due to the technical limitation
of not being able to measure resonance fluorescence of the Be™ ions in that location.
The probe pulse is performed while the ion pair is still in trap B. To do the measurement,
the ions have to be transferred back to trapping region A. The state of the “Be™ ion
in trapping region A does not matter. The internal state of the Be™ in trap A is
optically pumped back to the bright state |F' =2, mp = 2). Both of these processes
are represented by step 6b. In step 7b the ions are recombined into trapping region A.
Now resonance fluorescence detection is performed on both ions “Be™. The ion that was
in trapping region A only contributes extra background photons to the data. Figures
(6.18), (6.19), (6.22), and (6.23) show the result of scanning the frequency of the probe
pulse in trapping region B over the MA and MS transition resonance on both modes,
where each data point is a separate experiment repeated many times (see the figures
for the number of experiments performed). By fitting the depths of the sidebands, the

temperature is estimated to be nyypg = 0.03 + 0.049 and noopyg = 0.016 £ 0.024,
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where the errors are one standard deviation.

The average n for all the modes is very near the ground state. The finite tem-
perature could result from a number of imperfections. The beam that performs the
repumping has a ¢~ polarization component (not depicted in figure (6.13)) that is off
resonant, but could optically pump the internal state of the ?Mg* ions. This would
mean excess scattering events could occur that could heat the ions. Also if the opti-
cal power of the ¢~ repumping beam is above saturation then this will increase the
scattering rate of the off resonant ocomponent. The INPH mode is more sensitive to
heating from ambient electric field noise than the OOPH [Kielpinski 00]. As a result,
if the Raman cooling process takes longer than the time to gain one motional quantum
from heating for this mode, then it will be difficult to cool to the ground state. An
additional problem can arise from the separation process. During the separation the
trap frequency decreases; this makes the ions more likely to acquire motional energy
from ambient electric field noise. To separate the ions, a potential bump is brought up
between the ions to create a double well potential. If the location of this potential bump
is not located exactly between the ions, then one or more of the ions can effectively ride
up this potential hill before eventually being dumped into one of the wells. This can

leave the ions with a large amount of motional energy, which can be difficult to remove.
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Figure 6.15: Experimental outline for performing and detecting sympathetic cooling on
two pairs of trapped Be™ — 24Mg* ions. (More details are provided in the text.) This
figure shows the steps for two different experiments. Steps 1-5, 6a, and 7a describes
the procedure for sympathetic cooling of a pair of Be™ — 2Mg™ ions in trap A and
measuring the temperature of the two axial modes. Steps 1-5, 6b, and 7b describe the
procedure for doing the same thing but with the pair of ions in trap B. The boxes
represent one bank of electrodes in the ion trap. There are two main trapping locations
separated by ~ 240 um, labeled trap A and B. There is a separation electrode (S.E.)
used for separating the four ions into two pairs.
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INPH mode of °Be* - 2*Mg" in trap A:
Motion Adding transition on °Be*
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Figure 6.16: Frequency scan over the resonance of the MA transition on the INPH mode
of the Be™ — 2*Mg™ pair of ions in trap A. The horizontal axis is the frequency of an
acoustic-optic modulator that is used to scan the frequency of the laser beam. The real
frequency scale is is twice the value shown on the axis. The vertical axis shows the
number of photons collected, during a single detection period of 200 us. The line is the
fit of a sinc function to the experimental data. Fach data point is the average of 70

experiments.
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INPH mode of °Be* - %*Mg" in trap A:
Motion Subtracting transition on %Be
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Figure 6.17: Frequency scan over the resonance of the MS transition on the INPH mode
of the 9Be™ — 24Mg* pair of ions in trap A. The lack of strong resonance implies that
the temperature is near the motional ground state. The horizontal axis is the frequency
of an acoustic-optic modulator that is used to scan the frequency of the laser beam. The
real frequency scale is is twice the value shown on the axis. The vertical axis shows the
number of photons collected, during a single detection period of 200 us. The line is the
fit of a sinc function to the experimental data. Fach data point is the average of 70
experiments, and two scans were performed.
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INPH mode of °Be* - 2*Mg" in trap B:
Motion Adding transition on °Be
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Figure 6.18: Frequency scan over the resonance of the MA transition on the INPH mode
of the °Bet — 2*Mg* pair of ions in trap B. The vertical axis shows the number of
photons collected, during a single detection period of 200 us. There is a ~ 10 count
background on the signal from the presence of another “Be™ ion, see the text for more
detail. The horizontal axis is the frequency of an acoustic-optic modulator that is used
to scan the frequency of the laser beam. The real frequency scale is is twice the value
shown on the axis. The line is the fit of a sinc function to the experimental data. Each
data point is the average of 210 experiments.
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Figure 6.19: Frequency scan over the resonance of the MS transition on the INPH mode
of the Be™ — 24Mg* pair of ions in trap B. The lack of an apparent strong resonance
implies that nyyppm is near the ground state. The vertical axis shows the number of
photons collected. There is a ~ 10 count background on the signal from the presence of
another “Be™ ion, see the text for more detail. The horizontal axis is the frequency of
an acoustic-optic modulator that is used to scan the frequency of the laser beam. The
real frequency scale is is twice the value shown on the axis. The line is the fit of a sinc
function to the experimental data. Each data point is the average of 70 experiments,
and two scans were performed.
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Figure 6.20: Frequency scan over the resonance of the MA transition on the OOPH
mode of the Be™ —24Mg™ pair of ions in trap A. The horizontal axis is the frequency of
an acoustic optic modulator that is used to scan the frequency of the laser beam. The
real frequency scale is is twice the value shown on the axis. The vertical axis shows the
number of photons collected, during a single detection period of 200 us. The line is the
fit of a sinc function to the experimental data. Each data point is the average of 100

experiments.
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Figure 6.21: Frequency scan over the resonance of the MS transition on the OOPH mode
of the 9Be™ — 24Mg* pair of ions in trap A. The lack of strong resonance implies that
noopH is near the ground state is near the motional ground state. The horizontal axis
is the frequency of an acoustic-optic modulator that is used to scan the frequency of
the laser beam. The real frequency scale is is twice the value shown on the axis. The
vertical axis shows the number of photons collected, during a single detection period of
200 ps. The line is the fit of a sinc function to the experimental data. Fach data point
is the average of 70 experiments, and three scans were preformed.
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Figure 6.22: Frequency scan over the resonance of the MA transition on the OOPH
mode of the “Be™ — 24Mg™ pair of ions in trap B. The vertical axis shows the number
of photons collected, during a single detection period of 200 us. There is a ~ 10 count
background on the signal from the presence of another “Be™ ion, see the text for more
detail. The horizontal axis is the frequency of an acoustic-optic modulator that is used
to scan the frequency of the laser beam. The real frequency scale is is twice the value
shown on the axis. The line is the fit of a sinc function to the experimental data. Each
data point is the average of 100 experiments.
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Figure 6.23: Frequency scan over the resonance of the MS transition on the OOPH
mode of the 9Be™ — 2*Mg™ pair of ions in trap B. The lack of strong resonance implies
that npoopyr is near the ground state. The vertical axis shows the number of photons
collected, during a single detection period of 200 us. There is a ~ 10 count background
on the signal from the presence of another “Be™ ion, see the text for more detail. The
horizontal axis is the frequency of an acoustic-optic modulator that is used to scan the
frequency of the laser beam. The real frequency scale is twice the value shown on the
axis. The line is the fit of a sinc function to the experimental data. Each data point is
the average of 70 experiments, and three scans were performed.



Chapter 7

Phase Gate

Two qubit gates are one of the essential components of QIP, since they are nec-
essary along with single qubit rotations to make a universal gate set [Nielsen 00]. One
of the early proposals for two qubit gates involved ions in a chain coupled via their
Coulomb interaction [Cirac 95]. This proposal was followed quickly by the first demon-
stration of a two qubit gate using the internal state of a single ion and its quantized
motion as the two qubits [Monroe 95a]. Although the first demonstration involved en-
tanglement between the internal and external degrees of freedom, there have been many
proposals to perform gates that entangle the internal states of multiple ions [Mglmer 99,
Wang 01, Solano 99, Milburn 01, Cirac 95]. This entanglement is always mediated by
the Coulomb interaction between the ions, since it is the strongest coupling. Several
experimental demonstrations have also been implemented [Sackett 00, Leibfried 03b,
Leibfried 04, Leibfried 05, Haljan 05, Haffner 05, Kirchmair 09, Roos 04]. These exper-
iments used different types of ion species, but the demonstrations of entanglement were
always between one type of ion. There also has been an experimental demonstration of
the entanglement of the internals states of two different isotopes of Calcium (*°Catand
43Ca™)[Home |. One of the goals of ion trap QIP is to incorporate sympathetic cooling
ions with the logical qubits |Kielpinski 00, Barrett 03, Rohde 01, Blinov 02]. For large

scale QIP that incorporates sympathetic cooling ions, it will most likely be necessary to
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perform entangling operations in the presence of these cooling ions. Prior to reference
[Jost 09], which is the focus of this dissertation; this had not been demonstrated be-
fore. There was followed by experiments, which have also performed such entanglement
[Home 09, Hanneke 10]. The experimental implementation, which discussed in section
(7.6), is a tune-up experiment for the experimental work discussed in chapter (8) and
reference [Jost 09].

The rest of this chapter provides a more detailed description of the geometrical
phase gate [Leibfried 03b, Home 06b] used in reference [Jost 09]. The first section pro-
vides a general overview of entanglement and the phase gate. Discussed second is how a
stimulated-Raman transition can be used to create a state dependent optical dipole force.
A particular example is used to show the resulting force on two ions. Next properties
of coherent states and the forced harmonic oscillator will be discussed. This is relevant,
since the optical dipole force when acting on a Fock state behaves like a forced harmonic
oscillator, creating a coherent state. Next, the amplitude of the coherent state and the
phase, arising from the geometrical phase gate, will be derived. This followed by a step
through of the implementation of a ideal geometric phase gate. The resulting quantum
mechanical states at each point, and the analysis of the entanglement are highlighted.
The last section goes through the experimental details for implementing the geometrical

phase gate on two Be™ ions in the four-ion chain *Bet — 24Mg* — Mgt —9 Be™.

7.1 Entanglement Overview

An entangled state is a quantum mechanical state of two or more systems that
can not be written as a product state [Nielsen 00]. Let us consider two spin % systems
labeled A and B, where the possible states of each system are W4 = [T4) , ¥4 = |]4),
Up =|18),and ¥p = || g). It is possible to place each system in a quantum mechanical

superposition ¥ = |1) +||) (The normalization constant is omitted.). The product state
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of both systems can be written

1

Vap=Ya@¥p =g (|TT>A,B M Dap+ U Dap+ HUA,B) : (7.1)

With product states the wave function can always be written as the outer product of
the individual wave functions for each system. However, if a phase is introduce between

some of the elements then the overall state is an entangled state, for example

Vap=

(1Mas +ilMDap +illDas+ 1Az (7.2)

| =

This state cannot be written as the outer product of two individual wave functions. The
systems can longer be thought of as separate and distinct.

Product states of the internal states of trapped ions are significantly easier to
generate in the lab than entangled states. The product states are generated with an
appropriately tuned co-carrier Raman pulse, see chapter (6). To create an entangled
state of two trapped ions of the form in equation (7.2), a state dependent phase factor
needs to be created. This is done in the experiments discussed in this dissertation, using
a geometric phase gate [Leibfried 03b]. This gate uses a state dependent optical dipole
force to excite a coherent state of motion of the ions in the selected states. The force
is adjusted such that it drives the states around a loop in phase space see figure (7.1).
This figure shows a possible path in phase space for the states of a product state when
a geometric phase gate has been applied. The states where motion has been excited
acquire a geometric phase that is proportional to area enclosed by the loop in phase
space. In this case the states Hl)A’B and ]LT>A7B, acquire a phase €'2, where the states

HT>A7B and HUA,B acquire no phase. This creates the state (7.3).

7.2 Optical Dipole Force

The optical dipole force is a conservative force that is uniform in space. As a result

the potential giving rise to such a force depends on the position, so the Hamiltonian for
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1) —exp(io)|t4)

V> —exp(io) [V 1)
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Figure 7.1: This shows possible paths in phase space for the states of a product state
when a geometric phase gate has been applied. The states where motion has been
excited acquire a geometric phase that is proportional to area enclosed by the loop in
phase space. In this case the states |T]) 4 5 and |[T) 4 p acquire a phase 'z, where the
states |11) 4 p and || ]) 4 p acquire no phase (from reference [Leibfried 03b]).

a dipole like force in the linear approximation, takes the form

Hyy = —2f (). (7.3)

The position is represented by the coordinate z, since only one dimension will be con-
sidered here. The force can have a time dependence or be a constant and is represented
by f(t). The optical dipole force considered here will have a time dependence. This
force arises from the ions interaction with the laser beams used for stimulated Raman

transitions.
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From section (6.4) equation (6.60) the Hamiltonian for a stimulated Raman tran-

sition is
Hy = Qe 0t (Ak2489) 1) (9] + H.C.. (7.4)
It is assumed that the system is in the Lamb-Dicke regime. This allows the Hamiltonian

to be simplified to

Hp = hQe @9 (1 4 in2) 1) (2| + H.C.. (7.5)

To simplify the notation a few replacements have been made. The difference phase A¢
between the two laser beams has been replaced with ¢. The term Ak-z has been rewritten
as 1z, where n = Ak z, and 2 = (a + aT). The difference frequency of the Raman beams
J in section (6.4) has been rewritten as w to emphasis that a different type of transition
is driven. For the Raman interaction considered in this section w = w, + J, where w, is
the axial frequency of one of the normal modes and § is a small frequency detuning. In
section (6.4) on stimulated Raman transitions, the transitions always involved driving a
spin-flip transition. Here, no spin flip transitions are driven. The frequency difference
between the two laser beams will be close to one of the motional frequencies (see figure
(7.2)). This means the matrix elements |1) (2] in equation (7.5) need to be replaced with

1) (2| — |1) (1],]2) (2| . Making these substitutions and rewriting equation (7.5), gives
Hp = iQe @9 (1 inz) []1) (1] + |2) (2] + H.C.. (7.6)

Also to make the notation a little less confusing since multiple ions will be con-
sidered, the following replacements will be made |1) — ||) and |2) — |T). Making these

changes and collecting all the terms together, allows equation (7.6) to be rewritten as

Hy = S cos (wt — @) (1) (L[ + 1) (1)) = Anzsin (wt —¢) (1) (L[ + 1) (1D - (7.7)

The first two terms, which do not depend on the position operator Z, behave as a Stark
shift that oscillates in time. The shift can be canceled out by choosing the time the of

interaction appropriately. Another possibility is to embed the gate interaction in the two
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arms of a spin-echo sequence, which cancels the shift (see section 7.5). It will be ignored
in the rest of the derivation. The last two terms show a position dependent force on
both spin states. In general either the Rabi frequency or the phase will be different for
the different spin states. The above Hamiltonian is for one ion, considering the general
case for two ions gives

Z Z —RQ™I ;25 sin (wt — @, ) [my) (my . (7.8)

=1,2m;=1,|

This Hamiltonian can be used to understand the force on multiple ions for different
parameters and laser beam setups. The next section will go through a simple example.

A more complicated example will discussed in the experimental section.

7.2.1 Example

One particular scenario is depicted in figure (7.2). This case is also discussed nicely
in the dissertation by Jonathan Home [Home 06b|. In this case the two ground states
are coupled via a two level excited state. The two Raman laser beams have a detuning
A from the excited state, where A is much larger than the splittings between the ground
state levels or the excited state levels. The two ground state levels are labeled by |T) and
|l). The ||) state is coupled to the excited state only with ot polarized light, and the |T)
state is coupled with o~ light. It has been assumed the Rabi frequency 2 is the same for
all the different transitions and for both ions. The interference between two laser beams
with orthogonal polarizations gives rise to the state dependent force. The interference
creates a “walking standing wave” of the polarization. This is similar to the lin L lin
configuration discussed in reference [Metcalf 99]. In this case the resulting electric field is
E(z,t) = Ey[Zcos (wit — k- z) + g cos (wit +wt — k - z)]. Where E, is the electric field
amplitude of both beams and w; is the optical frequency of the lager beams. If w = 0,
then a standing wave is created, where the polarization cycles from linear to circular

to orthogonal linear to orthogonal circular over a distance of A.fs/2. The effective
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Figure 7.2: A) The level diagram for the phase gate considered in section (7.2.1). It is
a four level system, where the coupling laser beams are detuned by A from the excited
state, which is much larger than any of the other level splittings. FEach of the ground
states are coupled to one of the excited states with a stimulated-Raman transition. The
difference frequency between the two beams that drive each transitions is w, + §. The
lower heavier dashed lines represent the one of the motional states of the pair of trapped
ions. In this case it will represent the stretch mode of motion. B) This figure shows the
polarization the laser beams used. C) The resulting polarization interference pattern
from the two lasers beams used for the gate drive. They set up what is called a “walking
standing wave” of the polarization.

wavelength Acry is related to the actual wavelength of the laser by Acpp = % The %
factor comes from the projection of the laser’s k-vector on to the trap axis, which is

oriented at 45 degrees with respect to the trap axis. When the two lasers have a finite

detuning w # 0 then polarization gradient changes at a rate wt. This is what gives rise
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to the “walking” part of the “walking standing wave.”
The two ions are coupled via the Coulomb interaction and as such behave as two
masses connected by a spring confined in an external harmonic well. Thus the position

of ions can instead be written in terms of the their normal mode coordinates

21 = Zc+ 2s (7.9)
Zo = Ze— Zs. (7.10)
The normal mode coordinates z. and z; represent the center-of-mass and the stretch

mode respectively. Substituting the normal mode coordinates into equation (7.8) and

collecting like terms in the position coordinate gives

Hy = —hQnede (sin (@t — gp,) | T0) (1a] +sin (@t — ¢y) 1) (la)  (7.11)
st (sin (@t — 61,) [12) (1] + sin (wt — 61,) |12} (L)) (7.12)
Fete (sin (wt — B1,) | T2) (Tal + sin (wt — 6,) |12} {la]) (7.13)
Frtade (sin (wh — g1,) [T2) (ol + sin (w — 61,) [12) (L)) (7.14)

The normal mode coordinates equation can be rewritten as z. — 2.2, and z; — 22s.
The terms with the " represent the position operator (a + aT) for that particular mode,
and the other component is the magnitude. The form of the Hamiltonian can be made
more intuitive rewriting it in terms of the basis states for two spin % systems (two qubits):
[T, [L1), [T]), and || T). Note that when two spins are represented in the same ket it is
assumed the first ion corresponds to the spin state of ion 1 and the second spin is for ion
2. This helps reduce the number of subscripts, but they will be added if it helps with
the clarity of a particular expression. The Hamiltonian in this basis can be determined

from the above Hamiltonian by calculating all the matrix elements such as (11| Hy |11)-
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The Hamiltonian in this form is

Hy = ~2Qnczesin (o) |T1) (1] (7.15
bnezesin (@t — A9)|LL) (L] (7.10
snctocos (57 ) simn(r - aa) D U+ UD ATD (7D
endosin (57 ) oos(wt = QI M- DIl (79

The phase difference between the spin states has been defined as A¢= ¢ — ¢}, and it is
adjusted to be the same for both ions. The first three lines represent a time dependent
optical dipole force on the center-of-mass mode of motion. The last line represents a
time dependent force on the stretch mode of motion. Note the sign difference between
the matrix elements |T]) (T/| and —|[T) (/T|. This implies that the sign of the force
is different for the two different states. The frequency of the force will be chosen such
that it is near the resonance with the stretch mode. This means all the terms in the
Hamiltonian involving the center-of-mass mode of motion to a good approximation, be

neglected, since they will be off resonance. The Hamiltonian can now be written as

Hy = ~208.zusin (57 ) cos (ot = A1) (1= 1) (1. (719

Transforming the position operator Z; into the interaction picture gives

~

2y = age st 4 gle st (7.20)

where as and al are the annihilation and the creation operators for the stretch mode of
motion. The frequency of the this mode is ws. Taking equation (7.20) and inserting into
equation (7.19) gives a version of the Hamiltonian that will be convenient for seeing the
connection to coherent states discussed in a later section. A rotating-wave approximation

is made to simplify the Hamiltonian, where terms that oscillate a w + w, are dropped.

H,y = i, Q2sin (Aj) asei =) et (1) (1) = |U1) (1)) + Heeo (7.21)
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7.3 Coherent States and the Forced Harmonic Oscillator

In this section some basic properties of coherent states [Howard 87, Walls 94| and
the quantum forced harmonic oscillator [Carruthers 65, Merzbacher 98] will be described.
This is relevant because the oscillations of a pair of trapped ions are that of a harmonic
oscillator. Also applying the interaction given by equation (7.21) to the stretch mode of
a pair of ions, is equivalent to driving a harmonic oscillator with a time dependent force.
In the first section a few of the relevant properties of coherent states will be mentioned.

Then in the next section, the results of a forced harmonic will be given.

7.3.1 Coherent States

Typically when talking about the motion of trapped ions for quantum informa-
tion processing, the Fock states (number basis) are used, since they form a complete
orthonormal set of states for the harmonic oscillator. Also some quantum algorithms
[Cirac 95] require the ability to put in a single quanta of energy into one of the motional
modes, changing the Fock state by one, in order to perform a two qubit gate. The
geometric phase gate |Leibfried 03b] can be used on any motional state as long as the
ions are in the Lamb-Dicke regime. In the geometric phase gate experiments discussed
in this dissertation, the ions’ motion is cooled to the ground state and then an optical
dipole force is applied. This has the effect of creating a coherent state of motion. A

coherent state |a) can be expanded in the Fock state basis [Walls 94|

1
nl2

o2 o= Q"
o) =e2 Y —1|n). (7.22)
n=0
A coherent state can be generated by applying a displacement operator to |n = 0) Fock

state. The form of the displacement operator is |Walls 94]

D () = e’ —a"a", (7.23)
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Applying this operator to the ground state, results in the creation of the coherent state

o) = D (a) |0). (7.24)

7.3.2 Forced Harmonic Oscillator

As mention earlier the Hamiltonian equation (7.21) derived in section (7.2) is
the same Hamiltonian that gives rise to a forced harmonic oscillator (FHO). This sec-
tion describes a few of the FHO’s relevant properties. The text book by Merzbacher
[Merzbacher 98| has a good discussion of the subject, and this section follows that dis-

cussion closely. The Hamiltonian for a FHO is

2

D 1 9
Hipo=—+ = - : 2
th 5, T g2 zf (t) (7.25)

Using the annihilation and creation operator form of the position and momentum op-
erators and going to an interaction picture where H, = hw(a'a + %) the interaction

Hamiltonian is

chho (t) = —f (t) ae ™t — f* (t) ale™". (7.26)

To understand the time development of this system, the Schrodinger equation for the
time-evolution operator will be used |Merzbacher 98]

OT(t,11)

ih
BAT

= Hp), () T (t,t1), (7.27)

where the solution for time-evolution operator is

T(t,t) = —;/dt’HJ{ho ()T (t,t1). (7.28)

t1

The solution depends on the structure of the Hamiltonian Hj{,w (t). Tt will be seen later
that for the case considered here the Hamiltonian at different times does not commute

with itself. This leads to following solution [Merzbacher 98| for T'(¢,¢;).

T(tt) = LT St (F@)ae i 4 g (tater) | (7.29)

e I e 1 00,111, (7.30)
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The first term has the form of the displacement operator, which can be seen if the

following substitutions are made

at) = hz/t dt'f (t') e (7.31)
t1
and
o (t) = ;L/t dt' f* (t') et (7.32)
t1

The argument of the second term of equation (7.30) is the phase acquired during the ap-
plication of the interaction, which will be called ®(¢). The commutator H}ho ), H}ha (")
can be evaluated using equation (7.26) and the commutation relations for the a and af

[Sakurai 94]. Working through the algebra gives for the phase

2h2/ dtl/ t/, t/ * (t ) iw(t" —t") f*( )f ( //) e—zw(t —t )) ) (733)
Now the time evolution operator equation (7.30) can be rewritten in the form
T (t, 1) = ele®a—a*Oa") 2(0), (7.34)

From this it can been seen what happens to harmonic oscillator subject to time depen-
dent dipole force. If the system starts in a Fock state, then it will evolve to coherent

state that acquires a phase @ (¢).

7.4 Geometric Phase and Coherent State Amplitude

Now that the general form of the coherent state amplitude and phase acquired
during the phase gate interaction has been derived, the results can applied to the specific
case of the Hamiltonian in equation (7.21). The coherent state amplitude as a function
of time is given by equation (7.31). By inspection of equation (7.21) the time dependent

force can be written as

£(t) = —hnssin <A¢) eilwt=%), (7.35)
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The frequency w used in the general expression for « () will be replaced by w,, making

these substitutions leads to

¢ A 5 / N /
a(t) = iWSQ/ dt' sin (j) eilwt =52) gmiwst’ (7.36)
t1
Integrating this expression and making the definition 0= w — w;, gives the expression
Ag\ in (5t
a (t) = 2nQsin < 2¢> e’(gt‘?)m&). (7.37)

There are a few interesting things to note about this expression. The coherent state
amplitude oscillates in time, and after a time t = 227 (n = 0,1,2...) the coherent state
amplitude returns to zero. This is important, because if some other time is chosen
for the length of the interaction, then the spin states are entangled with the motion.
This is undesirable in some circumstances and should be avoided for the phase gate. It
could lead to excess decoherence as a result of the motion being sensitive to decoherence
from ambient electric field noise. Also it should be noted the detuning ¢ influences the
magnitude of the coherent state obtained. Smaller detunings lead to larger amplitude
coherent states, which follows from the fact that as the detuning decreases the drive
frequency approaches the resonance of the motion.

The next important term is the geometrical phase equation (7.33) acquired during

the gate interaction. To calculate the phase the commutator

[Hfpo (t')  Hfpo (£")] (7.38)

needs to be calculated using equation (7.21). Using the commutator relations for a and

al [Sakurai 94], gives the result
[Hy (t), Hy (t")] = 2ih*n2Q? sin® (?) sin (6 (¢ —t')) . (7.39)

The phase as function of the interaction time can now be written as, plugging equation

(7.39) into equation 7.33,

_ 3 202 (112 % ! ! ! 1" /)
O (t) = -z sin 5 dt dt" sin (6 (t" =) . (7.40)
t

1 t1
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Integrating this expression gives

® (t) = —n2Q°sin’ <M> (sin (61) — dt)

. 5 . (7.41)

Now if the time is chosen such that the coherent state returns to its starting state at

t= %TW then the phase acquired will be
P <t = 5) = nSQ S11 (2 52 . (742)

In order to get ® = 7, the experiment parameters such as the phase A¢, the Rabi

frequency €2, and the detuning J can be adjusted.

7.5 Ideal Gate Implementation

This section describes how the geometrical phase gate is implemented. The effect
of the phase gate is to imprint a phase on some of the states of a superposition. However
this phase cannot be directly observed in our experiments. With trapped ions, the
measurable quantity is the ion’s fluorescence. By embedding the phase gate drive into
a Ramsey experiment [Ramsey 63| enables the creation of states with different parity,
which can be distinguished via resonance fluorescence techniques.

This implementation assumes that two ions are confined in a linear radio-frequency
Paul trap, and the motion along the trap axis has been cooled to the ground state. Figure
(7.3) shows the sequence of pulses used in performing the gate operations. The first step

is to prepare the ions via optical pumping techniques [Wineland 98] to create the state
v =17). (7.43)

The motional state has been left out of the wave function. The next step is to create
a equal superposition of all the states. This is accomplished by applying a co-carrier
rotation to both ions. Applying the rotation R (%,0)(note o, = iR (m,0) and o, =
iR (77, g)), creates the superposition

1

U= (1) —alth) —i[lT) —11). (7.44)

O |
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Phase Gate Pulse Sequence

State

Prep R(%,0) ,‘ R(r,0) R(%.0) R(3.,04)

@
A
@

I\

Figure 7.3: Phase gate pulse sequence. The state preparation includes everything re-
quired to create state (7.43). This includes things such as Doppler cooling, Raman
cooling, etc.. The phase gate operator is represented by G, and the phase acquired dur-
ing each application is adjusted to be ¢'1. The drive is embedded in a spin echo pulse
sequence composed of the rotations R (%,0), R (m,0), and R (%,O). Theses rotations
are co-carrier stimulated Raman transitions applied to both ions. The last pulse is the
analysis pulse for the phase gate given by R (g, 0 A).

At this point, the phase gate interaction could be applied to imprint the necessary phase.
However the phase gate drive is embedded in a spin echo sequence [Vandersypen 04].
This has a number of advantages. It makes the gate resistant to uniform magnetic field
changes that are slow compared to the length of the arms of the spin echo sequence|Leibfried 03b].
By splitting up the phase gate interaction so that half the phase is acquired in the first
half of the spin-echo sequence and the rest acquired in the second half, residual stark
shifts resulting from the gate interaction are canceled. One possibility is to choose the
detuning such that each half of the gate drive takes you half way around a loop in
phase space. This has the disadvantage that there is additionally time where the spin
and motion are in entangled. If the motional decoherence rate is larger than the spin
decoherence, which is often the case, then the decoherence will be larger. Therefore it is
more desirable for each half of the gate drive to make one complete smaller loop in phase
space. Thus at the end of each drive the spin and motion are unentangled. The gate
is applied for a time that imprints the phase ¢'7. In particular this would be applied

near the resonance of the stretch mode of motion for the two ions. This is equivalent to
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applying the operation

1 0 0 0
- 0 €% 0 0
0 0 €1 0
0 0 0 1

to the spin states of the two ions. This changes the state to

1 . T .G
v =2 (I =ieT 1) —ief 1) - 1)) (7.46)
The next pulse is the refocusing pulse. This is implemented by applying the operation
R (m,0) to both ions, which gives
1/. i iT .
w= (i —eFe iy — €T 11— il1D). (7.47)

In the second half of the spin-echo sequence, the second part of the phase gate interaction

is applied, so the another loop in phase space is driven. This gives the state

=S (11— 1TH =11 =) (7.48)

N | =

Next in the sequence, is the final pulse in the Ramsey experiment. The rotation applied
is R(%,0).

1 )
= E(ITTWﬂHU)- (7.49)

The state at this point is a more obvious entangled state and happens to be similar
to one of the Bell states|Nielsen 00] (It will be referred to as a Bell state)¢. However
just measuring the resonant fluorescence at this point would not give any information
about the entanglement phase. In order show the entanglement, a final analysis pulse

R (g, 0 A) with a variable phase is applied, which results in creating

W, = e (cos (B4) —sin (64)]17) (7.50)
3 (c0s (0.4) + sin (00))|11) (7.51)
5 (c0s (04) +sin (0.) 1) (7.52)
\fei"‘f (gi%” T emA) Ny (7.53)
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It may be difficult to see how this state makes it possible to analyze the entanglement.

Let’s examine the resulting state for a couple choices of the phase 64.

v (0a=7) = 7<m>+m>> (7.54)
v, (04=27) - 7<m>+zru>> (7.55)
v (04=77) - 7<m>+m> (7.56)
v (64="T7) = S50+, (7.57)

The result of varying the phase 64 between 0 and 27 is that the state oscillates between
the state (7.54) and the state (7.55) and a rate of 2604. The state in equation (7.54)
is an example of a decoherence-free subspace (DFS) state [Kielpinski 01] (also called a
triplet state). The DFS state is very useful for its resistance to decoherence from uniform
magnetic field noise, and will be used in the entangled mechanical oscillators experiment
discussed in chapter (8). These two different states can be distinguished via resonance
fluorescence, since they have a different parity. In this context the parity refers to the
number of ions in the |T) state (strongly fluorescing state). The Bell state equation
(7.55) has even parity, since a measurement of this state will always result in measuring
two or zero ions fluorescing. The DFS state is an odd parity state since only one ion is
measured in the |[T). The populations P (for example Py = (U, [1T) (17| ¥y)) of the

for the various spin states are

By =Pu= 7 L (1 sin (20,4)) (7.58)
1 )
Py =P = ;1+sin(204)). (7.59)
The parity signal I1(04) is defined as
(04) = Pypy+ Py — [Py + Py (7.60)
= —sin(2604). (7.61)

The parity signal can be used to verify that entanglement is present by looking at the



171

amplitude of the oscillation. The parity can be written as IT(64) = —C'sin (04 ), where C
characterizes the contrast of the oscillation. In the ideal case C' = 1. Having a contrast
greater than 50% shows that entanglement is present [Sackett 00, Leibfried 03b]. Also
the contrast is a lower bound on the fidelity F, which is a standard measure of the

amount of entanglement|Nielsen 00].

F= <\I’ideal| 1Y |\Ijideal> . (762)

This can be understood as the overlap of the created state with the ideal state. The
density matrix of the system is represented by p. The fidelity of creating the Bell state
equation (7.55) is

F= % (Pirry + Pyy) + lerrul - (7.63)
The density matrix element [p11 ||| = (Wideal |TT) (11| Yidear) and also note that pyy | =
P} 11+ The fidelity of creating the DFS state (7.54) is

1
F =5 (P + Pup) + el (7.64)

Assuming the fidelity of creating either state is the same, then equations (7.64) and

(7.63) can be inserted into equation to (7.60) to give

I1(04)
2

C .
= =5 sin(0a) = |pr,ul = ol (7.65)

Thus when the phase is chosen such that the Bell state is created then contrast can
be related to off diagonal density matrix elements |p1 ||| = % This allows for a more

experimentally convenient definition of the fidelity

C
F =5 (B + Pup) + 5 (7.66)

1
2
The contrast can be experimentally determined from a parity measurement. The popula-

tions can be determined from a separate experiment, where the analysis pulse is omitted

and the populations are measured.
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'Be* Level Diagram for Phase Gate - Relevant Levels

’p
3
: *

| WP =197.2 GHz
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1) = |F =2,mp =1)

Figure 7.4: Experimental level diagrams for a phase gate on “Be™ ions. This figure
shows the relevant levels. Only two of the S1 ground state hyperfine levels play a role in
the gate; these are split by ~ 100 MHz. T he2ﬁne structure splitting of the excited states
is 197.2 GHz |Langer 06]. Each of the spin states is off resonantly coupled to both of the
excited states with 0~ and o™ polarized light, except there is no state in the P% level
for |T) to couple to with o polarized light. The detuning of the Raman laser beams
from the P is given by A, which is ~ 80 GHz. Superimposed on top of the spin states
are the harinonic oscillator states for one of the normal modes, which is labeled by w,.
The detuning of the difference frequency of the Raman beams from being on resonance
with the motional states is 4.
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7.6 Phase Gate Entanglement Experiment

7.6.1 Theory

The theory for the experimental implementation of the phase gate discussed in
section (7.6) is more complicated than the example discussed above. In this section some
of the differences are highlighted. The phase gate will be between two “Be™ ions, whose
relevant energy levels are shown in figure (7.4). The two ground state levels are coupled
to the excited states with both types of circular polarizations. For each ion the |T) and
the ||) states will not have the same Rabi frequency and each ion will see different laser
beam phases. The stimulated Raman transition Rabi frequency for each state will be

given by [Wineland 03]

i(p1—p2) A g F 1Nl g B )
Q;ﬂz — € Z <mz‘d En |j> <]|d Ec|mz>‘ (767)

4h? - Aj
In this expression i represents the ion number and m; is the spin state for ion 4. It is often
convenient to use the low magnetic field notation for the labeling of the spin states. In
general the states at intermediate magnetic fields will be a superposition of these states.
The experiment discussed in the next section uses the states ||) = |F = 2,mp = 1) and
IT) = |F = 2,mp = 2) states of Be™ at a field of ~ 120 Gauss. The two levels are split
by ~ 100 MHz. In the [my, m;) basis we have ||) = a|m; = &, m; = ) + 8|3, 5) and
IT) = |my = 2,m; = 3). These ground state levels are coupled to the excited states by
the electric fields E_;L = F, <UA+ + O’A_> and E’; = FE. (—&JF + O'A_> see part B and C of
figure (7.2). The term in the denominator A; is the detuning from the excited states,
and the sum is over all the possible excited states, and in “Be*these would be the P%
and P% states. Both Raman beams can be considered to have the same detuning from
an excited state if the detuning A is much larger than the splitting between the spin

states. In the experiment discussed below the splitting between the excited states is

197.2 GHz [Langer 06] and the two Raman beams are detuned 80 GHz from the P:
2
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level.

The phase gate Hamiltonian (7.8) can be used to write the Hamiltonian for this
case. Again it will be assumed there are only two ions being used and two axial normal
modes, which can be written in terms of the individual ion positions as equation (7.9).

The Hamiltonian becomes

Hy = —hlnee (sin(wt = 61) (7 110) (11 + Q1) (1)) ) (7.68)
nes (sin (wt = 61) (7 110) (1l + 9 11) (L)) (7.69)
nce (sin (wt = g2) (27 12) (Ta] + 9 12) (2] )) (7.70)
2, (sin (wt = 62) (21 [12) (T2] + Q4 [12) (12]) )] (7.71)

This Hamiltonian can be written in terms of the two qubit basis states: [17), [[]), [T]),

and ||1) as
H, — —h2n.sin <wt - % (61 + ¢2)> cos <_§¢> (7.72)
x [T 1) (111 4+ Q4110 {1 (7.73)
e sin (Wt — ¢1) |24 101) (111 + QT [11) (1] (7.74)
eZesin (wt — 62) [Q1111) (11 + 411 (1] (7.75)
217425 cos <wt _ % (61 + ¢2)) sin (‘?‘b) (7.76)
x [ 111 €011+ Q110 4L (7.77)
.2, sin (Wt — 1) [ Q4 11) (111491110 (1] (7.78)
—nsZssin (wt — ¢2) [Q1 1) (111 + Q411 (111] (7.79)

This Hamiltonian simplifies when looking at a few special cases. The interaction is
usually tuned to be near resonance with only one of the motional modes. Most commonly
this will be the stretch mode, since it has a reduced sensitivity to heating from stray
electric fields [Kielpinski 00]. Choosing the ion spacing see part C of figure (7.2) such

that the phase difference between two ions is an integer multiple of 27 and that one ion



175

has a phase of zero, (i.e. ¢1 =0 and ¢ = ¢1 + 27), the Hamiltonian simplifies to

Hy = —hn%, sin (wt) (QT - Ql) [0 (L= [0y (- (7.80)

In this case only the states |1]), and |]7) will acquire a motional dependent phase,
which is proportional to the difference in the Rabi frequency between the spin states.
Another case worth considering is the one where the ions are spaced by Acf¢/2 in the
interference pattern, which corresponds to having a phase difference between the ions of

7T (i.e. ¢1 =0 and ¢» :¢1+7T)

Hy = —hnedgsin (wt) [2Q7[11) (17]+ 20 [1]) (11 (7.81)

+ (2008 110 (1= (27 + b)Y 1y (1. (7.89)

Here all the states are driven and pick up a phase. If the Rabi frequencies are different,
then a differential phase between the states is produced, which leads to entanglement.
However, if Q1 = Q! then the force on all the states is the same and no entanglement
will occur.

Well if you read this part then you must be really into ion trapping. Send me an
email at john.d.jost@gmail.com and let me know you got this far. (It would be cool to
know if after a few years have past since the writing of this thesis if anyone is actually

still looking at it.)

7.6.2 Determining the Phase - Ion Spacing

Determining the phase of the ions in the interference pattern is crucial to being able
to apply a known state dependent force. A calibration experiment can be performed to
determine the relative phase and adjust it. This calibration experiment will be explained
in the context of dealing with two BeTions, but the same procedure applies to the four
ion mixed species crystal entanglement discussed in section (7.6.4). After cooling the

two ions to the ground state see chapter (3) the ions are prepared in the |T7T) state using
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optical pumping. Then the laser beams that give rise to the gate interaction equation
(7.79) are applied for a fixed length of time. In the examples discussed above it is
assumed that the difference frequency of the laser is detuned by ¢ from the resonance of
the one of the modes. In this experiment the difference frequency is set to be resonant
with the stretch mode of motion. If the two ions have a spacing such that there is a phase
difference of 27, then the ions experience the Hamiltonian given by equation (7.80). In
this case the ions experience no force. However if the phase difference is 7 then they
do experience a force given by equation (7.82). This the force is on resonance with the
mode of motion, and the ions’ motional state is driven to a coherent state see section
7.3.2. Then a motion subtracting (MS) Raman transition (see section (6)) is performed.
If the ions’ motion has been excited, then this transition gets driven, but no transition is
driven if the motional state is still in the ground state. When a transition is driven the
ions internal state is put into a non-fluorescing state. Thus using resonance fluorescence
detection [Langer 06] it can be determined if the motional state was excited. The ion
spacing can be varied by changing the potentials on the electrodes, which also changes
the mode frequencies. This can be done and the experiment repeated until the correct
spacing is obtained. The goal is to apply the Hamiltonian in equation (7.80), which

occurs when no force is applied to the ions in this calibration experiment.

7.6.3 Determining the Detuning

It is often difficult to know the exact magnitude the of Rabi frequency and other
parameters that will determine the required detuning for the phase gate, see equation
(7.3). This means it is necessary to determine it experimentally, and a separate tune-
up experiment accomplishes this. In the gate sequence depicted in figure (7.3) the
gate interaction is chosen such that a total phase of €'z is acquired on two of the two
states |T]) and ||T). If the gate interaction is chosen to induce a phase factor of €™,

then the result of the gate sequence is not an entangled state, but the state ||]). The
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experiment works by applying the gate sequence (7.3) and scanning the detuning 9.
The interaction time is proportional to the inverse of the detuning. For each value of
the detuning an experiment is performed and then the internal state populations are
measured using resonance fluorescence [Langer 05]. When the detuning is such that the
both ions internal state populations are measured to be in the state || |) , then the right

detuning has been found.

7.6.4 Entanglement in a Mixed Species Crystal

This section discusses experimentally demonstrating entanglement of the internal
spin states of two ions in a four ion mixed species chain Be™ — 24Mg* — 24Mgt —9 Be™
[Jost 09]. The ions are confined in one trapping zone of the linear radio frequency Paul
trap as discussed in chapter (2). The ions to be entangled are two ?Be™ ions, which could
serve as logical qubits in QIP applications. The other two ions are 2*Mg* ions, which are
used as sympathetic cooling ions. Although the theory in the previous section was for
two ions, it applies here as well. There are several possible orders of the four ion mixed
species crystal. This experiment uses one particular order: "Be™ —24Mgt —2* Mg+ —Be™.
There are four axial modes, which we designate with these names: in-phase mode (INPH)
(frequency ~ 2.0 MHz, mode vector: [0.32, 0.63, 0.63, 0.32]), the out-of-phase mode
(OOPH) (~ 4.1 MHz, [-0.47, - 0.53, 0.53, 0.47]), the Egyptian mode (~ 5.5 MHz, [0.63,
-0.32, -0.32, 0.63]) and the Funk (~ 5.7 MHz, [0.53, -0.47, 0.47, -0.53]). The amplitudes
given in the mode vectors (written in ion order from left to right) are related to each
ion’s root-mean-squared ground state wave function size by multiplying by \/m,
with M the mass of the relevant ion and w the mode frequency in angular units. The
gate drive will use the OOPH mode, which resembles the stretch like motion of two ions,
where the ?Be™ ions move in opposite directions but with equal amplitudes. All other
modes will be off resonance with the gate drive. The gate interaction will also only

address the internal states of the ?Be™ ions and these levels are the same as discussed
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Experimental Phase Gate Pulse Sequence

Doppler
Cooling
Reorder 9 et Doppler Raman State
ions anij Cooling Cooling Prep
241\1g+ 9Bet 9Bet 9Bet
R(3,0) R(m,0) R(5.0)| [R(5.04) Det.
eid eif

Figure 7.5: Experimental pulse sequence for performing the geometric phase gate on the
four ion mixed species chain ‘Be™ — 24Mg* — 24Mg™ —? Bet. The sequence is explained
in more detail in the text. The first line is everything involved in the initial state
preparation: Ordering the ions to create 9Bet — 24MgT — 24Mg+ —9 Be™ | a sequence of
Doppler and Raman cooling to initialize the axial motion to near the ground state, and a
state preparation pulse that optically pumps the “Be™ ions to the |11) state. The second
line contains the phase gate sequence. The phase gate drive is represented by G, and
the phase acquired during each drive is ¢'T. The drive is embedded in a spin echo pulse
sequence composed of the rotations R (g,O), R (m,0), and R (%,0). Theses rotation
are co-carrier stimulated Raman transitions applied to both ions. The last pulse is the
analysis pulse for the phase gate given by R (%,9,4). The last pulse is the resonance
fluorescence detection.

in section (7.6). This means the ?*Mg™" ions internal states will not be affected by the
gate drive, and the Hamiltonian derived in section (7.6)still applies. The 2*MgTions are
used when initially Doppler cooling (see chapter (2)) the four ion crystal.

The experimental pulse sequence is depicted in figure (7.5). If the ions have a
different order from Be™ — ?4Mg™ — 24Mg+ —? Be™, then the normal mode frequencies
will change. Thus it is necessary to ensure the ions always start in this particular order.
The ions can be forced into this order using time varying potentials and laser cooling
[Jost 09], which is done before each experiment.

After the ordering, Doppler cooling is performed using a combination of both
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9Be' and ?*Mg™*(see chapter (5)) Doppler cooling. Both types of cooling are used
because the Doppler cooling only efficiently cools the modes where that type of ion
has large motional amplitude. The 2*Mg*cooling is especially important; because there
are radial modes with frequencies comparable to the axial ones. If these modes have
a large amount of energy, then this can lead to off resonant coupling of the radial
modes to the axial modes of motion if micromotion is not well compensated. The
Doppler cooling used on ?Be™ is a combination of both far off resonance cooling (~ —400
MHz) and cooling where the frequency is tuned to near the optimum —g point. The
far off resonance cooling is used to cool instances where the ions are highly excited
(from for example a background gas collision) and cool these ions to a regime where
the near resonance cooling is effective. This combined Doppler cooling lasts for 3500
ps. When this experiment was initially performed it was believed the °Be™ Doppler
cooling would provide the lowest possible temperatures. Also in subsequent experiments
[Home 09, Hanneke 10| the Doppler cooling of the four crystal has been performed with
only ?*Mg* Doppler cooling. The combined Doppler cooling is followed by 500 ps. of
near resonance Doppler cooling with “Bet. This brings the temperature of the axial
modes to a low enough 7 to be efficiently Raman cooled to the ground state.

Before Raman cooling is performed, the “Be™ ions are optically pumped to the
IT7) state (The same is done with the 2*Mg™ ions, but this just part of a protocol
that is performed for subsequent experiments). After Doppler cooling, the state of the
9BeTions should be well initialized, but the last optical pumping step helps to ensure
this. Raman cooling (6) is performed using the Be™ states ||) = |F = 2, mp = 1) and
IT) = |F =2,mpr = 2). Twenty interlaced cooling cycles are performed on each of the
axial modes of motion, which takes 2800 ps in total. After this cooling all the motional
modes have been cooled to 7 < 0.2[Jost 09].

Now that the “Be™ ions have been prepared, the gate sequence discussed in sec-

tion (7.5) can be implemented, see figure (7.5). The co-carrier Raman transitions that
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perform the single qubit rotations R (6, ¢) are implemented on the same internal transi-
tions as the Raman cooling. The first step is to implement the rotation R (g, O) ( takes
approximately 1.5 us), which prepares the two Be™ ions in the superposition state given
by equation (7.44). It should be noted that the internal states of 2Mg™ ions are omitted
since they no longer play a role. The next step in the sequence is to apply the first half
of the gate drive. The detuning of the gate drive is 40 KHz, which makes a one loop
in phase space in a duration of ~ 25us. This leaves the system in the state (7.46). The
next step is to apply the refocusing pulse of the spin echo sequence, where a co-carrier
pulse implements the rotation R (m,0) (takes approximately 3 us) on both °Be™ ions,
which produces the state (7.47). Now the second half of the gate drive is applied, which
drives the motion around another loop in phase space to give (7.48). The final pulse in
the spin echo sequence applies the rotation R (g, O) and creates the Bell like state (7.49)

Next the variable phase analysis pulse R (gﬁA) applied to both “Be™ ions, which
creates the phase dependent state (7.52).

After the final analysis pulse, shelving is performed see chapter (3) on the ||])
state. This transfers the population of both ions in the state ||) = |F =2,mp = 1) to
the state |F' =2, mp = —2), which helps distinguish the fluorescing state |1) from the
other spin state [Langer 06]. Finally a 200 us pulse of resonant detection light is applied
to the °Be™ ions and photons are collected and counted. The resulting histograms are
fit to a sum of Poissonian distributions to extract the populations for a given data point,
where the data in figure (7.6) is composed of 500 experiments per point. From the
these populations, the parity (7.60) for a given phase can be determined. The scan of
analysis phase 64 is shown in figure (7.6). The resulting curve is fit using a non-linear
curve fitting routine in Matlab to the function Cs cos (204 + ¢2)+ C1 cos (64 + ¢1) + Co.
From the fit, the values for the amplitudes are Co = 0.84 4+ 0.015, C7 = 0.03 £ 0.015,

and Cp = —0.012 4+ 0.011 ! . The value of C5 is greater than the 0.5 necessary to show

! Parity data was taken on 10/10/08 at 19:17:28
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Mixed species phase gate:
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Figure 7.6: Parity flopping on the two ?Be™ ions in the four ion chain *Be™ — 24Mg+t —
Mgt —9 Be™. A parity of value of 1 corresponds to the state % (It +illl)), and a

value of -1 corresponds to creating the state % (ITLy + [11)). The flopping signal data is

fit to a Cy cos (204 + ¢2) + C1 cos (04 + ¢1) + Cp function and is shown by the solid line.
The amplitude Co = 0.84 + 0.015 is the important quantity, since a value > 0.5 shows
there is entanglement. Each data point is composed of 500 experiments. The vertical
error bars represent one standard deviation.

entanglement.

In order to obtain the populations required for calculating the fidelity a separate
almost identical experiment is performed, where the only difference is that the analysis
pulse is excluded? . The resulting histograms are and fit to a sum of Poissonian dis-
tributions to extract the populations for Py = 0.46 &+ 0.02, B}y = 0.45 £ 0.02, and
Pt y4111y = 0.09 £ 0.01. The fidelity from equation (7.63) is found to be F' = 0.876 +
0.015. There are several possible sources of the errors in the phase gate that prevent the
fidelity from being higher. Spontaneous emission from the finite detuning of the Raman

beams from the excited state is one such source of error [Leibfried 03b, Ozeri 07, Jost 09].

% Population data was taken on 10/10/08 at 19:20:03
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Many laser pulses are required to implement the phase gate and the rotations. These

pulses often have intensity noise leading to a loss in fidelity [Leibfried 03b, Jost 09].



Chapter 8

Entangled Mechanical Oscillators

This chapter discusses the experiments [Jost 09] performed to entangle two spa-
tially separated mechanical oscillators and to entangle the internal electronic state of an

ion with a spatially separate mechanical oscillator.

8.1 Motivation

Hallmarks of quantum mechanics include superposition and entanglement. In
the context of large complex systems, these features should lead to situations like
Schrodinger’s cat [Schrodinger 35], which exists in a superposition of alive and dead
states entangled with a radioactive nucleus. Such situations are not observed in nature.
This may simply be due to our inability to sufficiently isolate the system of interest from
the surrounding environment [Ball 08, Schlosshauer 08] — a technical limitation. An-
other possibility is some as-of-yet undiscovered mechanism that prevents the formation
of macroscopic entangled states [Bassi 03]. Such a limitation might depend on the num-
ber of elementary constituents in the system [Leggett 02b] or on the types of degrees of
freedom that are entangled. Tests of the latter possibility have been made with photons,
atoms, and condensed matter devices [Southwell 08, Aspelmeyer 08a]. One system ubiqg-
uitous to nature where entanglement has not been previously demonstrated is distinct
mechanical oscillators. Here we demonstrate deterministic entanglement of separated

mechanical oscillators, consisting of the vibrational states of two pairs of atomic ions
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held in different locations. We also demonstrate entanglement of the internal states of
an atomic ion with a distant mechanical oscillator. These results show quantum en-
tanglement in a degree of freedom that pervades the classical world. Such experiments
may provide pathways towards generation of entangled states of larger-scale mechani-
cal oscillators [Mancini 02, Schwab 05, Kippenburg 08|, and offer possibilities for testing
non-locality with mesoscopic systems [Milman 05]. In addition, the control developed in
these experiments is an important ingredient to scale up quantum information processing
based on trapped atomic ions [Wineland 98, Cirac 00, Kielpinski 02a].

Mechanical oscillators pervade nature; examples include the vibrations of violin
strings, the oscillations of quartz crystals used in clocks, and the vibrations of atoms
in a molecule. Independent of the size of the system, each mode of vibration can be
described by the same equations that describe the oscillations of a mass attached to
a fixed object by a spring. For very low energy oscillations, quantum mechanics is
needed for a correct description: the energy is quantized and the motion can be de-
scribed generally by superpositions of wavefunctions corresponding to each quantum
level. Coherent states behave very much like classical oscillators, while other states have
properties with distinctly non-classical features [Schleich 01]. Quantum mechanics also
permits superposition states of multiple systems called entangled states, where the mea-
sured properties of the systems are correlated in ways that defy our every-day experience
[Aspect 02, Southwell 08, Pan 08, Matsukevich 08, Aspelmeyer 08a]. When extended to
macroscopic scales, situations akin to Schrodinger’s cat should appear. Our inability to
produce such macroscopic entanglement may be just a question of technical difficulty.
However, there might be a more fundamental cause, such as the inability to entangle

certain types of degrees of freedom.
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Figure 8.1: °Be™ — 2*Mg*t mechanical oscillators. Simplified depiction of the two me-
chanical oscillators indicating motion in the stretch mode of each Be™ — 24Mg™ ion
pair, held in separate locations (not to scale). The pairs — spaced by ~ 0.24 mm — each
behave as two masses spaced by ~ 4 um, connected by a spring.

Creation of Entangled Mechanical Oscillators
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Figure 8.2: Creation of entangled mechanical oscillators. Schematic showing the ions’
positions with respect to the ion trap electrodes (A, X, and B) and the quantum states
at key points in the experiments (not to scale). After entangling the Be™ ions’ spins
in a single well, the ions are separated into two pairs by electrode X and distributed
to different wells. Laser cooling of 2#Mg™ removes motional excitation incurred during
separation. A ?Be™ laser pulse in well A entangles the motion in well A with the Be™
spin in well B. A subsequent pulse in well B entangles the two mechanical oscillators.

8.2 Experiment

To explore the latter territory in a new regime, we demonstrate entanglement of

two separated mechanical oscillators. Here each oscillator is comprised of a pair of ions -
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one Be™ and one ?*Mg™ - confined in a potential well. In the context of the experiment
described below, each pair behaves like two masses connected by a spring of length ~ 4
pm, undergoing vibrational motion (figure (8.1)). The two pairs are separated by 0.24
mm such that the coupling between them can be neglected. To create the entangled state
of the oscillators, we start with all four ions in one location and entangle the internal
states of the two °Be™ ions [Leibfried 03b]. We then separate the four ions into two pairs,
each containing one of the entangled Be™ ions. Finally, we transfer the entanglement
from the “Be™ ions’ internal states to the motion of the separated ion pairs, creating the
desired motional entanglement.

Initially, all the ions are held in a single potential well of a multi-zone linear Paul
trap [Rowe 02, Barrett 04]. The potential well is configured to locate the ions along a line
corresponding to the axis of weakest confinement, which we call the axial direction. We
will be concerned only with motional modes along this axis. While applying continuous
laser cooling, we initialize the ions in a particular order, Bet —24Mg* —24Mgt —?Be™,
by first increasing the axial confinement until no linear arrangement is stable. The axial
potential is independent of ion mass while the radial potential strength scales inversely
with the mass [Wineland 98|, thus there exist axial potentials where the heavier 24Mg*
ions are displaced from the axis and must reside between the “Be™ ions. We then relax
the axial confinement giving the desired order [Rosenband |. The four ions are located
in one well in the configuration Be™ — 24Mg*t — 2*Mg* —° Be™, which has four axial
modes of motion. In order of ascending frequency, we designate them as the in-phase
mode (frequency ~ 2.0 MHz, mode vector: [0.32, 0.63, 0.63, 0.32]), the out-of-phase
mode (4.1 MHz, [-0.47, -0.53, 0.53, 0.47]), a third mode (5.5 MHz, [0.63, -0.32, -0.32,
0.63]) and the Funk mode (5.7 MHz, [0.53, -0.47, 0.47, -0.53|). The amplitudes given
in the mode vectors (written in ion order from left to right) are related to each ion’s
root-mean-squared ground state wavefunction size by multiplying by \/W , with

M the mass of the relevant ion and w the mode frequency in angular units.
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In addition to comprising part of the mechanical oscillators, the 2*Mg™ ions serve
as a tool to provide sympathetic cooling of the “Be™ ions [Barrett 03]. Doppler cooling
of 2AMg* is accomplished by driving transitions between the ground 25, /2 states and
excited 2P, /2 states, which have a radiative linewidth of 41 MHz [Herrmann 09]. In the
0.012 T applied magnetic field, the ground Zeeman states |mj = £1/2) are split by 334
MHz, hence efficient Doppler cooling requires an additional repump beam to prevent
optical pumping.

Lasers provide control of the ions’ motion and internal states through laser cooling
and stimulated-Raman carrier or sideband transitions [King 98, Wineland 98| [Southwell 08].
Doppler cooling is performed on the “Be™ and 2*Mg™ ions. There are radial modes that
have small amplitudes for Be™ but large amplitudes for 2*Mg*. This means ?Be™ cool-
ing is inefficient for these modes, hence we also cool these modes using Mg+ Doppler
cooling. This is followed by sideband cooling on the Be™ ions, which prepares the mo-
tion of each of the four axial normal modes to an average motional occupation of (n) <
0.17. By applying a magnetic field of 0.012 T, we spectrally isolate two internal (hyper-
fine) states in each ?Be™ ion, which we call “spin" states, and label |T) = |F = 2, mp = 2)
and |]) = |F =2, mp = 1). These states are split by 102 MHz. Using a spin rotations
and a geometric phase gate [Leibfried 03b| operation, which implements a “Be™ state-
dependent motional displacement on the out-of-phase mode, we create the decoherence-

free-subspace entangled state

1

‘\Ij1> = \/i

[(TL) +111)] (8.1)

of the two “Be™ ions. This state is resistant to decoherence from spatially uniform
magnetic field noise [Kielpinski 01].

Time-varying axial potentials move and separate [Rowe 02, Barrett 04| the four
ions into two “Be™ — 2*Mg™ pairs in different wells, which are spaced by ~ 0.24 mm

(see figure (8.2)). Each pair of ions has two axial normal modes: the “stretch" mode
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(frequency ~ 4.9 MHz, mode vector ~ [-0.93, 0.37]) in which the two ions oscillate out-
of-phase and the “common" mode (frequency ~ 2.3 MHz, mode vector ~ [0.37, 0.93]
MHz) where they oscillate in-phase. The experiment involves the ground [n = 0); and
first excited [n = 1), states of the stretch modes, where j € {A, B} refers to the well.
In general, the separation process excites the motional modes into unknown states. The

wavefunction of the “Be™ spin states after separation is \k

1

|\IJQ> = \/5

1) all)p +e“O11),4 1) 5] (8.2)

where £(t) is a phase that accumulates through the course of the experiment due to a
small difference in magnetic field between wells A and B.

To create the motional entangled state we first prepare the stretch modes close to
|0) 4 10) 5 (see appendix (C) for a detailed pulse sequence). For this, Doppler and side-
band laser cooling on the 2#Mg* ions in both wells sympathetically cools [Barrett 03] the
9Bet ions. One cycle of the pulsed ?*Mg*sideband cooling [Barrett 03] uses stimulated-
Raman transitions on a motional sideband of the |[+1/2) — |—1/2) ground state tran-
sition (duration ~ 5 us), followed by application of the repumping beam to reprepare
|[4+1/2) (~ 2 ps). The 2*Mg" sideband laser cooling uses 40 cooling cycles per mode on
the second motional sideband and then 60 cycles per mode on the first sideband. This
prepares the stretch modes to mean occupation numbers of (n4) = 0.06(2) and (ng) =
0.02(2) where the uncertainties are standard errors (s.e.m.). We also cool the common
mode in each well to (n) < 0.13. The cooling does not affect the spin states of the “Be*

ions [Barrett 03], thereby approximating the state

1

|W3) = 7

Malls+eO 10411 5] 10)410)5 (8.3)

We transfer the entanglement from the spin to the motion with a sequence of laser
pulses on the Be™ ions. Carrier transitions (labeled with superscript ¢, duration ~ 4

us) only affect the spin states, and sideband transitions (superscript m, referred to as
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spin <> motion transfer pulses, duration ~ 13 us) couple the spin and motion. These

can be described as generalized rotations:

om cos% —ie_i%mg
Rj’ 0,0) = A , (8.4)
—ie’¢sing cosg

where j € {A, B}. Carrier transitions correspond to rotations in the basis

and sideband transitions correspond to rotations in the basis

1 0
=N, =11)10).

0 1
The rotation angle @ is proportional to the intensity and duration of the pulses, and
the phase ¢ is determined by the phase difference between the two optical Raman fields
[Wineland 98, King 98] at the position of the ion. We individually address the “Be™ ions
in each well using acousto-optic modulators to shift the positions of the laser beams.

Applying R (m,0) to state (8.3) entangles the YBet — 2Mg™* motion in well A

with the “Be™ spin in well B, creating the state

[Wa) = J5 1) [11)10)4 = e 1) [1) 4] 10) 5. (8.5)

After this spin — motion transfer, the spin in well B is sensitive to decoherence from fluc-
tuating magnetic fields. To minimize this effect, we apply a spin-echo pulse [Vandersypen 04],
R%(m,0), T ~ 40 pus after the previous pulse. After a second delay T, we apply a second

spin — motion transfer pulse R (m,0) in well B, producing the state

[Ws) = 5 1111 [10).410) 5 — €50 1) 4 1) 5. (8.6)

This state is an entangled superposition of both stretch modes in the ground and first
excited states. The entanglement now resides only in the mechanical oscillator states of

both wells. We leave the system in this state for ~ 50 us before beginning our analysis.
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We are not able to directly measure the entangled motional state. The analysis
proceeds by basically reversing the steps used to create state (8.6) and characterizing
the resulting spin state. We transfer the motional state back into the spins using the
pulse sequence: R (m,0),T, RG(m,0),T, R} (m,¢4). We then recombine all the ions
into a single potential well, to ideally reproduce the state |¥1), having chosen ¢4 to
compensate for the phase £(t).

Imperfect creation of the state (8.6) could leave entanglement in the spin states,
which could mimic motional entanglement in the analysis. To prevent this, we transfer
residual populations €4 p of states [|) 4 5 into auxiliary internal (hyperfine) states prior
to performing the motion — spin transfers (discussed more below). Moreover, since
all experiments are used in the analysis, this transfer process does not constitute post-
selection and cannot enhance the deduced entanglement.

Our detection relies on analyzing the state ¥ ) = % [111)+3]l1)], which we create
by applying a common rotation R°(7, —%’r) to both spins. We verify the entanglement
created in state (8.6) by measuring the off-diagonal element |p|| 11| = | (|| pf [TT) | of the
density matrix ps corresponding to our approximation to the state |¥r). We determine
|p11,11| by applying a final analysis pulse, R°(F, ¢;), to both 9Be™ ions with a phase ¢,
and measuring the parity[Sackett 00|, Py| + Py — (P + Py ), for different values of ¢,
where P||, Pi1, P|7, and P;| are the populations of the spin states [[]),|TT1),]]1), and
[T]). The entanglement is revealed by the component of the parity signal that oscillates
as Cycos(2¢,), where Cy = [p| 11]. A value of Cy > 0.5 verifies the spin entanglement
of |¥y) and thus the motional entanglement in state (8.6).

To deduce the spin populations, we use state-dependent resonance fluorescence
[Wineland 98, Southwell 08]. The |T) state strongly fluoresces. Prior to final spin popu-
lation measurement, the ||) population is transferred to the dark state |F = 2, mp = —2)
using carrier m pulses R(m,0) on the sequence of transitions [2,1) — [2,0), |2,0) —

|2, 1), |2, —1) — |2, —2). The number of photons measured per "Be™ ion if all the pop-
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ulation were in the |2, —2) dark state during the 200 us detection period approximates
a Poisson distribution with a mean of 0.2. For the fluorescing state |T), we observe a
Poisson distribution, with a mean number of photons ~ 10 per Be™ ion.

As described in the main text, we move populations €4 p of the spin states |]) 4 p
to the auxiliary hyperfine state |2,0), so they do not contribute to entanglement verifi-
cation. To ensure that the €4 p populations end in dark states for the measurements, we
precede the transfer pulses described in the previous paragraph with transfer of the |2, 0)
populations to |2, —2) using a sequence of carrier 7 pulses on the |2,0) — |2,—1) and
|2, —1) — |2, —2) transitions. Since the last pulse of the final transfer sequence is also
a carrier 7 pulse on the |2, —2) < |2, —1) transition, this leads to the populations e4 g
ending in |2, —1). If all the population is in this state, it would give a mean fluorescence
value per ?Be™ ion of ~ 1 photon during detection. This fluorescence falsely contributes
to P|| but in a way that does not depend on ¢,, and hence does not contribute to Cs.
We fit the data in the top plot of figure (8.3) with Cacos(2¢, + ¢2) + Cicos(¢p + ¢1) + Co
and extract Cy = 0.57(2). This demonstrates that entanglement was present in the
motion after the steps to create state (8.6).

The intermediate state (8.5) is itself a novel “spin — motion" entangled state,
where the spin state of the °Be™ ion in well B is entangled with the motion of the
stretch mode of the ion pair in well A. We characterize this state in a separate set of
experiments. After creating state (8.5), we allow it to persist for 176 us. Following
the analysis described above (omitting the spin < motion transfer steps in well B), we
measure the parity (bottom plot in figure (8.3)) and find Cy = 0.65(2).

To provide partial checks of the spin — motion transfer steps, we perform separate
experiments to determine the spin populations after the transfer. In the first check exper-
iment, we follow the steps used to create state (8.5) then implement the above hyperfine
state transfer sequences (omitting the ep population transfer process) and measure the

spin populations. The populations are determined to be Py = 0.47(1), P;; = 0.04(1),
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Parity [Pw +PTT_ (PLT +PN)]

0 n/2 T 3n/2 2n
c")p

Figure 8.3: Entanglement demonstration through parity oscillation. Parity data ob-
tained from a, the entangled mechanical oscillators and b, the spin — motion entangle-
ment experiments. Each point is calculated using the maximume-likelihood method on
the fluorescence data from running the experiment 500 times and is plotted with stan-
dard error bars (s.e.m.). The solid curve is a fit to the data. Two-ion entanglement is
verified by an amplitude greater than 0.5 for the component of the parity signal that
oscillates at twice the analysis pulse phase ¢, [Sackett 00]. For the data shown, this
amplitude is a, 0.57(2) and b, 0.65(2).

and P + P;| = 0.49(2). Ideally we would expect Py =1/2,P)| =0, and Py + P;| =
1/2. Similarly, after the step used to create state (8.6), and following the transfer pro-
cedure, we determine Py = 0.86(2), P;| = 0.01(1), and Py + P;; = 0.13(2). Ideally we
should find Py = 1.

Significant sources of infidelity are spontaneous photon scattering [Ozeri 07| and
motional decoherence. The fidelity with which we initially create |¥;) is ~ 0.88. Mo-
tional state superpositions of the stretch mode in each well were independently measured
to have a coherence time of ~ 800 us, which is consistent with a model of decoherence due
to couplings to thermally occupied radial modes [Roos 08]. In the entangled mechanical

oscillators experiment, the motional superpositions are occupied for ~ 250 us and ~ 50
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us in wells A and B respectively; we estimate a decrease in Cs from this source to be ~
5 %. In the spin — motion entanglement experiment, we estimate a decrease in Cy of ~
3 % from this source. Non-zero temperature also reduced the fidelity of motional state
initialization. We estimate that this would reduce the fidelity for producing the states
(8.6) and (8.5) by 8 % and 6 % respectively. Intensity fluctuations at the few percent
level reduce the accuracy of all rotations.

The Coulomb coupling between the ion pairs in wells A and B could lead to an
entangled state of their stretch modes. However, the resonant exchange rate is 5 Hz,
which leads to negligible entanglement for the experimental time scales. Furthermore,
the stretch mode frequencies in wells A and B differ by ~ 25 kHz, which would yield
negligible entanglement for all time scales.

In summary, we have created two novel entangled states of separated systems
involving mechanical oscillators, extending the regime where entanglement has been ob-
served in nature. Implementing these experiments required deterministic ion ordering
and the ability to separate and recool ions while preserving entanglement and perform-
ing subsequent coherent operations. This is the first demonstration of these techniques
combined. Some of these methods could apply to similar experiments with nano- and
micro-mechanical resonators [Schwab 05, Kippenburg 08, Mancini 02]. The states cre-
ated could be used to extend tests of nonlocality in ion traps in a manner analogous
to that proposed for the electromagnetic fields of separated cavities [Milman 05|. The
control developed for these experiments also represents an important step towards large-
scale trapped-ion quantum information processing |Kielpinski 02a, Wineland 98|.

Well thanks for actually looking at my thesis. I would be curious to know who
found this work interesting so send me an email if you like at john.d.jost@gmail.com.
Also it would be cool to know if after a few years have past since the writing of this

thesis that there is someone actually still looking at it. Thanks.
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Appendix A

Calculating Rabi Frequencies

The Rabi frequency equation (5.27), which is rewritten here for convenience as

(A1)

is a parameter that commonly shows up in atomic physics calculations. Here the states

lg) and |e) represent the ground and excited states respectively. The Rabi frequency is

usually defined in terms of the electric field strength of the laser beams and the dipole

matrix operator. However this not all that useful of a quantity for experimentalists. Typ-

ically the information an experimentalist has at hand is the laser power, the polarization,

a measurement of the beam waist, the excited state linewidth, and some Clebsch-Gordon

tables. Equation (5.27) can be rewritten such that only that information is needed to

come up with a value for the Rabi frequency to plug into our calculations.

The electric field for a Gaussian laser beam [Verdeyen 95| is

E(z,y,2,t) = B, Yo e_<wzé))26(_ikz+itan<%>>e_i%em

)

where

(A.2)
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This describes the electric field and the phase in the radial direction of the beam as
it travels in the z direction. The beam waist w, is defined as the % point, so this is a
radius. The wavelength and the index of refraction are given by A and n respectively.
The polarization vector is given by €. The intensity in the beam can be calculated from

—

the poynting vector|Hecht 04] S

I = <§>T = e,

where <§ >Trepresents the time average. Substituting equation (5.25) and B=

E x B

: (A.6)

o |t

into

the above equation gives

N or \? . . . 2 2
I= <S> = ce, B2 Yo 6_<W) <<e<_1kz+”an<20>>612§%@ ezm> > . (A7)
T w(z)

T
With an optical power-meter the instantaneous power is not measured but rather the

time averaged power. The time average of the oscillating field[Hecht 04] is % This gives

a more convenient expression for the intensity.

E _ [ _2r 2
I =ce,—2 Yo e (“(Z)) . (A.8)
2 w(z)

However with the lab tools you are not going to measure the intensity but rather the

total power in the beam and its waist. Assuming the ion is at the beam waist, w (2) = w,

the power in the beam can be expressed as

oo 21
P = I A = o o wo = °
/ d ce 5 re drd¢ = ce 5 5

2r 2 E? mw? (A9)

0 0

Now the electric field can be written in terms of things measurable in the lab

4P
E,= | ——. Al
\| ceomw? (4.10)

The next thing that needs to be cast in a more useful form is the dipole matrix

element (e| 7 €|g). The Wigner-Eckart theorem can be used to simplify this, using the
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convention of Edmonds [Edmonds 96|

/ -/ / . j/_m/ j/ k j
m g m
< (V5'|| T (k,q) |174) (A.12)
_ivi (k,q,7,m|k,q,j,m')
_ 1 k—j+7 < y Yy s y4yJ A13
(1) L (4.13)
(V3T (K, q) [l7)- (A.14)
ik
The matrix is the Wigner 3-j symbol and (k, q, j, m| k, q, j', m') represents
m g m

the Clebsch-Gordon coefficient. The values can be looked up in tables or calculated using
several common math programs. The term (v'j'|| T (k, q) ||vj) is the reduced density
matrix element, where T (k, q) is the tensor operator that connects the two states. The
rank of the tensor is given by k, which is 1 for an electric dipole transition. The parameter
g represents the quantum number, and for electric dipole transitions it can take on values
of -1, 0, and 1, which corresponds to light with polarization of ¢~, 7, and o+ polarizations
respectively. The value for the reduced density matrix can only be calculated for a
few special cases. However, it can be related to the spontaneous decay rate, which
is a measurable quantity in most systems. Reference [King 08] has a derivation and
discussion of this. It gives as a result the relation for the reduced density matrix element

to the spontaneous emission rate as

- 3eohA3T
INT ko) i) = (177 V25 + 1) s (A.15)

where j~ is the larger of j and j'. The wavelength of the transition is given by
A, and the spontaneous decay rate is in I' (units of radians per second). Equations
(A.1),(A.10),(A.11), and(A.15)can be combined to give the following expression for the

Rabi frequency

3AL'P VT — L B |
Q = m (—].)j +j+]> 2]/ + ]. (A16)
0 /



Appendix B

Determining the Average Motional State

It is not strictly correct to refer to the temperature of an ion since it is not in con-
tact with a thermal reservoir but it is still commonplace to do so. If we assume an ion’s
motion has a thermal distribution, an expression can be found for the mean occupation
number (n) (This is equivalent to 7 in the text) of the ion’s quantized harmonic motion
for a given temperature. The resulting distribution is a Bose-Einstein distribution. Here
the case of a harmonic oscillator including the zero-point energy is derived.

The energy of a harmonic oscillator Fock state is given by E = hw(n + 1/2).
Where w is the frequency of the harmonic oscillator and n is the quantized motional

state of the oscillator. The average energy for a particular mode is
(E)y =hw{n+1/2). (B.1)

The average for a distribution of states can be calculated by summing over all the possible
n states times the probability p, of being in that state for a given energy, which is given

by
(n+1/2) =) (n+1/2)p,. (B.2)

n=0
The probability for being in a particular state is

—En —hw(n+1/2)
e Fol e kT

- — , B.3
P 7 Z (B.3)
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The partition function Z is a sum over the energy states, which gives

oo
hw nhw

o E
—zn_ —
Z=3 e hl =¢ Ty T, (B4)
n=0

n=0

This series can be summed using a geometric series to give

_ _hw
e 2kpT 1

Z=-5""_ - “esch( ). B.
1_67&? 5 CsC <2ka> (B.5)

Plugging equations (B.5) and (B.3) into (B.2) gives
1 i —hw(n+1/2)
(n+1/2) = >Z(n+ De BT | (B.6)

1 hw
ECSCh (W n=0

The sum in the above equation can be evaluated using the trick

—nx d —nx d 1
Zne :—@Ze = <1—e"’5>' (B.7)

Making use of this trick and simplifying give the following expression for equation on

the preceding page

(n+1/2) = %coth <2Z‘:T> | (B.8)

Subtracting 1/2 from each side of the above expression gives

(n) = 5 coth <QZ‘:T> 5 (B.9)

This is the same expression obtained it is assumed there is no zero point energy to begin

with, which is a slightly simpler calculation.



Appendix C

Pulse Sequence for the Entangled Mechanical Oscillators Experiment

The following table is the pulse sequence for the entangled mechanical oscillators
experiment. This table is reproduced from reference [Jost 09]. As a NIST publication it

is not subject to US Copyright.



Supplementary Table 1: Detailed procedure for the entangled mechanical oscillators experiment. Rotations are defined in

the text; those without superscripts are carrier rotations between hyperfine pairs other than {|1),|])}. These auxiliary states are

indicated with |F, m ). Times are rounded to the nearest microsecond. Steps without an explicit operation typically involve laser

frequency changes and intensity stabilization. The procedure for the spin—motion entanglement experiment is identical except the

seven steps between the spin-echo pulses in well B are replaced with a single 90 us delay.

Operation Ideal State after Operation Time (us) | Notes
. Order the ions to
Order ions - 935 96t —24Mg+ —24Mg+ _9Be+
Lock Fhe laser B 380 B
intensity
_ _ 26 _
Doppler cool
(°Bet & 24Mg*) - 30001 -
Doppler cool
(°Be™ only) B 300 B
— - 2 -
Repump 24 Mgt - 2 -
Repump 9Be™ [71) 25 -
Ground-state cool the four axial modes
IRt o (20 cooling pulses per mode). From this
Be sideband cool 117)10) 2753 point on, all 9Bet interactions are co-
herent.
Prepare |W1) % [|Ti> + HT>] 266 -
1 idg(t) Unknown motional state after separa-
Separate | 5[11) 4 1) + 0O |14 1) p] 1A) 4 1T 5 819 | o (sate [ o))
Cool in both wells simultaneously;
240\ [+ _ \'H
Mg Doppler cool 400 9Bet coherence undisturbed
. 20 cooling pulses on the second side-
24\ [+
Mg™ 2nd sideband - 539 band of each of the two axial modes;
cool .
cool both wells simultaneously
24\ [+ i
Mg 2nd sideband - 539 Repeat the previous step.
cool
Account for the slight difference in
mode frequencies between the two
. i wells by applying 30 cooling pulses res-
24Mg™ sideband cool % M all)g +e®a® ]y, H)B] [0) 4 10) 5 1277 Y 2ppying £p

onant with each mode (4 modes total).
Final (n) < 0.1 on the stretch modes.
(state |¥3))

Continued on next page
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Supplementary Table 1: (continued)

Operation Ideal State after Operation Time (us) Notes
_ _ 22 _
i Spin—motion transfer pulse in well A
R (m,0) % Mal|lDpl0)s —ic®s® g \1>A] 10)p 12 (sl?ate [W4)) !
At this point, we have entangled a me-
- - 14 chanical oscillator with the spin of a
separated ion.
Shelve residual amplitude €4 of []) 4
Ry (m,0) eall) g =€al2,0) 4 3 (ea # 0 only if there is an error in the
spin—motion transfer)
B B 2 This step and the previous two consti-
tute 7" of the first spin-echo sequence.
R%(m,0) % [T) 4 [\T)B [0y 4 — ie*®s () ||y o \1>A] 10) 5 4 First spin-echo pulse in well B
_ _ 38 Second T delay of the first spin-echo
sequence
Spin—motion transfer pulse in well B
RE(m0) | 51Nalp (1041005 — %@ 1), 1)) 14 (state [¥s)) !
At this point, we have entangled sepa-
- - 24 . .
rated mechanical oscillators.
Shelve residual amplitude g of ||) 5.
As above, this removes any residual
Rp(m,0) 8ll)p = cB[2,00p 4 spin entanglement for the remainder of
the experiment.
_ — 24 _
R (7,0) % T4 [\T)B [0) 4 +ie*®s () |y \1>A] 10) 5 14 Motion—spin transfer pulse in well B
B B 38 First T' delay of the second spin-echo
sequence
RS (7,0) % [T a [H)B [0) 4 +ie*®s () 1) 5 \1>A] 10) 5 4 Second spin-echo pulse in well B
B B 39 Second 1" delay of the second spin-echo
sequence
R7 (7, ¢4) %[H)A S +¢i(ea(®)Fea) [1) 4 H>B] [0) 4 10) 11 Motion — spin transfer pulse in well A
Recombine % [H‘L) + HT)] 1219 Recombine all ions to the same well
24)\g+ Doppler cool 7 [ITU + 11 >] 400 -
_ _ 22 _
R(r,0) cacn |2,0)]2,0) = cacp |2, —1) 2, —1) 3 Further shelve the residual spin ampli-

tudes

Continued on next page
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Supplementary Table 1: (continued)

Operation Ideal State after Operation Time (us) Notes
_ _ 22 _
Further shelve the residual spin ampli-
R(m0) |  eaepl2,—1)[2,-1) = eaep [2,-2) [2,-2) 4 wdes pit e
_ _ 22 _
. Rotate into the detection basis
R(3.6p) L +il)] I It
_ _ 6 _
3 |(c0s 6p —sinp) (797 [11) = e |L1)) +
R(5, ¢p) ) 1 Analysis pulse with variable phase ¢,
(cos gy +sin@,) (I11) +[11)]
_ _ 79 _
R(m,0) 1) =12,0) 3 Shelve any ||) (dark) population
— — 22 —
R(m,0) 12,0) = [2,-1) 3 Further shelve the dark population
— - 22 -
Further shelve the dark population (and
R(m,0) 12,-1) & [2,-2) 4 make any residual spin population € 4
and e g less dark)
_ _ 43 _
Detect Py, P, Py + Py 200 Determine the spin populations
Total Time ~14 ms ~600 laser pulses
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Appendix D

Ion Trap Wafer Dimensions

Mask Wafer (Top View)
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Bias Board (Top View)
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Fliter Board 1 (Top View)
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Filter Board 2 and Spacers (Top View)

Filter Board - 0.5mm thick alumina wafer
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Appendix E

Other Contributions

This section contains the other work not highlighted in this disseration where I

was one of the lead co-authors.

e Realization of a programmable two-qubit quantum processor , Hanneke
D., Home J. P., Jost J. D., Amini J. M., Leibfried D. & Wineland D. J. , Nature

Physics, 2010, 1, 13-16

e Complete Methods Set for Scalable Ion Trap Quantum Information
Processing, Home J. P., Hanneke D., Jost J. D., Amini J. M., Leibfried D., &

Wineland D. J., Science, 2009, 308, 997-1000

e Long-lived qubit memory using atomic ion, Langer C., Ozeri R., Jost J.
D., Chiaverini J., DeMarco B., Ben-Kish A., Blakestad R. B., Britton J., Hume
D. B., Itano W. M., Leibfried D., Reichle R., Rosenband T., Schaetz T., Schmidt

P. O., & Wineland D. J., Phys. Rev. Lett., 2005, 95, 060502-1-4

e Hyperfine coherence in the presence of spontaneous photon scattering,
Ozeri R., Langer C., Jost J. D., DeMarco B. L., Ben-Kish A., Blakestad B. R.,
Britton J., Chiaverini J., Itano W. M., Hume D., Leibfried D., Rosenband T,

Schmidt P, & Wineland D. J., Phys. Rev. Lett., 2005, 95, 030403-1-4

This section contains the other work not highlighted in this disseration where I was one

of the co-authors.
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¢ Randomized benchmarking of quantum gates, E. Knill, D. Leibfried, R.
Reichle, J. Britton, R. B. Blakestad, J. D. Jost, C. Langer, R. Ozeri, S. Seidelin,

and D. J. Wineland, Phys. Rev. A 77, 012307-1 - 012307-7 (2008).

e Towards scaling up trapped ion quantum information processing, D.
Leibfried, D. J. Wineland, R. B. Blakestad, J. J. Bollinger, J. Britton, J. Chi-
averini, R. J. Epstein, W. M. Itano, J. D. Jost, E. Knill, C. Langer, R. Ozeri, R.
Reichle, S. Seidelin, N. Shiga, and J. H. Wesenberg, Hyperfine Interactions 174,
1-7(2007). Proc. 4th Int. Conf. Trapped Charged Particles and Fundamental

Physics (TCP 2006), Parksville, Canada 3-8 Sept. 2006.

e Simplified motional heating rate measurements of trapped ions, R. J.
Epstein, S. Seidelin, D. Leibfried, J. H. Wesenberg, J. J. Bollinger, J. M. Amini,
R. B. Blakestad, J. Britton, J. P. Home, W. M. Itano, J. D. Jost, E. Kuill, C.
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033411-5 (2007).
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Wesenberg, R. J. Epstein, D. Leibfried, R. B. Blakestad, J. Britton, J. P. Home,
W. M. Itano, J. D. Jost, E. Knill, C. Langer, R. Ozeri, S. Seidelin, and D. J.
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Jost, C. Langer, D. Leibfried, R. Reichle, S. Seidelin, J. H. Wesenberg, and D.J.
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e Trapped atomic ions and quantum information processing, D. J. Wineland,
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