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Method for Estimating the Dielectric Constant
of Natural Gas Mixtures'

A. H. Harvey>> and E. W. Lemmon?

A method has been developed for calculating the static dielectric constant
(relative permittivity) of fluid mixtures, with an emphasis on natural gas. The
dielectric constant is calculated as a function of temperature, density, and
composition; the density is calculated with a fundamental mixture equation
of state. Theory-based correlations were developed for the dielectric constant
of all significant components of natural gas, including not only light hydro-
carbons but also gases such as nitrogen and carbon dioxide. In many cases,
these correlations took advantage of new, highly accurate data measured in
cross capacitors. For mixtures, the pure-component values are combined as
proposed by Harvey and Prausnitz; this produces better results than the tra-
ditional mixing rule.

KEY WORDS: dielectric constant; energy; mixtures; natural gas; polariza-
tion; relative permittivity.

1. INTRODUCTION

Natural gas is an increasingly important energy source. There is inter-
est in methods, based on relatively simple measurements, for estimating
important properties such as the heating value. It has been proposed [1,2]
that measurements of the static dielectric constant could be a part of such
a method.

In order to evaluate and optimize such methods, a procedure is
needed for accurate calculations of the dielectric constant of natural gas as
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a function of temperature, pressure, and composition. While correlations
exist [3] for the dielectric constant of the main components of natural gas,
the availability of new experimental data of high quality [4,5] (and the
development of better equations of state for these components) affords the
opportunity for significant improvement. In addition, the pure-component
values must be combined in a fundamentally sound manner to obtain
accurate dielectric constants of mixtures.

In this work, we first produce correlations for the static dielectric
constant of various pure components; these correlations are based on
theoretical considerations to the extent possible. We then apply a previ-
ously proposed mixing rule [6], and show that it produces good results for
mixtures.

2. PURE-COMPONENT CORRELATIONS
2.1. Theoretical Background

Theory and modeling for the static dielectric constant ¢ typically do
not use ¢ itself, but rather the electric polarization P. While there is no
universally valid relationship between P and &, a good approximation for
nonpolar fluids is the Clausius—Mosotti expression,

Pcm = . 1
M= (D
For polar fluids, an expression due to Kirkwood is often used;
e—1QRe+1
Px = (- D@e+D . 2)

9¢

Equations (1) and (2) have the same limiting behavior for small values of
¢ — 1, but differ increasingly for larger £. More complicated expressions
for polar fluids have been proposed, usually involving a separate “infinite-
frequency” dielectric constant; the book by Bottcher [7] provides details.

For nonpolar fluids, the polarization divided by the molar density p
is constant to a first approximation, and it is common to expand P/p in
a power series known as the dielectric virial expansion:

P/p=Ac+Bep+Cep®+---. 3)

Ag, the first dielectric virial coefficient, is directly proportional to the
molecular static polarizability «. For molecules with internal structure, «
(and therefore A.) has a slight temperature dependence. This is because
higher temperature causes some molecules to be in higher rotational states
(causing centrifugal stretching) and/or higher vibrational states (altering
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Fig. 1. Illustration of temperature dependence of the slope
(B:) of the molar polarization of CO,. Data from Moldo-
ver and Buckley [4] (323.15K) and Schmidt and Moldover [5]
(273.17 and 302.45K).

average bond lengths due to anharmonicity). For the molecules and tem-
peratures of interest here, the rotational effect is most important; this pro-
duces an approximately linear increase of A, with temperature [8].

B., the second dielectric virial coefficient, is due to interactions
between pairs of molecules. For molecules without permanent dipoles, the
dominant influence on B, is usually the higher multipoles (quadrupole,
octupole, etc.). These result in values of B, that are approximately linear
in 1/T, where T is the absolute temperature [9]. Figure 1 illustrates this
inverse temperature dependence in B, for recent precise low-density data
[4,5] for CO,, whose large quadrupole moment leads to a relatively large
effect.

For molecules with a permanent dipole moment pu, an additional
term contributes to the low-density expansion of the molar polarization:

N 2
Plp=Ac+ 2 4 Bp+Cp>+ -,

—_— 4
9¢okpT @

where Np is Avogadro’s constant, gy is the electric constant (permittivity
of free space), and kp is Boltzmann’s constant.
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Table I. Literature Sources for Pure-Component Dielectric-
Constant Data and Equations of State (EOS)

Fluid Dielectric data EOS
He [4, 5, 10] [11]
Ne [10, 12, 13] [14]
Ar [4, 5, 10, 15, 16] [17]
Kr (12, 18, 19] 20]
Xe [12, 18, 21] 20]
Hs [22] (23]
p-Ha [22] (23]
N, [4, 5, 15, 16, 24] [25]
(o)) [5, 26] [27]
CO, [4, 5, 28-30] [31]
CH, [4, 5, 15, 16, 29, 32-35] [36]
CoHy 137, 38] [39]
C>Hg [5, 40] [41]
C3Hs [5, 30, 42-45] [46]
n-C4Ho [44, 47, 48] [49]
i-C4Ho [44, 47, 50] [49]
n-CsHip [51] [52]
i-CsHj» [43, 53] [20]
n-CgHi4 [51] (52]
n-C7Hje [51] [52]
n-CgHg [51] (52]
n-CoHyg [51] [20]
n-CjoHn [51] (20]

2.2. Data Sources and Treatment

In Table I, we list the sources of pure-component dielectric-constant
data used in fitting our correlations. In some cases, additional sources were
examined but were rejected because their data were outliers or because
data of higher quality were available covering the same range of condi-
tions.

For nonpolar substances, the dielectric data were converted to Pcum
with Eq. (1). For those with a nonzero dipole moment, both Pcy and Pk
(Eq. (2)) were derived, as the final correlations (see below) sometimes used
one and sometimes the other.

Because the quantity ultimately correlated was P/p, while the dielec-
tric data were reported as a function of temperature 7 and pressure p,
equations of state were required to calculate p(p, T) for each point. These
calculations were performed with the NIST REFPROP database [54],
which uses the best available pure-component equations of state. Table I
lists the references for the equations of state used.
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2.3. Dipole Moments

Dipole moments were taken from the compilation of Nelson et al.
[55] for propane (0.084 D; 1 D~ 3.335641 x 10739 C-m) and isobutane
(0.132 D). A complication arises for molecules that exist in multiple con-
formations, each having a different dipole moment. For example, n-butane
can exist in a trans form (with zero dipole moment, due to symmetry)
or a gauche form (whose dipole moment has been measured [56] as 0.09
D). The resulting temperature-dependent expectation value of p can be
determined by a Boltzmann-weighted average over the conformations. Rig-
orously, such a calculation should take into account not only the energy
difference between the conformers, but also differences in the partition
functions of the isolated molecules. Because the latter entropic effect is rel-
atively small, and because the quality of our correlations is insensitive to
small changes in the dipole moment, we used only the energy difference
[57] in our calculations.

While one could, in principle, include the entire temperature-depen-
dent calculation of the dipole moment in the correlation, the changes with
temperature are not large and the required accuracy for these minor com-
ponents does not justify the extra complication. Therefore, we use the
value at a single temperature, which we choose as the normal boiling point
to be consistent with the way we tabulate dipole moments elsewhere [54].
Because of the approximations in our procedure, we round the value to
the nearest 0.01 D. For n-butane, the resulting value is 0.05 D. For n-pen-
tane, which has four stable conformers, we use energy differences [58] and
dipole moments [59] from ab initio calculations, resulting in an averaged
dipole moment of 0.07 D at the normal boiling point. Similar calculations
[60] for isopentane (methyl butane) yield an averaged value of 0.11 D.

In principle, the same procedure could be used for longer alkanes, but
the number of conformations to consider rapidly becomes unwieldy. Since
longer alkanes are only trace components in natural gas, since the avail-
able data are limited, and since small differences in u can be absorbed by
other parameters in the correlation, we approximate the dipole moment
for n-hexane and all higher n-alkanes by the n-pentane value of 0.07 D.

2.4. Data Correlation

The form of the correlation was based on the dielectric virial expan-
sion (Eq. (4)), with temperature dependences of A, and B, as discussed
in Section 2.1. A, and to a lesser extent B, are the most important terms
for describing gas-phase data, which are of primary interest in this work.
Because higher-order terms are difficult to extract from data, an empirical
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form was chosen to extend the correlation to high densities. The final form
of the correlation is

P/op=A¢+A,/T +B.p+Cp?, (5)

2 . .o, . . .
where A, = g\;*?)—k“B is a compact way of writing factors in the dipolar term

of Eq. (4) and is not an adjustable parameter. The virial coefficients A,
and B, and the parameter C are made temperature-dependent as follows:

T

o=ay+ay (70—1) (62)
Tt

By =bo+ by (70—1) (6b)
T

C=co+c (%—1). (6¢)

The temperature dependence of A, and B, follow the theoretical results
discussed in Section 2.1, while that of parameter C is empirical. The expo-
nent D is temperature-independent. Ty is an arbitrary reference tempera-
ture; following previous work [5], we choose T)=273.16 K.

In fitting Eq. (5), large weight was given to recent high-quality gas-
phase data [4,5] where they were available. Emphasis was placed on accu-
racy at gas-like densities; liquid-phase data were included in the fits but
were not always fitted within their experimental uncertainties. In most
cases, the gas-phase data were examined in isolation to determine A, (ag
and ap); these were then held constant while the remaining parameters
were fitted to the full data set.

For the left-hand side of Eq. (5), the Clausius—Mosotti form of P/p
(Eq. (1)) was used for nonpolar components. Some components of natural
gas (such as propane) have a small dipole moment. For those components,
both the Kirkwood (Eq. (2)) and Clausius—Mosotti forms were tried, and
the one that gave the best overall fit was used. In Table II, we report
the correlation parameters; for all fluids but propane the fits used the
Clausius—Mosotti form. The use of Eq. (5) with these parameters requires
densities p to be in mol-cm™3.

Because Eq. (5) is a function of density, the fitted parameters are
linked to the equation of state for the pure fluid. For some fluids (He and
H,, for example), the uncertainty in the EOS is substantial, and if a bet-
ter EOS is developed, it would be advisable to repeat the data reduction
and fitting process. For other fluids where the uncertainties in the EOS
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Table II. Parameters for Correlation of Molar Polarization with Eq. (5). (Units: ap
and a; in cm?-mol~!; A, in em? -mol~!-K; by and b; in em® mol=2; ¢y and ¢; in
em3@+D . mol~(P+D)

Fluid ap aj Ay bo by co cl D
He 0.517254 0 0 —0.203 0.039 7.47 0 2
Ne 0.9969 0 0 —0.109 0.0708 —2.88 -1.0 2
Ar 4.1414 0 0 1.597 0.262 —-117.9 0 2.1
Kr 6.273 0 0 6.485 13.48 —82.51 —-1704 1.7
Xe 10.122 0 0 31.97 46.97 —948.4 0 1.7
H, 2.0306 0.0056 0 0.181 0.021 -7.4 0 2
p-Ha 2.0297 0.0069 0 0.181 0.021 -7.4 0 2
N, 4.3872 0.00226 0 2.206 1.135 —169.0 —35.83 2.1
(023 3.9578 0.0065 0 0.575 1.028 —8.96 =515 1.5
CO, 7.3455 0.00335 0 83.93 145.1 —578.8 —1012. 1.55
CHy 6.5443 0.0133 0 8.4578 3.7196 —352.97 —100.65 2
C,Hy 10.725 0 0 55.19 49.5 —2045. —1154. 1.9
C,Hg 11.1552 0.0112 0 36.759 23.639 —808.03 —378.84 1.75
CsHg 15.850 0.036 42.97 172.75 505.67 —388.21 —2078.8 1.35
n-C4Hjo 20.611 0.020 15.23  66.64 24.44 —7461.2 —1983.6 2
i-C4Hyp  20.534 0.020 106.1 126.25 52.91 —7501.4 26729 1.9
n-CsHyjp  25.39 0.025 29.84 78.39 54.15 —12480 —4800.0 2
i-CsHyp  25.31 0.025 73.69 108.9 63.68 —15447 —5449.3 2
n-CeHys  30.18 0.030 29.84 222.31 232.62 —36872 —25733 2
n-C7Hg  34.96 0.035 29.84 162.24 308.90 —37446 —39684 2
n-CgHig  39.74 0.040 29.84 348.01 494.18 —76838 —65772 2
n-CoHyg 44.53 0.045 29.84 286.27 529.31 —83471 —90493 2
n-CioHyy 49.32 0.050 29.84 220.15 -316.3 —88358 53511 2

“Equation (5) fit to Px/p for Cs;Hg; all others fit to Pcm/p-

are already quite small, the error introduced by using the parameters in
Table II with a different EOS of similar or better quality would be less
significant.

2.5. Discussion of Individual Systems

Because of their scientific interest, the noble gases were included in
this work, even though only He is significant in natural gas. Because the
noble gases lack internal structure, A, is independent of temperature. For
He, A; is known with high accuracy from theory [61], so that value was
used in preference to experimental results. While there are low-density
data [4,5,12] (to determine A, and B.) for the noble gases, our high-
density results are based on limited data and should be viewed with less
confidence.
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Fig. 2. Deviations of experimental data from Eq. (5) fit for
methane.

For Hj, data at low densities are lacking, and A, was found from the
ab initio polarizabilities of Rychlewski [62] for various rotational quantum
states, where the populations of the states were calculated as a function of
temperature from the partition function and known rotational constants.
Because of the scarcity of data for H,, the remainder of the parameters
in Eq. (5) were developed based on the data of Stewart [22] for parahy-
drogen. While p-H, is not present in natural gas, we include a correlation
for it here to replace a previous correlation [23]; the values for A, once
again were determined from ab initio polarizabilities [62].

For N, Oy, CO;,, CHy, and CyHg, there are excellent low-density
data [4,5] that allow precise determination of A., including its small tem-
perature dependence. These fluids also have substantial data at higher den-
sities, and reference-quality equations of state for determining p(p, T), so
they provide the most complete tests for our correlation. The low-density
data for P/p are reproduced to within 0.01% (comparable to their scatter)
for O, and CHy4 and within 0.02% for N, CO,, and C,Hg. At liquid-like
densities, the deviations are generally within 0.2%; this is somewhat more
than the scatter in the data and one can sometimes see small systematic
trends. For N», there are recent low-density data [63,64] for which P/p is
systematically high by about 0.1% compared to the low-density data on
which we relied [4,5]; we have no explanation for this disagreement. For
CO,, the saturated-liquid data of Haynes [65] were not used; May et al.
[30] have recently made a strong case that the Haynes data for CO, have
a systematic error of about 0.5%.

Because of the importance of methane in natural gas, we show in
Fig. 2 the differences between experimental and calculated values of P/p
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for CH4. P/p is near 6.5cm? - mol~!, so the maximum deviations in Fig. 2
correspond to about 0.2% on a relative basis. For clarity, we omit some
additional liquid-phase data [15,16,33] (these are generally fitted to within
0.005cm?-mol~! in P/p) and a few high-pressure points [35] at densi-
ties above 0.03mol-cm—3 (these are fitted to within 0.003 cm? mol~1). It
should be noted that temperature is an additional variable; for simplic-
ity we plot all temperatures on the same graph. Figure 2 illustrates the
differences in low-density data among various sources; we chose to use the
recent data taken in cross capacitors [4,5] because of their consistency and
precision and because this apparatus produced data for He that agree with
the value of A, dictated by theory. At higher densities, there is a mild dis-
agreement between the data of Malbrunot et al. [35] (which are only at
298 K) and those of Straty and Goodwin [32] (which range from 91 to
300 K). It is likely that the liquid data of Straty and Goodwin could be fit
better at the expense of introducing more complicated temperature depen-
dence, but, since cryogenic liquids are not our main concern, we chose not
to add such complexity.

For C,Hy4, A; and B, were based entirely on the results of Bose and
Cole [37], and the C term was adjusted to fit the available liquid-phase
data [38]. The liquid data were fitted to within 0.05%, but that probably
overestimates the reliability of the correlation because the data consist of
only eight saturated-liquid points.

For alkanes larger than ethane, the presence of a dipole moment (and
therefore a nonzero A,) complicates matters, because both the A, and
a; terms contribute temperature dependence in the low-density limit. For
C3Hg, the well-known dipole moment [55] and accurate low-density data
[5] are sufficient to separate these effects with some confidence. The low-
density data are reproduced within 0.02%. The liquid data show errors in
the fit of up to 0.5%; this may reflect the fact that the dipolar term in Eq.
(5) is strictly applicable only for low densities, and its use for a liquid is an
approximation. C3Hg was the only pure component for which the Kirk-
wood expression for the polarization (P, Eq. (2)) led to a superior fit.

For n-C4H¢ and i-C4H;q, the low-density data [47] are much more
limited. For these fluids, a; was set by scaling its value for ethane, assum-
ing that it was proportional to the magnitude of A,. Then the known
value of the dipole moment allowed ag to be determined from the low-
density data. Substantial data at liquid-like densities were available for
both fluids, and for the most part were fitted to within 0.05%.

For alkanes Cs and beyond, the only low-density data of which we
are aware [66,67] are rather old and not of great precision. Therefore, the
parameter a; was scaled to the value for ethane in the same way as for the
butanes. The parameter ay was estimated by extrapolating the values for
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the lower alkanes, assuming that for a sufficiently long chain each added
CH; group made a constant contribution to the polarizability. The value
D =2 determined for n-butane was used for all the higher alkanes.

The available dielectric data for these higher alkanes are sparse, and
different sources are often inconsistent. We chose to rely on the data
of Scaife and Lyons [51] for n-alkanes because they covered the widest
temperature range and also studied compressed liquids. They also used
higher-purity materials than most other studies. The liquid alkane data of
Champion et al. [68] are systematically lower in P/p by 0.1% to 0.3%
(corresponding to about 0.001-0.004 in ¢), except for n-hexane where the
Champion data are higher by about 0.15%. For n-hexane, the data of
Stokes [69] agree closely with those of Scaife and Lyons, while the data of
Mopsik [70] are systematically higher by about 0.1%. So, while we were
generally able to fit the data of Scaife and Lyons [51] to within 0.05% in
P/p, the inconsistency among data sources means that the actual uncer-
tainty for these systems is somewhat greater. For isopentane, the two avail-
able sources [43,53] agree within about 0.05% which is also approximately
the scatter in the fit to the data.

In addition, the lack of low-density data on which to base A, for the
higher alkanes (and also the estimation required for their dipole moments)
means that the values of B, and C reported for longer alkanes in Table II
should not be considered to have physical significance.

3. MIXTURE CALCULATIONS
3.1. Theory

The classical way to represent the polarization of a mixture when
pure-component values are available is due to Oster [71];

P(T, p)
P : = l —_— N 7
(P/P)mix Ei ix <p(T, p))i (7

where x; is the mole fraction of component i. This becomes a linear vol-
ume-fraction mixing rule if the excess volume of mixing VE at (T, p) is
Zero;

Pmix=Y_ ®iPi(T,p) [VF=0], )

where ®; = x;v; / 3 jXjV; is the volume fraction of component i, with v;
the molar volume of pure fluid j at (7, p). Equation (8), with Kirkwood’s
expression (Eq. (2)) used to relate P to ¢, was used by Wang and Anderko
[72] to calculate the dielectric constants of mixtures of liquid solvents.
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A deficiency of Oster’s rule (Eq. (7)) is its mixing of pure-component
polarizations at constant temperature and pressure. While this is fine for
liquid mixtures, for mixtures of components of greatly differing volatili-
ties the environment of the pure component at (7, p) may be very differ-
ent from its environment in the mixture at the same (7, p). For example,
a heavy component in a gas mixture might be a liquid at (7, p), and its
molar polarization in that state might not be appropriate to describe its
contribution to the polarization of a gas mixture.

Instead of mixing at constant temperature and pressure, Harvey and
Prausnitz [6] proposed mixing at constant temperature and reduced den-
sity. Their mixing rule is

pom
Puix=)_®FP, (T, . ‘2"‘), ©)
: :

1

where v} is a characteristic molar volume (here taken as the critical vol-
ume) for component i, ®F =x;v//} ;x jv; is a volume fraction defined
with these characteristic volumes, and p, nix is the dimensionless reduced

molar density of the mixture,

Pr,mix = Pmix Z Xi U;k' (10)

1

Because we anticipate extending this framework to polar components such
as refrigerants, we use the Kirkwood expression, Eq. (2), to relate P and ¢
on both sides of Eq. (9). If one is using Eq. (2) in the “reverse” direction
(from P to ¢), the solution is

1
8:Z<1+9PK+3 9P§+2PK+1>. (11

The procedure for computing the mixture dielectric constant at a given
temperature, mixture density, and composition then consists of these
steps:
(a) Compute p, mix with Eq. (10).
(b) Compute the dielectric constant ¢ for each component i at temper-
ature 7 and density ppmix/v]. This uses the pure-component cor-
relations (Eq. (5)) and also Eq. (1) or (I11) to convert P to e,

depending on whether Pcy or Pg was used in the correlation for
component i.

(c) For each component, use Eq. (2) to calculate P; from the value of
& determined in step (b).
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Fig. 3. Differences between predicted and mea-
sured values of the dielectric constant & for the
methane/propane mixture studied by May et al.
[73]. The reported experimental uncertainty in &
is 0.0001.

(d) Compute Ppix with Eq. (9).
(e) Use Eq. (11) to compute the mixture dielectric constant ep,;x from

Prix-

Often the pressure, not the density, will be known, in which case a mixture
EOS must be used to calculate the density prior to the five steps above;
the quality of the dielectric-constant prediction will depend strongly on the
quality of the density prediction.

3.2. Mixture Results

We illustrate the performance of Eq. (9) by comparing its results (and
results from Oster’s rule, Eq. (7)) to data for mixtures of small hydro-
carbons.

Figure 3 compares predictions for the methane/propane (0.8419/0.1581
mole fractions) mixture measured in the vapor phase by May et al. [73].
The Harvey—Prausnitz mixing rule (Eq. (9)) reproduces the measured val-
ues of the dielectric constant ¢ very well; the errors for both isotherms are
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near 0.001.

not much larger than the reported experimental uncertainty of 0.0001 in ¢.
Oster’s rule (Eq. (7)) shows a larger systematic deviation, probably due to
the fact that pure propane is a liquid at the temperature and pressure of
the experiments, while the mixture is a vapor. Similar results are obtained
for the two other dense vapor mixtures (ternary mixtures of methane, pro-
pane, and n-hexane) studied by May et al. [73].

Figure 4 shows a similar comparison for a methane/isobutane
(0.78329/0.21761 mole fractions) mixture measured by Haynes [74] in the
liquid phase at its bubble point. Again, Eq. (9) performs significantly bet-
ter. If the mixture density is calculated with REFPROP [54], the improve-
ment is approximately a factor of 5 over Oster’s rule. If the actual densities
measured by Haynes [74] are used, the error can be reduced still further
(becoming comparable to the reported experimental uncertainty in & of
approximately 0.001); this illustrates the importance of accurate density
prediction as part of a model for the dielectric constant. Similar results
to those shown in Fig. 4 are obtained for the five other binary mixtures
(methane/isobutane and methane/ n-butane) studied by Haynes [74] and
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for the 17 multicomponent liquid mixtures (light hydrocarbons and, in
some cases, nitrogen) studied by Haynes and McCarty [75].

3.3. Possible Enhancement with Binary Parameters

While Eq. (9) seems sufficiently accurate for the natural-gas systems
considered here, such “ideal” mixing may be inadequate for other mix-
tures, particularly those involving polar components such as refrigerants or
water.

Harvey and Prausnitz [6] proposed a modification of Eq. (9) in which
the linear sum was replaced by a quadratic sum with an adjustable binary
parameter for each pair. While their modified equation was able to corre-
late mixtures of polar liquids, it does not reduce to the correct low-density
limit, where molecular interactions vanish and the polarization must be
simply the sum of pure-component values.

There are at least two approaches that might be taken to fix this
problem. First, the binary parameters might be applied only to those parts
of the polarization beyond the A, term, so that their influence would van-
ish at low densities. Second, the binary parameters themselves could be
made density-dependent, with the boundary condition that they go to zero
at zero density.

4. CONCLUSIONS

We have developed correlations for the static dielectric constant of a
number of species, with special attention to those encountered in natural
gas. These correlations improve on previous work due to the availability
of better data at low densities, the availability of modern reference-quality
equations of state for the pure fluids, and a functional form where the
temperature dependence of the first and second dielectric virial coefficients
is suggested by molecular theory.

To predict the dielectric constant of a mixture, we propose mixing the
pure-component polarizations at constant temperature and reduced den-
sity. Comparison to literature data for mixtures of light hydrocarbons indi-
cates that this is superior to the traditional method of mixing at constant
temperature and pressure.

The pure-component correlations and mixing rule reported here will
be implemented in an upcoming version of our database for mixture ther-
mophysical properties [54] that is being developed with an emphasis on the
properties of natural gas.
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