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“If  a  man  will  begin  with  certain(es,  he  shall  
end  in  doubts;  but  if  he  will  be  content  to  
begin  with  doubts,  he  shall  end  in  certain(es.”  


Francis	
  Bacon,	
  The	
  Advancement	
  Of	
  Learning	
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Measurement  is  the  base  of  the  ladder


• Extrac5ng	
  quan5ta5ve	
  statements	
  about	
  evidence	
  
• Direct	
  or	
  indirect	
  (as	
  of	
  photographs)	
  
•  Image	
  capture	
  
•  Image	
  enhancement	
  (“cleaning”)	
  	
  
• Quan5ta5ve	
  image	
  analysis	
  

• Characterizes	
  measurement	
  uncertainty	
  (imprecision)	
  
• Associated	
  with	
  the	
  protocol	
  (how,	
  who,	
  cleaning,	
  etc.)	
  
•  If	
  absent,	
  must	
  be	
  conserva5vely	
  characterized	
  post	
  hoc	
  



Morphometrics


• Shape	
  analysis	
  
•  Size,	
  shape,	
  and	
  other	
  features	
  of	
  form	
  	
  
•  Landmarks	
  (homologous	
  points)	
  
• Outlines	
  and	
  contour	
  boundaries	
  
•  3D	
  trajectories	
  

	
  

• Pa$ern	
  analysis	
  	
  
• Pa$erns,	
  structure,	
  arrangement,	
  configura5on	
  
•  Symmetry,	
  scale,	
  associa5ons,	
  itera5on,	
  granularity,	
  detail,	
  texture	
  

Hard-­‐object	
  outlines	
  
Signatures	
  
Facial	
  features	
  
Profiles,	
  silhoue$es	
  
Shoe	
  or	
  footprints	
  
Tire	
  tread	
  marks	
  



Uncertainty  percolates  up

Valida5on	
  Sta5s5cs	
  

Shape	
  analysis	
   Pa$ern	
  analysis	
  

Measurement	
  

Communica5on	
  

• Uncertain5es	
  origina5ng	
  in	
  the	
  measurements	
  percolate	
  up	
  the	
  
ladder,	
  and	
  uncertainty	
  propaga7on	
  holds	
  the	
  ladder	
  together	
  

• Sta5s5cs:	
  	
  analysis	
  of	
  measurements	
  to	
  get	
  inferences	
  about	
  
shapes	
  

• Communica5on:	
  	
  jus5fying	
  inferences	
  to	
  judges,	
  juries,	
  public	
  

• Valida5on:	
  	
  confirming	
  conclusions	
  with	
  real-­‐world	
  observa5ons	
  



Ellip(c  Fourier  analysis  (EFA)


• Fits	
  a	
  closed	
  curve	
  to	
  any	
  ordered	
  set	
  of	
  points	
  in	
  a	
  plane	
  

• Allows	
  any	
  degree	
  of	
  precision	
  desired	
  

• Orthogonal	
  decomposi5on	
  into	
  a	
  sum	
  of	
  harmonic	
  ellipses	
  

• Very	
  simple	
  computa5onally	
  (doesn’t	
  even	
  need	
  FFT)	
  

• Used	
  for	
  cases	
  with	
  well-­‐defined	
  landmarks	
  or	
  image	
  contours	
  

	
  
K	
  =	
  10	
  
	
  
A0	
  =	
  0	
  
C0	
  =	
  0	
  
an	
  =	
  sort(runif(K),TRUE)	
  
bn	
  =	
  sort(runif(K),TRUE)	
  
cn	
  =	
  sort(runif(K),TRUE)	
  
dn	
  =	
  sort(runif(K),TRUE)	
  
	
  
G	
  =	
  matrix(c(an,bn,cn,dn),nrow=4)	
  
	
  
F	
  =	
  structure(c(0.931816862663254,	
  0.90153575129807,	
  0.733665503561497,	
  	
  
0.694742052117363,	
  0.681221437407658,	
  0.669539315393195,	
  0.647806208347902,	
  	
  
0.394697960698977,	
  0.36292253411375,	
  0.0863935169763863,	
  0.912794857751578,	
  	
  
0.8404793178197,	
  0.7866823351942,	
  0.58862358215265,	
  0.399246792774647,	
  	
  
0.303677116055042,	
  0.248368497705087,	
  0.177925957599655,	
  0.139048394514248,	
  	
  
0.0534069887362421,	
  0.953473141416907,	
  0.944396359147504,	
  0.886193752288818,	
  	
  
0.880613110726699,	
  0.836507598869503,	
  0.691518876003101,	
  0.647631377913058,	
  	
  
0.327022125944495,	
  0.18279283051379,	
  0.08487678039819,	
  0.989607330411673,	
  	
  
0.839850088115782,	
  0.732391222612932,	
  0.60655507305637,	
  0.560145616065711,	
  	
  
0.356530473800376,	
  0.185355341993272,	
  0.0548470329958946,	
  0.0448603741824627,	
  	
  
0.0344456813763827),	
  .Dim	
  =	
  c(4L,	
  10L))	
  
	
  
	
  
rEfourier	
  =	
  func5on(F,	
  many,	
  long,...)	
  {	
  
#	
  Reverse	
  ellip5cal	
  Fourier	
  transform	
  on	
  the	
  input	
  Fourier	
  series	
  
#	
  F	
  generated	
  by	
  fEfourier.m.	
  This	
  reconstructs	
  an	
  approxima5on	
  to	
  the	
  original	
  outline	
  figure	
  
#	
  using	
  the	
  specified	
  number	
  of	
  harmonics	
  and	
  data	
  points.	
  See	
  Kuhl	
  FP	
  and	
  Giardina	
  CR	
  
#	
  "Ellip5c	
  Fourier	
  features	
  of	
  a	
  closed	
  contour"	
  Computer	
  Graphics	
  and	
  
#	
  Image	
  Processing	
  18:236-­‐258	
  1982	
  for	
  theory	
  and	
  details.	
  
	
  
Outline	
  =	
  matrix(0,nrow=long,ncol=2);	
  
	
  
for	
  (t	
  in	
  1:long)	
  {	
  
	
  	
  	
  	
  rSum	
  =	
  0.0;	
  

	
  for	
  (k	
  in	
  2:many)	
  	
  
	
  	
  	
  	
  	
  	
  	
   	
  rSum	
  =	
  rSum	
  +	
  (F[1,k]	
  *	
  cos(2*(k-­‐1)*pi*t	
  /	
  long)	
  +	
  F[2,k]	
  *	
  sin(2*(k-­‐1)*pi*t	
  /	
  long));	
  
	
  	
  	
   	
  Outline[t,1]	
  =	
  F[1,1]	
  +	
  rSum;	
  
	
  	
  }	
  	
  
	
  
for	
  (t	
  in	
  1:long)	
  {	
  
	
  	
  	
  	
  rSum	
  =	
  0.0;	
  
	
  	
  for	
  (k	
  in	
  2:many)	
  	
  
	
  	
  	
   	
  	
  	
  	
  	
  	
  	
  rSum	
  =	
  rSum	
  +	
  (F[3,k]	
  *	
  cos(2*(k-­‐1)*pi*t	
  /	
  long)	
  +	
  F[4,k]	
  *	
  sin(2*(k-­‐1)*pi*t	
  /	
  long));	
  
	
  	
  	
   	
  Outline[t,2]	
  =	
  F[3,1]	
  +	
  rSum;	
  
	
  	
  }	
  	
  
Outline	
  
}	
  
	
  
	
  
	
  
	
  
efourier	
  =	
  func5on	
  (coo,	
  nb.h	
  =	
  32)	
  {	
  
	
  	
  	
  	
  if	
  (is.matrix(coo))	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  coo	
  <-­‐	
  list(x	
  =	
  coo[,	
  1],	
  y	
  =	
  coo[,	
  2])	
  
	
  	
  	
  	
  	
  
	
  	
  	
  	
  if	
  (missing(nb.h))	
  {	
  
	
  	
  	
  	
  	
  	
  	
  	
  nb.h	
  <-­‐	
  length(coo$x)/2	
  -­‐	
  1	
  
	
  	
  	
  	
  	
  	
  	
  	
  warning(paste("	
  *	
  'nb.h'	
  not	
  provided	
  and	
  set	
  to",	
  nb.h))	
  
	
  	
  	
  	
  }	
  
	
  
	
  	
  	
  	
  p	
  <-­‐	
  length(coo$x)	
  
	
  	
  	
  	
  Dx	
  <-­‐	
  coo$x	
  -­‐	
  coo$x[c(p,	
  (1:p	
  -­‐	
  1))]	
  
	
  	
  	
  	
  Dy	
  <-­‐	
  coo$y	
  -­‐	
  coo$y[c(p,	
  (1:p	
  -­‐	
  1))]	
  
	
  	
  	
  	
  Dt	
  <-­‐	
  sqrt(Dx^2	
  +	
  Dy^2)	
  
	
  	
  	
  	
  t1	
  <-­‐	
  cumsum(Dt)	
  
	
  	
  	
  	
  t1m1	
  <-­‐	
  c(0,	
  t1[-­‐p])	
  
	
  	
  	
  	
  T	
  <-­‐	
  sum(Dt)	
  
	
  	
  	
  	
  an	
  <-­‐	
  bn	
  <-­‐	
  cn	
  <-­‐	
  dn	
  <-­‐	
  numeric(nb.h)	
  
	
  	
  	
  	
  for	
  (i	
  in	
  1:nb.h)	
  {	
  
	
  	
  	
  	
  	
  	
  	
  	
  Ti	
  <-­‐	
  (T/(2	
  *	
  pi^2	
  *	
  i^2))	
  
	
  	
  	
  	
  	
  	
  	
  	
  r	
  <-­‐	
  2	
  *	
  i	
  *	
  pi	
  
	
  	
  	
  	
  	
  	
  	
  	
  an[i]	
  <-­‐	
  Ti	
  *	
  sum((Dx/Dt)	
  *	
  (cos(r	
  *	
  t1/T)	
  -­‐	
  cos(r	
  *	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  t1m1/T)))	
  
	
  	
  	
  	
  	
  	
  	
  	
  bn[i]	
  <-­‐	
  Ti	
  *	
  sum((Dx/Dt)	
  *	
  (sin(r	
  *	
  t1/T)	
  -­‐	
  sin(r	
  *	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  t1m1/T)))	
  
	
  	
  	
  	
  	
  	
  	
  	
  cn[i]	
  <-­‐	
  Ti	
  *	
  sum((Dy/Dt)	
  *	
  (cos(r	
  *	
  t1/T)	
  -­‐	
  cos(r	
  *	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  t1m1/T)))	
  
	
  	
  	
  	
  	
  	
  	
  	
  dn[i]	
  <-­‐	
  Ti	
  *	
  sum((Dy/Dt)	
  *	
  (sin(r	
  *	
  t1/T)	
  -­‐	
  sin(r	
  *	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  t1m1/T)))	
  
	
  	
  	
  	
  }	
  
	
  	
  	
  	
  ao	
  <-­‐	
  2	
  *	
  sum(coo$x	
  *	
  Dt/T)	
  
	
  	
  	
  	
  co	
  <-­‐	
  2	
  *	
  sum(coo$y	
  *	
  Dt/T)	
  
	
  	
  	
  	
  return(list(an	
  =	
  an,	
  bn	
  =	
  bn,	
  cn	
  =	
  cn,	
  dn	
  =	
  dn,	
  ao	
  =	
  ao,	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  co	
  =	
  co))	
  
}	
  
	
  
	
  
efourier.i	
  =	
  func5on	
  (ef,	
  nb.h,	
  nb.pts	
  =	
  300)	
  	
  
{	
  
	
  	
  	
  	
  if	
  (is.null(ef$ao))	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  ef$ao	
  <-­‐	
  0	
  
	
  	
  	
  	
  if	
  (is.null(ef$co))	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  ef$co	
  <-­‐	
  0	
  
	
  	
  	
  	
  an	
  <-­‐	
  ef$an	
  
	
  	
  	
  	
  bn	
  <-­‐	
  ef$bn	
  
	
  	
  	
  	
  cn	
  <-­‐	
  ef$cn	
  
	
  	
  	
  	
  dn	
  <-­‐	
  ef$dn	
  
	
  	
  	
  	
  ao	
  <-­‐	
  ef$ao	
  
	
  	
  	
  	
  co	
  <-­‐	
  ef$co	
  
	
  	
  	
  	
  if	
  (missing(nb.h))	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  nb.h	
  <-­‐	
  length(an)	
  
	
  	
  	
  	
  theta	
  <-­‐	
  seq(0,	
  2	
  *	
  pi,	
  length	
  =	
  nb.pts	
  +	
  1)[-­‐(nb.pts	
  +	
  1)]	
  
	
  	
  	
  	
  hx	
  <-­‐	
  matrix(NA,	
  nb.h,	
  nb.pts)	
  
	
  	
  	
  	
  hy	
  <-­‐	
  matrix(NA,	
  nb.h,	
  nb.pts)	
  
	
  	
  	
  	
  for	
  (i	
  in	
  1:nb.h)	
  {	
  
	
  	
  	
  	
  	
  	
  	
  	
  hx[i,	
  ]	
  <-­‐	
  an[i]	
  *	
  cos(i	
  *	
  theta)	
  +	
  bn[i]	
  *	
  sin(i	
  *	
  theta)	
  
	
  	
  	
  	
  	
  	
  	
  	
  hy[i,	
  ]	
  <-­‐	
  cn[i]	
  *	
  cos(i	
  *	
  theta)	
  +	
  dn[i]	
  *	
  sin(i	
  *	
  theta)	
  
	
  	
  	
  	
  }	
  
	
  	
  	
  	
  x	
  <-­‐	
  (ao/2)	
  +	
  apply(hx,	
  2,	
  sum)	
  
	
  	
  	
  	
  y	
  <-­‐	
  (co/2)	
  +	
  apply(hy,	
  2,	
  sum)	
  
	
  	
  	
  	
  list(x	
  =	
  x,	
  y	
  =	
  y)	
  
}	
  
	
  
###########################################	
  
for	
  (k	
  in	
  1:10)	
  {	
  
	
  	
  G	
  =	
  rEfourier(F,	
  k,	
  100)	
  
	
  	
  plot(G[,1],G[,2],type='l')	
  
	
  	
  5tle(paste(k))	
  
	
  	
  Sys.sleep(1)	
  
	
  	
  }	
  
	
  
	
  
###########################################	
  
G	
  =	
  rEfourier(F,	
  10,	
  1000)	
  
plot(G[,1],G[,2],type='l',	
  axes=FALSE,	
  xlab='',ylab='',lwd=3)	
  
	
  
an	
  =	
  sort(runif(K),TRUE)	
  
bn	
  =	
  sort(runif(K),TRUE)	
  
cn	
  =	
  sort(runif(K),TRUE)	
  
dn	
  =	
  sort(runif(K),TRUE)	
  
H	
  =	
  matrix(c(an,bn,cn,dn),nrow=4)	
  
G	
  =	
  rEfourier(H,	
  10,	
  1000)	
  
lines(G[,1],G[,2]+4,col='red',lwd=3)	
  
	
  
	
  
###########################################	
  
G	
  =	
  rEfourier(F,	
  K,	
  500)	
  
plot(G[,1],G[,2],type='l',	
  axes=FALSE,	
  xlab='',ylab='')	
  
	
  
for	
  (i	
  in	
  1:20)	
  {	
  
	
  	
  FF	
  =	
  F	
  +	
  matrix(rep(exp(-­‐(1:10)),4)*runif(4*K,-­‐1,1),nrow=4)	
  
	
  	
  G	
  =	
  rEfourier(FF,	
  K,	
  500)	
  
	
  	
  lines(G[,1],G[,2],type='l',col='red')	
  
	
  	
  }	
  
G	
  =	
  rEfourier(F,	
  K,	
  1000)	
  
lines(G[,1],G[,2],type='l',lwd=3)	
  
	
  
	
  
###########################################	
  
#library('Momocs')	
  
	
  
n	
  =	
  12	
  
outline	
  =	
  matrix(c(sort(runif(n)),	
  rev(sort(runif(n))),sort(runif(n)),	
  rev(sort(runif(n)))),ncol=2)	
  
	
  
outline	
  =	
  structure(c(0.142304930603132,	
  0.287220758618787,	
  0.329481156310067,	
  	
  
0.335029273992404,	
  0.345690762624145,	
  0.563260455382988,	
  0.709475194802508,	
  	
  
0.7533429490868,	
  0.759837211342528,	
  0.845906330738217,	
  0.861723861424252,	
  	
  
0.979054439580068,	
  0.897795345634222,	
  0.809509518556297,	
  0.799592384835705,	
  	
  
0.739270605146885,	
  0.722970525966957,	
  0.703055592486635,	
  0.555059442529455,	
  	
  
0.499980105552822,	
  0.426009716931731,	
  0.302133097080514,	
  0.267556163482368,	
  	
  
0.233482297509909,	
  0.224396689096466,	
  0.347050167620182,	
  0.389862522482872,	
  	
  
0.622467246372253,	
  0.708196952706203,	
  0.734891070984304,	
  0.746109507512301,	
  	
  
0.798205425264314,	
  0.810039889998734,	
  0.856668167980388,	
  0.8994727935642,	
  	
  
0.936040151398629,	
  0.807215478038415,	
  0.597798252012581,	
  0.515662655001506,	
  	
  
0.515238773310557,	
  0.468560590641573,	
  0.427259126212448,	
  0.377241090638563,	
  	
  
0.270879551768303,	
  0.260618426837027,	
  0.226373351179063,	
  0.0942605806048959,	
  	
  
0.0707358277868479),	
  .Dim	
  =	
  c(24L,	
  2L))	
  
	
  
#########################################	
  
par(mfrow=c(1,1))	
  
N	
  =	
  length(outline[,1])	
  
out1	
  =	
  outline	
  +	
  matrix(runif(2*N,-­‐0.1,0),nrow=N)	
  
out2	
  =	
  outline	
  +	
  matrix(runif(2*N,0,0.1),nrow=N)	
  
	
  
out1	
  =structure(c(0.116651252680458,	
  0.230285607697442,	
  0.263692319788971,	
  	
  
0.256904673320241,	
  0.30452134096995,	
  0.537735160370357,	
  0.691493980074302,	
  	
  
0.659092769608833,	
  0.682308939518407,	
  0.745916315400973,	
  0.841570848994888,	
  	
  
0.974318078393117,	
  0.882577188382857,	
  0.761899252282456,	
  0.714680423750542,	
  	
  
0.722319016954862,	
  0.636426406400278,	
  0.658601736882702,	
  0.49054542623926,	
  	
  
0.487490791943855,	
  0.381956008286216,	
  0.263806396489963,	
  0.205541802989319,	
  	
  
0.187021947954782,	
  0.196396267064847,	
  0.331079316092655,	
  0.335279487539083,	
  	
  
0.622065957006999,	
  0.617192338127643,	
  0.686707994481549,	
  0.692921439721249,	
  	
  
0.707014205818996,	
  0.754377134307288,	
  0.807398408534937,	
  0.899175041029229,	
  	
  
0.919197210646234,	
  0.779165168921463,	
  0.570018502068706,	
  0.461321794101968,	
  	
  
0.423987114313059,	
  0.443472637049854,	
  0.376916447049007,	
  0.277841762476601,	
  	
  
0.266340829059482,	
  0.234696973487735,	
  0.188657005503773,	
  0.0287004644516855,	
  	
  
0.000188007019460146),	
  .Dim	
  =	
  c(24L,	
  2L))	
  
	
  
out2	
  =	
  structure(c(0.145372460898944,	
  0.294528342783451,	
  0.420581501233392,	
  	
  
0.399812679365277,	
  0.385926478123293,	
  0.623622428276576,	
  0.75294881828595,	
  	
  
0.754771916219033,	
  0.836941308155655,	
  0.923106619296596,	
  0.941332506597973,	
  	
  
1.07533525342587,	
  0.908553859917447,	
  0.825427493290045,	
  0.841552198631689,	
  	
  
0.756073950696737,	
  0.783570917672477,	
  0.779498151456937,	
  0.592014965740964,	
  	
  
0.549566185567528,	
  0.506952341552824,	
  0.352702299947851,	
  0.276908953255042,	
  	
  
0.252421619044617,	
  0.316523887449876,	
  0.353509445209056,	
  0.414378470694646,	
  	
  
0.655838327505626,	
  0.779068894614466,	
  0.820552537613548,	
  0.7916488641873,	
  	
  
0.830607103742659,	
  0.885579217062332,	
  0.857409199420363,	
  0.905800660536624,	
  	
  
0.964107994176447,	
  0.903217199351638,	
  0.684416931751185,	
  0.560160927893594,	
  	
  
0.564705520495772,	
  0.493805813416839,	
  0.482012316840701,	
  0.433822826459072,	
  	
  
0.304138678405434,	
  0.312767780781724,	
  0.321128036710433,	
  0.103285691281781,	
  	
  
0.0949164832942187),	
  .Dim	
  =	
  c(24L,	
  2L))	
  
	
  
plot(NULL,	
  xlim=range(c(out1[,1],out2[,1])),ylim=range(c(out1[,2],out2[,2])),	
  axes=FALSE,	
  xlab='',ylab='')	
  
rect(out1[,1],	
  out1[,2],	
  out2[,1],	
  out2[,2])	
  
	
  
	
  
#########################################	
  
plot(NULL,	
  xlim=range(c(out1[,1],out2[,1])),ylim=range(c(out1[,2],out2[,2])),	
  axes=FALSE,	
  xlab='',ylab='')	
  
points(outline)	
  
	
  
#########################################	
  
plot(NULL,	
  xlim=range(c(out1[,1],out2[,1])),ylim=range(c(out1[,2],out2[,2])),	
  axes=FALSE,	
  xlab='',ylab='')	
  
rect(out1[,1],	
  out1[,2],	
  out2[,1],	
  out2[,2])	
  
K	
  =	
  50	
  
for	
  (i	
  in	
  1:25)	
  {	
  
	
  	
  out	
  =	
  out1	
  +	
  (out2	
  -­‐	
  out1)	
  *	
  matrix(runif(2*N),nrow=N)	
  
	
  	
  q	
  <-­‐	
  efourier(out,K);	
  	
  
	
  	
  lines(efourier.i(q),col='red',lwd=3)	
  
	
  	
  }	
  
	
  
many	
  =	
  500	
  
qqan	
  =	
  rep(0,K);	
  	
  qqbn=rep(0,K);	
  	
  qqcn=rep(0,K);	
  	
  qqdn=rep(0,K);	
  	
  qqa0=0;	
  	
  qqc0=0	
  
for	
  (i	
  in	
  1:many)	
  {	
  
	
  	
  out	
  =	
  out1	
  +	
  (out2	
  -­‐	
  out1)	
  *	
  matrix(runif(2*N),nrow=N)	
  
	
  	
  q	
  <-­‐	
  efourier(out,50);	
  	
  
	
  	
  qqan=qqan+q$an;	
  qqbn=qqbn+q$bn;	
  qqcn=qqcn+q$cn;	
  qqdn=qqdn+q$dn;	
  qqa0=qqa0+q$ao;	
  qqc0=qqc0+q$co	
  
	
  	
  }	
  
q	
  =	
  list(an=qqan/many,bn=qqbn/many,cn=qqcn/many,dn=qqdn/many,ao=qqa0/many,co=qqc0/many)	
  
lines(efourier.i(q),col='yellow',lwd=3)	
  
	
  
out	
  =	
  (out1	
  +	
  out2)	
  /	
  2	
  
q	
  <-­‐	
  efourier(out,50);	
  	
  
lines(efourier.i(q),col='blue',lwd=3)	
  
	
  
#########################################	
  
par(mfrow=c(3,3))	
  
for	
  (i	
  in	
  1:9)	
  {	
  
	
  	
  plot(NULL,	
  xlim=range(c(out1[,1],out2[,1])),ylim=range(c(out1[,2],out2[,2])),	
  axes=FALSE,	
  xlab='',ylab='')	
  
	
  	
  rect(out1[,1],	
  out1[,2],	
  out2[,1],	
  out2[,2],border='gray90')	
  
	
  	
  out	
  =	
  matrix(ifelse(runif(2*N)<0.5,array(out1),array(out2)),nrow=N)	
  
	
  	
  q	
  <-­‐	
  efourier(out,K);	
  	
  
	
  	
  lines(efourier.i(q),col='red',lwd=3)	
  
	
  	
  }	
  
	
  
#########################################	
  
par(mfrow=c(3,3))	
  
for	
  (i	
  in	
  1:9)	
  {	
  
	
  	
  plot(NULL,	
  xlim=range(c(out1[,1],out2[,1])),ylim=range(c(out1[,2],out2[,2])),	
  axes=FALSE,	
  xlab='',ylab='')	
  
	
  	
  rect(out1[,1],	
  out1[,2],	
  out2[,1],	
  out2[,2],border='gray95')	
  
	
  	
  out	
  =	
  out1	
  +	
  (out2	
  -­‐	
  out1)	
  *	
  matrix(runif(2*N),nrow=N)	
  
	
  	
  q	
  <-­‐	
  efourier(out,K);	
  	
  
	
  	
  lines(efourier.i(q),col='red',lwd=3)	
  
	
  	
  }	
  
	
  
	
  
#########################################	
  
par(mfrow=c(3,3))	
  
for	
  (k	
  in	
  c(1,2,3,5,10,25,50))	
  {	
  
	
  	
  q	
  <-­‐	
  efourier(outline,k);	
  	
  
	
  	
  plot(outline,lwd=3,	
  axes=FALSE,	
  xlab='',ylab='')	
  
	
  	
  lines(efourier.i(q),col='red',lwd=3)	
  
	
  	
  5tle(paste(k))	
  	
  
	
  	
  }	
  
	
  
#########################################	
  
safe	
  =	
  outline	
  
o	
  =	
  order(runif(length(outline[,1])))	
  
outline[,1]	
  =	
  safe[o,1]	
  
outline[,2]	
  =	
  safe[o,2]	
  
shuffled	
  =	
  outline	
  
for	
  (k	
  in	
  c(50,2000))	
  {	
  
	
  	
  q	
  <-­‐	
  efourier(outline,k);	
  	
  
	
  	
  plot(outline,lwd=3,	
  axes=FALSE,	
  xlab='',ylab='')	
  
	
  	
  lines(efourier.i(q),col='red',lwd=3)	
  
	
  	
  5tle(paste(k))	
  	
  
	
  	
  }	
  
outline	
  =	
  safe	
  
	
  
#########################################	
  
par(mfrow=c(1,2))	
  
	
  
N	
  =	
  length(outline[,1])	
  
for	
  (i	
  in	
  1:N)	
  if	
  (runif(1)<0.01)	
  {swap=outline[i,];	
  j=1+trunc(runif(1,0,N));	
  outline[i,]=outline[j,];	
  outline[j,]=swap}	
  
for	
  (k	
  in	
  c(50,10000))	
  {	
  
	
  	
  q	
  <-­‐	
  efourier(outline,k);	
  	
  
	
  	
  plot(outline,lwd=3,	
  axes=FALSE,	
  xlab='',ylab='')	
  
	
  	
  lines(efourier.i(q),col='red',lwd=3)	
  
	
  	
  5tle(paste(k))	
  	
  
	
  	
  }	
  
outline	
  =	
  safe	
  
	
  
#	
  I	
  thought	
  shuffling	
  would	
  delay	
  fit	
  un5l	
  larger	
  number	
  of	
  harmonics	
  
#	
  but	
  I	
  don't	
  seem	
  to	
  be	
  able	
  to	
  demonstrate	
  this	
  
	
  
	
  
#########################################	
  
par(mfrow=c(1,1))	
  
plot(outline,lwd=3,	
  axes=FALSE,	
  xlab='',ylab='')	
  
q	
  <-­‐	
  efourier(outline,50);	
  	
  
lines(efourier.i(q),col='red',lwd=3)	
  
	
  
#########################################	
  
plot(outline,lwd=3,	
  axes=FALSE,	
  xlab='',ylab='')	
  
	
  
#########################################	
  
plot(outline[-­‐5,],lwd=3,	
  axes=FALSE,	
  xlab='',ylab='')	
  
	
  
#########################################	
  
safex	
  =	
  outline[5,1]	
  
safey	
  =	
  outline[5,2]	
  
	
  
for	
  (i	
  in	
  1:125)	
  {	
  
	
  	
  outline[5,1]	
  =	
  safex	
  +	
  runif(1,-­‐0.003,0.2)	
  	
  	
  
	
  	
  outline[5,2]	
  =	
  safey	
  +	
  runif(1,-­‐0.1,0.13)	
  	
  	
  
	
  	
  points(outline,col='blue')	
  	
  	
  
#	
  	
  q	
  <-­‐	
  efourier(outline,50)	
  
#	
  	
  lines(efourier.i(q),col='red',lwd=1)	
  
	
  	
  }	
  
outline[5,1]	
  =	
  safex	
  
outline[5,2]	
  =	
  safey	
  
	
  
#########################################	
  
plot(outline[-­‐5,],lwd=3,	
  axes=FALSE,	
  xlab='',ylab='')	
  
for	
  (i	
  in	
  1:25)	
  {	
  
	
  	
  outline[5,1]	
  =	
  safex	
  +	
  runif(1,-­‐0.003,0.2)	
  	
  	
  
	
  	
  outline[5,2]	
  =	
  safey	
  +	
  runif(1,-­‐0.1,0.13)	
  	
  	
  
	
  	
  q	
  <-­‐	
  efourier(outline,50)	
  
	
  	
  lines(efourier.i(q),col='red',lwd=1)	
  
	
  	
  }	
  
outline[5,1]	
  =	
  safex	
  
outline[5,2]	
  =	
  safey	
  
#########################################	
  

Like	
  Ptolemy’s	
  epicycles	
  fit	
  a	
  planet’s	
  orbit	
  arbitrary	
  closely	
  



Landmark  data
 e.g.,	
  loca5ons	
  of	
  facial	
  features	
  or	
  bone	
  homologies	
  



Landmark  data
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Normaliza(ons


• Several	
  aspects	
  of	
  a	
  contour	
  may	
  be	
  irrelevant	
  to	
  its	
  “shape”	
  

• Placement	
  
• Orienta5on	
  
•  Size	
  or	
  magnifica5on	
  
•  Star5ng	
  point	
  
• Direc5on	
  of	
  the	
  trace	
  

• The	
  EFA	
  coefficients	
  can	
  be	
  normalized	
  to	
  ignore	
  these	
  
things	
  
• Analysts	
  can	
  chose	
  which	
  normaliza5ons	
  to	
  use	
  



Signatures


• Mar5-­‐Puig	
  et	
  al.	
  (2013)	
  applied	
  EFA	
  to	
  signatures	
  h$p://repositori.uvic.cat/
bitstream/handle/10854/2278/artconlli_a2013_mar5_puig_parameteriza5on_wri$en.pdf?sequence=1	
  

Parameteriza2on	
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  signatures	
  based	
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Keywords:	
  Quan5ta5ve	
  shape	
  analysis,	
  Ellip5cal	
  Fourier	
  
Descriptors	
  (EFD),	
  handwri5ng	
  recogni5on,	
  biometrics.	
  	
  
	
  
Abstract:	
  In	
  this	
  work	
  we	
  propose	
  a	
  method	
  to	
  quan5fy	
  
wri$en	
  signatures	
  from	
  digitalized	
  images	
  based	
  on	
  the	
  
use	
  of	
  Ellip5cal	
  Fourier	
  Descriptors	
  (EFD).	
  As	
  usually	
  
signatures	
  are	
  not	
  represented	
  as	
  a	
  closed	
  contour,	
  and	
  
being	
  that	
  a	
  necessary	
  condi5on	
  in	
  order	
  to	
  apply	
  EFD,	
  
we	
  have	
  developed	
  a	
  method	
  that	
  represents	
  the	
  
signatures	
  by	
  means	
  of	
  a	
  set	
  of	
  closed	
  contours.	
  One	
  of	
  
the	
  advantages	
  of	
  this	
  method	
  is	
  that	
  it	
  can	
  reconstruct	
  
the	
  original	
  shape	
  from	
  all	
  the	
  coefficients,	
  or	
  an	
  
approximated	
  shape	
  from	
  a	
  reduced	
  set	
  of	
  them	
  finding	
  
the	
  appropriate	
  number	
  of	
  EFD	
  coefficients	
  required	
  for	
  
preserving	
  the	
  important	
  informa5on	
  in	
  each	
  
applica5on.	
  EFD	
  provides	
  accurate	
  frequency	
  
informa5on,	
  thus	
  the	
  use	
  of	
  EFD	
  opens	
  many	
  
possibili5es.	
  The	
  method	
  can	
  be	
  extended	
  to	
  represent	
  
other	
  kind	
  of	
  shapes.	
  	
  



What  if  the  landmarks/contour  is  poorly  defined?


• Honest	
  characteriza5on	
  of	
  measurement	
  uncertain5es	
  may	
  
result	
  in	
  contours	
  that	
  are	
  imprecisely	
  or	
  incompletely	
  defined	
  

• EFA	
  can	
  be	
  applied	
  in	
  these	
  cases	
  too	
  

• These	
  applica5ons	
  require	
  modern	
  uncertainty	
  projec5on	
  
which	
  dis5nguishes	
  between	
  	
  
•  Epistemic	
  uncertainty:	
  	
  	
  imprecise	
  or	
  missing	
  measurements	
  
• Aleatory	
  uncertainty:	
  	
  varia5on	
  across	
  a	
  popula5on	
  



Popula(on  of  shapes


• Different	
  signature	
  samples	
  across	
  documents	
  
• Impressions	
  made	
  by	
  a	
  given	
  shoe	
  
• Impressions	
  made	
  by	
  a	
  kind	
  of	
  shoe	
  
• Shoe	
  impressions	
  by	
  a	
  group	
  of	
  people	
  

Varia5on	
  is	
  aleatory	
  uncertainty	
  



Missing  or  uncertain  landmarks




  




Suppose  the  loca(on  is  par(ally  known




Several  shapes  are  epistemically  possible


K	
  =	
  50	
  



Digi(za(on  uncertainty


• Imprecision	
  in	
  capturing	
  the	
  points	
  in	
  the	
  plane	
  
• Different	
  technologies	
  have	
  different	
  very	
  precisions	
  
• Doubt	
  about	
  the	
  defini5on	
  of	
  a	
  landmark	
  

• Tradi5onally	
  ignored	
  
•  Spli~ng	
  the	
  difference	
  
• Analyst’s	
  judgment	
  

• Can	
  be	
  quite	
  important	
  when	
  propagated	
  to	
  conclusions	
  

• EFA	
  can	
  handle	
  and	
  account	
  for	
  this	
  epistemic	
  uncertainty	
  

Where’s	
  the	
  extremum	
  on	
  a	
  rounded	
  process?	
  
Where’s	
  the	
  vertex	
  exactly	
  in	
  a	
  bifurca5on?	
  
Where’s	
  the	
  center	
  of	
  an	
  oculus?	
  
Where	
  is	
  the	
  midline	
  of	
  a	
  ridge?	
  

Automated	
  or	
  human-­‐mediated?	
  
What	
  is	
  the	
  image	
  resolu5on	
  /	
  pixel	
  size?	
  
Were	
  there	
  photographic	
  distor5ons?	
  
Did	
  the	
  image	
  cleaning	
  remove	
  some	
  details?	
  



Analysts  oQen  report  points  for  uncertain  areas


Areas	
  can	
  be	
  large	
  or	
  small	
  (precise)	
  
Uncertainty	
  may	
  vary	
  among	
  landmarks	
  
Different	
  in	
  each	
  dimension	
  
Point	
  values	
  not	
  always	
  in	
  the	
  centers	
  
Can	
  even	
  be	
  overlapping	
  
Much	
  more	
  realis5c	
  



Areas  can  be  used  to  locate  landmarks




The  result  is  a  set  of  shapes,  any  of  which  is  possible




Standard  mul(variate  sta(s(cal  solu(ons


• Is	
  a	
  given	
  shape	
  an	
  outlier	
  compared	
  to	
  a	
  popula5on	
  of	
  shapes?	
  

• Which	
  cluster	
  of	
  shapes	
  is	
  a	
  given	
  shape	
  most	
  like?	
  	
  

• Are	
  groups	
  of	
  shapes	
  from	
  the	
  same	
  popula5on	
  of	
  shapes?	
  

• How	
  variable	
  are	
  shapes	
  that	
  are	
  as	
  different	
  as	
  a	
  given	
  shape	
  
from	
  a	
  known	
  exemplar	
  shape?	
  

	
  
	
  	
  Sta5s5cal	
  methods	
  work	
  in	
  the	
  shape	
  space	
  of	
  EFA	
  coefficients	
  

Averages,	
  distance,	
  clusters,	
  classifica5ons,	
  regressions	
  on	
  age/gender/race,	
  etc.	
  
• Average	
  shapes	
  
• Differences	
  between	
  shapes	
  
• Cluster	
  analysis	
  
• Discriminant	
  analyses	
  (classifica5on	
  into	
  groups) 	
  	
  
• Mahalanobis	
  distances	
  (how	
  many	
  sd	
  is	
  a	
  shape	
  from	
  a	
  popula5on)	
  
• Hotelling’s	
  T2	
  (mul5variate	
  t-­‐test)	
  



Panoply  of  shapes




Visualizing  varia(on


• Explaining	
  a	
  “match”	
  to	
  juries	
  and	
  judges	
  is	
  hard	
  	
  

• Non-­‐experts	
  lack	
  the	
  necessary	
  experience	
  and	
  context	
  

• Yet	
  humans	
  have	
  extremely	
  sophis5cated	
  visual	
  skills	
  

• Recons5tuted	
  shapes	
  from	
  EFA	
  can	
  visualize	
  discrepancies	
  as	
  
a	
  panoply	
  of	
  shapes,	
  each	
  of	
  which	
  is	
  as	
  different	
  from	
  an	
  
exemplar	
  shape	
  as	
  the	
  given	
  shape	
  



Generality


• Can	
  omit	
  some	
  invariance	
  normaliza5ons	
  
•  Some5mes	
  size,	
  orienta5on,	
  loca5on,	
  sense,	
  start,	
  etc.	
  ma$er	
  

• Don’t	
  need	
  a	
  con5nuous	
  trace;	
  	
  works	
  with	
  any	
  point	
  sequence	
  
•  Landmarks	
  that	
  have	
  been	
  assigned	
  an	
  (arbitrary	
  or	
  natural)	
  order	
  

• Doesn’t	
  need	
  to	
  be	
  in	
  a	
  plane	
  
•  3D	
  trajectories	
  with	
  a	
  third	
  equa5on	
  for	
  differences	
  in	
  z-­‐direc5on	
  

• Correctly	
  handles	
  aleatory	
  and	
  epistemic	
  uncertainty	
  



Handling  error  in  forensic  shape  analysis


• Honesty	
  about	
  measurement	
  uncertain5es	
  

• Careful	
  propaga5on	
  of	
  epistemic	
  measurement	
  uncertain5es	
  

• Good	
  sta5s5cal	
  analyses	
  to	
  account	
  for	
  varia5on	
  

• Addressing	
  uncertainty	
  means	
  “100%	
  matches”	
  won’t	
  happen	
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  unanswerable,	
  and	
  not	
  to	
  answer	
  them:	
  
this	
  skill	
  is	
  most	
  needful	
  in	
  5mes	
  of	
  stress	
  and	
  darkness.”	
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  K.	
  Le	
  Guin,	
  The	
  Le<	
  Hand	
  of	
  Darkness	
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