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Trapped ions are a platform offering exquisite quantum control of small systems, placing them

at the frontier of quantum metrology, simulation, and computation. This thesis describes advances

in scaling to large ion numbers using two-dimensional ion crystals confined in a Penning trap. Global

control of the axial collective center-of-mass (COM) motional mode, coupled to each ion’s spin degree

of freedom, enabled a quantum simulation of the Dicke model-a fundamental model of quantum

optics exhibiting dynamical phase transitions, entanglement generation, and chaotic dynamics. The

Penning trap platform allows exploration in a chaotic regime where the collective bosonic degree

of freedom participates strongly in the dynamics while remaining highly coherent with minimal

dissipation.

Moving beyond global interactions, a novel addressing scheme is demonstrated using a de-

formable mirror to impart patterned spin rotations onto the ion crystal, which rotates at ∼180

kHz. Using this deformable mirror has also allowed temperature diagnostics of previously poorly

characterized in-plane modes in the rotating frame of the crystal. These temperature diagnostics

have allowed detailed study of a new cooling technique for the in-plane modes involving a driven

coupling between in-plane modes called axialization. Previous studies of axialization in Penning

traps have been limited to small systems and coupling between COM modes of motion, with unique

previously unexplored dynamics occurring in larger systems. This coupling has allowed roughly an

order-of-magnitude reduction in the in-plane temperature, a fundamental issue limiting the stability

of the axial modes.
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Chapter 1

Introduction

Working with large-scale quantum systems while maintaining useful quantum coherence is an

inherently challenging but exciting regime to be in. The NIST Penning trap experiment has pushed

on this frontier, and this thesis builds on that work to further improve the control and tools available

to the system.

1.1 NIST Penning trap platform

Trapped ion systems are quantum systems that have demonstrated excellent quantum control,

from high-fidelity gates [1, 2] to atomic clocks [3, 4] to precise atomic sensors [5–7]. However,

generally these systems work with oscillating electric fields to confine the ions, and are often difficult

to scale up to larger sizes while not having detrimental effects from these oscillating fields. Enter

the Penning trap, an ion trap that instead utilizes static electric and magnetic fields to confine the

ions. Penning traps are often utilized in precision measurement regimes of single particles where

the strong magnetic field can allow precision measurements of g-factors and masses of fundamental

particles [8–12]. However, in the NIST platform, large ion numbers are readily trapped, cooled until

crystallized, and controlled to form 2D crystals [13].

While easily allowing systems of hundreds of ions or even thousands in a 3D geometry to be

confined, the Penning trap suffers from a fundamental new challenge where the crystal undergoes

rigid body rotation generally at tens to hundreds of kHz. This constraint has made local control of

each ion in the rotating frame challenging. Additionally, motion in the plane has been historically
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difficult to cool and limited the stability and control of the system. The fundamental challenge of

2D arrays in Penning traps is to see how much control can be engineered back into the system, a

fundamentally different strategy than many trapped ion quantum information experiments that start

with incredible control of a few ions and engineer ways to scale up the system.

Like many ion trap experiments, the system relies on exquisite control of the collective motion

of the ions and the spin degree of freedom of each ion. The collective motion comes from each

ion acting as a harmonic oscillator in the quadratic confining potential, with each ion strongly

coupled to all other ions via the Coulomb repulsion. The spin degree of freedom in our system

is roughly the valence electron spin of each 9Be+ ion. Previous demonstrations in our apparatus

include generation of spin-squeezing [14], or equivalently large-scale entanglement between ∼ 100

spins, quantum simulations [15–17], near ground state cooling of ∼ 100 collective motional modes

[18, 19], and precision sensing of weak electric fields below the standard quantum limit [6].

1.2 The NIST Penning trap superconducting magnet

This thesis would not be complete without taking a detour to address the magnet in the room.

The NIST superconducting magnet was built around 1990 by Nalorac and ran for approximately

30 years, rarely ever being intentionally warmed up from cryogenic temperatures. After a series

of increasingly common quench events, in which the coil runaway heats by having a segment of

wire go into a normal resistance state and then dissipates the current, the original coil produced its

last magnetic field of more than a Tesla on July 1st 2021. In that final quench the overprotection

circuit presumably failed or was broken and dissipated all the heat into the main coil, burning it and

producing a small nonzero resistance in the coil. In hindsight, the ultimate reason for this quench

was likely due to a small air leak in the helium tower that, particularly in the last few years of use,

built up frozen air on the pins used to connect to the magnet coil. To make a connection to the coil,

increasingly risky amounts of heat had to be applied to de-ice the pins to allow a clean connection

with a demountable lead. Figure 1.1 shows a schematic of the magnet and image of the disassembled

magnet during repair.
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After making modifications to the trap, baking it out, and re-inserting it into the magnet,

the magnet was discovered to be broken in October of 2021. After a few months, the magnet was

shipped off to Scientific Magnetics in London for them to retrofit the system with a new coil. Fast

forward more than a year of delays, and the magnet arrived from shipping in January 2024. In the

retrofitting process a non-ideality was found that requires the liquid helium level to be below around

42% full, or else the heater that allows opening up a connection to the main coil is submerged in

liquid helium and cannot open the switch. Additionally, the 4 K can had to be replaced because

of an unknown corrosion of the previous aluminum can, making a leak tight weld impossible. The

replacement 4 K can is stainless steel which may contribute to the higher helium boil-off rate which

increases as the helium levels falls over time.

After hoisting the magnet onto the optics table, it was soon discovered that the weld joints

suspending the main 4 K can in the magnet had failed in shipping. After two separate week long

visits from an engineer at Scientific Magnetics, the magnet was repaired on site, requiring two blind

welds in roughly a 1 inch gap below the chandelier structure and using a mirror to see the weld

around the tube attaching to the 4 K can. In this process a liquid helium level meter and a G-10 tube

that suspends the coil connection pins broke. A replacement level meter was taken from a retired

magnet and a new G-10 tube was manufactured. This weld strategy was not the intended assembly

process, with a nesting series of cans and shields needing to be aligned to not have any thermal

shorts. This required straps to pull the various cans into alignment to allow enough tolerance on the

centering of the assemblies. These straps were in place previously but not under such high tension.

When inserting the G-10 tube into the re-welded tube it was found there was a lip that was too

large for the tube to fit through. The G-10 tube was therefore cut such that the connection pins are

mounted higher up inside the 4 K suspension tubes, potentially leading to a higher boil-off rate, and

requiring an additional extension connection to allow the set length demountable lead to seal when

inserted.

The magnet finally was ramped up again and stayed at its set field at almost exactly midnight,

May 6th, 2024, 37 hours after it had been ramped but failed to form a closed superconducting loop.
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Over the 37 hours the magnetic field quickly dropped, likely due to a small non-zero resistance due to

the low liquid helium level that prevented the superconducting switch from completely closing. After

this a number of connections have successfully been made to modify the currents in the various shim

coils in the magnet without much issue. In the intervening emotional rollercoaster of three years

while the magnet was down no experiments could be carried out. Extensive work on experimental

upgrades and preparation for the magnet’s arrival have led to this thesis, with all experimental

results covered occurring in the approximate 16 months since the magnet was ramped back to field.

1.3 Outline

This thesis starts with a description of background physics of Penning traps, particularly in

the crystallized regime with many ions in chapter 2. Chapter 3 then describes an outline of key

experimental subsystems. Chapter 4 finishes out background material by covering the series of

calibrations and alignments used to carry out more interesting experiments.

Compared to previous work, this thesis covers one new experimental demonstration and

three new experimental tools. Chapter 5 covers a new quantum simulation of the Dicke model, a

fundamental model of quantum optics that exhibits many rich physical phenomena. Included in

that simulation are previously experimentally unexplored chaotic dynamics in the Dicke model and

genuinely quantum dynamics that are not captured at the mean-field level and where dissipation

and decoherence play minimal role. Chapter 6 describes a new tool in the experiment called a

deformable mirror (DM). This has allowed patterned addressing and, with the addition of a new

camera, individual single-shot readout of the ions in contrast to global interactions and measurements

in all prior experiments. Chapter 7 describes two new tools: direct temperature measurements of the

in-plane motion and a new cooling technique. This improved cooling is currently under investigation,

but has allowed roughly an order of magnitude improvement in temperatures of the in-plane modes,

with profound future consequences to the fidelity and control possible in future experiments. Chapter

8 concludes with an outlook on a handful of future directions of the experiment.
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Figure 1.1: Schematic of the magnet and an image of the disassembled magnet. a) The 4 K can
with 50 K shield around it is detached from the chandelier structure that suspends all shields and
cans. The suspension tubes have broken at the weld joint and jut out from the chandelier structure.
The broken green G-10 tube attached to the magnet coil sticks out of the 4 K can. b) Original
Nalorac schematic of the magnet with circled numbered areas of major events affecting the magnet
repair. 0: The original air leak at the top of the helium tower. 1: The original coil burned out
requiring replacement. 2: The aluminum 4 K can was replaced with a stainless steel can due to
unknown corrosion of the aluminum can preventing a leak-tight seal. 3: Broken weld joint of the two
suspension tubes which were damaged in shipping. 4: Replaced liquid helium fill meter. 5: Replaced
G-10 tube which required seating the coil connection pins up the suspension tube rather than inside
the 4 K can.



Chapter 2

Penning Trap Physics

This chapter will describe the background physics of large ion crystals in a Penning trap.

2.1 Penning traps

To confine charged particles in three dimensions, one would like a force pointing inward along

all three coordinate directions. However, because of Gauss’s law, this geometry is not possible using

only static electric fields, as there would be a non-zero electric flux. To circumvent this, most ion

traps utilize either oscillating electric fields in what is called a Paul, or radio-frequency (RF), trap,

or static electric and magnetic fields in what is called a Penning trap [20]. It is worth noting a major

drawback of RF traps is micromotion, which is driven motion from the oscillating electric fields when

ions are displaced from the null of the electric field gradient. Micromotion is a significant part of

why ion traps often utilize 1D chains, as that is the only geometry in which a collection of ions can

be confined in the same harmonic well without micromotion. This limitation has restricted most ion

trap experiments to 1D geometries of fewer than approximately 50-100 ions. Recent developments in

trap fabrication have allowed demonstrations of 2D geometries and larger system sizes in RF traps

which constrain all the micromotion to the plane of the crystal [21–23].

In contrast, the Penning trap allows for 2D and 3D geometries with no driven motion, since all

confining fields are static. Instead, Penning traps enjoy the challenge of having all ions collectively

rotate around the magnetic field to maintain confinement. For this reason, most quantum information

trapped ion experiments opt for an RF trap, however, our experiment looks to overcome this challenge



7

with the promise of large system sizes. One way to view this distinction is that the non-thermal

degree of freedom corresponds to a rigid body rotation that does not couple into the internal degrees

of freedom of the normal modes, unlike the driven micromotion.

Confinement along the magnetic-field axis in a Penning trap is achieved with a static electric

quadrupole potential produced by segmented electrodes with DC voltages applied. This produces a

radially deconfining electric field perpendicular to the magnetic field, which due to an E⃗ × B⃗ drift

force causes the ion to precess around the electric field null. This precession produces the velocity

component that gives rise to a radially confining v⃗ × B⃗ Lorentz force. Assuming a perfect electric

quadrupole and static axial magnetic field, the equations of motion for a single charged particle are:

Φ =
V

2R2
(z2 − (x2 + y2)/2) (2.1)

z̈ = −ω2
zz (2.2)

ẍ = ωcẏ +
ω2
z

2
x (2.3)

ÿ = −ωcẋ+
ω2
z

2
y, (2.4)

where Φ is the applied electric quadrupole potential with characteristic voltage V and electrode

radius R, ωz =
√

qV
mR2 is the axial oscillation (trap) frequency, and ωc =

qB
m is the (bare) cyclotron

frequency. The axial motion decouples from the in-plane degrees of freedom and can be well described

by a simple harmonic oscillator

z(t) = z0 sin(ωzt− ϕ0). (2.5)

In contrast, the in-plane degrees of freedom do not separate into independent simple harmonic

oscillator modes along Cartesian directions. We shall see in the multi-ion case that it turns out to be

useful to solve the in-plane equations of motion in a rotating frame rotating at frequency ωr about

an axis antiparallel to the magnetic field. This does not modify the axial degrees of freedom, and
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produces in-plane forces and equations of motion of the form

F ′ = F − 2mω⃗r × v⃗R −mω⃗r × ω⃗r × r⃗R − qω⃗r × r⃗R × B⃗ (2.6)

ẍR = ω′
cẏR − ω2

⊥xR (2.7)

ÿR = −ω′
cẋR − ω2

⊥yR (2.8)

ω′
c = ωc − 2ωr (2.9)

ω2
⊥ = ωrωc − ω2

r −
ω2
z

2
. (2.10)

Equation 2.6 lists all of the force modifications from the lab frame F to the rotating frame F ′. These

include the velocity-dependent Coriolis force, radially deconfining centrifugal force, and radially

confining Lorentz force from left to right [24]. Combining these effects gives an effective cyclotron

frequency ω′
c and effective radial confinement ω⊥ for coordinates in the rotating frame xR, yR. Setting

the rotation frequency ωr = 0 (i.e. returning to the lab frame) returns our original equations of

motion 2.3-2.4.

By solving for the eigenvalues of the in-plane equations of motion, we find


ẋR
ẏR
ẍR
ÿR

 =


0 0 1 0

0 0 0 1

−ω2
⊥ 0 0 ω′

c

0 ω2
⊥ − ω′

c 0



a

b

c

d

 = −iλ


a

b

c

d

 (2.11)


a

b

c

d

 ∝


1

±1 ±2 i

−iλ±2

±1 ±2 λ±2

 (2.12)

±1λ±2 = ±1

±2ω
′
c +

√
ω′2
c + 4ω2

⊥

2
= ±1(∓2ωr +

±2ωc +
√
ω2
c − 2ω2

z

2
). (2.13)

Two eigenvalues λ±2 are found with a positive and negative copy ±1 of each. These eigenvalues and

eigenvectors show the in-plane motion can be decomposed into two independent circular motions(
xR
yR

)
(t) ∝

(
cos(λ±2t)

∓2 sin(λ±2t)

)
. The first motion is a high-frequency modified cyclotron motion at λ+,
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which in the lab frame (ωr = 0) corresponds to clockwise motion at λ+(ωr = 0) = ω+ =
ωc+

√
ω2
c−2ω2

z

2

called the modified cyclotron frequency. The second motion is a low-frequency magnetron motion

rotating at λ−, which is negative in the lab frame. The magnetron motion in the lab frame

is therefore associated with clockwise motion at −λ−(ωr = 0) = ω− =
ωc−

√
ω2
c−2ω2

z

2 called the

magnetron frequency. Shown in figure 2.1 is an example of the two superposed clockwise motions in

the lab frame, or by the right-hand rule about a vector pointing in the opposite direction of the

magnetic field.

Figure 2.1: Planar motion of a single ion in a Penning trap. The radially deconfining E⃗ field (red
arrows) combines with the out of plane B⃗ field to cause clockwise E⃗ × B⃗ magnetron motion in the
lab frame. This is represented by the larger, slower frequency circular orbit with the color scale
representing time increasing going from purple to yellow. Cyclotron motion, corresponding to the
faster smaller circular orbits, also rotates clockwise due to the v⃗× B⃗ Lorentz force. The axial motion
would be represented by oscillating in and out of the page at a frequency in between the cyclotron
and magnetron frequencies.

Given these large motional frequency differences, it becomes apparent that the high frequency

cyclotron motion is kinetic energy dominant and the low frequency magnetron motion is potential

energy dominant. This is because the potential energy is given by 1
2ω

2
⊥ρ

2 and is mode frequency-

independent, whereas the kinetic energy is motional frequency dependent 1
2ω

2
±ρ

2. This is in contrast

to simple harmonic oscillator motion that has equal kinetic and potential energy. Looking more closely

at this peculiarity: the magnetron motion is not only potential-energy-dominant but also negative
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energy in the lab frame. This is because the potential energy for the in-plane motion is an unstable

potential energy hill from the deconfining electric field. Therefore, the lowest-energy magnetron

motion corresponds to ever-larger orbits, until eventually the ion crashes into the electrodes and

is no longer trapped. Fortunately, ambient torques in the experiment are small enough that this

time scale can be many hours or even days. Cooling of the magnetron motion is therefore defined

as adding energy to the magnetron mode to reduce its positional displacement from the center of

the trap. Additionally, a stability criterion appears that the axial motional mode frequency be

ω2
z ≤ ω2

c/2. At larger axial trap frequencies the radially deconfining electric field is too strong to

maintain confinement from the Lorentz force and the trap is unstable. Lastly, note the important

fact that ωc = ω+ + ω−. This fact along with its generalization to the Brown-Gabrielse invariance

theorem [25] (ω2
− + ω2

+ + ω2
z = ω2

c ), which holds to first order in trap imperfections, allows for very

precise measurements of the mass of charged particles and the g-factors of fundamental particles

[8–12].

2.1.1 Non-neutral plasma limit

In the limit of many ions confined by a magnetic field, the collective space charge plays an

important role and a non-neutral plasma description becomes appropriate. Largely following the

prescription of [26], pages 39-42, along with 110-115, assume a cylindrical non-neutral plasma column

of uniform charge density n aligned with a magnetic field. The result of the space charge distribution

is a radially deconfining electric field inside the plasma, pointing outward along the cylindrical radial

coordinate r,

Er(r) =
m

2q
ω2
pr, (2.14)

where ω2
p = nq2

ϵ0m
is the plasma frequency, determined by the ion density n, charge q, and mass m

of each ion. This radially deconfining force will cause an E⃗ × B⃗ drift around the central axis of

the plasma column. An equilibrium rotation frequency is then reached that balances the radially
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deconfining electric and centrifugal force with the radially confining v⃗ × B⃗ force:

mω2
r (r)r +m

ω2
p

2
r = qBωr(r)r. (2.15)

From this functional form it is clear that, to balance the forces, a rotation frequency independent of

radius is required, and therefore non-neutral plasmas confined by a magnetic field undergo rigid-body

rotation with a rotation frequency set by

n =
2ϵ0
q2
mωr(ωc − ωr). (2.16)

Therefore, the radial confinement strength is set by the rotation frequency, which determines the ion

density. At low rotation frequencies, the ion density is small, giving a small deconfining electric field

and hence a low-frequency E⃗ × B⃗ drift. At high frequencies near the cyclotron frequency, the radial

confinement is also weak and the ion density is low, with the centripetal acceleration dominating

to counter the now much stronger Lorentz force. In between these two rotation frequencies is the

Brillouin limit, where the ion density (and therefore radial confinement) is maximized at ωr = ωc/2.

The addition of an external axially confining (and therefore radially deconfining) electric

potential largely preserves the above picture. This quadrupole potential supplies no space charge

and so does not change the ion density. Instead, the boundary of the plasma deforms such that

the space charge distribution cancels the effect of the applied external field, maintaining the above

density–rotation frequency relationship while adding an aspect ratio dependence to the plasma (see

figure 2.2). Additionally, a minimum deconfining electric field is now present, which changes the range

of stable rotation frequencies to lie between the magnetron and modified cyclotron frequencies found

previously. By adjusting the rotation frequency near the magnetron or modified cyclotron frequency,

eventually the radial confinement becomes so weak that 2D crystals form. Varying the rotation

frequency to increase the radial confinement from these points eventually forms two-plane, then

multi-plane crystals, leading to the most axially elongated plasmas when rotating at the Brillouin
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frequency.

Figure 2.2: Aspect ratio of plasmas as a function of rotation frequency and axial confinement.
The blue, orange, and green curves correspond to increasing axial confinement as defined by their
axial trap frequencies of 0.65, 0.8, and 1.6 MHz respectively at our cyclotron frequency ωc ≈ 7.6
MHz. For stronger axial confinement the plasma boundary compresses axially to reduce the axial to
radial aspect ratio of the cloud while maintaining the same density. As the rotation frequency is
varied the radial confinement is changed along with the cloud density. At the Brillouin frequency,
ωc/2, the radial confinement is strongest with the corresponding most elongated axial plasma and
highest density. Near the magnetron (ω−) and modified cyclotron frequencies (ω+) the ion density is
lowest and the radial confinement is weakest, forming the most compressed axial plasmas eventually
forming single plane plasmas. The cutoff of stable rotation frequencies is set by ω±, which converge
towards ωc/2 for increasing axial trap frequency. Selected aspect ratio clouds are shown in pink
including planar clouds near ω±, spherical clouds at aspect ratio 1, and the most elongated crystals
for each axial trap frequency.

2.2 Rotating wall

Experimentally, we apply torques to the crystal that depend on the plasma configuration,

and the system naturally reaches a steady-state rotation frequency determined by the balance of

torques. Left unperturbed, the crystal slowly loses rotational inertia due to trap imperfections and
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dissipation of energy into image currents in the electrodes. Over timescales of many hours to days

the ions would eventually spin out into the walls of the electrodes. By applying a rotating electric

potential with a specific rotation frequency and geometry, we can precisely lock the rotation of the

crystal to the potential and control the cloud’s rotation frequency. This is accomplished by applying

a “rotating wall potential” [27]. The simplest rotating wall potential to understand is a rotating

quadrupole. If a rotating potential of the form

U = V ρ2lab cos(2(ϕlab + ωrt)) = V (x2R − y2R), (2.17)

is applied, it exerts a torque on clouds that are not rotating at the frequency of the wall. Once the

crystal rotation frequency matches that of the wall, the system reaches an equilibrium configuration.

Based on the geometry of an mth azimuthal order wall (e.g. m=2 quadrupole wall above), the

crystal deforms— stretching along directions where the electric field points outward and compressing

where it points inward, as shown in figure 2.3. This results in m azimuthal directions of elongation

and m directions of compression. For an m=2 quadrupole wall, this leads to an elliptical crystal,

with a stronger rotating wall producing a more elliptical crystal. For an m = 3 wall, this produces

a triangular crystal, with the three vertices being stretched along where the electric field points

outward and the midpoints of the three edges compressed where the electric field points inward.

Lastly, an m = 1 wall, called a dipole wall, is a uniform rotating electric field in the plane. In

principle, this should cause no torque on the ions —only a center-of-mass excitation— and so should

not lock the rotation of the crystal. However, ions of different mass will centrifugally separate, with

heavier masses experiencing more drag and moving to the outermost edges of the crystal. This

mass disparity can enable the dipole potential to lock the crystal rotation, and will displace the

center of mass of the two species in the rotating frame [28]. In our system, background gas collisions

with hydrogen slowly form BeH+ over time, which further reacts with other background gases to

form BeOH+. Previous demonstrations in our apparatus removed the hydrides by using a 157 nm

excimer pulsed laser [29]. However, the laser is no longer installed because evacuating the beam
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path, necessary to prevent attenuation in air, requires significant overhead. Additionally, during a

trap modification to reduce background light scatter, a CaF mirror was removed that previously

allowed the beam to be sent from the side of the vacuum system down the vacuum envelope (see

section 3.2.1).

a) b) c)

Figure 2.3: Varying order m rotating wall equilibrium crystal configurations in the rotating frame.
Simulations done with ωr = 180 kHz, ωz = 1.5925 MHz, B ≈ 4.459 T and 100 ions. a) A dipole
m = 1 wall is a static uniform electric field in the rotating frame (red arrows), which displaces the
crystal to rotate about an off center position. Due to centrifugal separation the heavier BeH+ (green
dots) ions go to the further edge of the crystal. b) A quadrupole m = 2 wall deforms the crystal
into an elliptical shape with the hydrides going to the furthest extended points of the crystal. The
static electric potential in the rotating frame deforms the boundary (red arrows). c) A hexapole
m = 3 wall creates a triangular boundary due to the geometry of the static electric potential in the
rotating frame.

2.3 Normal modes

Having discussed the general motion of ions in a Penning trap, a final key feature is the normal

mode structure of the crystal when cooled sufficiently. Due to the mutual Coulomb repulsion of the

ions, the many-ion crystal will form a collection of 3N collective harmonic oscillator modes. Uniquely

in Penning traps, these modes are not simple harmonic oscillators due to the velocity-dependent

vector potential modifying the quantization procedure, producing two mode branches for the in-plane

motion with characteristics analogous to the magnetron and cyclotron motions of a single particle.

For a detailed description of the quantization procedure of harmonic oscillator modes in the presence
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of a vector potential, the group has historically used [24], which has been adapted to a Python code

to simulate 2D crystal configurations and mode structures. More recently, a formal and general

derivation from a classical mechanics perspective is given by [30], and has been adapted by Wes

Johnson to produce simulations of generalized potentials, including 3D crystals, multiple masses, and

dipole walls. Below I follow the derivation of [31] which I find the most approachable and physically

intuitive.

To begin, we rewrite the equations of motion for an ion j, this time for a many-ion crystal in

a Penning trap.

v̇zj = −ω2
∥zj +

ke2

m

∑
i ̸=j

zj − zi
r3ij

(2.18)

v̇xj = −(ω2
⊥ + ω2

W )xj + ω′
cv

y
j +

ke2

m

∑
i ̸=j

xj − xi
r3ij

(2.19)

v̇yj = −(ω2
⊥ − ω2

W )yj − ω′
cv

x
j +

ke2

m

∑
i ̸=j

yj − yi
r3ij

. (2.20)

These equations have been modified to include the mutual Coulomb repulsion between ions and the

presence of a quadrupole rotating wall of strength ωW . Using these equations of motion, a crystal

configuration of ions can be found that minimizes the potential energy, or equivalently where the

net force vanishes in the rotating frame (equations 2.18-2.20 equal 0). Taylor expanding for small

deviations from these equilibrium configurations (sj = s0j + δsj , s→ x, y, z), the equilibrium position

terms s0j cancel. For 2D crystals the first order expansion produces a linear eigenvalue equation of

the form:

d

dt
|v⊥⟩ = −K⊥

m
|δr⊥⟩+ L |v⊥⟩ (2.21)

d

dt
|vz⟩ = −

K∥

m
|δz⟩ . (2.22)

Here K⊥ and K∥ are real, symmetric stiffness matrices describing the couplings between the oscillators

that generate the normal modes. However, L is a unique antisymmetric velocity-dependent force
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that complicates solving for eigenvalues and eigenvectors. Complete descriptions of K⊥,K∥ are given

in [24]. For the simpler case of the axial motion, K∥ takes the form

K∥ =


mω2

∥ − ke2
∑

1̸=j
1

R3
1,j

ke2

R3
1,2

ke2

R3
1,3

. . .

ke2

R3
2,1

mω2
∥ − ke2

∑
2̸=j

1
R3

2,j

ke2

R3
2,3

. . .

...
. . . . . . . . .

 , (2.23)

where Ri,j is the distance between ions i, j. Solving for the eigenvectors and eigenvalues gives the

axial drumhead modes. The highest frequency mode is the axial center-of-mass (COM) mode with

eigenvalue (energy) ωz, where all ions uniformly move in phase in the axial direction. Going down in

frequency the drumhead modes produce shorter spatial wavelength modes. For example, the next

pair of modes are two orthogonal tilt modes, then two orthogonal quadrupole modes. The sequence

of drumhead modes is given in figure 2.4.

Figure 2.4: Eigenvector mode participations, represented by the color of each ion, of the 8 highest
frequency drumhead modes scaled by

√
N = 10. From left to right corresponds to decreasing

frequency modes, with the middle 6 modes coming in near-degenerate pairs with the higher energy
pair on the top row. The degeneracy of each mode is lifted due to the elliptical aspect of the crystal
from the rotating wall, which is slightly taller than wider in these images.

Solving for the normal modes of the in-plane motion largely follows from the single-ion case:

composite 4N dimensional position/velocity vectors are required, with the matrix form of the

eigenvalue equation matching the single particle form, but now with off diagonal terms analogous to
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the axial case. Explicitly, the eigenvalue equation takes the form

(
02N×2N I2N×2N

−K⊥/m L

)(
δr⊥
v⊥

)
n

= −iωn

(
δr⊥
v⊥

)
n

, (2.24)

where 0 is a matrix of zeros and I is the identity. The single ion case reduces to 2.11, where the

key characteristics of these in-plane modes were identified. A peculiarity of these modes however

is now that the rotating frame frequency ωr is well defined, the normal mode characteristics are

different than the lab frame. In particular, taking positive eigenvalues the single ion eigenvectors

position components take the form
(

1

∓i

)
for eigenvalues ω±. This corresponds to opposite helicity

(handedness) rotation for the cyclotron motion compared to the magnetron motion in the rotating

frame. Additionally, the magnetron modes now become positive energy in the rotating frame.

The sequence of normal modes for the in-plane motion is given in figure 2.5, while animations

of the modes can be found in reference [24]. The cyclotron branch mirrors the drumhead modes,

now with entirely clockwise (CW) motion proportional to the participation of each ion and either

in phase or out of phase depending on the sign of participation. The lowest frequency cyclotron

mode is the COM mode, and higher frequency modes mirror the drumhead branch such as the tilt

and quadrupole modes. In contrast, the lowest frequency magnetron mode is (usually) the rocking

mode, which is a combination of nearly equal CW and counterclockwise (CCW) rotation. With no

preferred direction to break the azimuthal symmetry, this mode approaches zero frequency in the

limit of no rotating wall strength (and no impurities). For larger rotating wall strength, a larger

aspect ratio crystal breaks the azimuthal symmetry to produce a larger rocking mode frequency.

The magnetron COM motion falls arbitrarily in the magnetron mode number order, often the 7th

or 8th lowest frequency mode for common crystals utilized. It consists of almost entirely uniform

CCW motion, with a slight CW component from the asymmetry of the crystal due to the rotating

wall. Aside from these two modes, no other magnetron modes are uniquely characterized. However,

their motion dominantly consists of CCW motion in the rotating frame, and generally becomes more

localized on the central ions at higher mode frequencies.
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Figure 2.5: Spatial components of the mode participations of selected in-plane modes. The trap
conditions are the same as figure 2.4. The red arrows represent a snapshot in time of the ions
displaced from their equilibrium position, with the size and direction of the arrow determined by
the eigenvectors of the mode. The colored traces represent a complete orbit of the motion with
the color representing the motion over time. The top row represents the lowest frequency rocking
mode, the next lowest frequency magnetron mode, and the 8th lowest frequency magnetron COM
mode from left to right. Note from the color trace of the magnetron COM mode the motion is
counterclockwise (CCW). The rocking mode in contrast is roughly equal component clockwise (CW)
and CCW motion. Most other magnetron modes look like the middle magnetron mode, with elliptical
orbits that are predominantly CCW but without reproducible symmetries like the axial drumhead
modes. In contrast the cyclotron modes given in the bottom row mirror the drumhead modes, now
with CW circular motion. However, unlike the drumhead modes, the lowest frequency mode is the
COM mode, followed by the two tilt modes and the quadrupole mode from left to right.

It is worth emphasizing again that the two in-plane mode branches are not characterized by

equal potential and kinetic energy. For standard crystals in the NIST Penning trap, the ratio Rn of

potential to kinetic energy for a mode n is upward of 700 for the magnetron modes, and order 1/700

for the cyclotron modes. Figure 2.6 shows the helicity and Rn of the modes for a representative

crystal in the NIST Penning trap, along with the corresponding mode frequencies. Helicity of 1 is

defined as pure CCW motion and helicity -1 is pure CW motion (see [31] for details). Rn is set by
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the ratio of the cyclotron to magnetron frequency, so by increasing the axial trap frequency closer

to the stability limit the ratio Rn eventually approaches 1. For our current trap configuration the

bandwidths of each branch is ∼ 80 kHz for ∼ 100 modes, roughly 5 times smaller than the axial

bandwidth.
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Figure 2.6: In-plane mode ratio of potential to kinetic energy Rn and helicities for the magnetron
(left) and cyclotron (right) modes. The trap conditions are the same as figure 2.4. The singular
peak near Rn ∼ 800 corresponds to the magnetron COM mode, which has nearly pure CCW motion
(helicity ∼1). In contrast the rocking mode is nearly helicity 0 equal CW and CCW motion. The
cyclotron modes are nearly pure CW motion (helicity ∼ −1) and roughly the inverse of the Rn value
of the magnetron modes. For more details on the derivation of the helicity and Rn see [31].

2.4 9Be+ atomic level structure

So far, this section has focused entirely on the motion of ions in a Penning trap. While direct

measurement of the motion is possible by measuring the image currents induced in the electrodes, as

done in the first demonstration of laser cooling [32], the only measurement possible in the current

NIST Penning trap experiment is laser-induced fluorescence. Our atomic species of choice is 9Be+,

which is the naturally abundant isotope of Be with one valence electron after ionization. Be+ is

the lightest hydrogen-like ion that can be laser cooled with lasers outside the vacuum-ultraviolet

spectrum, with the light mass allowing for high motional frequencies. The large magnetic field in

Penning traps substantially modifies the zero-field electronic structure. Considering the 2s2S1/2
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ground state, the energy levels are described by

H = hAI · J − (µJ + µI) ·B (2.25)

= hAI · J + µB(gJJ + g′II) ·B (2.26)

=
hA

2
(mImJ + (I+J− + I−J+)) + µB(gJmJ + g′ImI)B. (2.27)

The first term of equation 2.25 is the magnetic hyperfine interaction with A = −625.008837044(12)

MHz [33] the hyperfine constant of 9Be+, and I,J the nuclear spin (I = 3/2 for 9Be+) and

electronic angular momentum (J = L + S = 1/2 for 2s2S1/2 states). The second term describes

the electronic and nuclear Zeeman terms, with B the magnetic field and µJ ,µI the electronic

and nuclear magnetic dipole moment operators. These dipole moment operators are expressed in

terms of the Bohr magneton µB and g factors gJ = −µJ/(JµB), g′I = −µI/(IµB). For 9Be+ the

nuclear dipole moment is negative due to having more neutrons than protons, leading to a negative

hyperfine constant. Decomposing into ladder operators and (mI ,mJ) quantum numbers along

the B direction gives equation 2.27. At zero field, the eigenstates of equation 2.27 are described

by (F = I + J,mF = mI + mJ) quantum numbers. The F = 2 and F = 3 manifolds are split

by 2A ≈ 1.25 GHz, with F = 2 higher energy due to the negative A value; all mF levels are

degenerate within each F manifold. For non-zero B the F,mF basis is no longer an eigenstate.

Instead the eigenstates are mixed superpositions of (mI ,mJ) states. At low fields, the levels can

still be associated with the (F,mF ) labels, whereas at high fields they are better approximated by a

single (mI ,mJ). For J = 1
2 the Breit-Rabi formula [33] gives the exact energies of the system

E

(
F = I +

1

2
,mF = ±

(
I +

1

2

))
=
hAI

2
±
(gJ
2

+ Ig′I

)
µBB (2.28)

E

(
F = I ± 1

2
,mF

)
= hA

(
−1

4
+
g′ImFµBB

hA
± 2I + 1

4

√
1 +

4mF

2I + 1
X +X2

)
(2.29)

X =
µBB(gJ − g′I)

hA(I + 1
2)

, (2.30)
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where equation 2.28 is for the case mF = ±(I + 1
2) which are true eigenstates in both the (mI ,mJ)

and (F,mF ) basis, also called stretch states. Equation 2.29 is for all other states which will not

be true eigenstates at non-zero B. Plotting these levels as a function of B produces the standard

Breit-Rabi curve shown in figure 2.7. At our field of ≈ 4.46 T, we are in an intermediate regime where

the electronic Zeeman term is dominant (gJ terms), but the nuclear Zeeman terms (g′I terms) are

smaller than the hyperfine interaction terms (hA terms). For this reason, non-eigenstate (mI ,mJ)

levels have small but non-negligible admixtures with levels of the same mF .

Figure 2.7: The level structure of the 9Be+ 2s2S1/2 ground manifold at intermediate magnetic
fields. At zero field true eigenstates given by F,mF quantum numbers describe the energy levels
which are degenerate for varying mF . At intermediate fields these are no longer eigenstates but
can characterized by their dominant contribution at low field. At higher field the (mI ,mJ) basis
becomes a better approximation of the true eigenstate, however it still mixes slightly with levels of
the same mF .

In our experiments, we work with an electron spin qubit between the true eigenstate (mI =

3/2,mJ = 1/2) and the approximate (mI = 3/2,mJ = −1/2) state, which are split by ≈ 124.02

GHz. Experiments are only sensitive to laser fluorescence that distinguishes being in the (mI =
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3/2,mJ = 1/2) level or not, by exciting to the 2p2P3/2(F = mF = 3) state, which, by selection rules,

can only decay back to the 2s2S1/2(mF = 2) stretch state. The complete level diagram of 9Be+,

including the ground state and excited 2p2P1/2 and 2p2P3/2 levels, is shown in figure 2.8 excluding

nuclear structure in the excited states. Nuclear structure, particularly in the 2p2P3/2 level, is more

complicated [34] and exhibits much smaller hyperfine splittings. Instead these levels can largely be

ignored due to optical pumping [35]. Transitions from 2s2S1/2(mJ = 1/2) to 2p2P3/2(mJ = 3/2)

either remain in the stretch state and decay back down to the same mI = 3/2 state, or, because the

states are not pure (mI ,mJ) eigenstates, can mix to cause a spin flip and net increase in the nuclear

spin, repeating until the population is trapped in mI = 3/2.
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Figure 2.8: 9Be+ level structure at 4.459 T ignoring nuclear structure in the excited 2p2P1/2, 2p
2P3/2

levels. The nuclear spin states in the ground 2s2S1/2 manifold are split by 280-340 MHz, with the
ordering set by whether the hyperfine interaction AmImJ increases with increasing mI (mJ = −1/2)
or decreases with increasing mI (mJ = 1/2). At ∼ 80 T the nuclear Zeeman interaction would
overtake the hyperfine interaction and the order would flip for mJ = −1/2. The electron spin
qubit is labeled with |↑⟩ , |↓⟩, corresponding to the mI = 3/2,mJ = ±1/2 states. The excited
2p2P3/2, 2p

2P1/2 levels are split by ≈ 197.1 GHz, while the zero magnetic field 2s2S1/2 → 2p2P3/2

transition is at ≈ 313.133 nm. At our magnetic field the 2p2P3/2, 2p
2P1/2 levels approximately split

into mJ levels each separated ∼ 40-90 GHz.



Chapter 3

Experimental Subsystems

This section gives an overview of the main subsystems of the experiment excluding newly

added tools in chapters 6 and 7.

3.1 ARTIQ control system

During the three-year down period when the magnet was being replaced, my largest contribution

to the experiment was a replacement of the control system from a home-built system called HFGUI

to ARTIQ. ARTIQ stands for Advanced Real-Time Infrastructure for Quantum Physics. ARTIQ is a

Python-based framework for sending commands in real-time to an FPGA (field-programmable gate

array), which can control an array of devices including TTLs (transistor–transistor logic switches),

DDSs (direct digital synthesizers), and DACs (digital-to-analog converters) with fast (1.25 ns for our

system) and precise timing. Unlike many FPGA control systems, which often pre-load a sequence

of precise timing instructions from a computer slowly and then execute that sequence in real time

repeatedly, ARTIQ maintains a stack of instructions on the core (FPGA) that is continuously

updated by the host computer, allowing real-time decision-making. Additional USB controlled

devices separate from the FPGA can then also be seamlessly integrated with this framework, since

they are the same remote procedure calls (RPCs) as the instructions being sent to the FPGA. With

this flexibility comes the new challenge of slack, defined as the time interval between when the last

instruction on the stack will be executed and the current wall-clock time. Writing instructions onto

the stack from the computer is in general slow. If many fast instructions are written on the stack



24

they will be executed faster than they can be written onto the stack and precise timing will be lost

once there is no slack.

Our ARTIQ hardware consists of a home-built crate identical to the first hardware developed in

the ion storage group when creating ARTIQ. It includes a KC705 FPGA, 48 TTLs with 8 configured

as 2 SPI (serial peripheral interface) communication channels, and 24 AD9914 DDSs. The system

is clocked from our 100 MHz low phase noise reference (see section 3.4), which is multiplied up by

24 to set the DDS clock rate at 2.4 GHz. Each DDS has an internal sync clock that is derived by

dividing down by 24 the 2.4 GHz clock source. This sync clock is the rate at which updates can

be executed on the DDS, such as changing the frequency, phase or amplitude. Because each DDS

separately generates their sync clock by dividing down the 2.4 GHz reference, each DDS can be in 24

different timings relative to the other DDS’s when an update will execute. Without correction, when

the FPGA sends an update to a DDS, it will wait a different—but repeatable—delay until the rising

edge of the sync clock occurs for each DDS. However, if the DDS is reset or power cycled it will now

be in a different repeatable random phase state. If multiple DDSs are set to the same frequency and

phase, they may be out of phase from each other by up to 10 ns. To fix this, a phase synchronization

procedure is executed where a further divided down sync output of one DDS is sent to all DDSs

with the same cable length to maintain the same phase. Each DDS is then programmed to update

its clock sync to match the rising edge of the sync output. Finally, one of the DDSs sync clocks is

outputted to produce the clocking signal for the FPGA at 100 MHz. The FPGA then multiplies this

up by 8 to produce output timing of 800 MHz or once every 1.25 ns. Since the DDS only updates on

the coarser 10 ns timing, setting the DDS phase must account for the delay between setting the

DDS and the sync clock rising edge.

One final bug that I painstakingly identified is a serious downside of clocking the FPGA via a

DDS sync clock: the signals programming the DDS stem from the FPGA, and therefore depend

on the DDS clocking. For this reason, a longstanding not understood issue was initializing the

DDS using this phase synchronization procedure jumps the reference DDS sync clock and ruins the

clocking of the FPGA. Sequences after this clock jump would fail to execute. Many labs in the
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ion storage group did not understand this issue and avoided phase-synchronizing their DDSs as a

result, eventually switching to commercial hardware that avoids this bug. Our crate accounts for this

clocking issue and carefully resets the core after the clocking error to correctly phase synchronize all

our 24 DDSs.

Our experiments generally consist of a simple pulse sequence that ends with counting the

arrival of photons on a PMT. We usually run this sequence repeatedly and scan some variable that

changes one aspect of the pulse sequence. Photon counts are then averaged over the number of

repeats, plotted in real time as a function of the scan variable, and fitted. This process is automated

in a framework called the ARTIQ scan framework, which was originally developed by Philip Kent

in the ion storage group. I worked to adapt new features including 2D scans, continuous scans

which just repeatedly measure something, the ability to return multiple measurements from a single

experiment, and some overhaul of the applet plotting functionality. Using this framework, most

experiments can be written in less than 40 lines of code, with a separate model file that handles

dataset management, plotting elements, and fitting—all of which is largely repeatable once a fit is

written.

3.2 Trap details

3.2.1 Trap schematics and mechanical assemblies

The physical Penning trap is composed of a series of segmented electrodes housed in a room-

temperature ultra-high-vacuum (UHV) system. A series of five electrodes, referred to as the load

electrodes (L1-L5), are centered on four oven sources located in holes in the L3 electrode. Three

ovens now contain neutral 9Be, while the 4th oven is 24Mg. Below the load electrodes is another

series of 5 electrodes labeled T1-T4, with a rotating wall electrode in between, capped with a wire

mesh at the end of the stack, as shown in figure 3.1. Estimates of the pressure from a vacuum gauge

are in the low 10−11 Torr range—likely somewhat higher at the ion location. To allow optical access,

the extended electrode structure is enclosed in a precision glass blown glass vacuum envelope, shown
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in figure 3.1. The trap is held fixed roughly centered in the bore of the magnet using a centering

sleeve with three spring-loaded contacts, as shown in the inventor schematic of figure 3.2. This

allows tilt alignment of the trap using a translation stage at the suspension point of the whole trap

mounted on a plate resting on three legs, each a few feet in length, mounted on top of the magnet

(see section 4.2.5 for details).

L5 L4 L3 L2 L1 T4 T3 T2 T1W1-8 Mesh

Figure 3.1: Trap electrodes and vacuum envelope. Top image shows the precision glass blown
envelope with circular and rectangular view ports at the azimuthal gaps in the rotating wall electrodes.
White insulating Macor spacers are placed in the gaps between the tan colored electrodes. Shown
below the image is a schematic lined up to correspond roughly to the electrode and Macor spacers.
From right to left are the wire mesh, electrodes T1, T2, rotating wall, T3, and T4 corresponding to
the experimental zone. From right to left continuing on are the electrodes L1-L5 used in the load
zone centered on electrode L3 that sources the neutral Be9.

The magnet supporting the trap is mounted on an optical breadboard supported by four
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∼1-foot-tall legs which are roughly centered1 on an aluminum optical table with a hole cutout to

allow access from below the table. The optical table supports a complex optics setup for many laser

beams, which are sent up the bore of the magnet using stationary mirrors positioned using what

we refer to as the "mirror tower" shown in figure 3.2. The tower consists of a "base crown" with

seven 45◦ mirrors aligned azimuthally with the entry ports between the rotating wall electrodes and

rigidly mounted to the underside of the magnet breadboard. The eighth entry path without a mirror

corresponds to a side-view f/5 imaging objective path (see section 3.3), with the opposite side the

entry path for a 124 GHz microwave source to drive global spin flips of all the ions (see section

3.4). Clockwise from the imaging/microwave pair are the optical dipole force (ODF; see section

3.7) beam pair and counter-propagating electromagnetically induced transparency (EIT; see section

3.8) beam pairs. Neighboring clockwise from there are the parallel and perpendicular cooling paths

(see section 3.5). Notably, the parallel beam passes through a cantilever system that brings it to

the tower’s center and directs the beam centered up the bore of the magnet. The top crown has

fixed mirrors of either 45 degrees to send beams horizontally through the trap like the perpendicular

cooling beam, or at ± 10 degrees for the ODF/EIT path. The last unused beam path has optional

larger ±17.5 degree mirrors. The system is designed such that the top crown can slide up the bore

of the magnet using four rods that slide through holes in the bottom crown before being set at an

adjustable height with a set screw. A bottom-view f/2 objective can be brought up the center of the

mirror crown to image the ions from below (see section 3.3). Modifications to the base crown now

allow the cantilever system to sit on separate adjustable-length support rods to adjust its height,

and separately allow the f/5 to be lifted directly up the bore through a cutout in the base crown.

3.2.2 Trap potentials

A series of segmented electrodes are used to trap, transport, and control the rotation of the ions.

Ideally, static electric potentials applied to cylindrical electrodes would create a confining harmonic

potential axially, and by the divergence-free condition of electrostatics, a radially deconfining

1Note the magnet is not actually centered on the optics table! It’s one row of screw holes (1 inch) off center.
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Figure 3.2: Mechanical assembly schematics. a) The mirror crown system viewed orthogonal to
the cooling beam paths. From this view the f/5 system goes up an entry port in between the two
cooling paths. The parallel cooling/deformable mirror (DM see chapter 6) path has a cantilever
system near the upper crown that brings the beam path up the center of the trap aligned with the
magnetic field. b) A top down view shows each corresponding entry port. c) A cross section view
orthogonal to the ODF/EIT beam paths. The upper crown mirrors are split and angled to produce
± 10 degree crossing angle beams. d) An Inventor schematic with the mirror crown highlighted in
blue. In addition to the mentioned elements the mounting structure to the underside of the magnet
breadboard is shown. Left out of the other mirror tower schematics is the bottom-view f/2 objective
that is raised through the center of the crown shown by a black cylinder. A trap alignment pivot
holds the vacuum envelope centered in the upper crown, allowing tilt adjustments via translation of
the trap mounting point more than a meter above the pivot (not shown).

harmonic potential.

Φ =
1

2
mω2

z

(
z2 − r2

2

)
(3.1)

To model this, the potential from each electrode is decomposed into a polynomial expansion about

the trap center. This can be accomplished by simulating the potential when 1 V is applied to a single
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electrode while all others are grounded and calculating the multipole expansion of the potential

about the center of the trap.

U =
∞∑
l=0

l∑
m=0

(r
d

)l
Pm
l (cos(θ))(Al,m cos(mϕ) +Bl,m sin(mϕ)), (3.2)

where r, θ, and ϕ are the spherical radius, polar angle, and azimuthal angle, and Pm
l is the associated

Legendre polynomial of degree l and order m. The argument of the Legendre polynomial cos(θ) can

equivalently be written as z
r , where z is the axial coordinate along the magnetic field. A length scale

d, taken as the 1 cm electrode radius, normalizes the coefficients, preventing them from becoming

excessively large. Assuming approximate cylindrical symmetry, the azimuthal mϕ dependence can

be removed leaving the simplified expansion:

U =

∞∑
n=0

Cn

(r
d

)n
Pn

(z
r

)
, (3.3)

where Pn is the Legendre polynomial of degree n. Electrostatic simulations were carried out in

COMSOL using a 3D computer model of the electrodes, shown in figure 3.2.2. The resulting

potentials were fitted to equation 3.3 to extract the coefficients Cn listed in table 3.1.

Table 3.1: Coefficients Cn in V/cmn when 1 V is applied to the given electrode(s). T1∗ includes
the trap mesh, Vm includes the middle T2/T3 electrodes, and Ve includes all electrodes excluding
T2,T3, and Rw the rotating wall electrodes.

Coef L2 L1 T4 T3 Rw T2 T1∗ Vm Ve
C0 5e-5 7e-4 .037 .255 .413 .255 .038 .511 .076
C1 -7e-5 -1e-3 -.086 -.43 0 .43 .087 0 0
C2 5e-5 1e-3 .095 .187 -.567 .187 .097 .374 .193
C3 -9e-5 -1e-3 -.069 .197 0 -.197 .07 0 0
C4 8e-6 7e-4 .034 -.262 .456 -.262 .034 -.524 .068
C5 4e-5 2e-4 -.01 .073 0 -.073 .009 0 0
C6 -2e-5 -2e-4 -.003 .149 -.291 .149 -.003 .298 -.006

To calculate the trap frequency from these coefficients, the C2 coefficient are scaled by the

applied voltages. The most common potential applied in our system uses voltages of –1.959 kV

to the rotating wall, –1.7 kV on T2, –1.695 kV on T3, and –30 V on T4 with all other electrodes
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(a) Solid model (b) Solid model mesh

Figure 3.3: Electrode models used in COMSOL simulations. From top to bottom: the top mesh,
electrodes T1–T2, the eight segmented rotating wall electrodes, electrodes T3-T4, and load electrodes
L1–L5. (a) 3D model (b) finite-element surface mesh.

grounded. This gives 473.2 V/cm2, and using ωz =
√

2qC2/m gives a trap frequency estimate of

1.602 MHz. This disagrees with the true measured trap frequency of 1.5927 MHz by approximately

1%, which may partly be due to experimental uncertainties in the applied voltages. Measurements

of the C1 coefficients from displacements caused by applying voltages to L1 and T4 put their error

around 5-10%.

Azimuthal dependence of equation 3.2 remains important for the rotating wall electrodes. To

simulate these electrodes further with varying potentials applied, a single electrode was bisected by

the x-axis and 1 V was applied while grounding all other electrodes. The resulting data was fit to a

modified expansion of equation 3.2, setting z = 0 and removing the sinmϕ terms by assuming an

even potential:

U =
∞∑
l=0

l∑
m=0

Ãl,m(ρ/d)l cos(mϕ) (3.4)

Here only the cylindrical radius ρ is necessary since z = 0. The coefficients Ãl,m absorb the Pm
l (0)

factor from equation 3.2 into Al,m, but notably for l −m terms that are odd this factor vanishes,



31

so these terms were not included in the fit. Fits listed in table 3.2 were extracted for a single

electrode at 1 V and the rest grounded, in addition to all electrodes combined in an m = 2 and

m = 3 wall configuration. See the next section 3.2.3 for details. Previous modeling found m = 2

Table 3.2: Coefficients Ãl,m in V/cml when 1 V is applied to either a single bisected wall electrode,
or all rotating wall electrodes in an m = 2 or m = 3 rotating wall configuration.

Coef 0,0 1,1 2,0 2,2 3,1 3,3 4,0 4,2 4,4
single 0.052 0.124 0.036 0.126 0.062 0.115 0.022 0.052 0.097
m = 2 0 0 0 0.504 0 0 0 0.207 0
m = 3 0 0 0 0 0 0.462 0 0 0
Coef 5,1 5,3 5,5 6,0 6,2 6,4 6,6 7,1 7,3
single 0.035 0.047 0.075 0.013 0.024 0.036 0.049 0.002 0.002
m = 2 0 0 0 0 0.087 0 0.197 0 0
m = 3 0 0.180 0.300 0 0 0 0 0 0.026
Coef 7,5 7,7 8,0 8,2 8,4 8,6 8,8
single 0.019 0.031 -0.007 0.007 -0.004 0.020 0.012
m = 2 0 0 0 0.048 0 0.085 0
m = 3 0.087 0 0 0 0 0 0

and m = 3 rotating wall potential coefficients of 0.537 V/cm2 and 0.45 V/cm3 respectively. Table

3.2 states values of 0.504 V/cm2 and 0.462 V/cm3 for the m=2 and m=3 rotating wall potentials

applied. However, previous fits had removed a factor of 3 and 15, corresponding to P 2
2 (0) and P 3

3 (0)

respectively. Rough measurements of the A1,1 coefficient carried out by imaging displacements of

the crystal agreed within 10%. Simulations of the aspect ratio of the crystal from a quadrupole wall

compared to ion images suggest potentially a 20% reduction in the true A2,2 coefficient. Section

3.2.3 describes in detail why m = 2 and m = 3 rotating wall configurations only have m = 2, 6 and

m = 3, 5 terms, respectively.

3.2.3 Rotating wall electrodes

To create a rotating wall potential, an azimuthally dependent potential is required, which

requires dividing a trap electrode azimuthally. Consider n electrodes equally spaced 360/n degrees;

in our case n=8. The potential created when applying a voltage to a single electrode which is

bisected along the x axis can be expanded in terms of Associated Legendre polynomials as described

in equation 3.2. Terms with odd l −m vanish (Al,m = 0) due to symmetry about z, and Bl,m=0 by
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bisecting the electrode along the x axis. Each rotating wall electrode ideally has the same Legendre

expansion, but shifted in ϕ by an angle 2π/n. By applying an oscillating drive on each electrode with

the correct phase advance to match the desired symmetry, the counter rotating terms can ideally

be canceled. To see this, figure 3.4 shows applying an oscillating potential at frequency m′ωr with

phase shifts of −m′2πk
n to each electrode k.

x

y

Figure 3.4: Schematic of the applied drives and phases in our eight-electrode rotating wall setup for
an m′-order rotating wall. The applied potential each electrode k is summed over in equation 3.5.
Each phase in equation 3.7 can be represented in complex coordinates (red arrows, where m−m′ = 1
mod n) to represent a sum over the roots of unity that will add to zero except when m = ±m′

mod n.

Summing equation 3.2 over all electrodes in this configuration gives:

U =
n−1∑
k=0

∞∑
l=0

l∑
m=0

Al,m

(r
d

)l
Pm
l (cos(θ)) cos(mϕ+m

2πk

n
) cos(m′ωrt−

m′2πk

n
) (3.5)
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Focusing on just the azimuthal dependence of this formula gives:

l∑
m=0

n−1∑
k=0

1

2

[
cos

(
mϕ+m′ωrt+ (m−m′)

2πk

n

)
+ cos

(
mϕ−m′ωrt+ (m+m′)

2πk

n

)]
(3.6)

=
l∑

m=0

n−1∑
k=0

1

4

[
ei(mϕ+m′ωrt+(m−m′) 2πk

n ) + c.c.+ ei(mϕ−m′ωrt+(m+m′) 2πk
n ) + c.c.

]
, (3.7)

where c.c. means complex conjugate of the prior term. This equation gives the sum of oscillating

potentials with phase factors which look like sums over the roots of unity which will add to zero.

The formula for a geometric series gives:

n−1∑
k=0

βk =


n, β = 1

1− βn

1− β
otherwise

. (3.8)

For β = ei(m±m′)2π/n, the sum equals 0 for m ̸= ∓m′ mod n. Defining δm,m′modn = 1 when m = m′

mod n and 0 otherwise:

U =

∞∑
l=0

l∑
m=0

n

2
Al,m

(r
d

)l
Pm
l (cos(θ))[δm,m′modn cos(mϕ+m′ωrt) + δm,−m′modn cos(mϕ−m′ωrt)]

(3.9)

≈n
2
Am′,m′

(r
d

)m′

Pm′
m′ (cos(θ)) cos(m′(ϕ+ ωrt)). (3.10)

Equation 3.9 shows that rotating walls are produced of azimuthal order ±m′ mod n and all higher

order degrees l. For example, with n = 8 and m′ = 2, rotating walls of azimuthal order 2 and 6

will form, with the sixth order wall counter-rotating at ωr/3. For our system ions are typically

confined on length scales much smaller than the electrode radius, leading to higher order potentials

being very weak at the ions’ locations. This leads to the strongest wall corresponding to the A2,2

wall. The strength of the wall is n
2 times the single electrode strength. Because potential strengths

decrease for higher order m, higher voltage is necessary to drive higher-order walls. In practice, errors

in amplitude and phase matching, variations in Al,m coefficients from machining and mechanical
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assembly, patch potentials, and capacitive pickup on neighboring electrodes make it difficult to apply

an m = 3 wall. Instead, errors give rise to m = 1 walls rotating at 3ωr dominating over the m = 3

wall strength.

3.3 Imaging

Images of the ions are acquired using three cameras and two imaging objectives. Two Andor

iXon cameras image the ions from the side—using an f/5 objective and a relay lens system with 10x

magnification—and from below the trap along the magnetic field axis using an f/2 objective and

relay lens system with 20x magnification. The side-view objective was modified for easier insertion

through a cutout of the bottom mirror crown and juts out to be rigidly held by an updated 3 axis

stage now mounted completely under the magnet breadboard. The stage mounting adjustment now

allows the underside of the magnet to be enclosed without obstruction. A relay lens attachment

allows for apertures and variable magnification, followed by a bellows connection to a motorized,

TTL-controlled flipper mirror to switch between the side-view Andor and a photomultiplier tube

(PMT). The bottom-view objective is raised through the center of the mirror crown system and

rigidly held by a 3 axis stage for fine adjustment. It similarly consists of a relay lens, bellows,

and rotating mirror system to allow for 4 different imaging paths. In addition to the Andor, a

bottom-view PMT and another camera make up the three currently used imaging paths.

Due to the rotation of the crystal, imaging of the crystal from along the magnetic field

axis (bottom view) produces ring patterns as the ions fluoresce at variable times in their orbit as

shown in figure 3.5. To produce images of the ions in the rotating frame, one can stroboscopically

gate the camera at the rotation frequency. However, this leads to lower count rates and inherent

blurring of the ions, particularly at larger radii and higher rotation frequencies. Instead, we utilize a

single photon X,Y,T counting camera from Roentdek to tag the arrival time of every photon. The

coordinates X, Y can then be de-rotated based on the phase of the rotating wall at the photon

arrival time. The Roentdek camera shown in figure 3.6 consists of a sealed vacuum tube containing

a photocathode, microchannel plate (MCP), and resistive anode to produce a pulse of charge when a
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photon is detected. Three crossed wires in a hexagonal mesh pattern capacitively pick up the pulse.

By precisely measuring the time difference between the pulse arrival at the two ends of each wire, a

distance from the center of the mesh can be extracted.

De-rotate 
imageBottom 

view f/2 
objective 
Roentdek 
image

Side-view f/5 
objective 
Andor 
image

Example 
de-rotated 
image 
before 2024

Figure 3.5: Experimental images of ions from the bottom view (top row and bottom right images)
and side view (bottom left). The top two images correspond to the same photons collected from the
Roentdek, with the left corresponding to the lab frame image of rings as ions fluoresce randomly
in their orbit and the right de-rotating the time of arrival of each photon. The localization and
separation of each ion is dramatically improved compared to old images shown in the bottom right,
which is representative of images taken prior to 2024. Images from the side view show a thin line of
a single plane crystal like in the bottom left image.

Reading out the timing of the pulse is done using an amplifier, a constant fraction discriminator,

and a time-to-digital converter (TDC). Each pulse generally has a variable width around 5 ns. By

adding an inverted, delayed copy of the pulse with a fractional amplitude, a sharp error signal—or

equivalently, a zero crossing—is produced, enabling much finer timing resolution. Delay of the copied

pulse is tuned by physically varying a length of cable to introduce few nanoseconds of delay. A

TDC then records the rising edge of the pulse to a few-ps resolution. Data are binned at 25 ps
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resolution for image reconstruction, corresponding to 100 µm resolution on the camera. With a 40

mm-diameter photocathode, this gives a 400 by 400 pixel image.2 Of these, only approximately 360

× 360 of the pixels corresponds to the active area. To image onto such a large area, an additional

magnification stage is added to give an effective magnification of around 125,3 corresponding to ∼0.8

µm per pixel at the ions.

105 mm
a) b)

c)

d)

Figure 3.6: Roentdek camera components. a) The physical housing of the Roentdek camera is
contained in a cube of side length 105 mm, with the innermost circle the area of the photocathode. b)
Photons pass through the window and sealed tube housing to hit the photocathode, which generates
photoelectrons that are amplified by the MCP before generating pulses of charge on a resistive anode.
c) The resulting pulses are capacitively picked up on three crossing wires, with the timing difference
between the (U1-U2), (V1-V2), and (W1-W2) wire ends giving the coordinates along the wire where
the pulse arrived. d) The pulse is amplified and then split into an inverted and delayed copy with a
set fraction split between the two paths. The sum of the two signals generate a steep ∼ps sensitive
zero crossing from the much wider ∼5 ns pulse. A final time-to-digital converter bins the arrival
time of each pulse to set a timing and position resolution of ∼25 ps and 100 µm.

Imaging with the Roentdek camera—combined with reduced background light scatter from

replacing the vacuum envelope and removing unnecessary optics inside the vacuum system—has

produced a revolutionary capability for the experiment. Previous images used a Quantar camera

2Actual image files are outputted in 441 × 441 arrays.
3Best estimates now suggest magnification of 143.
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limited to approximately a 100 kHz count rate, whereas the Roentdek is specified to handle up

to 1 MHz. However, the quantum efficiency of the Roentdek has dropped precipitously over the

approximate 1 year of use in the experiment, with rough estimates suggesting quantum efficiencies as

low as a few percent compared to the specified ≈ 10− 15%. Detecting with higher scattering rates to

compensate heats the crystal faster than the in-plane modes can be cooled, thus limiting the Roentdek

to as low as 500 counts per ion per second. Despite these disappointing count rates, remarkably

improved images are shown in figure 3.5. Improvements in the in-plane cooling providing a large

contribution in the image quality detailed in chapter 7. Furthermore, the first experiments have been

carried out utilizing single-shot detection of individual ions, as detailed in chapter 6. Replacing the

Roentdek camera with a higher-quantum-efficiency device less susceptible to degradation could enable

routine single shot detection on similar time scales comparable to PMT detection. Additionally,

reduced detection power could be used to limit in-plane heating for more stable crystals.

3.4 Microwaves

Precise control of the spin states of the 9Be+ ions requires a low phase-noise oscillator at

∼124 GHz. Without such a reference, when the ions’ spin states are rotated to the equator of the

Bloch sphere, they will rapidly precess at 124 GHz and the oscillator will be quickly lose track of the

orientation. To produce a low phase noise reference, we first use a Spectra Dynamics LNFR-100

low-noise crystal oscillator with 5 MHz and 100 MHz quartz references. The phase noise properties

are set by the 5 MHz oscillator for offset frequencies between .25 Hz and 100 Hz, and set by the

100 MHz quarts oscillator for higher offset frequencies. For frequencies below .25 Hz the 5 MHz

oscillator is phase locked to a 5 MHz maser reference produced at NIST and referenced to UTC.

A 15.2 GHz Lucix Inc. dielectric resonator oscillator (DRO) is then disciplined by the 100

MHz reference giving it good phase noise performance. An ARTIQ DDS signal at ∼300 MHz, which

is referenced to the same 100 MHz source, is mixed with the 15.2 GHz to produce a ∼15.5 GHz

source. The resulting signal goes through an amplification and 8x multiplication chain, shown in fig

3.7, with an output power of around 200 mW. Besides tracking the spin state orientations using this
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reference oscillator, global spin flips can be driven using the magnetic dipole moment of the electron

and an oscillating B⃗ field orthogonal to the trap magnetic field.

100 MHz 
LNFR-100

15.2 GHz 
Lucix DRO

~300 MHz Artiq 
AD9914 DDS

Single sideband 
mixer
Polyphase 
SSB140180A

Amplifier
ZVA-213+

15.5 GHz 
Anatech 
bandpass filter

Amplifier
ZVA-213+

Artiq TTL 
source

TTL switch
Hittite HMC C-011

AMC 8x multiplier 
and amplifier 
Virginia Diodes

WR 8 waveguide 
horn to ions

Figure 3.7: Diagram showing all components used to generate ∼200 mW of ∼124.02 GHz radiation
at the ions. A low phase noise 100 MHz source is used to discipline a 15.2 GHz DRO. It additionally
clocks the ARTIQ crate which generates a tunable frequency ∼300 MHz tone. After mixing these
two tones together, they are amplified and passed through a 15.5 GHz bandpass filter. After another
amplification stage the signal passes through a TTL-controlled RF switch, allowing quick switching
using an ARTIQ TTL source. This feature is no longer used heavily, however, as described in section
4.1.3. Finally, the signal is multiplied up by 8 and amplified before being routed to the ions via a
WR 8 waveguide and microwave horn.

3.5 Cooling and detection lasers

Doppler laser cooling works on the principle of preferential scattering from a laser opposing

the direction of motion. When resonant absorbers travel towards a laser source the radiation will be

Doppler shifted higher in frequency. By red-detuning a laser source slightly below the resonance

frequency, light will preferentially absorb and scatter when traveling towards the laser source. After

many cycles of absorption and emission, this can net slow the resonant absorber. The cooling limit is

usually set by the linewidth of the transition being driven, with optimal cooling achieved setting the

red detuning to half the natural linewidth. The Doppler limit T = ℏΓ/2kB , corresponds to ∼0.4 mK

for the transition used in the experiment. The first demonstration of laser cooling was performed on

a distant predecessor to this experiment: a Penning trap with Mg+ ions at NIST [32]. Cooling of

the ion crystal is achieved using two beams: one parallel and one perpendicular to the magnetic
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field, both red-detuned from the 2s2S1/2(mJ = +1/2) → 2p2P3/2(mJ = +3/2) transition. This

transition corresponds to ∼313 nm light, the wavelength used for all Be+ lasers in the experiment.

For detection, the parallel cooling beam is shifted to be ∼1 MHz red of resonance to increase the

scatter rate while being conservatively on the red side of the transition to avoid heating.

The cooling light is produced by a Coherent dye laser using a circulating jet of Kiton Red dye,

pumped in a bow-tie cavity by a 4-6 Watt Verdi 532 nm diode pumped solid state laser, yielding ≈

400 mW of 626 nm light. A small portion of the 626 nm light is used in a saturation-absorption

spectroscopy setup of an iodine gas cell to stabilize the frequency to ∼1 MHz or better. After fiber

coupling, the light is frequency-doubled to 313 nm using another bow-tie cavity with a beta barium

borate (BBO) crystal. Pulse amplitude, timing, and fine frequency control are implemented using

an acousto-optic modulator (AOM) in a double pass configuration. The AOM is a crystal driven

with an acoustic wave that deflects the beam and shifts its frequency ∼200 MHz. Fine control of

the amplitude and frequency is achieved by modulating the RF tone generating the acoustic wave.

Amplitude control relies on a proportional-integral feedback loop using feedback from a photodiode

to measure the power and a custom ARTIQ-integrated, fast, low noise DAC to set the reference

voltage level. Updates to the DAC voltage level adjust the servo setpoint to increase the parallel

beam intensity to scatter more photons during detection.

As described in chapter 2, the magnetron motion is negative energy in the lab frame and

therefore requires a modification of standard Doppler cooling. Figure 3.8 shows the perpendicular

laser beam is focused to a small waist and offset from the center of the crystal radially such that

the beam travels in the direction of the crystal rotation to apply a torque that adds energy to

the magnetron motion and thus “cools” it. The magnetron cooling rate is set by the gradient in

the scattering rate of the laser beam, preferentially scattering more to apply a larger torque when

displaced off center. Cyclotron cooling is achieved by the red detuning of the laser following standard

Doppler laser cooling principles. Detailed studies of this cooling, including the effect of the rotating

wall, are described in [36]. The Torrisi study suggested temperatures near the Doppler limit could

be achieved for both the magnetron and cyclotron motion. However, recent studies have pointed out
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the critical importance of the nature of the in-plane modes. The original study had quantified the

cooling of the kinetic energy. However, since the magnetron motion is potential energy dominant this

substantially underestimated the achievable magnetron temperatures. Further studies suggest the

achievable temperatures are limited to ∼10 mK [37]. The same study also shows a way to couple the

magnetron motion with the axial motion by tuning the crystal rotation frequency near the 1-2 plane

transition, where the lowest frequency axial mode can be near resonant with the magnetron modes

[37]. Extensions to this show adiabatic ramps can reduce the temperature further and reduce the

constraint of working near the 1-2 transition [38]. Alternatively, a technique to couple the magnetron

and cyclotron motions has recently been implemented to substantially improve the cooling as will be

described in chapter 7.

field 
deconfining

perpendicular 
cooling laser 
beam off 
center

Increasing scatter rate

Figure 3.8: Diagram showing the Doppler cooling of the in-plane motion. Radially deconfining
electric field lines emphasize the unstable potential energy dominant magnetron motion that is
negative energy in the lab frame. The perpendicular beam is focused to a ∼20-30 µm beam waist
and offset a similar distance to apply a torque in the direction of the crystal rotation. The scattering
rate profile has a sharp gradient at the central ion, applying a restoring force to reduce the negative
energy magnetron motion. Magnetron cooling rates are therefore set by the beam waist and intensity,
with sharper gradients and smaller beam waists able to achieve larger magnetron cooling rates.
Cyclotron cooling occurs due to the red-detuning of the beam analogous to standard Doppler cooling.



41

3.6 Loading

One of the largest time impediments in the past has been the startup procedure to obtain ions.

For details about the prior load procedure, see Kevin Gilmore’s thesis [39]. Prior to the magnet

repair, the standard procedure to start each day was to first start up the dye laser. This involved a

roughly one-hour startup time, which has now almost entirely been eliminated by remote startup of

the pump 5 W, 532 nm laser and dye reservoir chiller.

Next, a neutral beryllium “oven”, which consists of a tungsten wire coated with beryllium, is

heated by running roughly 1 A of current through it. This produces a neutral flux of Be atoms

which is generated in the load zone centered on electrode L3 (see figure 3.2.2). To produce 9Be+, the

neutral atoms are either hit with high energy >12 eV electrons in impact ionization, or photoionized.

Photoionization is implemented using a two-step resonant photon excitation via a few mW 235

nm ∼1 mm diameter laser beam that is generated in a UV bow-tie cavity with a BBO frequency

doubling crystal mounted atop the trap and sent counter propagating to the parallel cooling beam.

To trap these ions, ∼-3 V is applied to the L3 electrode while neutral Be is ionized for ∼5 seconds,

or 60 seconds with electron impact ionization. The magnetic field at the load zone is ∼5 cm away

from the experimental zone where the magnetic field is uniform and maximum, likely reducing the

field by a few % in the load zone.

Ideally, the photoionization beam is perfectly centered on the trap electrode, which we attempt

to achieve by aligning the parallel cooling beam with the magnetic field (see section 6.4 for example

details), and by aligning the trap electrodes to the magnetic field (see section 4.2.5). In impact

ionization, the electron beam is ideally well centered because the electrons will follow the magnetic

field lines as it travels down the bore of the magnet. Because of the fringing magnetic field,4 this

will have a lensing effect that focuses them to the center of the trap. When a single ion is produced,

the magnetron energy is largely set by how off center the ion is ionized, and the cyclotron energy is

dominantly set by the kinetic energy of the neutral Be in the plane. However, the axial direction

4The electron source is a wire filament called an electron gun or egun. There are four filaments one of which is
burned out. All are located far up the vacuum envelope to make this fringing field non-negligible.
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is where this picture goes awry, particularly with multiple ions. Because these ionization beams

(electron or photoionization) are not tightly focused, there is no preferential ionization along the

axial direction. Ionizing on center axially of the L3 electrode would impart no excess energy from the

trap potential itself. However, loading 1 mm off-center axially will impart a very high energy into the

9Be+, on the order of hundreds of meV (thousands of degrees C). If this energy couples at all to the

radial motion via Coulomb repulsion between ions, the ions could be expelled to large-radius orbits.

One idea is to relax the axial well confinement and lower the trap depth to impart less energy

from the trap. However, as the axial confinement is reduced, stray electric fields displace the center

of the electric potential well, loading ions further off center. Even worse, to transport the ions to the

experimental zone the electric potential is raised, ideally adiabatically, which creates deeper wells

and higher trap frequencies. Although this process is adiabatic, energy is added to the motion and

much of the gain is lost from loading in a weaker potential as the ions are heated up further.

All of these issues lead to ions being potentially quite hot and possibly kicked out to far radii

orbits. Because we can only image and cool ions within ∼0.5 mm of the center of the trap we have

no way of characterizing these potential large orbit hot ions. The problem is not evident in the ions

until a precise characterization of the axial temperature is done, or ion resolved bottom-view images

can identify elevated in-plane temperatures. Even though the ions are far away and weakly coupled,

they can be very hot and have extremely long time constant cooling while still perturbing the axial

center-of-mass motion.

The old solution to this problem was simply waiting. The ions would be loaded and left to sit

in the dark for 30 minutes, presumably cooling the highest energy ions via background gas collisions

at room temperature, possibly spinning out of the trap as well, followed by another 30 minutes

with the lasers a few GHz detuned to mitigate hydride formation while applying cooling to the

hottest ions. Ions were then brought to the center of the trap using a "spin up" procedure. The

perpendicular cooling beam was offset far from the trap center and the detuning swept from several

GHz red to several GHz blue of the cooling resonance to apply a torque on the ions. This was

repeated in offset increments of 200 µm, starting from 1 mm, until brought to the center. In total
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more than two hours a day was spent before ions could be worked with. If hot ions at far radii still

managed to get past this wait period or if a new load was desired a further hour wait and spin up

was required.

The new load procedure, along with automated remote startup of the dye laser, has reduced

this startup time to approximately 15 minutes. This is mostly to tune up the dye laser, with an

optional 30 minutes at the start of the day to let the dye laser settle more after the jet starts

circulating, which is not started remotely. The idea behind the procedure is to pulse the potential

in the experimental zone to very low well depths, either allowing easier sympathetic cooling from

the lower frequency magnetron motion, or kicking out ions hotter than the lowered well depth. We

first lower the axial confinement to approximately -80 V applied to only the rotating wall electrodes,

which corresponds to ∼500 kHz axial trap frequency. Using a TTL controllable low noise high

voltage switch we jump the voltage down as low as -0.35 V. We constantly apply the cooling beams

locked to the cooling frequency and with many mW of power, remaining in the lowered well for short

bursts of less than a second for trap voltages below -0.5 V. At these low potentials stray electric

fields displace the crystal center eventually off the side-view imaging field of view, and move the

perpendicular cooling beam to the blue side of the crystal. We compensate for this by offsetting the

perpendicular beam ∼280 µm to allow stable trapping down to as low as -0.35 V. With the spin

up requirement removed this procedure can almost entirely be automated with TTL control of the

high voltage switch and external DACs to set the well depth. If hot ions at far radii still occur this

procedure can be repeated to remove or cool them without reloading. However, this procedure has

shown good reliability in producing cold clouds without evidence of hot ions at large radii.

3.7 Optical dipole force (ODF)

3.7.1 ODF theory and polarization details

To utilize the collective normal modes of motion, it is necessary to couple the spin and motion

together. The workhorse of almost all experiments in the NIST Penning trap has been the Optical
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Dipole Force (ODF), which utilizes a spatial gradient of an AC Stark shift (ACSS) in the axial

direction to produce spin-motion coupling. While the magnet was being repaired, a detailed study

of the ODF and an alternative coupling, the Mølmer-Sørensen (MS) gate, were investigated [40]. For

this thesis, the ODF was almost exclusively operated at a specific condition of nulling the ACSS of

each beam individually, as described in detail below.

Assume two laser beams of nearly equal frequency and linear polarization incident at shallow

angles from each other in the axial direction as shown in figure 3.9. Taking a small angle approxima-

tion, the polarization of each beam can be decomposed into a component aligned with the magnetic

field (π̂-polarized), and a component orthogonal to the magnetic field (σ̂-polarized). Due to selection

rules of the dipole moment operator, the π̂ component only interacts with transitions ∆mj = 0,

and the σ̂ component is a nearly equal superposition of circular polarizations that interact with

∆mj = ±1 transitions (see equations 3.25, 3.26 for estimates of the imbalance in σ̂+/σ̂−). Using

the detuning of the laser frequency from each possible transition in the P1/2, P3/2 manifolds, an

ACSS can be calculated for each spin state in the S1/2 manifold for σ̂, π̂ polarization (see [40]).

The difference in the ACSS for the |↑⟩ and |↓⟩ states is called the differential ACSS, and is a shift

in the precession frequency of the spins. If the differential ACSS has opposite signs for the σ̂, π̂

polarizations, then there will be a polarization angle ϕ0 that cancels the differential ACSS from

a single beam. If both beams had this polarization, a standing wave intensity gradient would be

produced that has no differential ACSS, but can produce a spin-independent force. In contrast,

if these beams are cross-polarized by setting the polarization angles to ±ϕ0, then a polarization

gradient will be produced that can produce a non-zero ACSS from the interference of the two beams

polarizations.

To demonstrate this, assume two beams of equal intensity and polarization angles ϕ of equal
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900 nm

a) b)

Figure 3.9: Cartoon depiction of the ODF setup. a) The lower (El, ωL) and upper (EU , ωU )
beams hit the ions at a shallow ± 10 degree angle. The lower beam is represented above the upper
beam in this diagram because of the orientation of the magnetic field and z axis that defines the
crystal rotation. Previously this was pointing against gravity, but the new magnet has the magnetic
field pointing towards the earth. The interference forms a gradient along the z direction, with
2k sin(θ) ≈ 2π/900 nm. b) The polarizations of the upper and lower beams looking along the
propagation y direction. When the ACSS is nulled and the polarizations cross-polarized (ϕd = π),
the polarizations are at ≈ ±65 degrees.

ratio σ̂, π̂ polarization as follows:

Ex = E0 sin(ϕ)(cos(k⃗u · r⃗ − ωut) + cos(k⃗l · r⃗ − ωlt− ψ)) (3.11)

= 2E0 sin(ϕ) cos(k cos(θ)y −
ωu + ωl

2
t− ψ

2
) cos((2k sin(θ)z − (ωu − ωl)t+ ψ)/2) (3.12)

= 2E0 sin(ϕ) cos(k cos(θ)y −
ωu + ωl

2
t− ψ

2
) cos(β/2) (3.13)

Ez = E0 cos(ϕ)(cos(k⃗u · r⃗ − ωut) + cos(k⃗l · r⃗ − ωlt− ψ − ϕd)) (3.14)

= 2E0 cos(ϕ) cos(k cos(θ)y −
ωu + ωl

2
t− ψ

2
) cos((β + ϕd)/2) (3.15)

ACSS↑/↓ = 4A↑/↓ cos(ϕ)
2 cos((β + ϕd)/2)

2 + 4B↑/↓ sin(ϕ)
2 cos(β/2)2 (3.16)

= 2A↑/↓ cos(ϕ)
2(1 + cos(β) cos(ϕd)− sin(β) sin(ϕd)) + 2B↑/↓ sin(ϕ)

2(1 + cos(β)) (3.17)

Equations 3.11, 3.14 give the sum of the electric fields in the x and z directions respectively from

the upper and lower beams. The upper beam is assumed to have linear polarization with k vector

k⃗u and frequency ωu. The lower beam similarly is characterized by a k vector k⃗l and frequency



46

ωl. Additionally, the lower beam has the same ratio of polarizations given by ϕ, the polarization

angle, but can have arbitrary elliptical polarization given by ϕd, and includes an overall phase shift

ψ from the upper beam. In equations 3.13, 3.15, the electric field decomposes into a spatial term β

that is oscillating slowly at the difference frequency of the beams, multiplied by a fast oscillating

term at the average frequency of the two beams. Because the dipole moment operator will sum

over transitions independently for the two polarizations, the total ACSS is characterized by the sum

of the square of the electric fields along the x, z axes. We can therefore square each electric field

component and associate the fast oscillating term with the single beam ACSS A↑/↓(π̂ polarization),

B↑/↓(σ̂ polarization) for each spin state and for π̂, σ̂ polarizations respectively. The last important

detail is ϕd, which represents the relative phase of the polarization of the upper beam compared to

the lower beam. For example, when ϕd = 0, the beams’ polarizations match, and when ϕd = π they

are cross-polarized. To see the effect of ϕd we write the effective Hamiltonian given by equation 3.17:

Ĥ = Î(ACSS↑ +ACSS↓)/2 + σ̂z(ACSS↑ −ACSS↓)/2 (3.18)

(ACSS↑ +ACSS↓)/2 = (A↑ +A↓) cos(ϕ)
2 + (B↑ +B↓) sin(ϕ)

2 (3.19)

+ cos(β)[(A↑ +A↓) cos
2(ϕ) cos(ϕd) + (B↑ +B↓) sin

2(ϕ)]

− sin(β)[(A↑ +A↓) cos
2(ϕ) sin(ϕd)]

(ACSS↑ −ACSS↓)/2 = (A↑ −A↓) cos(ϕ)
2 + (B↑ −B↓) sin(ϕ)

2 (3.20)

+ cos(β)[(A↑ −A↓) cos
2(ϕ) cos(ϕd) + (B↑ −B↓) sin

2(ϕ)]

− sin(β)[(A↑ −A↓) cos
2(ϕ) sin(ϕd)]

(A↑ −A↓) cos(ϕ)
2 = U1 = −(B↑ −B↓) sin(ϕ)

2 (3.21)

ϕd = π + ϵ (3.22)

(A↑ +A↓) cos(ϕ)
2 = U2 = (B↑ +B↓) sin(ϕ)

2 (3.23)

Ĥ ≈ ϵU2Î sin(β)− U1σ̂z(2 cos(β)− ϵ sin(β)) (3.24)
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Equation 3.18 describes an identity term with no spin-dependence given by the sum of the ACSS on

the two spin states, and a σ̂z spin-dependent term given by the differential ACSS. Equation 3.19

gives the spin-independent terms, with the first line describing a global energy shift to both spin

states that will produce no measurable change to the spin precession and can be ignored. Line two

and three of equation 3.19, however, have a spatial dependence of the energy shift and will give

rise to a spin-independent force, with line two and three being out of phase of each other by 90

degrees. Following the same structure, the first line of equation 3.20 gives a uniform energy shift on

the spins, this time a differential shift between the two spin states. This will give rise to a shifted

spin precession rate, and as alluded to previously can be canceled by setting the polarization angle ϕ

to cancel the differential ACSS of each beam as described by equation 3.21. Lines two and three of

equation 3.20 describe two spatially dependent ACSSs which will produce two spin-dependent forces

90 degrees out of phase of each other. The net result will be a single spin-dependent force with the

phase of the force determined by ϕd. Additionally, if ϕd = 0, meaning the polarizations of the two

beams are aligned, the ACSS nulling condition will similarly be satisfied for the spin-dependent force

and only a spin-independent force will be produced. In contrast, with the beams cross-polarized,

ϕd = π, the spin-independent force can be canceled if equation 3.23 is satisfied.

The experiment now operates at a detuning from resonance such that equation 3.21 and

3.23 are simultaneously satisfied, which occurs at a singular laser frequency ≈ 12 GHz blue of

the 2s2S1/2(mJ = +1/2) → 2p2P3/2(mJ = +1/2) transition, which is ≈ 30 GHz red of the

2s2S1/2(mJ = −1/2) → 2p2P3/2(mJ = −1/2) transition, and with polarization angle ϕ0 ≈ 65

degrees. Under such conditions, a small phase shift ϵ from ϕd = π can be described in equation 3.24,

in which the spin-dependent force slightly rotates its phase and a small spin-independent force is

produced primarily out of phase of the spin-dependent force. This condition was also found when

the experiment was moved to its current lab around 2014. However, from ∼2018-2022 the ODF was

operated at a different frequency 9 GHz blue of the expected optimal point. At this other detuning,

a separate ϕ0 angle was found that satisfied equation 3.21, however equation 3.23 should not have

been satisfied. This should have produced a spin-independent force in phase with the spin-dependent
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force (cos(β) term) for ϕd = π. Suspiciously A↑ +A↓ ∼ 0 at this detuning that is equally detuned

from the nearest π transition for each spin state but with opposite signs. This means by setting

ϕd ̸= π, the spin-independent force could be any relative phase to the spin-dependent force, but it

should not have been possible to cancel both forces simultaneously unless B↑ +B↓ ∼ 0.

Looking only at the closest transitions which dominate the ACSS for B↑/↓, B↑ is detuned

∼59.3 GHz red of the σ̂+ transition to the P3/2(mJ = 3/2) state, while B↓ is detuned ∼68 GHz blue

of the σ̂− transition to the P3/2(mJ = −3/2) state. If the beams were perfectly orthogonal to the

magnetic field, there could be no imbalance in these two polarization components and so a small

non-zero spin-independent force should exist. However, because the beams enter at a shallow angle

it is, in principle, possible to have some small imbalance between Eσ̂+/Eσ̂− . Since the transitions are

detuned with opposite signs and similar magnitudes only a small ∼2 degree imbalance is necessary

to set B↑ +B↓ = 0. This is just slightly out of reach with the shallow angle of the beams using these

rough numbers, but it is very close. Writing the true general polarization state of one beam gives:

E⃗ = E0[cos(ϕ)ẑ + eiδ sin(ϕ)(cos(θ)x̂+ sin(θ)ŷ)]. (3.25)

As before ϕ sets the ratio of π̂ to σ̂ electric field components, and θ = ±10◦ is the angle of the beams

(see figure 3.9). Now an ellipticity δ of a single beam is defined and the component of the electric

field in the ŷ direction is no longer ignored. The ratio of |Eσ̂+ |2/|Eσ̂− |2 = |E⃗ · (x̂+ iŷ)|2/|E⃗ · (x̂− iŷ)|2

is then given by

∣∣∣∣Eσ̂+

Eσ̂−

∣∣∣∣2 = 1− s sin δ

1 + s sin δ
(3.26)

s = 2 cosϕ sinϕ sin θ, (3.27)

giving a maximum ratio of squared electric fields of 1.128 for a polarization null angle of 65.8◦ and

beam angles of ±10◦. This is slightly smaller than the ratio of ∼ 1.147 needed using the naive

estimate of the detunings above to set B↑ +B↓ = 0. If this indeed was the mechanism by which the
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nulls were achieved previously, a detailed comparison would need to be done to see if the ratio of

spontaneous emission to spin-dependent force strength and sensitivities to polarization and frequency

drifts are improved.

3.7.2 ODF experimental details

The ODF was previously generated using the dye laser that is now used as the cooling laser.

While the magnet was repaired, it was replaced with a 313 nm fourth harmonic generation (FHG)

Toptica system capable of outputting up to 800 mW of UV, mounted underneath the optics table

to avoid any fiber coupling loss and make space for the large laser. In general the ODF has been

remarkably stable—even more so than the previous ODF—likely due to a custom cut enclosure

around the whole magnet table. However it is clear that mounting underneath the table has been

non-ideal, with any weight being put on the table slightly adjusting the beam pointing of the system.

Motorized mirrors allow precise alignment of the ODF without having to work near the optics table

once roughly set up, allowing up to a few months of runtime before more major realignment is

necessary. Similar to the cooling beams, the pulse timing and intensity is servoed using amplitude

modulation of the RF tone applied to AOMs. In addition, the beams can be picked off and interfered

to measure a beatnote between the two beams to stabilize the relative phase. After mixing down

the beatnote with a reference DDS it can be fed back onto a frequency source using a proportional

integral feedback loop to a voltage controllable frequency modulation source. The frequency of the

laser is stabilized to ∼100 MHz using a wavemeter reference with feedback to a piezo inside the

laser. Polarization control of the beams is done using three motorized waveplates. A motorized half

waveplate in each beam path sets ϕ0 of each beam. Another half waveplate in the upper beam path

is rotated about an axis normal to the optics table with its fast axis aligned with vertically on the

table to adjust ϕd. The idea is that by entering at non-normal incidence the beam travels a larger

distance in the half waveplate, imparting a tunable relative phase shift in the horizontal relative to

vertical polarization components.
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3.8 Electromagnetically induced transparency (EIT)

To achieve temperatures below the Doppler cooling limit an interaction must be generated

with a narrower resonance than that set by the lifetime of the cycling transition 2s2S1/2(mJ =

1/2) → 2p2P3/2(mJ = 3/2). Common techniques to achieve this are sideband cooling [41] and

electromagnetically induced transparency (EIT) cooling [42]. Sideband cooling involves resolving a

transition that removes a single quanta of motion, called a red sideband, and is generally not well

suited to our experiment which will have potentially hundreds of modes to cool. In contrast, EIT

cooling involves generating a narrow Fano-like resonance tuned to resonantly enhance red sideband

transitions over completely suppressed carrier transitions which make no change to the quanta of

motion but can cause heating from recoil (see [42]), and strongly suppressed blue sideband transitions

which add one quanta of motion. The bandwidth of EIT cooling is generally similar to the mode

frequencies being cooled. EIT cooling has the advantages of being fast, broad-bandwidth, and largely

insensitive to experimental parameters such as mode frequencies, detunings, and pulse timings. The

main downside to EIT cooling is that it cannot get as cold as resolved sideband cooling, with our

experimentally measured limit around 0.3 quanta of our 1.6 MHz axial COM mode.

To generate the narrow Fano-like resonance, a three-level system is used which includes the

two S1/2 levels, coherently coupled via an auxiliary third P3/2(mJ = 1/2) state as shown in figure

3.10. These lasers are generated with two Toptica second harmonic generation (SHG) systems that

output 600–800 mW of 626 nm light. The σ̂+-polarized higher frequency beam, called the sigma

beam, is locked to an iodine line similarly to the Doppler cooling beam. The π̂-polarized beam,

called the pi beam, is offset locked to the sigma using an in-fiber fast 31 GHz photodiode which

measures the beatnote between the two lasers at 1252 nm. This beatnote is mixed down with a 31

GHz source made by mixing a 15.2 GHz DRO with a ∼300 MHz Novatech DDS, with the resulting

∼15.5 GHz frequency doubled. The DC voltage representing the phase of the two laser’s beatnote is

then actively fed back using a Fast Analog Linewidth Control (FALC) Toptica servo to the pi laser

diode current for frequency feedback with bandwidths of a few hundred kHz.
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After fiber coupling the red light over to the magnet table the beams are frequency doubled

using a home-built UV doubling cavity and an Agile Optic doubling cavity similar to the cooling

beams, followed by double pass AOMs and telescopes. The EIT beams are counter-propagated along

the ODF beam path for good starting alignment. Final powers at the ions with our beam waists

required ∼20 mW in the sigma beam and ∼5 mW in the pi. The power constraints on the sigma are

our most demanding in the experiment due to drifts of alignments reducing the doubler and AOM

efficiencies on weeks timescales. The sigma beam also is used as a repumping beam to pump any

population from |↓⟩ to |↑⟩ by exciting to the P3/2(mJ = 1/2) level.
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Figure 3.10: EIT level scheme. a) Level diagram of EIT cooling along with the previously described
cooling and ODF transition frequencies. A σ̂+ (∆m = +1) and π̂ (∆m = 0) polarized beam
with frequency splitting of the 124.02 GHz qubit frequency form a coherently coupled three level
system. b) In the dressed basis, the pair of lasers ideally would evolve the system into a dark state
superposition of ↑, ↓ given by g and motional quanta n. Due to destructive interference between the
g → +, g → − transitions no fluorescence can occur. However, a narrow Fano resonance centered δ
(the ACSS) away at the + state can drive transitions through a strongly enhanced red sideband
n→ n− 1.



Chapter 4

Calibrations and Alignments

This chapter details the day to day operational details of running the penning trap experiment

to calibrate and align the various subsystems discussed in chapter 3.

4.1 Microwave calibrations

4.1.1 Microwave Rabi calibrations

Most experiments involve a microwave operation at some point in their pulse sequence, usually

to control the initialization, readout, and echoing of the dynamics via global spin rotations. For

this reason the overwhelming majority of experiments first involve a calibration of the microwave

resonant frequency, and drive strength of the 124 GHz radiation at the ions. An oscillating magnetic

field orthogonal to the magnetic field resonant with the energy splitting can interact with the ions’

spins via the magnetic dipole interaction to induce oscillation between the spin up and down states

at a rate Ω, also called Rabi oscillations[43]. Assuming the ions are initialized in the |↑⟩ state via

repumping, if the radiation is detuned ∆ = ω − ω0 from resonance, the spin state at time t is

described by:

P↑ = 1− Ω2

∆2 +Ω2
sin2

Ωt

2

√
1 +

(
∆

Ω

)2
 (4.1)

= cos2(Ωt/2),∆ = 0 (4.2)
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At Ωtπ = π and on resonance, a "π pulse" is achieved that flips the spin state from bright to dark

and is called the "π time". By setting the pulse duration to close to this π time and scanning the

frequency a resonance dip can be found and fitted to estimate the microwave frequency and π time.

A more precise estimate of the π time is then achieved by driving on resonance and varying the drive

time and fitting the corresponding oscillation.

a) b)

Figure 4.1: Rabi microwave calibrations. a) Scanning the microwave pulse time on resonance
generates a cos2 curve as described in equation 4.2. A fit extracts a π time estimate of 89.7 ± 0.5
µs. b) Setting the microwave pulse time roughly to a π pulse and scanning the microwave frequency
gives a resonance feature that can be fit to measure the resonance frequency, as described in equation
4.1. The fit gives a resonance frequency of 124,022,457,401 ± 43 Hz.

4.1.2 Microwave Ramsey calibrations

Rabi flopping can be visualized by an effective vector pointing along the direction of the

oscillating magnetic field. This requires rotating the reference frame of the spins to co-rotate at

the Larmor precession rate. In this co-rotating reference frame, the spins will rotate about this

effective magnetic field vector. Therefore, if the phase of the microwave drive is changed, the axis

about which the spins rotate can be varied. Additionally, if the microwave drive is detuned it can be

represented as an effective magnetic field vector tipped away from the equator of the Bloch sphere.

Finally, if the spin states are initialized along some axes on the equator of the Bloch sphere with

the drive turned off, if the frequency of the reference microwave oscillator is different from the true

Larmor precession frequency, this will appear as a rotation of the phase of the effective magnetic
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field at the detuning between the reference oscillator and the true Larmor frequency.

This picture can be used to explain Ramsey interferometry [44], where the π pulse is split

into two π/2 pulses with a long precession period T between. By scanning the frequency of the

reference oscillator in the wait time the phase accumulation between the reference oscillator and the

true Larmor frequency is scanned and produces Ramsey fringes described by

P↑ ≈ sin2
(
(ω − ω0)T

2

)
(4.3)

Importantly, this produces Ramsey fringes with frequency widths set by the free precession time

T . Unlike the frequency dependence of a Rabi scan, the Ramsey scan has multiple fringes that can

incorrectly fit the resonant frequency if the central frequency is not known well enough to identify

which fringe is correct.
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Figure 4.2: Ramsey microwave calibration. By scanning the detuning between the true Larmor
frequency and the reference oscillator, the final microwave pulse phase will rotate around at the
detuning causing Ramsey fringes as described in equation 4.3. Setting a free precession time of
T = 700 us gives a fringe width of ∼ 1.3 kHz, slightly narrower than 1/T due to the non-zero π/2
pulse time which are not driven on resonance. The fit gives a resonance frequency of 124,022,457,681
± 2.5 Hz.
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4.1.3 Microwave frequency chirp

A peculiar issue was identified with the microwave system where the resonance frequency found

from a Ramsey scan was systematically different than that found from a Rabi scan. Upon further

investigation, it was found that the delay time since the microwaves were last pulsed effectively

shifted the frequency and π time of the microwaves. This could be demonstrated by plotting the

fitted microwave frequency as a function of Rabi pulse time, which showed a frequency deviation that

increased dramatically for shorter delays. Additionally, by doing repeated π/2 pulses with varying

delays, it was found that the microwaves would gradually over-rotate or under-rotate depending on

the delay between the pulses. This effect is believed to be a thermal effect with the microwaves, and

so to alleviate the issue the microwaves are now left constantly on at full power on the ions, with the

frequency jumped order 20-100 MHz off resonant by default. This requires careful phase tracking of

the microwave phase, since the frequency is now jumped between microwave pulses (see section 3.1

on the ARTIQ control system and DDS’s).

4.2 Magnetic field calibrations and alignments

4.2.1 Axial magnetic field gradients

With the ability to measure the Larmor precession frequency precisely, it is straightforward

to measure the magnetic field uniformity. By applying a voltage to a distant electrode such as T1

or T4, the crystal to first order displaces axially a distance set by the axial confinement strength.

By calibrating this displacement and measuring the Larmor frequency at each axial displacement,

an axial magnetic field gradient can be measured. Importantly, if the shift is small enough, the

overall drift of the magnetic field during the time it takes to displace the crystal matters, and if the

displacement is far enough, the perpendicular cooling beam height must be adjusted to move with

the crystal.

When the magnet was first ramped up to field the field uniformity was carefully measured and

shimmed using a nuclear magnetic resonance (NMR) probe. In the previous magnet it was found
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that this shimming did not hold once the mirror crown was inserted into the bore of the magnet,

along with the trap. In 2019, an attempt to compensate this gradient accidentally increased the

gradient to ∼ 400 Hz/um, or equivalently ∼ 150 mG/mm. This large axial magnetic field gradient

made the coherence of the spins extremely sensitive to axial motion, and made microwave control

of multi-plane crystals impossible. Using the ions to adjust the current in the axial shim coil, the

gradient in the new magnet was reduced to ∼ 6 Hz/um or 2.5 mG/mm, which was partially limited

at the time by bad microwave coherence times of a few hundred microseconds due to the low phase

noise 100 MHz source being repaired.

4.2.2 Planar magnetic field gradients

In addition to an axial magnetic field gradient, the experiment has uncompensated magnetic

field gradients in the planar directions. These gradients are less impactful because the first-order

planar gradients are rotationally averaged over. This means that the primary effect of planar

magnetic field gradients is to reduce the effective microwave power hitting ions at larger radii, as

the effective phase modulation puts more power into the first rotational sideband. This produces a

small shift in the π time, resulting in slower Rabi rates further from the center of the crystal. To

quantify this, the microwaves can be driven at a rotation sideband of the resonant Larmor frequency.

However, another equivalent effect occurs from Doppler shifts on the microwave radiation from any

component of the microwave k vector in the plane, with the two effects distinguishable from their

rotation frequency dependence. For our rotation frequencies and crystal sizes, in general these effects

are of the same size making them hard to distinguish, but in general are very small effects. The

effective Rabi rate of the rotation sidebands is ∼20x smaller than the resonant Rabi rate.

Alternatively, the planar magnetic field gradients can be measured by applying a voltage to

two orthogonal rotating wall electrodes and measuring the shift in Larmor frequency, analogously to

the axial case. Experimentally, this is not as straightforward as the axial case as we do not have

independent DC voltage control on each rotating wall electrode. Measurements have placed this

gradient around 8 mG/mm, pointing largely orthogonal to the ODF beam path.
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4.2.3 Magnetic field stability

In addition to magnetic field uniformity, the magnetic field stability is an important magnet

specification. From June 2024 to August 2025 the microwave frequency drifted down approximately 1

MHz, or equivalently a fractional drift of around 10−9/hr, meaning the half life of the magnet if kept

cold is order of magnitude 100,000 years, much longer than the last magnet lasted. Experimentally,

much faster fluctuations in the magnetic field, likely from various metal moving around in neighboring

labs, dominate magnetic field changes on the few seconds time scale. As an example, moving our

oscilloscopes mounted over the optics table can shift the microwave frequency 10s of kHz, enough to

shift the microwave frequency more than a few weeks of magnetic field drift (or equivalently the

drift can be compensated for a few weeks by moving the scopes a few inches a day).

4.2.4 Fast magnetic field noise and coherence times

On much faster timescales than a second the most critical magnetic field fluctuations set the

fundamental coherence time of the experiment. Fluctuations of the magnetic field while the spins

are on the equator of the Bloch sphere lead to random precessions that grow in time and lead to

the reference oscillator losing track of the orientation of the spins. By flipping the spins about the

axis of the equator they originally pointed, any low frequency noise can be canceled in what is

called a spin-echo sequence. Magnetic field noise or oscillator phase noise at much higher frequencies

is ideally averaged over, but for frequencies on the same time scale of the two arms of the spin

echo the noise will not be canceled. The timescales of this noise can be characterized by a Ramsey

sequence, where the spins are allowed to freely precess between two microwave π/2 pulses for a

variable time that is scanned. After careful calibration of the microwave frequency this will lead to

the ions being dark if the orientation of the spins is retained, and eventually complete dephasing

of the spins giving random 50% bright population. This could be more precisely characterized by

scanning the final microwave phase to determine the contrast of the oscillation as the phase is varied,

to discriminate between coherent rotations and spin dephasing. The timescale of this dephasing is
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often referred to as the T2∗ coherence time in NMR, with the ∗ usually dominated by dephasing due

to inhomogeneity, unlike in our case. More often we are interested in the decoherence time with a

spin echo to cancel low frequency magnetic field fluctuations, which involves sandwiching a π pulse

about an axis rotated π/2 between the Ramsey microwave π/2 pulses. This is often referred to as

the T2 time, which cancels inhomogeneous dephasing and low-frequency dephasing.

Ignoring any coherent rotations and associating all decreases in bright fraction to decrease in

contrast or spin dephasing gives

P↑ =
1

2
(1 + e−

(2Γτ)2

2 ), (4.4)

where 2τ is the total Ramsey precession time, and Γ is the rms frequency fluctuations of the resonant

microwave frequency, either between arms if measured in a spin echo, or over the total precession

time. Γ corresponds to 1/T2, or 1/T2∗, depending on if the sequence included a spin echo or not.
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Figure 4.3: Calibrations of decoherence due to magnetic field fluctuations. Fits give rms fluctuations
without an echo of 360 ± 15 Hz, 197 ±10 without (red curves) and with floating the table (black
curves) respectively. With an echo these rms fluctuations reduce to 107 ± 4 Hz, 72 ± 2 Hz without
(blue curves) and with (green curves) floating the table respectively.

The phase noise of the 100 MHz reference oscillator has been carefully tested and suggests

a T2 limit of around 100 ms. Experimentally, we find much shorter T2 timescales of 10 to 25 ms,
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depending on whether the optics table which the magnet sits on is floated or not. We therefore

attribute most of the low-frequency magnetic field noise to vibrations (possibly coupling through

induced emfs or changes in the coil)[45].

4.2.5 Magnetic field alignment

Another desirable specification of the magnetic field is how well the electric quadrupole can be

aligned with the magnetic field. If this is poorly aligned, the component of the electric quadrupole

mis-aligned with the magnetic field axis will appear in the rotating frame as an oscillating electric

field drive. If a motional mode of the crystal is resonant in the rotating frame with the drive a

heating resonance occurs. These “zero frequency modes”, so called because they are excited by zero

frequency static field errors in the lab frame, also called Trivelpiece-Gould Modes (TPGM)[46], can

be identified by sweeping the rotation frequency until the l,m modes of a three dimensional crystal

become zero frequency in the lab frame. Example heating resonances and l,m structures are shown

in figure 4.4. These heating resonances were first demonstrated by varying the torque applied with

a perpendicular cooling beam [47]. Subsequently they were shown in the original experimental

realization of a rotating wall potential, and show hysteresis, or dependence on the direction of the

rotation frequency sweep [27].

When first inserted, the trap is misaligned enough that higher order l,m modes are strong

enough to drive heating resonances at lower rotation frequencies. To align the trap to the magnetic

field, the cooling beams are far detuned such that heating of the crystal when sweeping the rotation

frequency increases the fluorescence rate as it is heated into resonance via Doppler shifts. With

the new ARTIQ control of the rotating wall frequency, updates can be done in a few microseconds,

allowing fast fine frequency steps of the rotation frequency as shown in figure 4.4. The whole vacuum

system is then mounted on a two-axis translation stage, with a pivot point created by a sleeve

attached around the vacuum envelope approximately 10 cm above the ion crystal far down the bore

with spring loaded arms centering the envelope in the bore. Moving the translation stage then

displaces the top of the vacuum system approximately 1 m away from the pivot point that remains
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stationary, and therefore undesirably shifts the center position at the ions ∼ 1/10th the distance.

By tilting the trap, the heating resonances strengths are empirically found to change, indicating

the direction to tilt. Care must be taken to move the perpendicular cooling beam commensurate

with the trap translation so that fluorescence changes are not attributed to Doppler shifts of the

perpendicular cooling beam, and the in-plane cooling remains on the correct side of the crystal.

Because the heating resonances are static in the lab frame, spatial dependence of the heating

resonances can be seen on the side and bottom view images as shown in figure 4.4. This procedure

is repeated first in a lower axial confinement of around 890 kHz to get a first alignment, and

subsequently in the standard 1.6 MHz axial frequency configuration with stronger heating resonances.

Once well aligned, the signal can be inverted by operating in standard conditions and looking for

heating of the crystal producing a drop in fluorescence. This requires very good alignment as the

signal is much more sensitive to heating the crystal off the rotating wall compared to far detuned

cooling beams. Sitting on the dip or peak of the resonance, small adjustments of the translation

stage are made to increase or decrease the count rate corresponding to decreasing the heating.

Experimentally, at least two additional confounding heating resonances can make identifying

the zero frequency modes that are sensitive to alignment difficult. The first confounding source of

heating is from the rotating wall drive itself. For this reason, a dipole wall is generally used rather

than a higher order wall that require larger drive strengths and produce more heating resonances.

Additionally, varying the wall drive strength is useful to check if the heating is driven by static field

errors as opposed to from the wall itself. Lastly, heating resonances from impurities, particularly

BeOH+ and BeH+ cyclotron resonances, and axial center of mass mode heating resonances take

careful rotating wall conditions to not heat the cloud too strongly when swept over. For example,

when sweeping over a BeOH+ cyclotron resonance or axial COM heating resonance the wall may be

reduced in strength or jumped in frequency rather than smoothly ramping over the resonance. The

ultimate sensitivity of this technique is found to be much better than .001 inches adjustments on the

micrometer stage over a ∼ 1 meter lever arm, corresponding to an angle of <.01 degrees.
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a)

b)

c)

d)

6,1

Figure 4.4: Excited m = 1 zero frequency mode (TPGM) heating resonances due to static field
errors used to align the trap to the magnetic field. a) The top row from left to right shows an
example 6,1 excited mode with the bottom view and side view electric fields which have 6th order
radial dependence. When the ion motion is towards the parallel beam (red arrows), the parallel
cooling laser Doppler shifts into resonance increasing fluorescence. Experimental images of the (6,1)
mode are from a previous trap. b) Initial alignment when the trap was placed in the new magnet
gave heating resonances in the 880 kHz axial frequency trap around rotation frequencies 200-700
kHz, likely (6,1) modes. Increasing counts corresponds to Doppler shifting the far detuned beams
into resonance from heating. c) Final (2,1) mode heating resonance just below 1.9 MHz rotation
frequency in the deeper 1.6 MHz axial frequency trap, along with erroneous resonances that are not
from trap misalignment. d) image of the heated (2,1) mode at around 1.9 MHz associated with c).
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4.3 ODF calibrations and alignments

4.3.1 ODF alignment

With the ion’s spin states well characterized and controlled with our microwave source, the

next main tool of the experiment is the ODF (see 3.7 for an overview). The goal of the ODF is to

couple the collective motion of the ions to the spin states. Specifically, the axial motion is the desired

motion to couple to, and so the first requirement of the ODF is to align the k vector difference of

the upper and lower beam with the magnetic field axis (see Chapter 7 for an exception to this). We

can approximate the Hamiltonian of the system with a tilted k vector as

HODF =
∑
i

U cos(k∥z + µt+Ψ+ k⊥ρi sin(ϕi − ωrt− ϕ0))σ̂
i
z (4.5)

≈
N∑
i=1

∞∑
n=0

Ũi

2δ0,n
Jn(k⊥ρi)[cos(µt+Ψ+ n(ϕi − ωrt− ϕ0)) + (−1)n cos(µt+Ψ− n(ϕi − ωrt− ϕ0))]σ̂

i
z

(4.6)

=
∑
±

N∑
i=1

∞∑
n=0

Ũi

2δ0,n
Jn(k⊥ρi)(±1)n cos(µt+Ψ± n(ϕi − ωrt− ϕ0))σ̂

i
z. (4.7)

In equation 4.5, k∥ is the k vector component aligned with the magnetic field and is approximately

2π/900 nm, k⊥ is the component of the k vector in the plane, and U is the ACSS amplitude.1 The

equilibrium position of an ion i is given by the radius ρi and azimuthal coordinate ϕi. The relative

phase of the two ODF beams is given by Ψ, while the orientation of the wavefront tilt in the lab

frame is given by ϕ0, which rotates at the crystal rotation frequency ωr in the rotating frame. Taking

z = 0 reduces U to Ũi = U exp(−(k∥zrms,i)
2/2), which is a Debye-Waller factor2 reduction in the

maximum gradient of the interaction due to thermal averaging over fluctuations in the axial positions

of the ions. From here on the DWF is assumed approximately uniform across the crystal. The

notation δ0,n = 1 if n = 0 and is 0 otherwise. The expansion was carried out using the Jacobi-Anger

1Note this U definition which will be used throughout this thesis is really half the differential ACSS, as the shift
applied to the state |↑⟩ (|↓⟩) is +U(−U).

2See [14] supplementary material for estimates of this factor and its variation across the crystal.
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identity eiz sin(ωt) =
∑∞

−∞ Jn(z)e
inωt, which describes expanding phase modulation of modulation

index z in terms of sidebands at frequency multiples of the modulation frequency ω. The strengths

of the sidebands are then characterized by cylindrical Bessel functions of the first kind Jn. If this

Hamiltonian is applied resonant with a rotation sideband µ = mωr, removing the fast-rotating terms

leaves

HODF (µ = mωr) ≈ Ũ
∑
i

Jm(k⊥ρi) cos(m(ϕi − ϕ0) + Ψ)σ̂iz. (4.8)

By applying this Hamiltonian with the spins initialized on the equator of the Bloch sphere, a pattern

will be imprinted that is static in the rotating frame of the crystal. The patterns will have azimuthal

order m and radial dependence Jm(k⊥ρi), with the azimuthal orientation of the pattern rotated

Ψ+ π
2 from the orientation of the lab frame pattern for m = 1.

By stabilizing the ODF phase Ψ, imprinting this pattern, and detecting the spin states of

the ions in the rotating frame, in principle it is possible to exactly calculate the tilt of the ODF

beams and the orientation of the tilt correction necessary. This is described in more detail in 7 for

characterizing larger tilts. With global fluorescence, all spin rotations will average to 0 unless the

cloud is displaced off-center with a dipole wall. For this reason, it is also in principle possible to

identify the orientation and size of the tilt by applying a large dipole wall strength and measuring

the average rotation of the spins as a function of the relative phase of beatnote to the rotating wall

frequency.

In practice, instead multiple rotation sidebands are measured with global fluorescence, with

the ODF phase left unstabilized and rotations converted into deviations from dark with a microwave

π/2 pulse in phase with the initializing π/2 pulse to measure spin dephasing. In general, due to the

shallow angle vertically of the beams the tilt is largely dominated by horizontal misalignment. Using

a spin echo pulse sequence of arm time τ and beatnote mωr, with a phase advance in the second

arm to add coherently with the first, the bright fraction averaged over a uniform disk of radius R
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can be written as

P↑ =
1

2
− 1

R2

∫ R

0
ρJ0

(
4Ũτ

ℏ
Jn(k⊥ρ)

)
dρ. (4.9)

Taking small angle approximations of the argument of the J0 term gives

P↑ =

(
Ũτ

ℏ

)2

⟨Jn(k⊥ρ)2⟩ , (4.10)

where ⟨Jn(k⊥ρ)2⟩ = 1
R2

∫ R
0 ρJn(k⊥ρ)

2dρ. Taking small arguments of Jn(x) ≈ 1
n!(

x
2 )

n gives the ratio

of rotation sideband n to n− 1:

P↑,n
P↑,n−1

≈
k2⊥R

2

4n(n+ 1)
. (4.11)

This formula can be used to estimate the k vector misalignment for small tilts. Experimentally, a

continuous measurement is taken that measures multiple rotation sidebands to give an idea of the

misalignment. Simultaneously, motorized mirrors attempt to walk with a calibrated ratio of tilts

between the last two motorized mirrors on the optics table before being sent up the magnet bore.

Because of hysteresis in the mirrors this calibration is not reliable enough for the smallest tilts, and

so periodically the beams must be re-centered on the ions.

Ideally, the sidebands are reduced when walking in the correct direction, with the higher order

sidebands decreasing first, in contrast to all sidebands reducing from tilting off the ions. However, in

addition to spin precession from tilts of the ODF, axially driven motion from the rotating wall can

also be sensed when the beatnote is at the rotating wall drive frequency. The source of the drive

is likely from asymmetric capacitive pickup on the neighboring T2/T3 electrodes. For this reason,

alignments are done with a dipole wall, rather than a quadrupole wall that excites the second rotation

sideband. Phase sensitive measurements of driven motion using the quadrupole wall confirmed this

drive could be canceled with an external axial electric field drive, with the strength corresponding

to ∼6 nm amplitude motion. Notably the further out the crystal radius is, corresponding to larger
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dipole wall strengths and larger crystals, the more sensitive the measurement becomes. Additionally,

once the sidebands are reduced largely to the first and second sideband, the arm times are increased

to increase the sensitivity. Ultimately, non-idealities in the beams such as wavefront mismatch and

intensity non-uniformity likely limit the ability to eliminate the sidebands.

When poorly aligned, many rotation sidebands are visible and limit the ability to couple the

axial motion to the spins as shown in figure 4.5. As alignment is improved the axial drumhead

modes become measurable, with the ratio of the spin-dependent force to decoherence sensitive to

the small errors in the alignment. Rough estimates of the best alignment achievable suggest tilts of

order .01 degrees, with the horizontal direction being ∼ 3 times more sensitive than the vertical.
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Figure 4.5: ODF alignment measurement as gauged by the strength of rotation sidebands given by
the spikes in spin dephasing at multiples of 180 kHz. An intentional tilt of roughly 3 mrad or .15
degrees is achieved by a motorized actuator tilting a 1 inch mirror 70 microns across its surface,
which is walked back onto the ions using a second motorized mirror. Roughly 7 rotation sidebands
(blue curve) are then visible, with the axial drumhead modes no longer distinctly identifiable. In
contrast when well aligned (red curve) only a single rotation sideband is visible and the drumhead
modes are far separated from the nearest rotation sideband. Note the red curve is actually at 178
kHz rotation frequency on a different crystal than the blue curve.
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4.3.2 Spontaneous emission

Often the primary decoherence mechanism in the experiment is spontaneous emission due to

off resonant light scatter from the ODF beams. For a given ODF laser frequency and polarization

the ratio of the spin-dependent force to spontaneous emission rate is fixed. Increasing the laser power

of the ODF increases both the spontaneous emission rate and the spin-dependent force strength

linearly. To achieve a better ratio, the beams can be detuned further from resonance at expense

of requiring more laser power and no longer being able to satisfy both nulling of the ACSS and

spin-independent forces. Without careful intensity stabilization the ratio will quickly be dominated

by intensity fluctuations in the beams varying the ACSS, making operating at an ACSS null vital to

achieving good coherence.

Experimentally we carry out the same T2 coherence time measurement described in section

4.2.4, now with either one or both beams on during the Ramsey free precession times. The decay of

contrast can then be fitted to

P↑ =
1

2
(1 + e−

(2Γmagτ)
2

2
−2τΓ), (4.12)

where Γmag is the decoherence from the magnetic field fluctuations and Γ = 1
2(Γram+Γel) is the total

spontaneous emission rate from Raman and elastic scattering, with Γel ≈ 4Γram for our operating

condition.

Figure 4.6 shows representative decoherence rates from the ODF in our system. Calculated

decoherence rates are in reasonable agreement based on the measured ACSS when π̂ polarized. By

including a spin echo any residual ACSS is ideally canceled. However, if the ACSS is not nulled

the decoherence rate becomes dominated by intensity fluctuations in the beams rather than from

spontaneous emission. Additionally, when measuring the decoherence rate with both beams on the

beatnote is set 50 kHz detuned above the highest frequency axial COM mode. Experimentally it is

found that the decoherence rate from the two beams separately does not sum to the decoherence

rate of both beams, which we attribute to higher order Lamb-Dicke effects. To support this we find
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Figure 4.6: Calibration of decoherence due to spontaneous emission. A spin echo sequence while
turning on either one or both beams during the free precession leads to spin dephasing which we
measure as loss of coherence of the Bloch vector. A contrast of 1 represents full coherence and 0 no
coherence. The single beam decoherence is tuned to be roughly equal by setting equal intensities
on the ions. Decoherence rates of the lower (blue curve) and upper (red curve) beams extracted
from the fits are estimated at 56 ± 4 Hz and 69 ± 4 Hz for the lower and upper beams respectively.
With both beams applied simultaneously detuned 50 kHz above the axial COM mode (black curve),
a decoherence rate of 152 ± 7 Hz is measured. This 20 % inflation compared to the decoherence
of each beam added together is thought to be caused by higher order Lamb-Dicke effects. This
discrepancy has been found to be sensitive to the ODF alignment and whether EIT or Doppler
cooling is used. All of these curves are with Doppler cooling only.

that EIT cooling the axial modes near the ground state substantially reduces the discrepancy to

∼ 10%, compared to up to 50% for Doppler cooled crystals. Additionally, errors in the alignment

inflates this discrepancy further, possibly coupling to in-plane motion.

4.3.3 ACSS nulling

To null the ACSS, first each beam is set to nominally π̂ polarization by setting a motorized half

wave plate in each beam path to vertical within a few degrees. A Rabi experiment as described in

section 4.1.1 is carried out scanning the microwave frequency, this time with one of the ODF beams

on during the microwave drive. The fitted frequency is subtracted from the calibrated resonance

frequency to give the differential ACSS. By repeating this scan and tilting the horizontal and vertical

knob of each final ODF mirror the optimal tilt can be found to maximize the ACSS on the ions.
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From here, the intensity of the beams can be adjusted by a DAC voltage setting the intensity servo

level to choose a desired ACSS. The servo level must be set less than the maximum power level at

full AOM drive power, generally set with at least 20% overhead.

With the ODF beams aligned to the ions and at the desired ACSS strength, the motorized

waveplate in each beam path is set to the last found nulling angle that minimizes the ACSS of each

beam. From here, a Ramsey experiment as described in section 4.1.2 is carried out, this time with

the microwaves always set to the calibrated resonant frequency while the half waveplate angle is

scanned. At the optimal nulling angle, the Ramsey sequence will result in the ions dark, and off this

optimal angle a shifted Larmor frequency rotates the phase of the final π/2 pulse to give Ramsey

fringes. As the calibration is a Ramsey sequence, the minimum may not be on the correct fringe,

so the ACSS can be measured with a Rabi experiment as described for the vertical polarization

to check. For even more precision, the microwave frequency can be tracked with an interleaved

scan as described in chapter 5, with Hz level resolution possible. Polarization and frequency drifts

on the hour time scale will shift this nulling 10s of Hz for our ACSS strengths of order 40 kHz.

Experimentally we have seen thermal effects from the strength of the RF drive applied to the AOM

varying the polarization state. This was seen by measuring the polarization nulling angle vary with

power stabilization level, proportional to the RF power applied to the AOM. Increasing the laser

power and thereby decreasing the required AOM power further distinguished the effect as due to

the RF power. Adding polarization optics after the AOM effectively converts these polarization

rotations into amplitude fluctuations that can be servoed away.

4.3.4 COM frequency and mean-field calibration

With the ODFs aligned, the ACSS nulled, and the decoherence rate calibrated, the next

calibration of the ODFs is the spin-dependent force strength. This can already be estimated by

knowing the k vector, ACSS of the beams when vertically polarized, the polarization nulling angle,

and some estimate of the Debye-Waller factor (DWF). However, it is difficult to generally estimate

the DWF and so an experimental measurement is useful. One previously unexplored option would
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Figure 4.7: Calibration nulling the ACSS of a single ODF beam. A Ramsey sequence is applied
with the phase of the final microwave pulse shifting due to a non-zero ACSS from an ODF beam
as the waveplate is adjusted from the optimal null. A free precession time of 600 µs and ACSS of
order 40 kHz for a single beam when π̂ polarized gives a resonance width around 0.5 degrees. The
fitted waveplate angle is 37.183 ± 0.004 degrees. Interleaved with the scan the resonant microwave
frequency was tracked to order 5 Hz.

be to set the two ODF beams to the same frequency to produce a static ACSS dependent on the

relative phase of the beams. The ACSS amplitude in the nulled configuration can then be directly

measured with Ramsey and Rabi experiments for different ODF relative phases, and the k vector

can be directly measured by displacing the ions a calibrated distance to measure the phase shift for

a given displacement. These ACSS measurements will already include the DWF in them, and simple

algebra can then convert from the ACSS amplitude and k vector wavelength to a force. However,

this technique relies on phase stability of the ODF, which with passive stability of enclosing the

optics table with better boxing is possible but not ideal.

Alternatively, the spin-dependent force strength has been calibrated using a mean-field spin

precession experiment. This first requires knowledge of the axial center-of-mass (COM) mode

frequency, which is found by scanning the frequency of an applied axial electric field near resonant

with the COM mode (see figure 4.8(a)). On resonance this rapidly heats the ions and leads to a
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decrease in the ion fluorescence. By applying the ODF detuned from the COM mode some detuning

δ, the spin-dependent force drives the spin up and down states in different loops in phase space (see

figure 4.9 for example). By setting the arm time of a loop to be τ = 2π
δ , the motion undergoes closed

loops in phase space leaving the spin and motion disentangled. However, the driven loops enclose

some area in phase space that give rise to an acquired phase depending on the area enclosed. For a

single ion and F↑ = −F↓, this gives rise to the same acquired phase for spin up and down. For the

case of two ions driving the COM mode, the net force is canceled in the anti-ferromagnetic phase

(anti-aligned spins), and encloses the same non-zero area for the ferromagnetic cases (aligned spins).

A positive (negative) detuning will cause clockwise (counter-clockwise) motion in phase space, which

enclose a positive (negative) area, leading to an anti-ferromagnetic (ferromagnetic) interaction since

aligned spins are higher (lower) energy than anti-aligned spins (see [48] for an alternative analysis of

this based on the energy of the Coulomb interaction and the phase of the displacement). For many

spins the Hamiltonian can be described as the Ising Hamiltonian,

Hising =
1

N

∑
i<j

Ji,j σ̂
z
i σ̂

z
j , (4.13)

where Ji,j describes the coupling between spins i, j and depends on the mode participation of the

ions in the mode being driven, along with the enclosed area determined by the spin-dependent force

and detuning. For the COM mode, Ji,j is equal for all ion pairs and given by:

Ji,j ≈ J̄ =
F 2
0

4ℏmBeωzδ
=
F 2
0 z

2
0

2δℏ2
, (4.14)

where F0 is the strength of the spin-dependent force giving rise to the Hamiltonian HODF =

F0 cos(µt)
∑

i ẑiσ̂
z
i , and z0 =

√
ℏ

2mωz
is the rms ground state wavefunction size of the axial COM

mode.3 Taking a mean-field approximation, each ion i sees an effective magnetic field Bi =

2
N

∑
j ̸=i Ji,j ⟨σ̂zj ⟩, giving a mean-field Hamiltonian HMF =

∑
i
Bi
2 σ̂

z
i .

3Note the rms displacement of a single ion from the COM motion is z0/
√
N , which comes from the COM mode

participation of each ion being equal. Additionally the sign of J̄ is set by the sign of δ as defined in equation 4.14
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To measure BMF , which is equal for all ions for the COM mode, the ion’s spins are initialized

with some ⟨σ̂zi ⟩ set by a tipping angle θ from all spins in spin |↑⟩. Application of HMF leads to

rotation about the z axis, which is added constructively between two arms via a spin echo which

reverses the sign of ⟨σ̂zi ⟩ and the rotation accumulated in the first arm, as shown in figure 4.8(c).

This echo cancels any uniform rotation of the spins that might occur from magnetic field drifts.

However, the cancellation relies on high fidelity π and π/2 pulses, which if the π time is not calibrated

well or issues described in section 4.1.3 are not accounted for will lead to erroneous rotations. The

rotations from B are then read out with a microwave π/2 pulse about the same axis as the echo

such that deviations from pointing in the y − z plane are converted into deviations in populations

from 50%. Assuming no erroneous rotations, the spins should end at the equator when the tipping

angle initializes the spins along the equator (90, 270 degrees) as the average B is zero, and when

initialized along the poles (0, 180, 360 degrees), as the spins are in eigenstates that are unaffected by

the rotation B. The sign of the population deviation from 50% is then set by whether J and ⟨σ̂zi ⟩ of

the initial tipping angle state are positive or negative and the axis of rotation the spin is read out.4

The resulting curve can be fit to

P↑(θ) =
1

2

(
1 + e−

(2Γmagτ)
2

2
−2τΓ sin(θ) sin(2J̄ cos(θ)2τ)

)
(4.15)

to extract J̄ , which has the same sign as the detuning δ. Here Γmag,Γ are the fitted decoherence

rates found from magnetic field fluctuations (see section 4.2.4), and from spontaneous emission with

both beams applied (see section 4.3.2). Since J̄ is detuning dependent, it is often useful to report

J1kHz =
J̄δ

1kHz , which is proportional to F 2
0 times constants.

4Previously (pre-2022) the experiment’s convention was to apply initial pulses along y and echo pulses about x,
which requires phase lagging the microwave pulse by π/2. Since the new magnet (2024 onward) all experiments have
(unintentionally) phase advanced by π/2 so the convention has been changed to about x initially and about y for
echos. This inverts the sign of the deviations from 50% for the mean-field experiment. Equivalently the detuning sign
pre-2022 was always positive and since has largely been negative to give the same curve.
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Figure 4.8: Axial COM and ODF mean-field strength calibrations. a) The axial COM frequency is
calibrated by an axial electric field heating the crystal, with the axial electric field’s frequency scanned
and detecting the fluorescence rate. A fit gives a COM frequency estimate of 1,591,710±8 Hz using
a 1 ms drive time. b) Mean-field spin precession curves as a function of initial tipping angle along
with a fit to calibrate the ODF strength. The red curve is ferromagnetic with a negative detuning,
and the blue curve is anti-ferromagnetic with a positive detuning. A fit of the blue curve is left out
due to uncompensated microwave issues described in section 4.1.3 giving unequal deviations from
50%. In contrast the red curve has corrected for the issue and gives a fit of J = 2610± 47 rad/sec,
equivalent to J1kHz = 13050± 230 rad/sec. c) Pulse sequence and Bloch sphere representation of the
mean-field calibration experiment. A purple curve represents the initial tipping angle θ about x.
Next the effective B rotates the spins along the red curve about z depending on the tipping angle
and sign of δ. A microwave echo rotates the traces 180 degrees about y. Due to the change in sign
of ⟨σ̂z⟩ , the precession of the second arm (blue trace) rotates opposite the first arm (red), which
adds together coherently because of the inversion of the first (red) rotation due to the echo. Finally
a 90 degree rotation about y maps all rotations out of the y − z plane (red and blue traces) into
deviation in population from 50 %.

4.3.5 COM mode temperature measurement

After calibrating the strength of the spin-dependent force, the ODF can be used to measure

the axial COM temperature. Scanning the beatnote frequency of the ODF near the COM mode
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creates spin-motion entangled states, along with spin-spin entanglement. These two effects can be

calculated separately to predict the measured bright fraction. Starting with the ODF Hamiltonian

detuned δ from the axial COM mode,

Ĥ =
ℏf

2
√
N

(âeiϕ + â†e−iϕ)
∑
i

σ̂zi − ℏδâ†â (4.16)

D̂sd(α) = e(αâ
†−α∗â)

∑
i σ̂

z
i (4.17)

α = −ife
−iϕ(1− eiδτ )

2
√
Nδ

(4.18)

Where D̂sd(α) is a spin-dependent displacement, f is the strength of the spin-dependent force, and

ϕ is the phase of the spin-dependent force.5 For the simplest case of a coherent motional state α0,

applying a microwave π/2 pulse followed by D̂sd(α) with δ = 0 produces the single ion state

|ψ⟩ = 1√
2
(|↑⟩ D̂(α)D̂(α0) + |↓⟩ D̂(−α)D̂(α0)) |0⟩ (4.19)

=
1√
2
(eiθ0 |↑⟩ |α0 + α⟩+ e−iθ0 |↓⟩ |α0 − α⟩) (4.20)

|α⟩ = e−
|α|2
2

∞∑
n=0

αn

√
n!

|n⟩ , (4.21)

where |α⟩ , |n⟩ are coherent and Fock states respectively of the axial COM mode, and θ0 = Im(α∗α0).

Naively, equation 4.20 looks like a coherent rotation of 2θ0 about the z axis if the the spin-dependent

displacement α = 0. Evaluating the overlap of the states ⟨α0 + α|α0 − α⟩ to calculate ⟨σ̂x⟩ , ⟨σ̂y⟩

reveals that in fact a coherent rotation of 4θ0 occurs, in addition to a shortening of the Bloch

vector by e−2|α|2 due to spin-motion entanglement [49]. Classically the factor of 4 stems from

the differential ACSS being twice the amplitude Uσ̂z and from converting the coherent state α0

to the amplitude of motion zamp = 2|α0|z0.6 The rotation 4θ0 is proportional to the size of the

coherent state displacement α0 orthogonal to the spin-dependent displacement α, allowing precise

5[49] derives this ignoring spin-motion entanglement, but note has a sign error in ϕ going from the Hamiltonian to
the displacement α.

6note z0 is an rms size and zrms =
√
2|α0|z0.
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phase-sensitive sensing of small coherent displacements of the axial COM mode, which degrades in

sensitivity if the spin-motion entanglement is not removed.

Now to evaluate the many ion case, it is useful to decompose the dynamics into a spin-spin

and spin-motion propagator given by7:

Ûss(t0, t1) = exp

iΦ(t0, t1)∑
i,j

σ̂zi σ̂
z
j

 (4.22)

Ûsm(t0, t1) = D̂sd[α(t0, t1)], (4.23)

where α(t0, t1),Φ(t0, t1) are the net spin-dependent displacement and enclosed geometric phase

respectively between times t0, t1. If a Ramsey sequence is performed with both propagators applied

in between the microwave pulses, the resulting ⟨σ̂z⟩ (which is uniform for all ions for the COM mode)

for an initial coherent state α0 is given by:

⟨σ̂z⟩α0
= e−2|αT |2 cos(4Im(αTα

∗
0)) cos(4ΦT )

N−1 (4.24)

P↑ =
1

2
(1 + ⟨σ̂z⟩th) (4.25)

=
1

2
(1− e−

(2Γmagτ)
2

2
−2τΓe−2|αT |2(2n̄+1) cos(4ΦT )

N−1). (4.26)

Here α0 represents a coherent initial state, ⟨σ̂z⟩th represents a thermal average over coherent states

with mean phonon occupation n̄, and ΦT , αT represent the total enclosed geometric phase and

spin-dependent displacement respectively.

The form of equation 4.26 can be interpreted as shortening of the Bloch vector from spin

dephasing from four sources (see figure 4.9(d) for a visual of this effect). The first source is general

decoherence from magnetic field fluctuations and spontaneous emission as previously described.

Dephasing is dominantly caused by thermal averaging over coherent rotations from the spin-motion

coupling (4|αT |2n̄ term). Once the temperature is low enough, the spin-motion entanglement term,

7The derivation here follows [50], which includes generalization to coherent thermal states and motional squeezing.
Generalizations with multiple modes can be found in the supplement of [18], which has a sign convention difference in
Ûss.
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2|αT |2, becomes comparable in size to that caused by thermal motion. Equivalently, this term can

be associated with stemming from the zero-point fluctuations of the COM mode. Lastly, dephasing

from spin-spin interactions can be associated with shearing of the Bloch vector uncertainty due to

spin-squeezing, eventually shearing enough to wrap around the Bloch sphere. As with the spin-motion

entanglement, the spin-spin interaction term is generally negligible until the temperature approaches

the ground state, unless the net spin-dependent displacement is canceled. For a spin echo sequence

with a phase shift of the ODF ϕadv in the second pulse, αT ,ΦT are given by:

αT = −i fe
−iϕ

2δ
√
N

(1− e−iθ1)(1− e−iθ2) (4.27)

ΦT =
f2

2δ2N
(sin(θ1)− θ1 + [1− cos(θ1)] sin(θ2)), (4.28)

where θ1 = δτ , θ2 = δ(τ + tπ)+ϕadv. As described above, the spin dephasing will primarily be set by

the form of αT . αT describes driving loops in phase space as shown in figure 4.9, with the orientation

of the second loop set by the delay from the π time tπ of the microwave, the phase advance of the

ODF ϕadv, and reversing sign from the spin echo. When δτ = 2π, loops close in phase space in each

arm leading to no dephasing due to motion, only from spin-spin interactions. On resonance the

displacement is canceled for no phase advance, and maximized for a phase advance ϕadv = π, with

the form of αT asymptotically approaching − iτfeiϕ

2
√
N

(1− e−iϕadv). Scanning over the detuning a fit

can extract the center of mass mode temperature n̄.

4.3.6 Phase flopping spin-independent forces

As was described in section 3.7, in addition to spin-dependent forces generated by the ODF,

non-ideal polarizations and laser frequencies can lead to spin-independent forces. To first order, errors

in F↑ ̸= F↓, which are forces in phase with the spin-dependent force, are due to not having the correct

laser frequency, and spin-independent forces 90 degrees out of phase are due to imperfections in the

polarizations being cross polarized. These spin-independent forces, when applied simultaneously

with the spin-dependent force, will give rise to differential accumulated geometric phase between
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Figure 4.9: Axial COM mode temperature calibration. a) The pulse sequence used to calibrate the
COM temperature. Two ODFs of arm time τ are applied in a Ramsey spin echo sequence, with the
beam’s detuning δ from the COM mode scanned, and an optional phase advance ϕadv in the second
arm. Deviations from measuring dark are due to various spin dephasing sources described in the
text. b) Experimental traces of the COM mode with fits to extract temperatures, with arm times of
300 µs and ϕadv = 0. The red curve corresponds to Doppler cooled with a fitted n̄ of 6 ± 0.4 quanta.
The blue curve is EIT cooled with a fitted n̄ of 0.21 ± 0.05 quanta. c) A phase space diagram of
the COM mode from the spin-dependent force in the two arms. When δτ = 2π a complete loop is
enclosed, and no spin dephasing occurs due to the motion. In contrast, at δτ = π the two arms add
together creating a large separation in the |↑⟩ and |↓⟩ motional states. d) representation of shortening
of the Bloch vector due to spin dephasing. In contrast to a coherent rotation θ given by any one
instance of a measurement, the motion is in a thermal state that randomizes the rotation. Averaging
over all the rotations looks like an effective vector that has undergone no coherent rotations but is
shortened in coherence (red arrow).

the |↑⟩ and |↓⟩ states that cause coherent rotations. To distinguish between shortening of the Bloch

vector due to dephasing from coherent rotations, the final microwave phase can be varied in what

we call a “phase flop”. The amplitude of the oscillation then corresponds to the dephasing from

full contrast, and the phase of the fit determines what coherent rotations, if any, were applied.

By doing a two dimensional scan of the ODF detuning over the COM mode, along with a phase

flop at each detuning, we can then see the structure of the coherent rotations, or equivalently, the
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enclosed differential geometric phase. Shown in figure 4.10 is an example two dimensional scan with

large spin-independent forces. When on resonance, any enclosed geometric phase must be due to

out of phase spin-independent forces. Coherent rotations from in phase spin-independent forces

are anti-symmetric about 0 detuning. When first set up, taking these phase flopping scans while

adjusting the polarization and frequency can steer the experiment towards the correct operating point.

Once close to the correct operating point, two more sensitive experiments are used to independently

tune the two spin-independent forces.
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Figure 4.10: Phase flopping spin-independent forces. At each detuning from the axial COM mode
the pulse sequence of figure 4.9(a) was carried out repeatedly while varying the final microwave
phase to be about axes other than x. The "zero phase" measurement corresponds to no phase shift
to remain about x. With spin-independent forces the black dots of the zero phase measurement
shown in the left plot give a lineshape which differs from figure 4.9(b). Also plotted on the left plot
in red (blue) are the maximum (minimum) bright fraction from the microwave phase subscan (not
shown), showing the true reduction in contrast reproduces the lineshape of figure 4.9(b). The right
plot shows the fitted amplitude and phase of the phase flop subscan. Plotted in red is the fitted
amplitude or contrast corresponds to the reduction in the length of the Bloch vector. Shown in blue
is the fitted phase in radians/2π. A fitted phase of 0 corresponds to no coherent rotation, with the
large coherent rotation at zero detuning suggesting an error in the out of phase spin-independent
force nulling.

4.3.7 Spin-independent force out of phase nulling

To sensitively null the spin-independent out of phase force, a half waveplate is mounted on a

rotation stage to rotate about an axis normal to the optics table. At normal incidence this imparts

a π phase shift of horizontally polarized compared to vertically polarized light. At non-normal
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incidence, the path length traveled in the birefringent material is lengthened, to first approximation

applying a larger than π phase shift.8 This means rotating either direction from normal incidence

should impart the same sign phase shift. If lucky, a small phase lag is needed and so a small tilt

is needed, but if the relative phase needs to shift in the opposite direction, a large tilt is needed

to impart nearly a 2π additional phase shift. We experimentally find the later, and so to reduce

the necessary angle nominally align the polarizations at normal waveplate incidence (as opposed to

cross polarized at normal incidence) and then impart an additional ∼ π phase shift. The sequence

to sensitively null this force is then to sit on resonance with the axial COM mode, and cancel the

spin-dependent displacement with a second arm of a spin echo with no ODF phase advance. This

will produce no motion-dependent dephasing except due to COM frequency fluctuations for large

arm times. However, any spin-independent force out of phase will net enclose a differential area that

leads to a spin precession. Carrying out a Ramsey spin echo experiment while the waveplate angle is

scanned leads to a minimum dip in coherent rotations which is fitted to as shown in figure 4.11. We

find this adjustment is not perfectly independent of the polarization angle to null the differential

ACSS, and so iteration between these two alignments is necessary.

4.3.8 Spin-independent force in phase nulling

The final ODF calibration and alignment is to null the in-phase spin-independent force. This

is done by adjusting the ODF frequency while ideally sensing coherent rotations due to an in-phase

spin-independent force. This is done by doing the same sequence for the out of phase spin-independent

force, but now with the detuning of the ODF set such that δτ = 2π in each arm, and the detuning

sign is switched between the two arms. If F↑ ̸= F↓, this will drive unequal loops in phase space

between the spin up and spin down states leading to a coherent rotation. It will also lead to spin

squeezing, which can be canceled via the detuning sign change in the second arm, which adds in

phase the coherent rotation of each arm. By varying the last microwave pulse duration applied along

8Note a naive estimate of the phase imparted from just geometrical arguments of increased path length is not
accurate, but the general effect still holds.
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Figure 4.11: Nulling the out of phase spin-independent force. The center point of figure 4.9(b) with
δ = 0 and arm time 400 µs is measured where dephasing from spin motion entanglement should
be canceled between the two arms. By varying the waveplate angle, spin-independent forces out of
phase with the spin-dependent force are adjusted to enclose varying geometric phases giving rise to
an effective ACSS that is zero when nulled. A fit to a Ramsey feature equivalently to the waveplate
ACSS nulling scheme of figure 4.7 gives a nulling angle of 26.87 ± .01 degrees. Similar to figure 4.7,
an interleaved update of the microwave resonance frequency tracks to ∼ 5 Hz.

the echo axis y, any coherent rotation produces an oscillation in population about 50% as shown in

figure 4.12. Repeating this microwave pulse duration scan, the ODF laser frequency is tuned until a

flat line at 50% bright fraction is produced. Experimentally we find this is sensitive to ∼ 100 MHz

shifts in the ∼ 12 GHz detuning, and additionally changes the optimal ACSS nulling angle, requiring

some iteration. This sequence is not strictly only sensitive to in-phase spin-independent forces, as out

of phase spin-independent forces can also give rise to this signal. Therefore, iteration between ACSS

nulling and spin-independent in phase and out of phase nulling are all required. Lastly a wavemeter

frequency stabilization lock is applied to adjust the laser piezo voltage to keep the frequency stable

to ∼ 100 MHz which drifts due to wavemeter calibrations drift likely caused by temperature changes

in the lab.
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Figure 4.12: Calibration to null the in phase spin-independent force, also sometimes called the
squeeze unsqueeze experiment. The red points correspond to F↑ = −F↓, with the final microwave
rotation about y showing no signs of coherent rotations. The blue curve corresponds to the laser
frequency being tuned below the optimal nulling frequency order 1 GHz, which leads to |F↑| < |F↓|
and a coherent rotation that leads to deviations in 50 % bright fraction as the final microwave pulse
duration about y is varied. In contrast the green curve has the laser frequency detuned order 2 GHz
above the optimal frequency, and inverts the sign of the coherent rotation.

4.4 EIT calibrations and alignments

Precise calibration and analysis of the EIT beams is much worse characterized than the ODF

beams. This is largely due to the lack of coherent observables from the EIT beams with their much

closer detuning of ∼ 400 MHz. At this detuning spontaneous emission quickly decoheres many

observables, so most characterization is done ∼ 3-6 GHz detuned from resonance.

4.4.1 EIT alignment

To align the EIT beams, first a good ODF alignment is achieved as described in subsection

4.3.1. Overlapping the EIT beams by back-propagating them along the ODF beams gives a good

starting alignment. Note because of the ∼ 124 GHz frequency difference between the beams a

small k vector component in the plane will be present even if the ODF beams are perfectly aligned
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with the EIT beams perfectly overlapping. As done in the ODF alignments, an ACSS with the

beams detuned ∼ 3 GHz from resonance is measured repeatedly while the final mirrors are tilted

to optimize the alignment on the ions. This is done without automated mirrors in contrast to the

ODF beams, as sadly the piezo controlled adjustment of the EIT mirrors is far too small of range to

measurably change the alignment. With the beams well centered on the ions, applying both beams

with the offset frequency locked to the microwave frequency causes coherent Rabi flopping. Scanning

the detuning of the beams by varying one of the beam’s AOM frequencies in a Rabi experiment

produces a lineshape analogous to the microwave Rabi calibrations. Fitting the center frequency

measures the effective ACSS of both beams being applied, and scanning the drive time while on this

resonant dip gives the effective π time. In addition to a dip at the ACSS shifted frequency (called

the carrier), dips on either rotation sideband at ±ωr are present with the strength of their π times

set analogously to the dephasing rate of the ODF rotation sidebands.

Using these measurements of the carrier frequency and π times, a scan is repeated that

measures the carrier π pulse and the rotation sidebands with some larger effective π time interleaved

while the beams are walked. Walking involves tilting a beam off and then re-optimizing it by

minimizing the bright fraction of the carrier π pulse sequence. This will then change the sideband

Rabi rates to increase or decrease the bright counts consistent with worse or improved alignment. In

practice, we have found sideband ratios of order 20:1 at best alignment, and surprisingly have found

some imbalance in the two sidebands.

With the EIT beams aligned, the ACSS is then set by adjusting the powers of the beams. By

estimating the detuning at the operating condition versus at ∼ 3 GHz the ACSS is set to ideally

produce ∼ 1.6 MHz shift in the resonance frequency with both beams. This corresponds to ∼ ± 100

kHz ACSS at ∼ 3 GHz detuning.

4.4.2 In-plane heating

A systematic study of the sensitivity of EIT performance versus alignment, intensity, detuning,

crystal size, etc. has not been carried out and would be very helpful in experimental implementation
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of EIT, particularly as EIT is hopefully scaled to 3D crystals. However, a key issue in evaluating the

performance of EIT is the effect on the in-plane motion. Experimentally we have found a variety

of unexplained phenomenon suggestive of non-ideal effects harming the in-plane motion. The first

phenomenon we have found is under certain conditions the crystal will be torqued off the rotating

wall into a high rotating state above the Brillouin zone. This is accompanied by crystal fluorescence

going away until the experiment is stopped, and the crystal is spun down via adjustments to the

perpendicular cooling.

In addition, and theorized to be related, we see effects on the COM lineshape resembling

phase flop curves suggestive of spin-independent forces coherent with the ODF. The main way

such a spin-independent force should appear is from a polarization or frequency change in the

ODF. A potential explanation therefore is some in-plane motion is getting excited to cause a large

Doppler shift of the ODF, enough to shift the frequency order ∼ 100 MHz to create a non-negligible

spin-independent force. Experimentally we have found increasing the EIT cooling time exacerbates

these issues, often with a certain maximum EIT cooling time that can be applied before losing the

crystal. This is complicated by the length of Doppler cooling time, as likely this situation becomes a

competing rate equation between the cooling rate and time of the Doppler cooling and the heating

rate and time of EIT. Currently, the solution to these effects has been to set the EIT cooling time to

the minimum required to achieve a desired temperature, and careful tune up of the perpendicular

cooling beam is required to give a fast enough in-plane cooling rate to compensate. Beyond this,

it is unclear how torque from the parallel beam, or in-plane heating from parallel scatter affects

this. Another future possibility is to limit the beam waist to reduce the maximum Doppler shift

present from the crystal rotation. This could allow working with bigger crystals that have larger

Doppler shifts for ions further out. Larger beam waists were chosen to try and satisfy the EIT

cooling condition for the axial COM mode on average across the crystal. Finite beam waists will

therefore have EIT conditions at lower axial motion frequencies on average than the axial COM

motion as the intensity decreases.



Chapter 5

Dicke Model Simulation

This section describes recent experimental simulations of the Dicke model, a fundamental

model of quantum optics that exhibits rich phenomenon such as dynamical phase transitions,

chaotic dynamics, and entanglement generation while remaining computationally tractable. These

simulations probe the Dicke model in rich experimentally unexplored regimes where decoherence

and damping play minimal role, and in a regime where chaotic dynamics appear.

5.1 The Dicke Model

The Dicke model [51] is an iconic model of quantum optics that describes collective light

matter interactions given by the Hamiltonian

HD/ℏ = −δâ†â+ΩŜx +
2g√
N
Ŝz(â+ â†), (5.1)

where â†, â create and annihilate excitations of a bosonic mode with angular frequency δ, Ω is

a transverse field strength, N the number of spins, and Ŝk =
∑N

i=1 σ̂
k
i collective spin operators.

The spin and boson degrees of freedom are coupled with strength characterized by g. While a

relatively simple model, the Dicke model exhibits several rich phenomena such as dynamical phase

transitions, superradiance, and chaotic dynamics. The dynamics of the system can be determined

by two parameters, Ω/δ and g̃ = 2g/
√
Ωδ. Broadly speaking, Ω/δ sets the relative participation of

the spins and boson in the dynamics, while g̃ sets the strength of the coupling between the spins
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and boson. For Ω, g ≪ δ, bosonic excitations are energetically unfavorable and the spin degree of

freedom dominates the dynamics, allowing the bosons to be adiabatically eliminated. This integrable

regime is called the spin-dominated regime with the bosons locked to the spin dynamics. In contrast,

for Ω ≫ δ, g spin excitations along the x direction are much less energetically favorable than bosonic

excitations. This integrable regime is called the boson-dominated regime with the spins rapidly

oscillating about an orbit locked to the boson’s dynamics. Around Ω/δ ∼ 1, the boson and spins

equally contribute to the dynamics and this nonintegrable regime is called the resonant regime [52].

In the boson-dominated and spin-dominated regimes the dynamics can be described classically

an effective particle moving in a 1D potential [52] as shown in figure 5.1. The potential is given

only in terms of the dominant variable ⟨Ŝz⟩ (⟨X̂ ⟩), where the brackets mean quantum mechanical

expectation value, for the spin (boson) dominated regime, where X̂ ∝ (â† + â)/
√
2 is the phase

space position operator of the boson. For the spin-dominated regime, the effective potential can

be thought of as a competition between the transverse field which favors spins aligned or opposing

the transverse field along x on the equator of the Bloch sphere, and an effective Ising interaction

from the spin motion coupling term with ⟨â + â†⟩ ∝ ⟨Sz⟩ on average, which favors spins aligned

along the poles of the Bloch sphere. For g̃ = 0, the potential energy then looks like a harmonic well

with the lowest energy state along the equator. A classical particle initialized along the north or

south pole explores the whole potential, oscillating back and forth between the north and south pole.

With nonzero g̃, a hump in the middle of the well occurs that moves the minimum energy states off

the equator of the Bloch sphere. A particle will then be trapped in one of the two wells given it is

initialized with an energy smaller than the barrier described by strength g̃.

Experimentally a dynamical phase transition–distinct dynamical behaviors separated by a

critical point–has recently been demonstrated in the spin-dominated regime in an atom-cavity

system [53], along with a similar demonstration in a 1D chain in trapped ions [54]. In this limit the
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Figure 5.1: Classical double well potential representation of the Dicke model in the integrable
spin and boson dominated regimes, borrowed from reference [52]. With the non-dominant variable
adiabatically eliminated, the dynamics can be captured by a double well potential expressed in
terms of the dominant variable ξ = ⟨Ŝz⟩ (spin dominated) or ⟨X̂ ⟩ (boson dominated). In the
spin-dominated regime, a classical particle initialized at the south pole (green dot) will explore the
full potential as long as the barrier g̃ is less than the initial energy (left potential), equivalent to
Rabi flopping. When the barrier is larger than the initial energy, e.g. g̃ > g̃DPT =

√
2 for an initial

state along the poles of the Bloch sphere, the particle remains trapped in one of the wells (right
potential). Spins initialized pointing along or opposing the transverse field are at an unstable fixed
point corresponding to the center of the barrier. An equivalent double well potential characterizes
the boson-dominated regime with the spin degree of freedom quickly oscillating about an average
population locked to the slower boson dynamics (see supplement of [52] for more details). Outside
these integrable limits, the adiabatically eliminated degree of freedom cannot be ignored and a
complex 2D surface characterizes the dynamics. With spins initialized along the poles of the Bloch
sphere, this manifests as erratic jumping between the two trapped wells even when the barrier is
larger than the initial energy, made possible by the participating boson dynamics.

Hamiltonian reduces to the LMG Hamiltonian [55] given by:

HLMG =
χ

N
Ŝ2
z +ΩŜx, χ ≡ 4g2

δ
. (5.2)

With the boson adiabatically eliminated, the bosons now mediate a spin-spin interaction, also called

one-axis twisting, with strength χ. This shearing of the spins competes with the transverse field of

strength Ω such that there is a dynamical phase transition between an untrapped Rabi flopping state

(Ω > χ/2) and a trapped state (χ/2 > Ω) shown in figure 5.2(d). This transition can be characterized

by the time averaged magnetization ⟨Ŝz⟩ ≡ limT→∞(1/T )
∫ T
0 ⟨Ŝz(t)⟩dt, with untrapped (trapped)

dynamics corresponding to ⟨Ŝz⟩ = 0 ( ̸= 0) (see figure 5.2(b)). Equivalently, g̃ =
√
χ/Ω, showing

that in the spin-dominated regime g̃ can be associated with the relative strength of the spin-spin

interaction to the transverse field. For spins initialized along the poles of the Bloch sphere and in
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the spin-dominated regime, the dynamical phase transition happens at Ω/χ=1/2, and g̃ =
√
2. In

the trapped regime the spin-spin interaction rephases the transverse field faster than the transverse

field can drive population past the equator. The two dynamical phases are also sometimes called the

normal (untrapped) and superradiant (trapped) phase, as the trapped phase exhibits a coherent

occupation of the mediating boson shown in figure 5.2(e). In systems with dissipation of the cavity

this gives rise to superradiant emission from the cavity [51, 53, 56].

To implement the Dicke model in our system, a transverse field is created using a resonant

microwave drive between the spin |↑⟩ , |↓⟩ states with a strength Ω set by the intensity of microwave

radiation at the ions. The mediating boson is the axial COM mode driven with a detuning δ = µ−ωZ

of the ODF beatnote from the COM mode, represented in figure 5.2(a). In contrast to cavity systems,

the COM mode has minimal dissipation, dephasing, or heating on time scales relevant to decoherence

from spontaneous emission and magnetic field noise. This means the superradiant emission from the

cavity will be absent in our system. Instead, in the superradiant phase the bosonic x quadrature is

on average directly proportional to ⟨Ŝz⟩, giving on average a non-zero bosonic occupation which does

not damp the spin dynamics from bosonic decay. However, this lack of dissipation is a feature in the

resonant regime δ/Ω ∼ 1, where the bosonic dynamics are no longer adiabatically eliminated. In this

regime cavity systems may struggle to avoid cavity dissipation dominating the coherent dynamics.

Instead of integrable dynamics described by the effective potential of figure 5.1, the resonant regime

dynamics has another dimension to the potential surface. In the strong coupling g̃ ∼ δ ∼ Ω regime

and with the spins initialized on the poles of the Bloch sphere, this gives rise to chaotic dynamics

that looks like being trapped in one minimum but erratically slipping to another trapped state,

made possible by the equally participating bosonic dynamics [52].

Chaotic dynamics can be described classically by replacing the Hamiltonian with its classical

(infinite N) counterpart and calculating the Lyapunov exponent shown in figure 5.2(c) [57]. The

Lyapunov exponent is generally non-zero for chaotic dynamics and a measure of exponentially

diverging trajectories for small changes in initial conditions. However, if the spins are initialized

along the equator aligned or opposing the transverse field they are at an unstable fixed point. This
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unstable fixed point is present even in the integrable limit as shown in figure 5.1 in the spin (boson)

dominated regimes, but also in an integrable limit of the resonant regime δ ∼ Ω for small g̃. However,

since the dynamics is integrable this is not chaotic despite the Lyapunov exponent being non-zero

for trajectories encompassing this infinitesimal unstable fixed point. Taking an average Lyapunov

exponent from neighborhoods excluding this point distinguishes this effect as shown in figure 5.3.

To probe this effect, experimentally we operated in the resonant regime δ = Ω and varied g̃ with the

spins initialized at the unstable fixed point pointing along −x, i.e. aligned opposing the transverse

field direction. In this case a crossover –a smooth change in behavior rather than a non-analytical

sharp transition in behavior– from integrable to chaotic dynamics is measurable from the time

averaged transverse magnetization as shown in figure 5.3 that corresponds to the crossover in the

average Lyapunov exponent.

5.2 Tracking and experimental calibrations

To implement the Dicke model, the transverse field strength Ω, coupling strength g, and

the detuning δ needed to be characterized. In addition, erroneous σ̂z interactions will modify the

dynamics, most evidently in the small Ω regime in the spin-dominated regime which will modify the

dynamical phase transition location. Initial data taken to measure the dynamical phase transition in

the spin-dominated regime found that a combination of drifts in the magnetic field and changing

ACSSs from the ODF beams, which are ideally nulled, were as large as ∼100 Hz and were non-

negligible for dynamics with Ω ∼ 300 Hz. To counter this, much finer nulling of the ODF ACSS was

done using a larger arm time as discussed in section 4.3.3. However, this alone would be limited by

drifts of the resonant microwave frequency during the scan. To compensate these drifts during the

nulling, along with drifts during simulations of the Dicke model, a new feature was added to the

experiment called tracking.

Tracking is carried out in a largely modular, scalable, automated fashion in the Artiq scan

framework. To track something, a tracker code is written that consists of a measurement scheme

of 3 points, a track parameter, and a track feedback scale and user adjustable gain setting. The
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Figure 5.2: Experimental setup and phase diagram of the Dicke model. a) The Dicke model
Hamiltonian is implemented in our system via the ODF beams (yellow) coupling the axial COM
mode (teal spring) to the spin degree of freedom of the ions (black arrows) while simultaneously
applying a resonant transverse microwave drive (purple). We vary the initial thermal state of the
COM mode by optionally applying additional EIT cooling (blue) to reduce the temperature below
the Doppler limit. b) Classically calculated time averaged magnetization ⟨Ŝz⟩ plotted over the phase
space of the Dicke model characterized by Ω/χ and Ω/δ. Dynamics are calculated assuming ground
state bosonic occupation and initial spins along the south pole. Two experimental cuts are overlaid
on the phase space plot corresponding to a cut in the LMG regime transitioning from a trapped (blue)
to untrapped (white), and a chaotic cut transitioning from trapped to chaotic. c) The corresponding
Lyapunov exponent on the same phase space coordinates showing the chaotic nature at Ω ∼ δ and
small Ω/χ. d) Example trajectories of the spin dynamics in the trapped, untrapped, and chaotic
regimes. e) Corresponding phonon dynamics in canonical phase space (X ,P) showing a macroscopic
boson occupation in the trapped regime and chaotic bosonic occupation in the chaotic regime.

measurement scheme is defined to set the tracked parameter in a pulse sequence to a center value

that is tracked, along with two shifted side points, also called the left right and center points. To

track something the pulse sequence generates a resonance on center that has two points of steepest

slope of opposite signs at the left and right points. By measuring the bright fraction at the left

and right point, an imbalance in population is then scaled to an adjustment of the center tracked

parameter to re-center the resonance on the optimal center value. The center point measurements

are then taken as a reference to ensure the tracker is on a resonance. With this general scheme, the

user can choose how often in a scan (after how many scan points) the tracker should measure the
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Figure 5.3: Unstable fixed point dynamics in the resonant regime δ ∼ Ω. For spins initialized
pointing along or opposed the transverse field, when g̃ is large and δ ∼ Ω the dynamics are chaotic
with a non-zero Lyapunov exponent. However, at small g̃ the dynamics are integrable but still give
a nonzero Lyapunov exponent as shown in the leftmost plot. If an average Lyapunov exponent
λL is taken for neighboring initial states that exclude the unstable fixed point, an exponent of
zero is recovered correctly identifying the dynamics as integrable (middle plot) in the green circled
region. By measuring the time averaged transverse magnetization (right plot), a crossover occurs
in agreement with the predicted change in the average Lyapunov exponent, correctly identifying
the crossover from integrable to chaotic in contrast to the Lyapunov exponent in the circled green
region. The non-zero average transverse magnetization occurs due to coherent collapses and revivals
of the spin’s coherence at long times due to a two mode squeezing Hamiltonian. In contrast at large
g̃ the chaotic dynamics damps the coherent revivals manifesting in a crossover to ∼ 0 time averaged
transverse magnetization.

three points, with an adjustable setting for how many repetitions of the left/right point and the

center point separately are carried out. This is done to allow better duty cycles by limiting how

much the center point, which is not used in feedback, is measured.

As an example, a tracker for the microwave frequency is carried out using a Ramsey sequence

described in section 4.1.2. The center point is initialized using the most recently found/tracked

resonance frequency, and the side points are offset by ±s 1
2(T+tπ)

where T is the Ramsey time, tπ is

the pi pulse time, and s is a user adjustable scaling that defaults to 0.5 (half the linewidth). This

ideally makes the left and right point populations 50% and at the steepest slope of the lineshape.

From equation 4.3, if the center point is in error by some small frequency ϵ, the population at the



90

left and right points will be

PR/L ≈ 1

2
(1± sin(2πϵT )) (5.3)

PR − PL ≈ sin(2πϵT ) ≈ 2πϵT, (5.4)

where ± corresponds to R(+)/L(−). Therefore, the center parameter is adjusted by −ϵ ≈ g(PL −

PR)/2π(T + tπ/2), where PL(R) correspond to the measured population of the left (right) point, g is

a user adjustable gain to reduce or increase the feedback gain if the contrast isn’t 100%, and the

effective Ramsey time T is adjusted by half the pi time tπ. From the estimated scaling and standard

deviation of the measured PL/R, an uncertainty can be estimated of how well known the center

tracked parameter is.

In addition to a tracker for the microwave frequency, a tracker for the axial COM mode

frequency and the bright and dark counts are interleaved in a background scan between experiments,

and the microwave and COM tracker are implemented periodically in the simulations of the Dicke

model. The COM tracker is implemented using an axial electric field drive to decrease the fluorescence

from the parallel beam as described in section 4.3.4. The bright/dark counts are tracked using only

two points rather than three with the dark counts measured using a microwave pi pulse and the ion

number adjusted from the measured counts and a calibration of the count rate versus ion number.

Figure 5.4 shows an example Dicke model simulation with interleaved microwave and axial COM

frequency tracking.

With the COM and microwave trackers the σz terms and δ errors are converted from drifting

estimates of up to ∼ 100 Hz to random fluctuations of ∼ 5 Hz. The σz terms from the ODF ACSS

null were also periodically checked to stay within ∼ 10 Hz, which drifted out of this range over 10’s of

minutes timescales. This drift can be much worse without polarizing beam splitters added after the

AOMs to convert polarization noise to intensity noise. Experimentally we have seen thermal effects

from the strength of the RF drive applied to the AOM varying the polarization state. This was

seen by measuring the polarization nulling angle vary with power stabilization level, proportional to
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Figure 5.4: Example Dicke model simulation with interleaved tracking. The right plot shows the
simulated Dicke model dynamics with Ω/δ = 1/8 and g̃=1.2. The simulation was run with 100 time
steps and 5 passes for a total of 500 scan points, with each scan point consisting of 30 repetitions of
the measurement for a total of 15,000 measurements of the dynamics. Every third scan point a COM
and microwave frequency tracker measurement was carried out with 30 repetitions of the left and
right points each and 10 repetitions of the center point, as shown on the left plot. On the left y axis
is the bright fraction corresponding to the left (red) right (blue) and center (black) measurements
for the microwave (circles) and COM (squares) trackers. On the right y axes are the tracked center
microwave (purple circles) and COM (green squares) frequencies, offset by their minimum values of
124.022438602 GHz and 1.59127 MHz respectively. The trackers used a tickle time and Ramsey time
of 1 ms. Estimated uncertainties suggest order ±1,4 Hz for the COM and microwave frequencies
respectively. Drifts of the center frequencies over the course of the scan suggest without active
feedback errors as large as 80 and 120 Hz would have occurred for the microwave (σ̂z errors) and
COM (δ errors) frequencies respectively.

the RF power applied to the AOM. Increasing the laser power and thereby decreasing the required

AOM power further distinguished the effect as due to the RF power. Adding polarization optics

after the AOM effectively converts these polarization rotations into amplitude fluctuations that can

be servoed away.

To calibrate g, a mean-field spin precession calibration was carried out as described in section

4.3.4, with g =
√
Jδ/2 where δ is the COM detuning used in the mean field calibration. The last

remaining parameter Ω is set by the strength of the microwave drive, which is adjusted with a voltage

controllable attenuator of the 124 GHz radiation and is stable over long enough time scales to not

necessitate active tracking. An initial 2D scan of the Rabi time scan described in section 4.1.1 fits

the effective Ω = π/tπ while varying the attenuator voltage set by an Agilent E3646A DC voltage

supply adjusted remotely over serial communication. To run an experiment the user then selects the
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detuning and estimated attenuator voltage from the 2D scan, with δ,Ω adjusted depending on the

calibrated value of g and the parameter regime desired.

To ensure Ω is well calibrated for each experiment, and to allow a check of basic functionality

of the scan, a first calibration scan is run before the full simulation which interleaves the Dicke

model simulation with two other calibration curves shown in figure 5.5. The first calibration curve is

simple Rabi flopping with the attenuator voltage set to match the Dicke simulation allowing a fit to

the true Ω after the scan is run, along with potentially any decoherence from the microwaves and

magnetic field. The second calibration curve is the same Rabi flopping but with the ODF beams on

and detuned from the COM mode by 50 kHz to make g ∼ 0. This can be used to gauge that the

ACSS are well nulled and what the decoherence rate of the ODFs is. In practice these decoherence

rates did not need to be extracted from the reference curves, and instead independent calibrations of

the decoherence rates described in sections 4.3.2, 4.2.4, as well as COM temperatures (including with

EIT cooling) described in section 4.3.5 were taken before a set of scans. Unwanted σ̂z terms were

also eliminated from spin-independent forces using calibrations described in sections 4.3.8, 4.3.7.
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Figure 5.5: Example reference curves taken before the full Dicke model simulation shown in figure
5.4. The fitted Rabi flopping curve (blue) gives an estimate of Ω = 575±1 Hz. The decoherence from
the ODF is visible in the damping of the black curve, which does not exhibit an obvious additional
ACSS which would shift the average bright fraction from 50% (the intersection point with the Rabi
flopping curve stays near 50%), allowing a quick spot check of the ODF σ̂z errors and decoherence
rate. Uncertainties of the Dicke simulation are much greater than the full simulation, with these
calibration curves only taking 5 repeats, 1 pass, and 100 time steps speeding up the scan to take
roughly 1/30th the time.
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5.3 LMG cut

As a first demonstration of previously explored regimes of the Dicke model, a cut through

phase space in the integrable spin-dominated regime characterized by the LMG model was simulated

to characterize the dynamical phase transition from the normal to superradiant phase. To set the

dynamics in the spin-dominated regime, a constant Ω/δ of 1/8 was set, with the product of Ωδ varied

with g held fixed to vary Ω/χ across the dynamical phase transition. At each value of Ω/χ, the spins

were initialized in |↓⟩ and the COM mode either Doppler or EIT cooled as shown in figure 5.6(a).

The dynamics were then turned on for times varying from 0 to 3 ms in 100 time step increments,

with 30 repetitions at each time step, 5 passes of the time steps, and interleaved feedback of the

microwave and COM frequencies approximately every 3rd scan point as described in figure 5.4. At

the end of each shot of the experiment the spin state was read out using ∼ 0.5 ms of fluorescence

readout on a photomultiplier tube (PMT) using the side-view f/5 imaging system. Ideally longer

readout would be used to reduce detection shot noise and be projection noise limited, but shorter

readout times were used to reduce in-plane heating to maintain somewhat stable bottom view images

during the experiment to allow individual ion resolvable images for checking the ion number.

Shown in figure 5.6(b-e) are time traces of the dynamics with EIT cooling across varying

parameter ranges of Ω/χ transitioning from trapped to untrapped. The dynamics are well character-

ized by a theoretical semiclassical model (solid blue lines for EIT, orange for Doppler cooled) that

accounts for decoherence sources and the initial thermal state using a method called the Discrete

Truncated Wigner Approximation (DTWA) [58]. Additionally, the dynamics are well described by

a classical mean-field model (lavender line), showing that the dynamical phase transition is well

characterized at the mean-field level. The measured transition is compared in figure 5.6(f) to a

classical calculation without any decoherence and a longer time averaging of the dynamics showing

that decoherence and finite simulation time limits the sharpness of the transition. While unmeasured,

the time averaged phonon occupation is plotted in figure 5.6(g) as a function of Ω/χ. Although

the boson is largely adiabatically eliminated in the spin-dominated regime, the transition to the
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superradiant phase is characterized by a non-zero occupation of the boson as the boson’s dynamics

are locked adiabatically to follow the spins.
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Figure 5.6: LMG dynamical phase transition. a) The spins are initialized in the −z state with the
COM mode either Doppler or EIT cooled. The Dicke Hamiltonian dynamics are then quenched on
for a variable time and the average magnetization (⟨Sz⟩) is measured using fluorescence readout.
b-e) time traces of the quenched dynamics for varying Ω/χ across the dynamical phase transition.
Inset on c,e are Bloch sphere representations of the spins trajectories showing the characteristic
trapped and untrapped behavior. The data (blue dots) are in good agreement with DTWA (blue
solid lines) and mean-field (lavender dashed lines) calculations. f) The time averaged magnetization
is plotted as a function of Ω/χ, including the Doppler cooled data (orange dots) and EIT data (blue
dots) along with a mean-field (lavender dashed) and DTWA calculation shown in blue and orange
for EIT and Doppler cooled respectively. The transition is less sharp than a classical calculation
without decoherence and for longer time averaging (dashed black line). g) The time averaged bosonic
occupation (unmeasured) is theoretically calculated and plotted as a function of Ω/χ showing the
macroscopic occupation in the trapped regime Ω/χ < 1/2.

5.4 Chaotic cut

To explore dynamics beyond mean-field and in the chaotic regime of the Dicke model, a

cut through phase space at fixed g, g̃ =
√
χ/Ω, equivalent to fixing g and δΩ, was taken while

varying Ω/δ to explore outside the spin-dominated regime and in the chaotic regime of δ/Ω ∼ g ∼ 1.

Figure 5.7(a-d) show example time traces as Ω/δ is varied from the spin-dominated to the resonant

regime, and finally to the boson-dominated regime. In the spin-dominated regime (figure 5.7(a))

the state is near the dynamical phase transition but is in a trapped regime for the fixed value of

g̃ ∼ 1.5. In contrast the boson-dominated regime at small Ω/δ is not trapped due to the initial
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phonon occupation not being large enough to initialize the system in a trapped state, equivalent to

initializing near the unstable fixed point of the bosonic degree of freedom in the boson-dominated

regime. In between in figure 5.7(b) at Ω/δ=0.65 the dynamics shows erratic jumping between the two

trapped states which are damped due to a combination of thermal effects, decoherence, and quantum

fluctuations. The Doppler cooled data shows the effect of damping from thermal occupation, which

is highly suppressed in the EIT cooled case. In the mean-field case the damping is not adequately

captured suggesting quantum fluctuations in the chaotic dynamics are driving the damping.

To further support the identification of chaos, plots 5.7(e-h) show the corresponding trajectories

in the y − z plane as extracted from the smoothed time derivative of the ⟨Ŝz⟩ experimental data. In

contrast to the regular dynamics in the trapped (figure 5.7(e)) and untrapped (figure 5.7(h)) cases,

the dynamics show damping near the onset of the chaotic regime in figure 5.7(g) and evidence of the

erratic jumping between the two trapped states in figure 5.7(f). Figure 5.7(i) shows the time averaged

magnetization as Ω/δ is transitioned into the chaotic regime, with a reasonable agreement between

the mean-field prediction and DTWA calculation. Additionally, the integrable untrapped regime at

large Ω/δ is not distinguishable from the chaotic region of Ω/δ ∼ 1 in just the time averaged value

of the magnetization. Instead, disagreement with the mean-field dynamics and evidence of chaos is

only evident in the time dynamics of the simulation. In figure 5.7(j) the unmeasured time averaged

bosonic occupation is calculated for the Doppler (orange) and EIT (blue) cooled cases, showing in

the chaotic resonant regime Ω/δ ∼ 1 the boson experiences substantial dynamics due to the equally

participating dynamics of the boson and spin degrees of freedom.

5.5 Resonant regime dynamics at an unstable fixed point

To exhibit the strongest signatures of quantum dynamics and more clearly delineate the onset

of chaotic dynamics, a third experimental cut was probed with a new initial condition at an unstable

fixed point. Here the the spins were initialized opposing the transverse field and with δ = Ω as

shown in figure 5.8(a). At this unstable fixed point no dynamics can be produced classically except

due to thermal fluctuations, while quantum mechanically the dynamics can be driven completely by
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Figure 5.7: Chaotic dynamics outside the spin-dominated regime. a-d) Experimental time traces of
the dynamics in the trapped (Ω/δ = .26) chaotic (Ω/δ = 0.65) and untrapped (Ω/δ = 5.76) regimes
and in between the chaotic and untrapped integrable regime Ω/δ = 2.51 compared with mean-field
(lavender dashed lines) and DTWA (blue and orange solid lines) calculations. Doppler cooled (orange)
and EIT cooled (blue) initial conditions are compared in and around the chaotic regimes showing
the contribution of thermal fluctuations to the damping of the oscillations. e-h) Spin trajectories
over time in the y − z plane as extracted from the experimental traces using the time derivative of
Ŝz to estimate Ŝy. i) Time averaged magnetization measured experimentally with Doppler (orange
dots) and EIT cooled (blue dots) initial conditions compared with DTWA calculations (orange and
blue curves) and a mean-field calculation (lavender dashed) showing agreement in the transition
from integrable to chaotic at the mean-field level, with discrepancy only identifiable in the time
dependent dynamics of (b,c). Inset are example calculated spin trajectories in the trapped, chaotic,
and untrapped regimes. j) Calculated time averaged bosonic occupations as Ω/δ is varied showing
the large bosonic dynamics in the chaotic regime.

quantum fluctuations. In the rotating frame of the transverse field and the boson the Hamiltonian

can be written as Ĥrot = Ĥrot
pair + Ĥrot

t with1

Ĥrot
pair ≡ ℏ

−ig√
N

(
â†Ŝ

(x)
+ ei(Ω−δ)t − âŜ

(x)
− e−i(Ω−δ)t

)
Ĥrot

osc ≡ ℏ
−ig√
N

(
âŜ

(x)
+ ei(Ω+δ)t − â†Ŝ

(x)
− e−i(Ω+δ)t

)
,

(5.5)

where we have defined raising and lowering operators in the x basis: Ŝy ≡ (Ŝ
(x)
+ + Ŝ

(x)
− )/2 and

Ŝz ≡ (Ŝ
(x)
+ − Ŝ

(x)
− )/(2i).

By setting δ = ±Ω, either approximate beam splitter terms (âŜ+) or two mode squeezing

terms (âŜ−) can be resonant, with the other term being off-resonant by a detuning 2δ. When g is

1This comes from the annihilation operator rotating like ae−iωZt, so that the a terms are associated with e+iδt and
the unitary transformation going rotating in the frame of the transverse field associating S+

(x) with eiΩt.
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small compared to this detuning, equivalent to g̃ < 1, the fast rotating term can be ignored and

the dynamics are well described by correlated spin-boson excitations. Taking the large N limit and

with the spins initialized along −x̂, the spins can be mapped using the so called Holstein-Primakoff

(HP) transformation to a bosonic operator Ŝ(x)
+ ≈

√
Nb̂† and Ŝx = −N/2+ b̂†b̂. In this large N limit

the mapping gives rise to a true two mode squeezing Hamiltonian Ĥ ≈ iℏg(âb̂− â†b̂†) between the

bosonic and spin degree of freedom.

For our initial states near the ground motional state and spins aligned along −x, the two

mode squeezing operator cannot annihilate what appears approximately as vacuum for both â and

b̂. Instead, only correlated pairs are produced that flip a spin in the x basis while simultaneously

creating one quanta of motion as shown in figure 5.8(j). These correlated pairs produce two-mode

squeezed quadrature V̂+ ≡ (P̂ + Ŝz/
√
N/2)/

√
2 and Ŵ+ ≡ (X̂ + Ŝy/

√
N/2)/

√
2 and antisqueezing

along conjugate quadratures V̂− ≡ (P̂ − Ŝz/
√
N/2)/

√
2 and Ŵ− ≡ (X̂ − Ŝy/

√
N/2)/

√
2 shown in

figures 5.8(f-i). These rapidly produced entangled states can have high metrological utility in both

sensitivity to motion and spin precessions [59, 60]. However, given the finite number of spins at

longer times the dynamics do not continue to produce correlated pairs and instead exhibits collapses

and revivals in coherence which are not fully periodic but damped due to the complex spectra of the

Dicke model. In spinor BECs pair production between different spin levels due to spin-dependent

collision scattering lengths has been shown experimentally [61–66]. However, these dynamics have

been restricted to short time scales such that collapses and revivals in coherence from long time

driven dynamics have not previously been experimentally demonstrated.

In contrast to these collapses and revivals of coherence at long times in the regular integrable

regime, when g̃ ∼ Ω = δ the rotating terms are no longer fast oscillating compared to the strength

of the dynamics and the system is non-integrable. In this chaotic regime the coherent revivals are

completely damped by the chaotic dynamics from the non-integrability of the system. This smooth

crossover from integrable to non-integrable dynamics manifests itself in a change in the time averaged

transverse magnetization between an integrable ⟨Ŝx⟩ ̸= 0 and a chaotic non-integrable ⟨Ŝx⟩ = 0

regime, distinct from the dynamical phase transitions explored in the previous two cuts which
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exhibited a sharp non-analytic change in time averaged magnetization. As mentioned previously, at

this unstable fixed point the dynamics erroneously has a non-zero Lyapunov exponent despite being

regular dynamics for g̃ < δ = Ω. However, taking a modified Lyapunov exponent that averages

over neighboring initial spin states reveals a change in behavior in the average Lyapunov exponent

from zero to nonzero that qualitatively agrees with the change in the time averaged transverse field

magnetization and the onset of chaotic dynamics, as shown in figure 5.3. The relationship between

the time averaged transverse magnetization and average Lyapunov exponent remains an area of

fundamental investigation, with only a qualitative agreement in their change in behavior.

Comparisons between the experimentally measured time traces at the various conditions

transitioning between the integrable and non-integrable regime are shown in figure 5.8(b-f). A

DTWA calculation accounting for decoherence sources predominantly from spontaneous emission

and fast noise in the magnetic field fully captures the measured dynamics. Shown in black dashed

lines are the exponential growth of correlations between the spin and motion, which does not capture

the collapses and revivals due to the finite N at longer times. A clear change is measured in the

chaotic regime g̃ =
√
χ/Ω > 1,Ω/χ < 1 where the coherent revivals are completely damped by

the onset of chaotic non-integrable dynamics, and shown in the change in time averaged transverse

magnetization in figure 5.8(f). The crossover is not ideally to 0 in the chaotic regime due to the

finite time scale that is averaged over. Additionally the separation between the two equilibrium time

averages is reduced due to decoherence in the integrable regime of large Ω/χ from magnetic field

fluctuations, spontaneous emission, and thermal fluctuations.

In addition to DTWA comparisons, estimates from a mean field calculation and from a classical

model with inflated thermal fluctuations show that the dynamics are not well captured at the

mean-field level. Ideally at zero temperature the dynamics are at an unstable fixed point suggesting

no dynamics should occur at the mean field level. For our finite temperatures some dynamics are

present, but the temperature must be inflated by a factor of 5 compared to the measured temperature

to capture the experimentally observed dynamics. Using the full DTWA model an estimate of

the minimum achievable variance in the two mode squeezed state is calculated with and without
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experimental sources of decoherence in figure 5.8(f-i). The minimum variance state is achieved in

the integrable regime at large Ω/χ, with a minimum value of ∼ 7 dB reduction in variance below

the standard quantum limit (SQL), reduced to ∼ 4 dB below the SQL accounting for modeled

experimental decoherence sources.
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Figure 5.8: Unstable fixed point dynamics in the resonant regime. a) To prepare in the unstable
fixed point we instead initialize the spins pointing along −x instead of along −z, and measure
the transverse magnetization using a final π/2 pulse about −y. All unstable fixed point dynamics
were simulated with EIT cooling. b) Experimental data (blue dots) is well captured by the DTWA
calculations (solid blue line), while in contrast the mean-field (lavender) cannot capture the dynamics.
Inflating the measured temperature up to 5 fold is required to get better agreement with experiment
suggesting thermal fluctuations in a classical model cannot explain the measured dynamics. c-e)
Example time traces measured transitioning from non-integrable chaotic (c) to integrable (e) as
Ω/χ is increased. f) A transition in the time averaged transverse magnetization agrees with theory
characterizing the same chaotic transition shown in c-e. On the right axis are predicted minimum
variances of the two mode squeeze states produced at short times with and without experimental
decoherence. g) An example simulated two mode squeezed state in the integrable regime taken 0.14
ms into the dynamics at the minimum variance time. h-i) Theoretically calculated two mode state
variances with (black) and without (gray) experimental decoherence as a function of time for the
integrable (solid Ω/χ = 9.24) and chaotic (dashed Ω/χ = .32) cases. Shown in red is the standard
quantum limit, or variance equal to the ground state wavefunction size. j) Representation of the
pair production process showing correlated spin flips and COM excitations over time.

5.6 Conclusion and future outlook

In conclusion we have experimentally simulated the Dicke model across an array of parameter

regimes and a number of key initial conditions. We first demonstrated a dynamical phase transition
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between a trapped and untrapped regime initialized spins along the south pole of the Bloch sphere

in the spin-dominated regime characterized by the LMG model. This spin-dominated regime is

insensitive to the motional state, which we initialized at both the Doppler temperature n̄ ∼ 5 and

near the ground state n̄ ∼ 0.5 using EIT cooling. Theory calculations using the DTWA are in

good agreement with experimental measurements, with the dynamics well characterized at the

mean-field level. In contrast, we have also simulated the Dicke model in the resonant regime and seen

a transition from the trapped state to an untrapped chaotic phase which is not well captured at the

mean-field level in the time dynamics. Damping from thermal fluctuations is mitigated using EIT

cooling to demonstrate the damping of the dynamics is largely driven by quantum fluctuations and

chaotic dynamics. To further distinguish this chaotic transition we lastly initialized in an unstable

fixed point of the spins pointing opposing the transverse field. In this regime a two-mode squeezing

operation between the spin and motion degree of freedom gives rise to an exponential pair production

at short times. At longer times and in the integrable g̃ < 1 regime we see collapses and revivals

of coherence due to the finite number of spins which has not been experimentally demonstrated

previously in the Dicke model. Leaving the small g̃ integrable regime the system evolves from

integrable to chaotic dynamics as inferred from the time averaged transverse magnetization due

to the chaotic dynamics destroying the revivals in coherence. These dynamics are not captured at

the mean-field level without substantially inflating the true thermal state of the system. Theory

calculations suggest the minimum variance entangled state produced at short times can be ∼ 7 dB

below the SQL, with experimental decoherence reducing this to ∼ 4 dB.

While a number of key features of the Dicke model have now been demonstrated with this work,

all measurements have been restricted to time averaged magnetization that do not fully characterize

the quantum and chaotic features of the model. Future work could potentially measure the bosonic

occupation and work with varying initial coherent states with phase stabilization of the ODF phase

allowing precise measurements of the dynamics of the bosonic degree of freedom. This requires a

repumping of the spins that will project any spin-motion entanglement into a mixed state of the

motion. Additionally recoil from the repumping will slightly perturb the motional occupation but
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would be negligible above n̄ of more than ∼ 1 quanta. A beam splitter operation using δ = Ω

and time reversal of the dynamics can enable the complex two mode squeezed state and degree of

entanglement to be directly characterized [6, 59]. These entangled and chaotic states can in principle

be used as sensitive metrological states to enhance measurement sensitivity beyond the SQL [59, 60].

Further work to reduce the decoherence sources in the experiment, either by detuning further off

resonant with the ODF beams or using parametric amplification could also improve the metrological

utility of these states. Finally, the chaotic dynamics can be more explicitly characterized using time

reversal schemes to study information scrambling in analogs to black holes [67].



Chapter 6

Patterned Addressing

In all previous quantum simulation and sensing experiments in the NIST Penning trap, global

readout and interactions were utilized. An array of interesting simulations can be engineered that

use non-uniform initial states and interactions, and individual ion readout. Towards that goal,

this chapter discusses patterned addressing of the spins largely using a deformable mirror (DM) to

imprint patterns in the rotating frame of the ions.

6.1 Imprinting and detecting patterns with the ODF

Before discussing how to use the DM to imprint non-uniform spin patterns, it is worth

discussing the few non-uniform spin patterns that have been produced and imaged using the ODF

beams. The easiest pattern to impart from the ODF beams is a linear gradient in the rotating frame,

produced as described in section 4.3.1. By setting the beatnote of the ODF to the mth multiple of

the rotation frequency, patterned spin precession is produced of the form of equation 4.8, repeated

here:

HODF (µ = mωr) ≈ Ũ
∑
i

Jm(k⊥ρi) cos(m(ϕi − ϕ0) + Ψ)σ̂zi . (6.1)

Notably for large enough k vector component in the plane, higher order azimuthal patterns are

possible with reduced strength of Jm(x) ≈ 1
m!(x/2)

m. To identify the direction of the k vector tilt

requires stability of Ψ, the relative phase of the ODF to the rotation frequency. It is clear that even
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coarse control of the radial dependence of the imprinted pattern is difficult, as on the fly adjustment

of the ODF tilt is not feasible in the current setup. Fine control of the radial dependence is not

possible, as the form of the radial dependence will always be Jm(k⊥ρi), unless some additional

control of the ODF beam radial intensity or wavefronts could be adjusted.

One other method of generating non-uniform patterns from the ODF beams is using the axial

drumhead modes. As described in subsection 4.3.5, applying the ODF in a Ramsey sequence near

an axial drumhead mode leads to combinations of coherent spin precession and spin dephasing

for coherent and thermal motions respectively. Displacements for each ion are given by the mode

participation in the mode as shown in figure 2.4. As was shown in subsection 4.3.5, a coherent

motional state gives rise to coherent spin rotations determined by the component of the coherent

motion orthogonal to the spin-dependent force. Therefore, the coherent rotations applied to each

ion will be proportional to the mode participation of each ion.

In principle, arbitrary spin patterns can be produced by generating the correct motional

coherent state for each mode, and then applying the ODF out of phase on resonance with every single

mode to impart arbitrary patterns by virtue of the normal modes being a complete orthogonal basis.

In practice, this pursuit is foiled by frequency fluctuations of the drumhead modes, making each mode

and its corresponding mode participations impossible to identify for all but the highest frequency

most stable modes. Additionally, many modes are closely spaced or degenerate in frequency, making

the resolution of each mode inherently time intensive.

Nevertheless, as a first demonstration of this we have for the first time experimentally imprinted

the pattern of the axial drumhead modes onto individual ion resolved images as shown in figure

6.1. For these demonstrations we relied on spin dephasing of a thermal state rather than coherent

state spin-precessions. The experimental sequence was a Ramsey spin echo sequence with a phase

advance of the ODF in the second arm to coherently add spin precession between the two arms

when on resonance. The resulting spin dephased state was rotated dark such that spin dephasing

from motion resulted in increased population and brighter ions. At the time, single shot detection

was not set up, so images are built up over hundreds of experimental repetitions over one second



104

of integration. For this reason, the sign of the mode participation is not measured, which would

require single shot detection or coherent motional states, and the resulting brightness of each ion is

proportional to the absolute value of the mode participation of that ion.

Figure 6.1: Imprinted drumhead mode patterns generated from spin dephasing caused by the
ODF driven near resonant to various drumhead modes. The brightness of each ion corresponds to
the absolute value of the participation of that ion in the given drumhead mode. See figure 2.4 for
descriptions of the modes. The left most "COM mode" was not generated from spin dephasing but
is instead a representative crystal with all ions bright. To assist in separating the modes in frequency
the crystal was set at a rotation frequency of 190 kHz near the 1-2 plane transition.

6.2 DM patterned addressing overview

Analogously to the ODF using tilted wavefronts, a deformable mirror (DM) can be used to

apply an ACSS pattern in the plane of the ions that is static in the rotating frame [68]. The DM we

use is a Boston Micromachines (BMC) Multi-C-1.5 DM, which uses a continuous aluminum membrane

surface with a series of 137 piston actuators that can deform the mirror surface shown in figure

6.2(a,b). Each piston is 300 × 300 µm giving an active diameter of 3.9 mm, with a maximum piston

displacement of 1.5 µm. In comparison to other spatial light modulator (SLM) techniques which

often fail to work in the ultraviolet regime or are extremely laser power inefficient, the aluminum

membrane surface allows high power efficiencies at ultraviolet wavelengths with reflectivities ∼ 90%.

Additionally, many SLMs have slow settling times and update rates whereas surface settling times
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can be as fast as 10’s of µs for the BMC DM. However, DMs are limited by the difficulty in making

many small piston actuators, relegating them to much fewer actuators in comparison to SLMs that

often have millions of pixels, or much greater cost to produce more actuators. Additionally, even

with many actuators it is difficult to reduce their size leading to potentially large mirrors for many

actuators, requiring more magnification to match a fixed crystal size.

To utilize the DM, a laser beam off resonant from a Be+ transition is reflected off the mirror

with the piston displacements imprinting a phase pattern onto the (nominally flat) wavefronts of the

beam profile as shown in figure 6.2(c). This phase pattern is imaged onto the ions using a simple ∼

10:1 magnification telescope shown in figure 6.2(d).1 At the ions the intensity of the beam leads

to an AC Stark Shift (ACSS), equivalent to a modified precession rate of the spins. The imparted

phase pattern therefore ideally does nothing with just a single beam as only the intensity of the

beams determines the ACSS. By interfering this beam with a secondary beam at nearly the same

frequency that has not undergone wavefront distortion, constructive and destructive interference set

by the wavefronts’ relative phases gives rise to an intensity pattern, or equivalently an ACSS pattern

in the plane of the ions. For a 313/2=156.5 nm displacement of a single actuator, a 2π phase shift is

imparted onto the wavefront at that actuator position. In principle phase deformations of almost 20

π are therefore possible.

Using a DM can provide a much more flexible addressing scheme as described in [68] compared

to only linear gradients from tilting the ODF beams. By expanding upon the derivation of equation

4.8 (repeated above in equation 6.1), replacing the tilted wavefront deformation to be an arbitrary

deformation that can decompose into a radial δm(ρi) and azimuthal cos(mϕlab + ϕ0) dependence

1The phase imparted along the longitudinal direction by an actuator is not magnified, rather the transverse direction
is de-magnified to map the 3.9 mm diameter surface to 390 µm.
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Figure 6.2: DM principle of operation. a) Our DM is a continuous surface aluminum membrane
with a piston actuator grid underneath. b) An image of the DM, with the gold colored surface the
mirror and the boxed red area the activate area of the mirror surface. Expanded from that is the
actuator grid of which 137 actuators are present in the white boxes. c) A depiction of the patterned
wavefront deformations imparted onto a laser beam reflected off the mirror. These deformations can
be decomposed into various azimuthal orders useful for imprinting static patterns in the rotating
frame of the crystal. d) A simple imaging system to image the surface of the DM onto the ions
using a 10:1 magnification Keplerian telescope. Scattered light from the surface is re-imaged onto
the ions, while a gaussian beam is de-magnified by 10 and remains a collimated beam. The imaging
resolution of the system is then set by the numerical aperture (NA) of the imaging system.

gives:

HDM (µ = 0) ≈ U
∑
i

cos(δ0(ρi)−Ψ)σ̂iz (6.2)

HDM (µ = mωr) ≈ U
∑
i

J1(δ
m(ρi)) cos(m(ϕi + ϕ0) + Ψ)σ̂zi . (6.3)

In contrast to the ODF case which only could apply an m = 1 tilt of the wavefronts and imparted

radial dependencies of Jm(kρi) for higher azimuthal orders m, now the radial dependence can be

tuned arbitrarily to J1(δ
m(ρi)), with the J1 dependence selected because a cos(mϕ) pattern is

applied. As was the case with the ODF, lower order 0 < m′ < m patterns can also be static when

setting the beatnote to mωr if m/m′ is an integer, but will have a Jm/m′(δm
′
(ρi)) dependence, so
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ideally will be small. Additional terms oscillating at multiples of the rotation frequency can be

exactly canceled by setting µτ = 2πl for an integer l [68]. Note the m = 0 case can still be described

in terms of a Bessel function expansion, but all terms become resonant in the sum and so skipping

the expansion is more illuminating. However, any δm ̸=0(ρi) term will also multiply equation 6.2 by

a J0(δm ̸=0(ρi)) term for the µ = 0 case, which will ideally be close to 1 since J0(x) ≈ 1 − (x/2)2.

By applying various m, δm(ρi) patterns with beatnote mωr, any arbitrary pattern can be created.

This can be more clearly seen by describing δm(ρi) in terms of Zernike polynomials, which form

a complete basis, but experimentally it is useful to simply decompose into azimuthally separable

functions.

6.3 DM setup and previous ideas

Originally the DM proposal was to implement wavefront deformations directly onto the ODF

beams. This proved infeasible, as an anamorphic magnification was required due to the shallow

angle the ODF beams interfere at. A test setup using multiple meters of path length and many

cylindrical lenses led to the conclusion that, even if correctly setup, the imaging resolution is set by

the effective numerical aperture (NA) of the system, which was very poor for the anamorphic setup

even with multiple lenses in the bore of the magnet.

Ideally, to get the best imaging resolution the beams would be sent along the f/2 bottom-view

imaging system, which is our best NA lens in the experiment. However, the gaussian beam component

of the DM beams would stay on center and be blocked by the cantilever that sits above the f/2

lens and sends the parallel cooling and detection beam aligned with the magnetic field. Future

alternatives would require parallel beams that come off axis and torque the crystal, or much less

likely the parallel beam can be combined with a PBS, either in the f/2 or replacing the cantilever

mirror with a PBS to allow DM light to transmit on center. This would very likely overwhelm the

imaging due to background fluorescence. Possibly two off axis beams could be introduced that net

applied no torque, but this remains fairly unexplored. Another idea is to use a far off resonant laser

beam of a different frequency to allow the background light from the DM to be filtered, but would
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not solve the parallel beam issues.

As an alternative to applying the DM on the ODF beams, or going along the f/2 imaging

objective, the deformable mirror beams have instead been introduced co-propagating with the parallel

beam path (see section 3.2.1 for an overview). A beam path schematic is shown in figure 6.3. To get

good imaging resolution, a lens must be put up the bore of the magnet as close as possible to the

ions. To accomplish this, the cantilever was modified to be able to slot in a 1/2 inch diameter lens,

specifically two 19.5 cm lenses to form a compound 9.75 cm lens with less aberrations (from here

out referred to as a 10 cm lens). An ≈ 10:1 telescope is then formed by sending a collimated beam

through a 1 m lens mounted on a translation stage ideally 1.0975 meters away. The surface of the

DM is then imaged onto the ions by being placed ≈ 1 meter before the 1 meter lens. A telescope

before the DM expands the beam to be ≈ 2-3x larger than the DM active area to ideally create flat

wavefronts and a uniform intensity beam. Another beam path going through a copy of this telescope

(from here on called DM1) is used to provide an interference with the beam distorted by the DM

(from here on called DM2). A polarizing beam splitter combines the parallel cooling and DM1 beam,

which have orthogonal linear polarizations when combined. The DM1 and parallel combined beams

go through a remotely controllable motorized half waveplate, while the three beam system goes

through a motorized half waveplate and manually adjustable quarter waveplate to allow arbitrary

polarizations of the two DM beams. Independent control of the DM2 beam was attempted, but

the polarization was found to scramble if adjusted before the DM, and not enough space was left

to cleanly put a waveplate before the beams were combined. As a side effect this means adjusting

the polarizations of all beams will adjust the parallel beam fluorescence as the ratio of σ+/σ− is

adjusted.

For all imaging work the beams were set with vertical polarization before the quarter waveplate

and σ− polarization at the ions while the parallel beam had maximum fluorescence from being

σ+ polarized. Additionally, the two DM beams were red detuned 3 GHz from the S1/2(mJ =

−1/2) → P3/2(mJ = −3/2) transition. This allowed the required intensity of the DM to be reduced

substantially at the expense of increased spontaneous emission. However, due to amplitude noise on



109

the beams the improvement from further detuning the beam was largely limited beyond this ∼ 3

GHz detuning. Reduced total scattering from the DM was desired to minimize the degradation of

the Roentdek camera quantum efficiency. Only later (see chapter 7) were motorized half waveplates

added to allow for nulling of the ACSS of each beam. By cross polarizing the beams analogously to

the ODF setup interference of the two beams can give rise to a non-zero ACSS while each beam is

individually nulled.

6.3.1 DM experimental alignments

The first major change necessary to implement the DM was to add a lens in the bore of the

magnet seated in the cantilever. This required removing the f/2 bottom-view objective any time

the cantilever lens was added or removed to allow the cantilever to slide down the bore using the

adjustable support rods added to the mirror tower (see section 3.2.1 for details). A careful alignment

procedure when gluing the mirrors tried to ensure the cantilever mirrors were 45 degrees. This

involved a red laser beam oriented vertically down on a countertop, which was checked by placing a

mirror underneath the beam that back reflected up the beam path and carefully overlapping the

back-reflection. While the glue was settling the cantilever mirror was adjusted to keep the reflected

alignment beam level on the counter top, checked over a few meter path length. This procedure was

successful at keeping the vertical tilt of the mirrors close to 45 degrees, however nothing was done to

ensure horizontal alignment of the mirror. Simply placing the lens centered in the cantilever therefore

led to substantial disturbance of the beam due to the horizontal tilt of the cantilever mirrors, along

with whatever tilt and translation was necessary to align to the magnetic field and ions.

To successfully find parallel fluorescence with the cantilever lens inserted, first the parallel

beam was well aligned with the magnetic field and centered on the ions without the lens in place.

After that alignment, the counter-propagating photo-ionization beam was carefully overlapped with

the parallel beam. Next the cantilever lens was added and the parallel beam was re-aligned to overlap

the back-propagating photo-ionization beam. This involved substantial beam changes, including

remounting the last mirror before sending up the magnet order a centimeter away. Additionally, the
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Figure 6.3: DM and parallel beam paths. Purple boxes represent the 313 nm laser sources for the
parallel cooling and ODF/DM beams. The Toptica 313 nm laser is brought from underneath the
table via a periscope, where it passes through a cylindrical lens telescope to compensate an elliptical
beam profile. A half waveplate (HWP) adjusts the polarization going into a Wollaston prism to chose
the ratio of light going into the ODF path and the DM path. The DM path then splits into two paths
with a 50/50 beam splitter (BS), with the yellow path corresponding to DM2 and the blue DM1.
After twice passing through acousto-optic modulators (AOMs) to minimize beam pointing changes
with frequency adjustment, the beams are sampled (blue rectangles) for photodiode (PD) readings
of the power for intensity stabilization (generally not used in experiment). Red blocks correspond to
expansion telescopes of each DM beam, which is picked off and interfered on a 50/50 BS for optional
active stabilization of the phase (unimplemented in experiment). The DM1 path is combined with
the parallel beam on a polarizing BS (PBS), before a motorized (orange) HWP adjusts the linear
polarization of the combined DM1 and parallel beam. DM2 reflects off the deformable mirror (DM)
and is combined with the DM1 and parallel beam on another 50/50 beam splitter. The three beam
system goes through a 1 m lens and is sampled to go through a copy 10 cm lens to image onto a
CMOS FLIR camera. The main beam path goes through another motorized HWP and final quarter
waveplate (QWP) to set the circular polarizations of the beams. The combined beams are sent
up the bore of the magnet to pass through a 10 cm lens in the cantilever and imaged onto the
ions. Before being combined, the parallel beam path is expanded with the gray lens pair telescope,
next passing through an adjustable iris (green) to allow a reference centering on the ions and FLIR
camera.
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parallel beam was expanded with a 10:1 telescope, and then de-magnified through the 10:1 telescope

formed with the cantilever lens.

With the parallel beam successfully hitting the ions with the cantilever lens in place, the

cantilever height was adjusted. To find the focus position of the cantilever lens, first the parallel

beam collimation was set by adjusting the 10:1 expanding telescope to keep the beam size relatively

constant over a long propagation distance sent across the room. Next, the 1 meter lens was removed,

causing the collimated beam going through the 10 cm cantilever lens to focus very sharply (see figure

6.4(a)). The cantilever (see figure 6.4(b)) was designed to slide along 1/2 inch diameter rods that set

the mirror crown height, with the height of the cantilever set by a second pair of thin rods held at an

adjustable height underneath the base crown. This involved machining the base crown to add through

holes for the adjustment rods. By adjusting the rod heights while monitoring the fluorescence from

the side-view of a very low density large cloud, the gaussian beam propagation could be mapped out

to find the minimum spot size. Slight translation adjustments of the 1 meter lens were necessary

over large cantilever translations to compensate the horizontal tilt of the cantilever mirrors.

With the cantilever height set, the f/2 objective could be re-inserted to the system to allow

bottom-view images. On first insertion it was found that an original 10 cm lens design required

lowering the cantilever into the f/2. After removing the f/2, swapping to shorter focal length backup

lenses (effective focal length 9.75 cm), and re-inserting the f/2 we have not since had to remove

the f/2. With bottom-view imaging, the parallel beam could be aligned to the ions and magnetic

field. To do this, an iris is roughly centered on the expanded parallel beam and at smallest aperture

reduces the parallel fluorescence size on the bottom-view to give a centering of the parallel beam on

the ions (see figure 6.4(c)). Next, the 1 m lens is removed and the beam is tilted using a mirror

to center the focused beam on the ion crystal center. With this alignment procedure and iteration

the parallel can be centered on the 1 m lens and the ions. Next the beam was walked with the

1 m lens removed ending with the focused beam centered on the crystal, and then re-centered on

the ions with the 1 m lens by translating the 1 m lens added back in and apertured with the iris.

Subsequently, the magnetic field alignment was checked either by spinning up the crystal to a high
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rotating state and looking for Doppler shifts in the parallel beam, or by simply torquing the crystal

with only the parallel beam (turning off the rotating wall and perpendicular beam) to evaluate the

alignment. Iterating this procedure led to reasonable alignment of the parallel beam on the ions

with and without the 1 m lens, and minimal torque from the parallel beam.

c)b)

a)

Figure 6.4: DM alignments. a) Five side-view images stitched together showing the focus of the
collimated parallel beam with the 1 m lens removed and focused by the 10 cm cantilever lens. Each
image shows a roughly 800 × 800 µm image of a diffuse ion plasma with the tightly focused parallel
beam passing through it. Each image was taken after moving the cantilever up roughly 800 µm which
corresponds to 2 turns of an 80 thread per inch adjustment screw. Setting the focus of the cantilever
height is then set much better than 100 µm, likely limited by how well collimated the parallel beam
can be set. b) A 3D model of the cantilever (purple) set above the f/2 imaging objective (large black
cylinder) and below the trap envelope and electrodes (transparent cylinder above the cantilever)
showing the modification to allow a 1/2 inch diameter lens tube shown in black holding a ∼ 10 cm
focal length lens in between the two mirrors (one mirror shown in orange). The cantilever slides
along the 1/2 inch rods in gray and is supported by adjustable height support rods (not shown) to
set the height from the ions. c) Bottom-view images of the crystal. From left to right: fluorescence
from the parallel beam without aperturing the beam, with the beam apertured, and focused and
centered with the 1 m lens removed producing much larger background scatter.

With the parallel beam and cantilever height well set the DM beams could be adjusted. To

start, each beam is roughly collimated with their respective expanding telescopes and then roughly

overlapped with the large parallel beam. A pick-off in the beam path after the 1 m lens is imaged
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with an exact copy 10 cm2 lens onto a CMOS FLIR camera. To mimic the image formed at the ions,

the lens to camera distance is set by removing the 1 m lens and translating the copy 10 cm lens to

find the smallest parallel beam spot size. The distance from the 1 m lens to 10 cm lens in the two

paths luckily isn’t critical, as ray tracing from the image (the ions) backwards through the 10 cm

lens gives a collimated source that doesn’t matter where the 1 m lens appears. However, the distance

from the DM to 1 m lens would matter for imaging resolution. No optimization was ever done to

improve this, and rough placement on the table was sufficient to get good interference images on

the FLIR camera. Discrepancy between the FLIR path and the ion path for the 1 m to 10 cm lens

distance will largely give rise to a magnification difference. This was also never carefully optimized,

with the 10 cm lens roughly placed to get a somewhat collimated beam out with the 1 m lens in

place.

Fine adjustment of the DM beams involved matching their alignments with the parallel beam,

their wavefront matching (collimation and tilt agreement), and their centering on the ion crystal

center, as set by the iris on the table. The two DM beams were set to the same frequency to see

interference fringes on the FLIR camera. Radial interference fringes suggested collimation mismatch

between the beams, and linear strip patterns suggested tilts between the two beams. Further, the

collimation for each beam could be roughly set by removing the 1 m lens and adjusting the expanding

telescopes to find the minimum spot size on the FLIR camera. Finally, centering can be adjusted by

setting an “X” pattern on the DM, or any other pattern that identifies the central actuator clearly.

Monitoring this interference pattern formed with both DM beams, and with the parallel beam on

and apertured down tightly, the DM1 beam is walked to center the X pattern on the apertured

parallel beam.

6.3.2 Wavefront compensation

Adjustments of the collimation and tilt of the DM beams allows for fairly uniform, flat wavefront

interference patterns, but residual wavefront disagreement remains that can’t be compensated with

2Actually two 19.5 cm focal length lenses for an effective 9.75 cm focal length
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global beam adjustment. Instead, fine wavefront compensation can be carried out by measuring the

interference pattern of the two beams on the FLIR camera and adjusting the actuators of the DM

to compensate distortions. To accomplish this, first the wavefronts are set as flat as possible and

centered on the ions and parallel beam aperture using the procedures described above. Next, an

X pattern is set and a 13x13 grid of equal size squares is overlaid on the image, set by a square

size and center of the grid in pixels as shown in figure 6.5(a). The center pixel and square size are

manually adjusted to roughly match the grid onto the X pattern created. Experimentally it is found

this isn’t perfect as some distortion appears to modify the size of the pixels to not be uniform size

when interfered on the FLIR. Additionally, the edge pixels are particularly susceptible to rapid phase

wrapping before the edge of their boundaries.

With the grid overlapped to mimic the locations of the DM actuators, a measurement of

the phase of the wavefront interference is carried out for each binned grid square to determine the

necessary compensation. A sequence of 11 images is taken in roughly 1 second, with the DM beams

set to the same frequency and a phase adjustment of only DM1 by 36 degrees per image. Using

the identified grid, all counts from each pixel within an effective DM actuator are binned to give

a 13x13 count array for each phase image. Plotting the counts of each DM pixel as a function of

the DM phase gives a sine curve, assuming the counts from each pixel are below the saturation of

the camera and phase distortions within a DM pixel are not too large. The phase of the sine wave

gives a measurement of the relative phase of the wavefronts between the two beams. The offset

gives the average intensity of the interference. The amplitude gives a measure of the contrast of the

interference, or equivalently the amplitude and polarization agreement of the beams. Ideally, the

amplitude would equal the offset, and any reduction from this corresponds to uneven amplitudes,

non-overlapping polarizations, or phase non-uniformity across a DM pixel. Fitting each effective DM

pixel’s counts as a function of DM phase then gives a wavefront phase estimate of each DM pixel,

which can be used to calculate the deformation necessary to match, or "flatten", the wavefronts of

the two beams, as shown in figure 6.5(b). Specifically, the center phase is offset to be zero so no

compensation is applied to the center pixel, and all other pixel phases are offset by the same phase
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offset. For flat (matching) wavefronts all DM phases are zero.

Taking the measured phase in radians and adjusting the DM actuator by 313/4 ≈ 78 nm for a

π phase shift ideally cancels any wavefront deformations. With this simplistic method, wavefront

errors of amplitude > 78 nm are incorrectly compensated because the fitting scheme only has an

output range of ±π. This is avoided by setting the starting alignment as optimally as possible, and

checking the fitted phase for any neighboring DM pixel phase wraps of > 78 nm before applying

compensations. After a single round of compensation, usually a few nm of error remains largely on

the outermost pixels, which can be reduced to <1 nm for the central actuators after ∼ 3 iterations

of compensation.
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Figure 6.5: DM wavefront compensation. a) A FLIR image taken with an "X" pattern set on the
DM surface. An overlaid grid set by a center pixel and square size in pixels is manually adjusted
to roughly overlap the actuator locations. A series of 11 images are taken with a phase shift of 36
degrees between them, with counts from each pixel within an overlaid grid square binned together.
Fitting the counts as a function of DM phase for each grid square results in an estimate of the
wavefront from each DM actuator like figure b). b) An estimated wavefront flatness in nm from a
sequence of 11 phase images. This image was produced after a few rounds of compensation after
setting the wavefronts nominally flat from the image on the left. Note only the circular 137 subset
of actuator correspond to DM actuators, with the 8 grid squares in each corner left unfit. Errors
on the boundary actuators of ∼ 2 nm are common, with the central actuators usually displaying
wavefront errors of < 1 nm.

Experimentally, the wavefront flatness can be partially validated analogously to rotation
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sideband dephasing of the ODF as described in section 4.3.1. In practice, the 1st sideband can

potentially be suppressed further at the expense of non-flat wavefronts to compensate potential

amplitude and short wavelength phase non-uniformity of the beams. Section 6.5.1 describes further

analysis of how well a global uniform σ̂z rotation can be applied.

6.4 DM calibrations and analysis

6.4.1 DM phase flopping

Figure 6.6 shows a standard DM pulse sequence used to imprint a pattern. Assuming flat

wavefronts and µ = 0, for a single pulse Ramsey experiment the applied ACSS3 is given by:

ACSS = 2U0(1 + sin(ϕDM )) (6.4)

where ϕDM is the relative phase of the two beams at the ion, and U0 is the single beam ACSS,

assuming aligned polarizations and equal intensities. If the polarizations or intensities do not match

the contrast of the interference will be reduced from U0 when at the standard ≈ 3 GHz detuned

point (note cross polarization schemes modify this see section 7.7.1). By implementing a spin echo

with no phase advance, the spin precessions in the first arm will ideally be canceled in the second

limited by amplitude and phase jitter. With a phase advance of π, ideally the sign of the interference

term is reversed to add coherently with the first arm, while the offset average ACSS stays constant

and is canceled. For this sequence the effective applied ACSS is then given by:

ACSS ≈ 2U0 sin(ϕDM ) (6.5)

Varying the relative phase of the beams ϕDM , called "phase flopping", while setting µ = 0 with

flat wavefronts will therefore vary the effective ACSS sinusoidally about 0. The amplitude of the

maximum ACSS is set by the sum of the two DM beam’s ACSS (assuming aligned polarizations and

3ACSS refers to the differential AC Stark Shift.



117

equal intensities). By applying the DM beams for a short precession period in a spin-echo sequence

with a DM phase advance, applying the final microwave pulse about y (the echo axis) converts spin

precessions into deviations in population about 50%. These populations can then be converted into

a precession angle, and therefore an estimate of the ACSS using the arm time like so:

θ ≈ 2 sin−1(
√
P↑)− π/2 (6.6)

ACSS ≈ θ

4πτ
, (6.7)

where ACSS is in units of Hz, and P↑ is the bright fraction of the ions. This estimate of the ACSS

is a bit poor, particularly at large ACSS, due to turn on effects slightly reducing the effective arm

time τ , and fails if the maximum accumulated phase goes beyond ±π/2. Regardless, the sine wave

oscillation is fitted to extract the relative phase of the beams at the ions. To apply a given ACSS,

the relative phase of the beams is then set to ϕDM + ϕsin, where ϕsin is the fitted phase of the

oscillation, giving an effective Hamiltonian Ĥ =
∑

i U sin(ϕDM )σ̂iz where U = U0.4

6.4.2 DM phase tracking and π/4 time calibration

No active stabilization is applied to the beams besides interleaved updates of ϕsin from the

ions using a DM phase tracker. Passive stability when the optics table is enclosed leads to drifts

over seconds with fast noise at ≈60 Hz multiples. To implement the tracker, a three point probe

experiment is done that ideally sits at the 50% population points (called left and right points) and the

minimum population point (called center point) of the phase flop curve in figure 6.6. Measurements

of the center point are simply a diagnostic reference to check the contrast of the tracker, with

less repetitions allotted to its measurement to improve the duty cycle of the experiment. Given a

population measurement of the left and right point, the functional form of the sine curve of the phase

flop could be inverted to exactly calculate the optimal compensation. In practice, a simpler linear

extrapolation assuming small deviations from 50% is implemented. Assuming a small deviation from

4There is a factor of 1/2 going from differential ACSS 2U0 to a σ̂i
z amplitude U0σ̂

i
z. U will refer to half the

differential ACSS in general.
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Figure 6.6: DM phase flopping calibration of the DM beam’s relative phase with flat wavefronts. A
Ramsey spin echo sequence with a phase advance of π in the second DM arm imparts a coherent
rotation measured by applying a final π/2 pulse about y. Varying the DM beam’s relative phase
with flat wavefronts then produces a sinusoidally oscillating ACSS, which can be fit to estimate the
phase necessary to get a desired ACSS. The ACSS is calculated from the measured bright fraction
as described in equation 6.6. The fit gives an estimated ϕsin= 0.06 ± .01 radians.

the optimal center phase ϵ, the bright fraction of the left and right points PL, PR is given by

P↑ =
1

2
(1 + sin(4τU sin(ϕDM )) (6.8)

PR/L ≈ 1

2
(1± 4τUϵ) (6.9)

ϵ ≈ (PR − PL)

4τU
≈ 2(PR − PL)

π
. (6.10)

Equation 6.10 describes the optimal center phase adjustment for a population imbalance between

the left and right point. The last step of equation 6.10 assumes the two arms of the echo cause a

maximum total ±π/2 rotation to map the maximum positive and negative ACSS to fully bright and

dark giving full contrast. An error in the code had previously overestimated this compensation a

factor of π/2. However, the arm time used for the phase tracker was often less than the optimal
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π/4 arm time (giving a π/2 total rotation), and any non-uniform phase pattern would decrease the

amplitude of the oscillation such that this overcompensation was still stable. After feedback on the

center DM phase, ϕsin was updated by adding π/2 to the center phase.

From the statistical uncertainties in the measured PL/R, a rough estimate of the phase

uncertainty suggest uncertainties as low as ∼ ±2 degrees with 10 repeats per point, which can be

as fast as ∼ 20 ms when the Doppler cooling time is reduced to 1 ms. This phase measurement

feedback was often carried out every 5 repetitions of imprinting a pattern to have the slow drift rate

of the phase be similar scale to the measurement uncertainty.

With active DM phase tracking a global ±π/2 rotation can be calibrated by tracking ϕsin and

setting ϕDM = ±π/2 (see figure 6.7). This phase setting gives the maximum positive (negative)

ACSS, such that a Ramsey spin echo sequence with a final microwave π/2 pulse about y results

in all ions bright (dark) for ϕDM = +π/2 (−π/2) using an arm time τ = π
8U , equivalent to a π/4

arm time. Using this standard arm time and ϕDM , modifying flat wavefronts by adding m = 0

patterns maps 313/4 nm actuator displacements into spin flips relative to the tracked flat wavefronts.

Setting ϕDM = ±π/2 gives first order insensitivity in phase fluctuations and therefore the highest

fidelity operations. Setting ϕDM = 0, π gives ideally no effective ACSS, but is first order sensitive to

fluctuations in the relative phase ϕDM .

6.4.3 Roentdek imaging setup and analysis

To precisely determine the imparted pattern onto the ion crystal, single shot detection is

highly desirable. However, this is complicated by the non-uniform fluorescence rate across the

crystal due to parallel beam non-uniformity, perpendicular fluorescence, and quantum efficiency

degradation on the center of the Roentdek that has been exposed to the most fluorescence. Often

ion experiments threshold based on known histograms of bright and dark counts to separate whether

a single ion image is bright or dark. However, this would require generating a histogram of bright

and dark counts for every ion for that specific crystal and image, something that is prohibitively

time consuming for our long detection times imposed by our low quantum efficiency.
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Figure 6.7: DM phase tracking and π/4 time calibration. The left plot gives the measured bright
fraction as the applied total DM pulse time is scanned. The final microwave pulse is about −x to
start with all ions bright for no rotation, causing either positive or negative ACSSs to rotate the
population dark over time. A fit to a Rabi time scan gives an estimated π time of 58.9 ± 0.3 µs.
By setting a single arm time of ∼ 15 µs for a π/4 arm time, ions will be rotated bright or dark
depending on if ϕDM = ±π/2 using the pulse sequence in figure 6.6 with flat wavefronts. Interleaved
at every 5 repeats and every pass of the time scan experiment a phase tracking 3 point measurement
is taken shown on the right plot. The tracked center phase is plotted in green on the right axis,
with error bar estimates too small to see of ∼ ±2 degrees. The left (red) and right (blue) points
correspond to an average of 10 repetitions of the phase tracker, and the center point (black) only 2
repetitions. As shown in the first three points the starting phase was poorly estimated initially and
quickly comes into lock by the around the 3rd iteration. Each feedback measurement of 22 total
L/R/C measurements takes ∼ 35 ms and the total scan took ∼ 10 seconds.

Instead, a detection scheme is used that first detects for 25 ms to project into spin up or

down, and a second image is taken with a microwave π pulse in between. During these detections

both parallel and perpendicular cooling beams are on with a coupling drive described in section

7.6 to maintain a cold in-plane temperature. From these image pairs, the location of every ion can

be confirmed since every ion is bright in the combined image, and approximate bright and dark

histograms can be built up for each ion individually for that crystal configuration (see figure 6.8).

For simplicity, we label an ion bright if the first detection is brighter than the second, and dark if

brighter in the second. More advanced analysis can be carried out as described in detail in reference

[69]. For our laser intensities and quantum efficiency, we achieve ∼ 15 counts for a bright ion, and

∼ 1 count for a dark ion. On the rare occasion an ion is identically bright between the two detections

that ion’s state in the image is left undetermined and ignored. This scheme is susceptible mostly to
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off-resonant pumping from |↓⟩ → |↑⟩ during detection, which we roughly measure to be ∼ 1− 3%

using global fluorescence PMT counts after applying a scanned detection pulse up to 50 ms when

initialized dark. This low off-resonant pumping rate is due to the large magnetic field separating

the levels far from resonance in the P3/2 manifold, along with a low saturation intensity. The low

saturation intensity is experimentally set to get more stable crystals such that the in-plane cooling

rate is not overwhelmed by the in-plane heating from parallel scatter.

For analysis on the software end, the Roentdek images are tagged via a TTL pulse input

to the Roentdek time to digital converter that acts as an image counter. Every grouping of three

images is extracted to form a Doppler cooling image and two subsequent detections. Images are

then combined in groups of 5 repetitions of the experiment to build up a more discernible ion image,

and displayed less than a minute after the scan for spot checking of data. An off-line analysis script

compares each total Doppler image built up over 5 repetitions to measure changes in the images that

roughly correlate with reconfigurations. The longest chain of images with a single configuration is

used to identify the ion locations for that configuration, as shown in figure 6.8. This is accomplished

with a script that utilizes the Python Scikit-image library to find features in the image as an initial

guess. Subsequently, a custom written recursive script tries to optimize the found features to overlap

with ion positions. Each position found is attributed a pixelated circle region with radius determined

by its nearest neighbor distance, with the pixel circles precomputed in memory to reduce calculation

times. The total counts contained in each pixel circle is calculated and compared with a single

pixel movement of the pixel circle in any neighboring direction to steer the optimal center onto

the ion center. This recursive procedure is repeated until no coordinate adjustments lead to more

optimal centers. In addition, coordinate positions can be steered to overlap with other found features,

at which point one of the copies is removed and the nearest neighbor distance recalculated. This

procedure takes much less than a second and fairly reliably finds all ions, but is hindered when total

accumulated counts are low, and when ions are poorly localized.

Using the identified longest segment of data and ion positions and radii, the total counts within

the corresponding pixelated circles represents the total fluorescence of each ion for each image. Each
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detection image pair is then evaluated for each ion to determine whether the ion is bright, dark, or

undetermined. The bright fraction is then calculated over all detections in the segment for each ion.

Most experiments used 50 ms Doppler cooling time, 50 ms total detection time, and 250 repetitions,

taking a cumulative ∼ 30 seconds due to time spent tracking the DM phase every 5th repetition.

The longest segments achieved have approached the full 30 seconds without a reconfiguration, but

often segments of 5-15 seconds corresponding to 50-150 images are achieved.
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Figure 6.8: Roentdek image analysis. A reference image combined from sixty 50 ms long Doppler
cooling images is shown with features circled in red circles. The leftmost image shows the initial
features found using a Python image analysis library that finds peak local maxima, with the radius of
each circled set by the nearest neighbor distance. Too many features are found with small separations,
which are combined following the recursive optimization algorithm described in the text producing
the image to the right. Each ion count is then found by the total counts enclosed in the red circular
region for each ion for each detection image. The histogram shows the difference and sum of the
first and second detection for every ion for this experiment. The imprinted pattern was to make
all ions dark except a ring of radius 2 DM pixels bright, giving the asymmetry of the difference
histograms showing the average bright fraction across the crystal is mostly dark. Of the 180 ions
across 60 images giving 10,800 detections, 6 were the same brightness and 4 were only separated
by 1 count, giving ∼ 0.1% error. This excludes any additional error from off resonant pumping not
captured in these cases.

6.4.4 FLIR image analysis and predicted pattern

Utilizing the FLIR images, arm time, tracked ϕDM , final microwave phase ϕmw, azimuthal order

m, and the ACSS strength should ideally give enough information to predict the imparted pattern.

The FLIR images can in principle give additional information about amplitude non-uniformity of the

interference and shorter wavelength phase errors. Identically to the wavefront flattening procedure,
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11 phase images are taken, however this time every individual image pixel is fitted rather than

binned over a DM pixel to extract a finer resolution amplitude and phase array, also called phase

and amplitude maps. Also fitted is an offset that is ideally canceled due to the DM phase advance

and is ignored. From here, the imprinted pattern is directly calculated as

θ(ρ,ϕ) =

∫ τ

0
2U(ρ, ϕ− ωrt) sin(Φ(ρ, ϕ− ωrt)−mωrt+ ϕDM ) (6.11)

P↑ ≈
1

2
(1− cos(2θ + ϕmw)). (6.12)

Here ϕmw is the phase of the last microwave pulse, ρ, ϕ are the polar coordinates of the FLIR camera

image in pixels, U,Φ are rescaled fitted amplitude and phase maps, m is the beatnote rotation

sideband applied, and ϕDM the global relative DM phase. As an example, for m = 0 often the

desired scheme is ϕDM = −π/2, ϕmw = π/2, U is ideally uniform, 4Uτ = π/2, and Φ has only radial

dependence giving:

P↑ ≈
1

2

(
1− sin

(π
2
cos(Φ(ρ))

))
. (6.13)

For flat wavefronts Φ = 0, making all ions dark. Displacing a ring of actuators 313/4 nm therefore

would ideally flip a ring of ions bright. Changing sign of ϕDM or ϕmw would invert this to have all

ions bright except the ring of displaced actuators.

A few technical challenges are involved in carrying out the integration of equation 6.11 and

predicting the imparted pattern on the ions. First, the calculated bright fraction as a function

of ρ, ϕ FLIR coordinates needs to be re-scaled spatially to match the size of the crystal. One

independent analysis we’ve carried out used an imaged crystal with no BeH+ that was compared

to simulations using our best estimated trap parameters. It suggested based on the crystal aspect

ratio an adjustment of our rotating wall C2 parameter reducing it ∼ 20% (see table 3.2 for details).

It also suggested a magnification of the bottom view imaging system of 143, with the expected

magnification 125. The FLIR image pixels can simply be scaled by 1.8 µm per pixel. From here
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there can be a discrepancy between the magnification of the copy telescope onto the FLIR camera

compared to the beam path going to the ions, or day to day variance in the imaging magnification.

Therefore, in some analysis this was left as a free parameter, but in general was constrained to be ∼

10% away from our estimate. Next there is the conversion from the amplitude map given in photon

counts hitting the FLIR camera to an ACSS amplitude. The amplitude in photon counts is first

scaled to have the average central pixel’s amplitude correspond to the measured U . In some analyses

this baseline scaling was then allowed to freely vary to best match the measured pattern, often being

inflated ∼ 15 %. Other analysis set a uniform assumed U such that Uτ = π/4.

The phase map does not need any rescaling and is trusted to be a representative estimate

of the phase. However, the global phase offset of the phase map is equivalent to an adjustment of

ϕDM . Ideally, the phase tracker sets a flat phase map to 0, and then any phase pattern imparted

relative to the flat phase map should match the measured FLIR phase map. For example, if the

center actuator isn’t displaced a global offset can be chosen to set the center FLIR phase map to

0. However, at the time of our experiments our DM PCIe (Peripheral Component Interconnect

Express) card was broken and did not allow fast updating of the surface. This meant that our phase

tracker tracked a DM phase such that the average bright fraction was 50% given the applied pattern.

For an m > 0 pattern this doesn’t affect the tracked phase, but for an m = 0 pattern this will shift

the tracked center phase. For this reason, in most analyses ϕDM was freely varied to optimize the

agreement with the measured pattern to find what the tracked phase was. Additionally, for m > 0

patterns ϕDM sets the rotation of the pattern, which is well controlled by synchronizing the DM

beatnote to the rotating wall. However, the arbitrary, but repeatable, rotation of the pattern for

m > 0 patterns was not carefully set and instead was fit to via a combination of varying ϕDM and

rotating the predicted bright fraction map.

To implement the integration the phase and amplitude maps at each time step were calculated

by rotating the image by the given angle −ωrt. The Scipy Ndimage Python library implements this

rotation by interpolating the image to calculate an arbitrary rotation of the image. This interpolation

fails if the phase map has phase wraps due to phases near or larger than ±π/2. Therefore a further
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unwrapping of the phase is necessary using the skimage.restoration library unwrap_phase function.

Critical to these rotations is what the center of the rotation is. Ideally this center is chosen by using

a reference phase map taken during the day with a feature that clearly identifies the center such as a

displacement of the center actuator. The center is then assumed to well match the ion crystal using

the centering procedure described in section 6.3.1. However, in post processing of the analysis it

appears some features are quite sensitive to the exact centering and there is some evidence of ∼5

µm errors in the centering. For some analysis the center pixel is therefore varied to better match

the measured pattern. To do this the phase and amplitude map arrays can be shifted over, leaving

empty data at edges of the array that only affect the rotational averaging at radii larger than the

crystal radius of all experiments.

6.5 DM demonstration

6.5.1 Imprinting flat wavefronts

To analyze the potential fidelity of the patterns imprinted from the DM, a uniform global

rotation of all spins was imprinted for varying arm times as shown in figure 6.9(a). To do this

ϕDM = −π/2, ϕmw = π/2 was set such that all spins started at 50% bright and at an arm time

of 12.05 µs all spins were rotated dark, corresponding to a global −π/2 rotation. Bright fraction

estimates from side-view PMT counts suggest an infidelity of ∼ 0.2% for a global −π/2 rotation.

Image analysis from 135 shots of a 136 ion crystal at the π/2 time produced the histogram of figure

6.9(d). Of the 18360 ion detection events, 42 had either 1 or less count different between the two

detection events (∼ .2%), and 152 were brighter in the second detection corresponding to a ∼ 0.8%

bright fraction. At longer times non-uniformity of the applied rotations becomes more sensitive,

corresponding to a decrease in the contrast of the oscillation in figure 6.9(a). For example, the bright

fraction of a −5π/2 pulse corresponding to the blue star in figure 6.9(a) is 6.7%, as measured with

separate experiments involving only side-view PMT counts and using analyzed bottom view images.

Plotted in figure 6.9(b) are the bright fractions of each ion as a function of radius to show the
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radial non-uniformity of the applied ACSS at longer times, with the three curves corresponding to

the three points highlighted in figure 6.9(a). From the bright fraction the total rotation of each ion

can be extrapolated, except that the sinusoidal bright fraction is not completely invertible. Checking

the accumulated phase at the green triangle point, along with smaller arm times not shown, allows

the total rotation to be unambiguously inverted, with the radial dependence of the global rotation

overlapping for all arm times when rescaled by the arm time. Figure 6.9(c) shows the corresponding

radial dependence of the imparted rotation shown by the black curve, produced by calculating the

total rotation for each ion in the green curve of figure 6.9(b) divided by the maximum rotation.

From FLIR images the calculated ACSS pattern was averaged over azimuthally and rescaled

by the maximum effective ACSS shown in the blue curve. The strength of the ACSS should fall

off radially from the gaussian beams having a finite waist, and from power being removed from

rotation sidebands due to non-ideal azimuthal patterns in the phase and amplitude maps. The

overall decrease in strength radially is overestimated by the FLIR images by roughly a factor of 2.

Ignoring any amplitude non-uniformity the calculated effective ACSS azimuthally averaged is given

by the red curve of figure 6.9(c). Phase non-uniformity alone underestimates the radial decrease of

the ACSS pattern. In addition to the overall decrease in intensity radially, there are oscillations

at shorter wavelength that are periodic on similar length scales to the DM pixelation, possibly

originating from short wavelength rms fluctuations of the DM surface that cannot be compensated

because of the finite actuator number. These oscillations can partially be captured by FLIR images,

but small adjustments in the centering of the image can dramatically change the locations of the

oscillations.

The inability of the FLIR images to completely capture these dynamics suggests there is a

mismatch between the pattern at the ions and the pattern measured on the FLIR camera. Possible

explanations are path length differences, aberrations differences from the 10 cm lens, centering

differences, and the presence of an ND filter before the FLIR camera. Regardless, the FLIR images

can still capture much of the dynamics at short times or at lower fidelities for longer arm times.
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Figure 6.9: Imprinting flat wavefronts analysis. a) Oscillations in the bright fraction as a global
rotation is imparted for longer arm times. Measurements are taken with side-view PMT counts
with short ∼ 0.5 ms detection times with only the parallel beam. Rotations of −π/2,−5π/2 are
highlighted by the red circle and blue star with corresponding bright fractions of 0.2% and 6.7%
respectively. b) Experiments repeated at the red, blue, and green highlighted points in (a) with
bottom view detections. Plotted is the bright fraction of each ion as a function of radius. Error
bars are given by the standard error of the mean

√
p(1− p)/N , where p is the measured bright

fraction and N is the number of images.6 Red circles show the high fidelity −π/2 rotation, while
the radial dependence of the pattern becomes clearer in the infidelity in the blue stars. The green
triangles further separate the ion’s bright fraction by sitting near a first order sensitive point of the
bright fraction and at a long arm time of 99.36 µs. c) Calculated effective ACSS radial dependence
from the green triangle points of (b) given by the black curve. In blue (red) FLIR images are used
with (without) the extracted amplitude map to calculate a predicted ACSS radial dependence. d)
Histograms produced from bottom view images taken at the red circle point of (b) showing 0.8%
bright fraction with very few bright events.

6Technically a better estimate should account for trials that are 100% bright or dark, but better estimates will be
similar or smaller than the size of the point on the plot so are negligible.
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6.5.2 Imprinting rings

As described in subsection 6.4.4, a ring of ions can ideally be flipped by displacing a ring

of actuators 313/4 nm, while setting ϕDM = −π/2, ϕmw = π/2, 4Uτ = π/2. Because of limited

actuator numbers, a pixelated circle was used with an actuator being included in a given radius ring

if its radius from the center DM actor in pixels rounded to the set radius. This pixelation reduces the

effective displacement when averaged azimuthally, with the effect worsening for larger radii giving a

smaller effective phase shift at larger rings. An example measured phase pattern from FLIR images

is shown in 6.10(c). Additionally, since an m = 0 deformation is applied the DM phase tracker no

longer tracked the ideal center DM phase for flat wavefronts. Instead, the tracked phase is shifted

off by a larger amount when tracking larger radii rings that flip more spins. This can be simply

fixed by running the DM phase tracker with flat wavefront, but at the time the DM data was taken

the PCI card that takes TTL inputs to trigger an update to the surface was broken. Figure 6.10(a)

shows experimental images of imprinted ring patterns for radius 0 through 3, with 0 corresponding

to displacing the central actuator ∼ 78 nm. Plotted in figure 6.10(b) is the radial dependence of the

bright fraction for the 4 ring patterns. Plotted in dashed lines are estimates of the bright fraction

calculated using FLIR phase and amplitude maps while allowing the ACSS amplitude, DM phase,

and imaging magnification to vary to match the measured pattern. Solid lines are calculated patterns

only varying ϕDM and adjusting the center pixel ∼ 5 µm with a constant uniform ACSS amplitude

and magnification. Disagreements between the measured pattern and the calculated pattern are

order 1-4% averaged over all ions. Fits to ϕDM from the fixed amplitude simulations suggest phase

errors of ϕDM of 14, 21, and 35 degrees for the rings 1-3, with the ring 0 consistent with the set ϕDM .

The decrease in bright fraction for larger radii ring patterns can largely be attributed to a roughly

equal contribution of the phase tracker not being at the ideal phase and the reduced azimuthally

averaged phase at larger radii due to pixelation of the ring pattern.
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a)

b) c)

Figure 6.10: Imprinted ring patterns. a) Images of imprinted patterns onto the crystal from left
to right corresponding to actuators with radius rounded to 0,1,2, and 3 pixels displaced ∼ 78 nm.
b) Plotted measured bright fraction of each ion as a function of ion radius for each ring pattern.
Black, blue, red, and green traces correspond to rings of radius 0,1,2,3 respectively. Plotted dashed
lines in the corresponding ring pattern color show simulated bright fractions using the FLIR images
and allowing free adjustment of the DM phase, amplitude scale, and imaging magnification. Solid
lines are optimized patterns only using the FLIR phase map and adjusting ϕDM and the image
center ∼5 µm off center. Average disagreement between the pattern and fitted pattern is order
1-4%. c) Example measured ring 3 phase pattern with the color scale in radians the fitted phase of
the wavefronts. The ring of actuators is displaced 78 nm corresponding to −π for the fitted phase.
Pixelation of the DM surface reduces the effective phase when azimuthally averaged over.



130

6.5.3 Imprinting radial gradients

Radial gradients linear in ρ have utility as a temperature diagnostic of the in-plane motional

modes in the rotating frame, see chapter 7 for details. This is due to steep gradients that are static in

both the lab and rotating frame by nature of being an m = 0 pattern. To characterize the sensitivity

of the DM to in-plane temperatures the shortest wavelength linear gradient is desired with a

calibration of the wavelength of the radial gradient critical. Figure 6.11 shows an example calibration

of a short wavelength radial gradient set by displacing each DM actuator 156 nm times the radius

of the actuator in pixels (not rounded). To keep the pattern from applying a larger displacement

than the range of an actuator, the surface was shifted by the average displacement such that the

displacement was opposite sign for the center actuator compared to the furthest out radius pixels.

This gives a 2π phase wrap every 30 µm, equivalent to a Hamiltonian Ĥ/ℏ = U cos(krρ+ ϕDM ),

where kr = 2π
30µm .

Shown in black in figure 6.11 is the measured bright fraction of each ion versus the radial

position, with the imprinted pattern using the same pulse sequence settings as the ring and flat

wavefront patterns. Shown in blue is a best fit of the predicted pattern using the measured phase

map from the FLIR images and only varying ϕDM . Plotted in orange is the optimal predicted

pattern varying only the center pixel location with the optimized ϕDM , with the optimal center ∼7.5

µm off center. All calculated patterns used a fixed magnification and uniform ACSS 4Uτ = π/2.

The resulting predicted and measured pattern deviate by an average of 8%. For longer wavelength

radial gradients the sensitivity of the imprinted pattern to centering errors reduces substantially (see

section 7.7.2). The reduced amplitude of the oscillation from being off center is expected as power

is removed from the m = 0 tone to sidebands at multiples of the rotation frequency (see section

7.7.2). Reduction in the amplitude of the oscillation corresponds to reduced effective ACSS strength

and therefore reduced temperature sensitivity. Using this measurement conversely can be used to

help improve the centering of the pattern by setting as steep a radial gradient as achievable and

maximizing the contrast of the oscillations.
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Figure 6.11: Imprinted radial gradient pattern. Plotted in black is the measured bright fraction of
each ion as a function of radius using the imparted 156 nm/DM pixel radial gradient. Plotted in
blue is the predicted ideal pattern fitted to match the effective ϕDM tracked by the phase tracker.
The agreement improves substantially in the orange curve allowing the centering to be adjusted ∼
7.5 µm off center, giving an ∼ 8% average bright fraction discrepancy.

6.5.4 Imprinting Zernike polynomials

A number of m ≠ 0 patterns were implemented and analyzed using the same imprinting

scheme as before, now with the DM beatnote frequency set to mωr. Most patterns investigated were

Zernike polynomials Zm
n of azimuthal order m and radial degree n. The corresponding pattern set

on the DM is then given by:

Zm
n = Rm

n (ρ) cos(mϕ) (6.14)

Z−m
n = Rm

n (ρ) sin(mϕ) (6.15)

Rm
n =

n−m
2∑

k=0

(−1)k
(
n− k

k

)(
n− 2k
n−m
2 − k

)
ρn−2k, (6.16)
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where ρ, ϕ are polar coordinates of the DM actuators, with ρ scaled such that the furthest radial

actuator has a radius ρ = 1, and n,m are non-negative.
(
n

k

)
represents the Binomial coefficient n

choose k, the number of ways to choose an unordered subset of k elements from a set of n elements.

The set displacement of each piston actuator is then scaled by an amplitude A in nm multiplied by

the Zernike polynomial Zm
n evaluated at the ρ, ϕ coordinate of the actuator.

To more clearly see spin precession closer to the center of the DM, larger amplitudes A, higher

radial order n, and longer arm times were used. Shown in figure 6.12(a,b) are two ion images from

imprinted Z2
4 , Z

3
5 Zernike patterns set to 156 nm amplitudes and imprinted for 50, 25 µs respectively.

For these patterns equation 6.3 can be used to estimate the imparted σ̂iz rotation angle θi for each

ion located at position ρi, ϕi:

θi ≈ 4UτJ1(2πR
m
n (ρi/ρmax)) cos(mϕi), (6.17)

where 2π corresponds to the 156 nm amplitude scaling and ρmax ∼ 192 µm is the scaled maximum

radius of a DM actuator in ion radial coordinates. For small arguments J1(x) ≈ x/2, with

J1(0.586π) ∼ 0.58 the maximum of J1. Therefore if an azimuthal ring A cos(mϕ) has amplitude

displacements A larger than ∼ 46 nm the effective precession rate decreases and the polynomial

no longer monotonically increases. Additionally, the maximum precession rate is decreased by the

maximum J1(0.586π) = 0.58, so the corresponding arm time to impart the same rotation must be

increased 1.72 times. For the Z2
4 pattern the maximum Bessel function argument is crossed at an

ion radius of ∼ 65 µm, which with a 50 µs arm time gives a rotation of ∼ 1.4π. Tracing the bright

fraction from the center outward radially results in ions oscillating from fully bright to mostly dark

again, and fully dark to mostly bright again at the dimple points in the pattern. Ions at larger radii

than this decrease the accumulated rotation due to the argument of the J1 Bessel function being

larger than 0.586π. For the Z3
5 pattern the maximum Bessel function argument is crossed at a radius

of ∼ 90 µm, which accumulates a total phase of ∼ 0.67π resulting in slight over-rotation from fully

bright/dark.
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Figures 6.12(c,d) show the measured bright fraction of each ion. At the time the double

detection scheme was not implemented. Instead only one detection image was taken for 50 ms each

shot of the experiment, with ions sorted as bright or dark based on thresholding from the total

cumulative histogram of all ions from all images. Comparisons are made to theory by finding a

minimum error using FLIR phase and amplitude maps and allowing ϕDM , the ACSS scaling, and the

magnification to freely vary. Figures 6.12(e,f) show the predicted pattern showing good agreement

with the measured pattern. Average disagreement between the measured and predicted pattern is

∼ 4% and ∼ 8% for the Z3
5 , Z

2
4 patterns respectively.

Bright fraction

a)
c) e)

b)
d) f )

Figure 6.12: Imprinted Zernike patterns. a-b) Experimental images of imprinted Z2
4 (a) and Z3

5 (b)
patterns with the actuator displacements scaled as described in the text by 156 nm and for arm times
of 50, 25 µs respectively. c-d) Measured bright fraction of each ion as calculated by thresholding the
cumulative histogram of all ions in all 130 (c) and 180 (d) images. e-f) Optimally calculated pattern
to match the corresponding measured pattern in (c-d). Average disagreement between the predicted
and measured patterns are ∼ 8% (e), 4% (f).
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6.5.5 Spelling NIST and CU

As a final fun exercise and demonstration of implementing multiple azimuthal orders, we

attempted to spell the letters for NIST and CU shown in figure 6.13. For the "n", "C", and "S" in

particular, this requires at least two azimuthal order patterns. At the time, our deformable mirror

control PCI card was broken and not able to accept TTL inputs for rapid updates of the surface.

For this reason we were further constrained to attempt to set the multiple order patterns on a

single surface. To start, to make an "I" you ideally would have a string of ions vertically, which

corresponds to an extremely high azimuthal order and so would be difficult to decompose into a few

low order azimuthal orders. If the "I" is allowed to have some azimuthal spread, much lower orders

are possible. However, in general getting the center ion bright requires an m=0 pattern as it is not

possible to apply a non-zero m > 0 deformation on just the central actuator, leading to the central

ion always having no spin precession for m > 0. As a trick, this ion is instead mapped to bright

with no spin precession with ϕmw = π, thus ideally making a bright line of ions along the null of any

applied m > 0 pattern. Therefore, the chosen displacement was A cos(ϕ), with no radial dependence

and amplitude A ∼ 46 nm such that the maximum of the J1 Bessel function was selected. The arm

time was set to 3.44 times the ideal π/4 arm time to impart a π rotation for ions at ϕi 90 degrees

from the null lines. Using the same idea, the null lines of an m = 2 pattern were mapped to the

bright lines of an "X" and "t" (more accurately "+"), setting a displacement A cos(2ϕ) with the

same A and arm time, and rotating the image, or equivalently adjusting ϕDM .

To make the letters "s" and "c/u/n" (from here out referred to as "c"), two azimuthal orders

were required. The "s" was decomposed into 2 azimuthal orders m = 0, 2. The m = 0 component of

the pattern displaced the center actuator 78 nm to map the central ions to bright with most ions

dark using a π/4 arm time and ϕDM = −π/2. The m = 2 pattern applied was an m = 2 ring of

radius 2, and an m = 2 ring of radius 1 phase shifted 45 degrees. An azimuthal ring is given by

Aδr,r0 cos(mϕ), where an actuator is displaced only if the pixel radius rounds to the set ring radius

r0. The sign of the 45 degree shift determined whether a "z/2" or an "s" were made. The amplitude
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of the m = 2 rings was set to ∼ 46 nm such that with the arm time inflated by 1.72 times the π/4

arm time, ideally the maximum and minimum of the rings were mapped to bright and dark. This

relied on the imparted m = 0 pattern keeping the ions in the ring nearly 50% bright from the J0

component of the m = 2 rings while all other ions were mapped dark except the central ring 0 ions

which were mapped bright.

The "c" was decomposed into 3 orders, with the idea being applying a fixed ring with a sum of

m = 0, 1, 2 azimuthal order. An m = 1 pattern also impacts the imprinted m = 0, 2 order patterns,

so a single m = 1 azimuthal ring was set of amplitude ∼ 78 nm, and pixel radius 2. First an m = 0

pattern was imparted for the π/4 arm time to make all ions dark except the ring of ions at DM radius

2. The ring of ions is then about 50% bright based on J0 of the set azimuthal ring. Subsequently,

the m = 1 pattern was applied for twice the π/4 arm time to mostly made a "c". This arm time

was set to accommodate the reduced J1 Bessel function strength from setting a displacement larger

than the maximum argument of J1. Ideally, the imparted gradient along the ring would rotate ions

nearly fully bright and fully dark at the two ends of the "c". The top and bottom edges of the "c"

would not be fully bright, which is why an extra m = 2 pattern was applied. This was applied for

half the π/4 time, with the idea to compensate further canceling the pattern at the dark spot of the

"c" and adding at the orthogonal slightly darker portion of the "c".

6.6 Conclusion and future outlook

We have demonstrated a novel patterned addressing technique in the rotating frame of a

2D ion crystal using a deformable mirror. In characterizing the performance of the system we’ve

also demonstrated single shot individual ion readout in our system for the first time, competitive

or potentially even higher fidelity than other Penning trap individual ion state detection fidelities

[70, 71] despite substantially degraded quantum efficiency. Fidelities of the imprinted patterns

can be better than 95%, limited by the number of actuators giving a finite resolution of pattern

adjustment, competitive with the only other individual ion addressing demonstrated in a Penning

trap [71], but demonstrated globally on large crystals of more than 100 ions. Additionally, amplitude
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Figure 6.13: Imprinted patterns spelling NIST and CU. Note the "n","c" and "u" are rotated copies
of the same image.

non-uniformity and phase non-uniformity of the beams reduce the fidelity but can in principle be

compensated using a DM with more actuators. Improvements in the centering of the beams and

retaking data with the fixed TTL trigger can allow analysis with less or even no free parameters.

Immediate patterns that can be produced that may be of interest are radial domain walls, linear

gradients, and radial gradients useful for in-plane temperature measurements of modes in the

rotating frame of the crystal. Immediate extensions could produce chiral spin textures (see 8.3

for details), while more complicated patterns may require a finer resolution deformable mirror to

achieve individual addressing. Recent demonstrations with piston actuated micro mirrors without

a continuous membrane have demonstrated actuator arrays of 256 by 256 geared towards UV

applications in neutral atom arrays with kHz update rates [72].



Chapter 7

In-Plane Motion Thermometry and Cooling

This chapter discusses theoretical modeling, simulations, and experimental efforts geared

towards direct temperature diagnostics of the in-plane motion of 2D ion crystals in Penning traps.

Additionally, a newly implemented cooling technique to couple the cyclotron and magnetron modes

together to allow efficient magnetron cooling is theoretically modeled and experimentally diagnosed.

Using these techniques, substantially reduced magnetron temperatures have been achieved and

directly measured.

7.1 Motivation and introduction

Penning trap motion in the plane normal to the magnetic field (in-plane motion) is inherently

difficult to cool. Due to the velocity-dependent force from the magnetic field, in-plane modes no

longer act as simple harmonic oscillators, and instead branch into high frequency cyclotron motion,

and low frequency magnetron motion. Magnetron modes are dominated by potential energy and

are negative energy modes in the lab frame, requiring energy to be added to the mode to "cool"

them, making standard Doppler cooling ineffective. In the NIST Penning trap experiments with

2D crystals of hundreds of ions, we previously had indirect experimental evidence and theoretical

modeling predicting our cooling setup to be inefficient for these magnetron modes. Theoretical

modeling from molecular dynamics simulations [37] suggested temperatures on the order of 10 mK,

as compared to the Doppler cooling limit of 0.43 mK. Indirect experimental evidence comes from

broadening of the axial drumhead mode frequencies, which theoretical modeling [31] suggests can be
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accounted for due to inflated in-plane temperatures of ∼ 10 mK, making all but the highest frequency

drumhead modes unresolvable. This section discusses schemes to directly measure the in-plane mode

temperatures, along with simulations modeling experimental measurements for various temperatures

and configurations. Experimental results of implementing these measurement schemes are then

shown, along with a new in-plane cooling technique that has allowed for much colder magnetron

temperatures.

The idea behind these experimental protocols is to create AC stark shifts (ACSS) dependent

on the in-plane coordinates of the ions (x, y or ρ, ϕ). Ion motion will then cause the ACSS of the ion

to modulate over time, causing spin precession (dephasing generally without stabilized phase and

coherent motion) proportional to the size of in-plane motion. The strength of this signal is roughly

characterized by the strength of ACSS gradient the ion sees in comparison to its in-plane motion.

However, because the ions are located at various in-plane equilibrium positions, ACSS gradients

generally cause much larger spin precession due to the equilibrium position’s ACSS than the motion

relative to these equilibrium positions. The solutions are to either spin echo the signal to cancel

equilibrium position ACSS precession, or else to modulate the signal in some other way to cancel

this background.

7.2 Radial gradient analytic expressions

One of the simplest mathematical description of a potential setup is to create an in-plane

radial ACSS gradient, which will then be static in the lab and rotating frame due to the absence of

azimuthal dependence. This pattern can be generated by interfering a beam that has undergone

wavefront deformations from a deformable mirror (DM) with a beam that has flat wavefronts. To

simplify the interactions it is often useful to operate in the regime where the wavelength of the

spatial interference is large compared to an ion’s motion about its equilibrium, often called the

Lamb-Dicke regime, analogously to the ODF for sensing axial motion. This criteria is given by

ϵi = krρ̃i(t) << 1, where kr characterize the effective wavelength or strength of the radial gradient

kr = 2π/λr, and ρ̃i(t) is the radial displacement over time of an ion from its equilibrium position.
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We can then approximate our Hamiltonian as follows:

HDM/ℏ =
∑
i

U sin(krρi(t) + µt)σ̂iz (7.1)

=
∑
i

U sin(kr(ri + ρ̃i(t)) + µt)σ̂iz (7.2)

=
∑
i

U sin(krri + ϵi(t) + µt)σ̂iz (7.3)

=
∑
i

Uσ̂iz[sin(krri + µt) + ϵi
∂

∂ϵi

∣∣∣∣
ϵi=0

sin(krri + ϵi(t) + µt) +O(ϵ2i )] (7.4)

≈
∑
i

Uσ̂iz[sin(krri + µt) + ϵi(t) cos(krri + µt)], (7.5)

where µ is the difference frequency of the DM beams, ri is the equilibrium radius of an ion i, and

ϵi(t) is the time dependent radial displacement of an ion from its equilibrium position times kr.

Additionally, U represents an ACSS in units of radians/second, with σ̂iz the Pauli z operator, meaning

U is half the maximum differential ACSS. Looking at a single in-plane mode m (see fig 2.5), we can

approximate ϵi,m for ions off center as:

ϵi,m(t) = krρ̃i,m(t) (7.6)

≈ krκi,m

√
2ρ̃m√
N

cos(ωmt+ ϕi,m) (7.7)

ρ̃m = ρ̃0,m
√
2n̄+ 1 =

√
ℏ(2n̄+ 1)

(1 +Rm)mωm
(7.8)

κi,m ≈
√
N |ρ⃗0,i · u⃗i,m|
|ρ⃗0,i||u⃗m|

. (7.9)

See appendix A for a detailed derivation of these formulas. Equation 7.7 takes the total rms motion

ρ̃m of all ions in mode m and gives the single ion component of the motion along the radial direction

using the factor κi,m. Note the factor of
√
2 is a conversion from rms motion (ρ̃m) to the amplitude of

the displacement (ρ̃i,m(t)). All motion from here out can be assumed as referring to rms motion ρ̃m

unless the motion is explicitly stated as an amplitude. The component of the mode’s motion in the
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radial direction is then oscillating at the mode frequency ωm with a phase ϕi,m that can be different

for each ion i (see appendix A for details). The redundant use of
√
N , where N is the ion number,

is to normalize the mode participations to order 1 such that they are crystal size independent. The

total rms motion ρ̃m is then given by Rm the ratio of potential and kinetic energy for mode m,

n̄ ≈ kBT/ℏωm the average occupation of mode at a given temperature T where kB is Boltzmann’s

constant,1 and m the mass of 9Be+. Rm is usually 1 for a harmonic oscillator but is order 1/500

for cyclotron modes, 500 for magnetron modes in our current configuration, see figure 2.6. Finally,

equation 7.9 describes an approximate form of the radial component of the mode participation of an

ion i using the eigenvector for the mode m, u⃗i,m, and the equilibrium radial position ρ⃗0,i to define

the orientation of the radial gradient.

Equation 7.5 has an equilibrium ACSS term that ideally will be canceled, plus a motional term

analogous to the axial ODF case with a few notable differences. First there are relative phase factors

across the crystal, both radially and azimuthally from the krri and ϕi,m phase factors respectively.

Luckily, these can be ignored by averaging over the phase, which is already done for a thermal state,

and is valid if sensing coherent states with a randomization of the phase of the DM or the coherent

state’s motional phase. Second, there are mode participation factors κ, which are uniformly equal

to 1 for all ions for the axial COM mode. Sensing axial modes besides the COM will also have

non-uniform mode participation factors but they are more simply given by the eigenvalues of the

mode since all motion is in the z direction, the direction of the ACSS gradient, for axial motion. For

the ions excluding the central ion this is approximated by equation 7.9, where u⃗m is the eigenvector

for that mode, u⃗i,m are the eigenvector components for ion i, and ρ⃗0,i is the equilibrium position for

ion i which gives the radial direction. For ions near the center this approximation gets worse, but is

reasonable. If there is an ion on center, however, everything changes because the coordinate ρ is

positive definite leading to radial time dependence at only even multiples of the mode frequency (see

appendix A for details). For example, if perfectly on center and perfectly circular motion the radial

1Note for a thermal state of average mode occupation n̄ the temperature is defined 1
n̄
= eℏωm/kBT − 1, which

agrees with n̄ = kBT/ℏωm for large temperatures but disagrees when near or below the ground state n̄ ≲ 1.
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displacement is time independent. If perfectly on center and with an elliptical orbit the frequency of

oscillation in ρ is dominantly 2ωm periodic for small ellipticity, with higher order even multiples

of the mode frequency that are negligible until the motion is more elliptical. Therefore to mostly

strongly induce dephasing on the central ion the beatnote should be at 2 times the mode frequency.

For this reason the mode participation of the central ion from here out is modeled as 0 when <1 µm

off center radially. This approximation will give at worst ∼ 1
N error when sensing at even multiples

of the motional frequency, but is largely suppressed much more than this due to most motion of the

central ion having small ellipticity.

Usually the equilibrium term is fast oscillating when sensing axial motion with the ODF

and can be ignored. Similarly, it can be ignored if sensing cyclotron motion. However, if sensing

magnetron motion the mode frequencies are quite small, making the fast oscillating approximation

(U/µ≪ 1) poor. To cancel this term, the arm time can be set µτ = 2πl for an integer l to oscillate

the ACSS through a full 2π period and leave no residual ACSS. Alternatively, the correct phase

advance in a spin echo can cancel the precession built up in the first; see appendix A for more details.

To calculate the spin-dephasing from each mode, either see appendix A where the Hamiltonian

is directly integrated assuming classical dynamics, or follow the derivation of section 4.3.5 ignoring

spin-spin dynamics which will generalize to:

⟨σ̂zi ⟩α0
= e−|αT,i|2 cos(4 Im(αT,iα

∗
0)) (7.10)

|α0| =
ρ̃m√
2ρ̃0,m

(7.11)

αT,i = −iUkrρ̃0,m
2δ
√
N

κi,me
i(kri−ϕi,m)(1− eiθ1)(1− eiθ2), (7.12)

with θ1 = δτ, θ2 = δ(τ + tπ) + ϕadv as described in section 4.3.5, and ρ̃0,m is the rms ground state

wavefunction size for mode m (see equation 7.8). Equation 7.10 gives a negligible spin dephasing

term (e−|αT,i|2)2 and an effective spin rotation for an initial coherent state α0.

To maximize sensitivity we would like to make kr as short wavelength as possible. For our

2Negligible until sensitive to motion the size of the ground state wavefunction.
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current deformable mirror, the maximum displacement of a single actuator is ∼ 1.5 µm, with adjacent

actuators 30 µm apart after the 10x magnification at the ions. This gives a minimum wavelength

of λ > 3 µm for kr = 2π/λ. The ground state wavefunction size for the magnetron and cyclotron

COM modes are equal and representative of the planar modes in general. For a crystal at 180 kHz

and 100 ions, the per ion rms displacement is ∼ 1.2 nm, compared to ∼ 1.8 nm for the axial COM

motion. Assuming maximum sensitivity of λ = 3 µm, this gives approximately 7 times less effective

αT sensitivity compared to sensing axial COM motion with the same ACSS, accounting for κ of

the in-plane COM modes. Experimentally it has only been possible to get a factor ∼ 3− 6 smaller

kr than this. In principle, since the ODF can measure the ground state wavefunction in a few

hundred µs, applying the DM for a few ms could produce the same size dephasing when measuring

displacements near the ground state. However, background spin dephasing from spontaneous emission

will commensurately be larger by the same factor the time is increased if operated with the same

ratio of ACSS to spontaneous emission. In general the background dephasing will be worse however

if operated closer to resonance or without nulling the ACSS of each beam.

From equation 7.10, bright fractions can be calculated for sensing thermal and random phase

coherent states. This requires averaging dephasing over each ion i like so:

⟨P↑,i⟩coh ≈ 1

2
(1− e−2Γτ

∑
i

1

N
J0(4|αT,i||α0|)) (7.13)

⟨P↑,i⟩th ≈ 1

2
(1− e−2Γτ

∑
i

1

N
e−4|αT,i|2n̄). (7.14)

Here n̄ = |α0|2 is the total quanta of excitation, and dephasing from the zero point motion has been

dropped. To make the form of the bright fraction clearer, ignoring the θ dependence of αT,i by
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driving on resonance (δ = 0) for a single arm τ gives:

J0(4|αT,i||α0|) = J0

(√
2
Uτkrρ̃n√

N
κi,n

)
(7.15)

≈ 1−
(
Uτkrρ̃n√

2N
κi,n

)2

(7.16)

e−4|αT,i|2n̄ = e
−
(

Uτkrρ̃n√
2N

κi,n

)2

(7.17)

≈ 1−
(
Uτkrρ̃n√

2N
κi,n

)2

. (7.18)

Therefore, the spin dephasing for thermal and coherent states gives the same result to second order.

To exactly carry out the averaging over i requires averaging over each ion’s κi,n. To give a reasonable

estimate, the distributions of κi,n can be sampled over to reduce the number of averages needed,

with simulations suggesting reasonable agreement using 3 averages until the dephasing is nearly

saturated.

7.3 Linear gradient analytic expressions

An alternative experimental setup to a radial gradient is a linear gradient. At first this was

the only scheme accessible experimentally, as it can be achieved simply by tilting the wavefronts of

our ODF beams. However, this gradient pattern will not be static in both the rotating frame of the

ion crystal and the lab frame. We can create static patterns in the rotating frame by setting the

beatnote frequency difference of the ODF beams to multiples of the rotation frequency, but this does

not guarantee undesired signals at multiples of the rotation frequency will be small. Defining our

Hamiltonian in the lab frame now with a linear k vector k⊥ and ion coordinates in the rotating frame

ρi(t), ϕi, and ignoring ϕi time dependence3 for simplicity gives the result of equation 4.5 repeated

3By time dependence of ϕi this means the small motion in the ϕ̂ direction in the rotating frame from the in-plane
modes, which could be ignored for a radial gradient as no ACSS gradient was present in the ϕ̂ direction. Ignoring this
in the linear gradient case will be particularly poor for rocking mode motion that is almost entirely azimuthal, and for
ion locations with strong gradients in the ϕ̂ direction.
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here:

HODF /ℏ =
∑
i

U cos(k∥z + µt+Ψ+ k⊥ρi sin(ϕi − ωrt− ϕ0))σ̂
i
z (7.19)

≈
∑
±

N∑
i=1

∞∑
n=0

Ũ

2δ0,n
Jn(k⊥ρi)(±1)n cos(µt+Ψ± n(ϕi − ωrt− ϕ0))σ̂

i
z, (7.20)

where as in equation 4.5 Ũ includes a Debye-Waller factor. This already complicated expression

will now get more complicated by expanding every Jn(k⊥ρi(t)) ≈ Jn(k⊥ri) + ϵi(t)
∂Jn
∂x (k⊥ri), where

ϵi(t) = k⊥ρ̃i(t), ρi(t) = ri + ρ̃i(t) analogous to the definition in the radial gradient case, and

∂Jn
∂x (k⊥ri) =

∂Jn(x)
∂x

∣∣∣∣
x=k⊥ri

for shorthand notation. Jn(k⊥ri) terms are offset/equilibrium position

terms that are not of interest and we would like to cancel, while ∂Jn
∂x (k⊥ri) terms are proportional to

the signal of interest ϵi(t) and we would like to maximize.

Terms contributed by the equilibrium position (Jn(k⊥ri) terms) that ideally we would like to

cancel are given by equation 7.20 with ρi = ri. Directly integrating all of these terms give precession

angles θi(t):

θi(τ)eq ≈
∑
±

∑
n

2Ũ

2δn,0
Jn(k⊥ρi)(±1)n

[
sin((µ∓ nωr)t+Ψ± n(ϕi − ϕ0))

µ∓ nωr

]t=τ

t=0

. (7.21)

The factor of 2Ũ is due to the definition of Ũ being half the differential ACSS. Note when µ = ±nωr

the corresponding term is static in 7.20, so the term is simply multiplied by t. Canceling all of these

terms (assuming µ ≠ nωr) is analogous to the radial gradient case with the cancellation condition

modified to (µ± nωr)τ = 2πl±n for integers ln±, since every sine term evaluated at t = 0 is equal to

t = τ . This is actually not difficult to achieve, as these conditions are satisfied if µτ = 2πlµ, and

ωrτ = 2πlωr since (µ ± nωr)τ = 2π(lµ ± nlωr). Practically this just means τ must be a multiple

of around 5.5 µs (τωr = 2π) for our current rotation frequency, and the frequencies µ that can be

used are multiples of 2π/τ . Looking now at our signal terms of interest (∂Jn∂x (k⊥ri) terms) from
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expanding equation 7.20 gives:

HODF,sig/ℏ ≈
∑
±

N∑
i=1

∞∑
n=0

ϵi(t)Ũ

2δ0,n
∂Jn
∂x

(k⊥ρi)(±1)n cos(µt+Ψ± n(ϕi − ωrt− ϕ0))σ̂
i
z. (7.22)

Putting in a single mode approximation of ϵi(t) ≈ k⊥(ri + ρ̃i,m) oscillating at mode frequency ωm

allows direct integration assuming no spin motion entanglement:

≈
∑
±1

∑
±2

N∑
i=1

∞∑
n=0

ρ̃i,mŨ

21+δ0,n

∂Jn
∂x

(k⊥ρi)(±11)
n cos((µ∓1 nωr ±2 ωm)t+Ψ±1 n(ϕi − ϕ0)±2 ϕi,m)σ̂iz.

(7.23)

While complicated looking, equation 7.23 can be analogous to the radial gradient case. If µ =

ωm + δ ± lωr where δ ≪ ωr effectively the expansion over n gives many Bessel function sidebands

that will be fast rotating for n ̸= l and can be ignored. Additionally, there will be co-rotating

and counter-rotating terms relative to the motion ±2ωm with the counter-rotating term ignored if

δ ≪ ωm. However, the critical difference between the radial and linear gradient case is that the

linear gradient sensitivity is reduced for large k⊥ri, with Jn(x) ∝ 1√
x
cos(x) for large arguments.

Additionally, when the phases are averaged over, there remains ions with no sensitivity at the nulls

of ∂Jn
∂x (k⊥ri). This is only approximately true as motion about ϕ̂ from time dependence of ϕi has not

been accounted for. Regardless, simulations of the full dynamics can give complete comparisons to

experiment to gauge the temperature, while exact analytical forms can gauge the expected sensitivity.

In practical terms, the ideal setup should likely utilize µ = ωm or µ = ωm±ωr, as higher order

Bessel functions will have less sensitivity, and ions at k⊥ri ≪ 1 have little sensitivity in the J0(k⊥ri)

case. Likely the µ = ωm ± ωr term (J1 case) should perform best as it is most sensitive at small

k⊥ri until k⊥ has wavelength λ some amount smaller than the crystal size, at which point the lower

sensitivity at small k⊥ri for the J0 case will be compensated by the lower sensitivity at large radii in

the J1 case.
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7.4 Simulation setups

With our framework set for how we would like to measure the in-plane modes we can now

simulate signals we predict to measure for in-plane mode temperature ranges we expect, and identify

what range U, kr, k⊥, τ we must obtain to measure reasonable signals.

The first set of code written was to update the mode analysis code to generate motion of the

crystal over time for a given mode m and phase ϕm. This is done by first solving the equilibrium

positions of an ion crystal as a 2N component x, y vector ρ⃗0 for N ions, as described in section

2.3 and following references [24, 31]. Then planar eigenvectors from that equilibrium crystal are

calculated in a 2N x 2N matrix with each column a 2N component normalized x, y vector u⃗m for

mode m. The ion’s positions at time t summing over all modes each with some rms motion ρ̃m is then

u(t) = ρ⃗0+
∑

m

√
2Re[ρ̃mu⃗me

i(ωmt+ϕmot,m)], taking the real part of the eigenvectors oscillating at the

eigenmode frequencies and with each mode m having a motional phase ϕmot,m. To approximate a

thermal state the phases ϕmot,m then needs to be randomized and averaged over, while the amplitude

ρ̃m is calculated from the temperature, frequency, and Rm of the mode (see equation 7.8, note ρ̃m is

not averaged over a thermal distribution, equivalent to a coherent state average). Using this time

dependent position for an approximate thermal state the equations for a radial and linear gradient

were directly integrated over time, with a time step of 1-100 ns depending on the simulation.

Alternatively, a much faster analytical calculation can be done using equation 7.14. In principle,

each ion i should calculate a dephasing e−4|αT,i|2n̄ for each mode, with the total spin dephasing of

that ion given by the product of the dephasing from each mode. As an approximation the total

dephasing over all ions can be calculated for each mode using a sampling of κi,n and the total

dephasing taken as the product of the dephasing independently for each mode. This approximation

breaks down if two modes near each other in frequency cause dephasing on the same subset of ions

making the dephasing averaged over all ions not independent for each mode.
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7.5 Experiment ODF

To calculate the in-plane temperature, the ACSS and k⊥ must be determined. To do this, the

ODF beams were tilted relative to each other in the horizontal direction using 2 pairs of motorized

mirrors on the optics table. The horizontal direction is much more sensitive than the vertical

direction due to the shallow ±10 degree angle vertically between them at the ions. Experimentally

we were limited by the widths of the mirrors to order 30 µm wavelength k⊥, or equivalently ∼ ±0.3

degrees. As the ODF is tilted a rough k⊥ wavelength measurement can be extracted by looking

at the rotation sidebands of the crystal (see section 4.3.1). This gives a rough order of magnitude

estimate, but the precise crystal details make the exact ratio of sidebands hard to model out at ∼10

sidebands.

A much more reliable measurement is to imprint a pattern onto the crystal in the rotating frame

that depends on k⊥. The corresponding pattern can then be analyzed to fit the radial dependence

of the pattern to estimate the tilt of the ODF. By setting the beatnote to the rotation frequency

and applying the ODF for a time τ , the imparted rotation angle for each ion is

θi ≈ 2UτJ1(kρi) sin(ϕi − ϕ), (7.24)

where ϕ is the relative phase between the ODF beatnote and the crystal rotation, which are ideally

the same frequency. Applying a second pulse in a spin echo sequence with a phase advance of π

adds the two arms coherently. As the wavefronts of the beams wander around from air currents or

mirror motion the imparted pattern then rotates around.

The ODF beatnote frequency is generated by two RF tones from DDS’s which have a minimum

frequency resolution, referred to as one machine unit. Because the ODF beams pass through their

acousto-optic modulators (AOMs) twice, the minimum frequency resolution of the beatnote is two

machine units. Therefore the rotation frequency needs to be set to an even number of machine

units, otherwise the beatnote would be a single machine unit in error corresponding to a frequency

difference of ∼ 0.5 Hz. If the relative phase is not stable the pattern rotates randomly from shot to
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shot and averages over ψ, producing the pattern

P↑,i ≈
1− J0(4UτJ1(kρi))

2
, (7.25)

where the pulse sequence is as given in figure 7.1. We can then straightforwardly plot the radial

dependence of the bright fraction to estimate the ACSS and k vector wavelength using an estimated

magnification of the camera imaging to get the wavelength at the ions. An example of this

measurement scheme, with and without the phase stabilized is shown in fig 7.1. We consistently

find that the wavelength of the J0 oscillation seems to be shorter wavelength at larger radii,

with an adjusted theory curve increasing the k vector 20% over the crystal in a gaussian way

k ≈ (1 + .2(ρ/Rmax)
2k⊥). A possible physical explanation would be from wavefront distortions in

the x direction due to the finite beam waist, but this has not been carefully analyzed.

With the ACSS and k⊥ measured the dynamics can be simulated to compare measured spin

dephasing as a function of ODF frequency. Experimentally we found two key issues with the

measurement. The first is effects due to large Lamb-Dicke factors in the axial direction. For example,

due to the small mode spacing in the axial direction we in principle should be able to measure

second order terms in the Lamb-Dicke approximation that correspond to the difference frequency of

the axial modes in the 1-100 kHz range. The evidence we have for these effects was demonstrated

by ground state cooling the axial modes we substantially reduced these signals at low frequencies.

However, it was still clear that working at the first rotation sideband rather than near DC would be

preferable, and by EIT cooling we could mitigate much of the effect. The second issue we believe is

due to phase jitter of the beatnote within shots of the experiment. We measured the beatnote on a

photodiode and saw clear noise spurs at multiples of ∼ 60 Hz as large as 12 dB below the main tone.

To validate this noise source we attempted to imprint a the static pattern of figure 7.1 and then

undo the rotation using a spin echo and measured the time dependence of error buildup. By actively

stabilizing the phase of the beatnote we were able to drive for longer before building up the same

errors suggesting the cancellation error was dominated by phase jitter. We believe this error gives a



149

Cool & 
Prepare DetectODF ODF

a)

b) c) d)

e)

Figure 7.1: Imprinting the ODF in-plane k vector. a) Pulse sequence setting the ODF beatnote to
the rotation frequency with some relative phase ϕ and with a tilted k⊥ component. Applying the
second arm in a spin echo with a phase advance of π adds coherently with the first arm. If ϕ is stable
a final microwave phase advance to be about y discriminates between positive and negative rotations
θi given by equation 7.24, resulting in deviations from 50% bright fraction. If ϕ is not stable a
final microwave pulse about x converts spin dephasing into an increase in bright fraction given by
equation 7.25. b) Imprinted k vector of wavelength ∼ 50 µm onto a ∼ 300 ion crystal with a phase
stable ϕ and final microwave pulse about y. c) Compared theoretically predicted pattern. d) The
same imprinted pattern on the same crystal but now with a randomized phase ϕ, and final microwave
pulse about x. Red circles estimate ion locations using a reference Doppler cooled image taken ∼ 2
seconds earlier giving relatively poor estimates at larger ion radii. At the time individual readout
and reference images were not setup. Instead, images are built up over ∼1 second of averaging,
equivalent to a few hundred experiments. e) Estimated bright fraction (blue) plotted versus ion
radius in Roentdek pixels compared to a calculated bright fraction (orange) given by equation 7.25
with a k⊥ of wavelength 60 Roentdek pixel and an adjusted model (green) given in the text.
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signal that falls off as the beatnote frequency is detuned further from the rotation frequency, and

leads to a background signal that is difficult to distinguish from the in-plane temperature.

As a heuristic of the background, assume the beatnote phase has a small phase modulation of

amplitude α at a modulation frequency ωmod. Looking only at the background signal at the first

rotation sideband (see equation 7.20) with µ = ωr + δ for some small detuning δ ≪ ωr and dropping

all phase factors for brevity:

HODF /ℏ ≈ −
∑
i

ŨJ1(k⊥ρi) cos(δt+ α sin(ωmodt))σ̂
i
z (7.26)

≈ −
∑
i

ŨJ1(k⊥ρi)
∑
±

∑
n

Jn(α)

2δ0,n
(±1)n cos((δ ± nωmod)t)σ̂

i
z (7.27)

θi ≈ ŨJ1(k⊥ρi)
∑
±

∑
n

Jn(α)

δ2δ0,n
(±1)n [sin((δ ± nωmod)t)]

t=τ
t=0 (7.28)

≈ ŨJ1(k⊥ρi)
J1(α)

δ
[sin((δ + nωmod)t)− sin((δ − nωmod)t)]

t=τ
t=0 (7.29)

≈ 2ŨJ1(k⊥ρi)
J1(α)

δ
sin(ωmodτ) (7.30)

P↑ ≈
1

2
(1− exp (−(⟨θi⟩ /2)2) ⟨σiz⟩). (7.31)

The result of a small phase jitter α to first order then is to cause a background dephasing term

∝ exp(−(J1(k⊥ρi)
J1(α)

δ )2), which approaches unity (no dephasing) with a functional dependence

1/δ2. Additionally, the pattern of the dephasing is at the maxima of J1(k⊥ρi) in contrast to the

motion dependent signals at the derivatives of J1. Strictly speaking if the modulation is coherent

(constant amplitude with random phase) the exponential form is instead a J0 form. However, this

gives rise to signals above 50% which are not seen experimentally, so the exp form is chosen instead.

Fig 7.2 shows two example scans of the in-plane temperature on a crystal of ∼ 40 ions with an

estimated 50 µm wavelength k⊥ with a hot measured temperature using standard Doppler cooling

and a colder temperature obtained using a new cooling technique, which will be described in the next

section. Superposed is a simulation of benchmark temperatures of 1 and 10 mK, obtained with 25

phase averages over 5 ODF phases and 5 random motional phases for each mode. The 1 mK curve
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is shown with the model given in equation 7.31 using an estimated phase jitter of ∼ ±10 degrees at

∼240 Hz (dashed blue) and without the background phase jitter (blue stars). Overlaid at the top of

the plot is the simulated in-plane mode frequencies mirrored about 180 kHz, representing where spin

dephasing from motion should occur. A large uncertainty of precisely determining the temperature

comes about from a combination of the above described issues. Often the higher frequency signal

above the rotation frequency was larger than the lower frequency below rotation frequency, with

no known explanation. Additionally, spikes at higher frequencies than the expected in-plane mode

spectrum may have been due to higher order Lamb Dicke effects other than the in-plane temperature.

In addition to those spikes at certain frequencies that were not always repeatable, the reliability

of the EIT cooling heavily influenced how well a large background signal from higher order Lamb

Dicke effects were canceled, possibly explaining some non-repeatability of certain spikes in signal.

The sensitivity of this measurement hit a number of limits due to the k vector wavelength achievable

and the background phase jitter that makes distinguishing in-plane temperatures difficult at low

mode frequencies. Regardless, with this setup clean measurements of whether the temperature was

very hot or reasonably cold were extremely useful and successful at initial diagnostics of the new

coupling technique discussed in the next section.

7.6 Axialization

In most single ion Penning trap experiments the magnetron motion is cooled indirectly by

coupling to either the axial or cyclotron motion [25, 73], often called axialization, sideband cooling

(not to be confused with laser sideband cooling), radial centering, or mode coupling. By applying

a beam splitter interaction Ĥ = ℏg(âb̂† + b̂â†) between two harmonic oscillator modes â, b̂ the

occupations (quanta) of the two modes swap sinusoidally at a rate 2g. Cooling one of the two modes

therefore can cool both modes as the occupation is swapped to the second mode. This technique has

largely been described in a single ion picture in Penning traps, or equivalently with space charge

playing a minimal role. One exception to this is laser cooling studies of small clouds that were carried

out by Richard Thompson’s group. They demonstrated the first axialization with laser cooling [74]
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Figure 7.2: ODF magnetron temperature scans and simulations. In green are the simulated mode
frequencies of a 40 ion crystal. Solid red and blue lines represent experimentally measured spin
dephasing given by the bright fraction of a spin echo sequence with k⊥ ≈ 2π

50µm , Ũ ≈ 35 kHz, τ = 1
ms, and beatnote frequencies at multiples of 1 kHz detuned from the rotation frequency of 180 kHz
such that µτ is an integer multiple of 2π. The hotter solid red curve corresponds to measurements
taken using standard Doppler laser cooling, and the solid blue using a new cooling technique involving
coupling to the cyclotron modes described in the next section. A 10 mK temperature crystal is
simulated in the red dashed lines, and a 1 mK simulation is given by the blue stars. Due to a
background dephasing believed to be due to phase jitter the blue stars very poorly match onto
the measured temperature at low frequencies. The dashed blue curve takes the simulated 1 mK
temperature and applies an additional dephasing modeled by equation 7.31. Unknown asymmetry
about 180 kHz leads to a hotter estimated temperature at positive detunings from 180 kHz, but
regardless measurements generally fall between the 1 and 10 mK simulated bounds. Frequency
spikes below 130 and above 220 kHz are not expected to be due to in-plane temperatures as the
mode frequencies should be within this frequency range.

in a single ion, followed by a theory for laser cooling in the presence of coupling between the in plane

COM modes [75] with experimental demonstrations of damping rates of the magnetron motion in

small clouds [76]. Further experiments with up to 3 ions showed ground state cooling of the axial

motion [77], followed by near ground state cooling the radial modes of a single ion [78]. In these
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studies no rotating wall was applied, and when working with multiple ions only damping rates of

the magnetron and cyclotron center of mass motions were measured with no absolute temperature

diagnostics of the radial motion. Unlike the dynamics of axialization as presented in the single ion

case, instead it will be relevant to describe the dynamics of mode coupling in a way that generalizes

to the multi-ion case [79, 80], which has been a ubiquitous technique of recent RF trap experiments

in the ion storage group with two or three ions and two different species.

To understand axialization in 2D ion crystals, first we can calculate couplings between the

cyclotron and magnetron mode for a single ion using the eigenvectors found in equation 2.11. For

each eigenvector and eigenvalue pair we can associate a creation and annihilation operator like so:


x

y

ẋ

ẏ

 =
r0√
2




1

−i
−iλ+
−λ+

 ae−iλ+t +


1

i

−iλ+
λ+

 a†eiλ+t +


1

i

−iλ−
λ−

 be−iλ−t +


1

−i
−iλ−
−λ−

 b†eiλ−t


(7.32)

λ± =

√
ω2
c − 2ω2

z ± ωc

2
∓ ωr (7.33)

r0 =

√
ℏ

m(λ+ + λ−)
. (7.34)

Here a, b correspond to annihilation operators for the cyclotron and magnetron modes respectively.

In the lab frame (ωr = 0), the eigenvalues for λ− are negative, and hence are negative energy modes,

with their rotation direction matching the cyclotron motion. In contrast, for rotation frequencies

above the magnetron frequency and below the modified cyclotron frequency the magnetron motion

is positive energy and has rotational motion in the opposite direction of the cyclotron motion. The

normalization factor in front characterizes the size of the ground state wavefunction size and is equal

for both cyclotron and magnetron motions.

We can now write two potentials that will produce couplings between the modes of the form
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x2 ± y2:

x2 + y2 = 2r20(1 + a†a+ b†b+ abe−i(λ++λ−)t + a†b†ei(λ++λ−)t) (7.35)

x2 − y2 = r20(aae
−2iλ+t + a†a†e2iλ+t + bbe−2iλ−t + b†b†e2iλ−t + 2ab†e−i(λ+−λ−)t + 2a†bei(λ+−λ−)t)

(7.36)

λ+ + λ− =
√
ω2
c − 2ω2

z (7.37)

λ+ − λ− = ωc + 2ωr. (7.38)

If an x2 + y2 potential is applied, it is static in both the lab and rotating frames. Additionally,

it can provide no net angular momentum change since it has no azimuthal dependence. A static

potential will have static terms a†a, b†b, corresponding to shifting of the eigenvalues as the deconfining

electric field strength changes. If the potential oscillates at the sum frequency of the rotating frame

frequencies, which is the difference frequency in the lab frame because the magnetron motion is a

negative energy in the lab frame, it will produce a resonant two-mode squeezing between the cyclotron

and magnetron modes. This coupling creates or annihilates pairs of cyclotron and magnetron quanta

so that no net angular momentum is created or destroyed. In contrast, the x2 − y2 potential can

provide a change in angular momentum. It therefore can produce squeezing aa, bb terms by oscillating

the potential at twice the eigenfrequencies in the rotating frame, and beam splitter terms ab† by

oscillating at the difference frequency of the cyclotron and magnetron rotating frame frequencies.

These will be well-defined lab frequencies because the drive frequencies in the rotating frame have a

frequency dependence of 2ωr, which in the laboratory frame for a potential of x2 − y2 will remove

the rotation frequency dependence.

To justify the angular momentum picture of the potentials it is useful to show that the angular

momentum from a single quanta of cyclotron motion is equal and opposite the angular momentum

of a single magnetron quanta. For a first intuitive picture, take the motions in a rotating frame

at half the cyclotron frequency ωr =
qB
2m . At this rotation frequency the cyclotron and magnetron

mode frequencies are equal. From the derivation of the single ion eigenmodes, equation 2.9 shows
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that the off diagonal vector potential that splits the in-plane modes goes to 0, which is why the

mode frequencies are equal at this rotation frequency since there is no effective vector potential

to split the two degenerate modes given by a uniform planar confinement. With effectively no

magnetic field, the angular momentum is simply L⃗ = mr⃗ × v⃗ = mr⃗ × ω⃗± × r⃗ where ω⃗± is the

mode frequency of the magnetron (-) and cyclotron (+) motions pointing along a vector that

the motions rotate about. Since at this rotation frequency ω+ = ω− and the eigenvectors for

the positive energy values correspond to opposite helicity motion, along with the fact the ground

state wavefunction sizes are the same the two modes have equal and opposite angular momentum.

Specifically L⃗± = ∓mω±r⃗× ẑ× r⃗ = ∓m(λ++λ−)r
2ẑ, which for a single quanta the orbit is r = 2r0,4

giving a single quanta of angular momentum is Lz,± = ∓ℏ.

In the lab frame the ground state wavefunctions are the same radius, but the motional

frequencies are very different and even more confusingly they rotate in the same direction. The

solution to this is the angular momentum is L⃗ = r⃗ × p⃗, where p⃗ is the canonical angular momentum.

p⃗ has a kinetic energy part as before, but in addition it contains a vector potential component which

is opposite the rotation direction of the motion in the lab frame (along +ẑ), and proportional to

the radius. Specifically, the canonical momentum is p⃗ = mv⃗ + qA⃗ where A⃗ = 1
2B⃗ × r⃗ is the vector

potential from the magnetic field. Therefore in the lab frame the angular momentum of the two

modes is L⃗± = r⃗ × (mω⃗± + 1
2qB⃗)× r⃗ = mr2(−ω± + qB

2m)ẑ = ∓mr2(ω+ − ω−)ẑ the same result as

before but now using the positive value lab frame eigenfrequencies ω±. In this case there is a fixed

angular momentum from the vector potential pointing along +ẑ, with the two motions having a

small (magnetron) and large (cyclotron) kinetic angular momentum pointing along −ẑ.

To calculate the coupling in the multi-ion case, we follow the same prescription as the single

ion case, but now using the eigenvectors found in equation 2.24. To find the prefactor, we utilize the

4Note here r is an amplitude and r0 is an rms size.
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notation of [81]:

|δr̂⟩ =
∑
n

cn(âne
−iωnt |urn⟩+ â†ne

iωnt |ur∗n ⟩) (7.39)

cn =

√
ℏ

mωn(1 +Rn) ⟨urn|urn⟩
, (7.40)

Here Rn is the ratio of potential and kinetic energy for mode n, the "r" in |urn⟩ denotes the position

components of the eigenvectors, and the eigenvectors are normalized by ⟨urn|urn⟩, which will be

assumed to be 1 from now on. This equation reduces exactly to the position component of 7.32

for a single ion. For more than one ion, the eigenvectors |urn⟩ are 2N long, with the entries now

consisting of displacements from the equilibrium position of each ion in the coordinates δxRi , δy
R
i the

displacements of each ion i in the rotating frame. Coupling drives now sum over all ions i to find the

net coupling from each ion’s individual coupling contribution. For example, to get the displacement

operator for an ion i, we can write

δxRi =
∑
n

cn(âne
−iωnt ⟨δxRi |urn⟩+ â†ne

iωnt ⟨δxRi |ur∗n ⟩) (7.41)

δyRi =
∑
n

cn(âne
−iωnt ⟨δyRi |urn⟩+ â†ne

iωnt ⟨δyRi |ur∗n ⟩). (7.42)

We can then write the total strength of a coupling drive potential U cos(ωt) as:

∑
i

U cos(ωt) =
1

2

∑
i

∑
α

∑
β

∂U

∂α∂β

∣∣∣∣
ri

αiβi cos(ωt) (7.43)

∑
α

∑
β

∑
i

∑
m

∑
n

Aα,β,icncm
4

(ξαi,nξ
β
i,mânâme

−i(ωm+ωn)t + ξα∗i,nξ
β∗
i,mâ

†
nâ

†
me

i(ωm+ωn)t (7.44)

+ ξα∗i,nξ
β
i,mâ

†
nâme

−i(ωm−ωn)t + ξαi,nξ
β∗
i,mânâ

†
me

i(ωm−ωn)t)(eiωt + e−iωt)

ξαi,n = ⟨αi|urn⟩ , ξα∗i,n = ⟨αi|ur∗n ⟩ (7.45)

Aα,β,i =
∂U

∂α∂β

∣∣∣∣
ri

. (7.46)
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Here ξαi,n is the mode participation of ion i in mode n along axis α ∈ δxR, δyR, and Aα,β,i is the

curvature of the potential along axes α, β evaluated at the equilibrium position of ion i. The multi-ion

case is identical5 to the single ion case when coupling the two COM modes. When coupling the

magnetron COM and cyclotron COM modes, the mode participations are equal for all ions, and

ξxi,cyc = ξxi,mag = iξyi,cyc = −iξyi,mag. This leads to cancellation of the â†â terms for the x2 + y2 case

and of the ââ terms for the x2 − y2 case. Due to the magnetron modes having elliptical motion with

some component +1 and -1 helicity, all magnetron modes excluding the magnetron center of mass

mode can couple with some modes in the cyclotron branch to produce both the beam splitter and

two mode squeezing terms for either drive potential x2±y2. In general, the helicity of the magnetron

modes is dominantly +1, meaning the relative coupling strengths agree with the single particle case.

As an example, assume a lab frame drive potential like so:

U = qA(x2 − y2) cos(ωt) (7.47)

=
qAρ2

2
(cos(2θR − (ω + 2ωr)t) + cos(2θR + (ω − 2ωr)t) (7.48)

= qA
(xR

2 − yR
2
)

2
[cos((ω + 2ωr)t) + cos((ω − 2ωr)t)] (7.49)

+ qAxRyR[sin((ω + 2ωr)t)− sin((ω − 2ωr)t)]

=
qA

4

[
ei(ω+2ωr)t(xR

2 − yR
2 − 2ixRyR) + ei(ω−2ωr)t(xR

2 − yR
2
+ 2ixRyR)

]
+ c.c. (7.50)

→ ℏqA
2

∑
i

∑
±1

∑
±2

ca,b[(ξ
x
i,aξ

x
i,b − ξyi,aξ

y
i,b ±1 ∓2i(ξ

x
i,aξ

y
i,b + ξyi,aξ

x
i,b))abe

−i(ωa+ωb∓1(ω±22ωr)t + c.c.

(7.51)

+ (ξx∗i,aξ
x
i,b − ξy∗i,aξ

y
i,b ±1 ∓2i(ξ

x∗
i,aξ

y
i,b + ξy∗i,aξ

x
i,b))a

†bei(ωa−ωb±1(ω±22ωr))t + c.c.]

ca,b =
1

mi

√
ωaωb(1 +Ra)(1 +Rb)

. (7.52)

Here R denotes rotating frame coordinates, q is the charge of the ion, A is the strength of the drive

in V/cm2, and equation 7.51 gives only the couplings between two specific modes a, b. Equation

5Note this may not be strictly true for impurity ions and due to the rotating wall causing some non-uniformity
between ions and some ellipticity of the motion respectively.
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7.50 shows the x2 − y2 oscillating lab frame potential becomes a co-rotating (ω + 2ωr) and counter-

rotating (ω − 2ωr) potential in the rotating frame of the form x2 − y2 ∓2 2ixy. In equation 7.51,

±2 corresponds to the co-rotating (+2) and the counter-rotating (−2) terms, while ±1 gives the

positive and negative frequency components of the drive. The rotating frame form can be rewritten

as (x±2 iy)
2 = (x∓2 iy)

∗(x±2 iy), which suggests a coupling that swaps opposite helicity motions.

However, the co-rotating potential will not have any resonant coupling between the cyclotron and

magnetron motion. Instead, for equation 7.51 taking the co-rotating term +2, ωa = ωm for a

magnetron mode a, ωb = ωc for a cyclotron mode b, the only non-zero coupling will correspond to

the −1 term which is fast rotating for ei(ωm−ωc−(ω+2ωr))t. In this case ωm < ωc making the drive

frequency have the wrong sign.

By tuning the drive frequency in the rotating frame ω±2ωr resonant with the sum or difference

frequencies of the two modes, a resonant coupling strength can be calculated between modes a, b,

while all other terms will oscillate with some detuning. From the form of 7.52, it becomes clear

that the lowest frequency modes will have substantially enhanced coupling strengths. Plotted in

figure 7.3 are the coupling strengths in Hz for pairs of cyclotron and low frequency magnetron modes

when applying a 1 V amplitude drive on opposing rotating wall electrodes. A is 2520 V/m2 for this

scheme as determined by table 3.2. A rotating wall strength of amplitude 6 V is assumed, which

sets the rocking mode frequency at 1 kHz for the 100 ion crystal simulated.

In addition to beam splitter and two mode squeezing couplings, a third effect is dramatically

important to the axialization dynamics. Mode-coupling occurs due to second order expansion of

the coupling drive, but a larger effect comes from first-order expansion of the coupling drive that

corresponds to linear driving of the modes. In RF trap experiments with multiple ions, the coupling

potential is often carefully crafted to maximize the mode participations of the two modes being

coupled, and the electric field is either carefully nulled at the ions or tuned such that the net force

on the modes is zero. Additionally, the mode frequencies of the two modes are usually separated by

∼ MHz, such that the two-mode squeezing and linear drive terms are MHz off resonant. In contrast,

as we have seen the largest coupling strength occurs between the rocking mode and two tilt modes.
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Figure 7.3: Mode coupling matrix with coupling strengths shown in Hz given by the color scale. The
cyclotron COM (mode 0) can largely only couple to the magnetron COM mode, corresponding to
magnetron mode number 6, in a beam splitter interaction using a counter-rotating x2 − y2 potential
(left plot). This produces nearly no two mode squeezing between the two COM modes (right plot).
In contrast the rocking mode (magnetron mode 0) couples most strongly to the two cyclotron tilt
modes (cyclotron modes 1-2), with nearly equal beam splitter and two mode squeezing strength due
to the helicity of the rocking mode being nearly equal clockwise (CW) and counter-clockwise (CCW)
motion. Other magnetron modes couple less strongly due to poorer mode overlap and higher mode
frequencies, and have generally stronger beam splitter than two mode squeezing interactions due to
the more dominant CW helicity of the non-rocking magnetron modes.

In the rotating frame this corresponds to ≲ 1 kHz for the rocking mode. As a result, when on

resonance with the difference frequency of the modes to maximize the beam splitter contribution, a

linear driving term is ∼ 1 kHz off resonant from heating the cyclotron tilt mode(s), and ∼ 2 kHz off

resonant from driving the two-mode squeezing term. This contrasts with the single-ion axialization

case, where the ion can be placed at the null of the axialization field to remove the first order

contribution, and the two-mode squeezing term doesn’t contribute due to the helicity mismatch of

the modes being coupled compared to the potential applied.

To calculate the linear driving term, we follow the prescription above for the mode coupling

calculation, this time only expanding to first order:

∑
i

U cos(ωt) =
∑
i

∑
α

∂U

∂α
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ri

αi cos(ωt) (7.53)

∑
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∑
i

∑
n

Aα,icn
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(ξαi,nâne
−iωnt + ξα∗i,nâ

†
ne

iωnt)(eiωt + e−iωt), (7.54)
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where analogously to the coupling formalism Aα,i =
∂U
∂α

∣∣
ri

. As an example, assume a uniform electric

field of strength A V/m in the x direction in the lab frame. This gives a drive strength of mode n of:

Ulab = qAx cos(ωt) (7.55)

UR =
qA

2

[
xR[cos((ω + ωr)t) + cos((ω − ωr)t)] + yR[sin((ω + ωr)t)− sin((ω − ωr)t)]

]
(7.56)

→
∑
±

∑
i

qAcn
4

(ξxi,n ∓ iξyi,n)âne
i(ω±ωr−ωn)t + c.c. (7.57)

This deceptively compact form shows that when a lab frame oscillating uniform electric field is

applied, a co-rotating (ω + ωr) and counter-rotating (ω − ωr) drive are applied, which drive either

counter-clockwise or clockwise motion respectively. For this reason, the cyclotron COM mode can

only be driven with the counter-rotating drive, and the magnetron COM mode by the co-rotating

drive. Therefore, to resonantly excite COM motion, the frequency must be set to ωcyc + ωr for the

cyclotron motion, and ωmag −ωr for the magnetron motion where ωcyc/mag are the mode frequencies

in the rotating frame. Due to the mode structure, all other modes cannot be driven, with the drive

suppressed by summing over the mode participations which cannot have a net COM displacement.

We therefore can calculate the on-resonance drive strength as:

H ≈ ℏg(ân + â†n) (7.58)

g ≈ qA
√
Nρ0

2
√
2ℏ

(7.59)

≈ qA

√
N

8mℏωn(1 +Rn)
(7.60)

≈ qA

√
N

8mℏωcyc
, (7.61)

where ρ0 is the ground state wavefunction size of the cyclotron or magnetron COM mode, which

are the same size, and the simplification ξx = 1/
√
2N, ξy = ±i/

√
2N for the two COM mode

participations was used. Compared to the form of driving the axial COM mode with a uniform axial

electric field, the drive strength is
√
2 times larger due to the factor of

√
2 from Rn ≈ 0 and smaller
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by
√
2 from the mode participations being 1/

√
2N instead of 1/

√
N . Applying a resonant drive like

this excites a coherent state α = gt, which corresponds to a quanta of n̄ = (gt)2.

For completeness, there are 5 possible radial drives of interest for this thesis. Two are uniform

electric fields with co-rotating and counter-rotating drives as already completely described, as these

cause no coupling between the modes. The next two drives are an x2 − y2 lab frame drive, which the

coupling strength for the co-rotating and counter-rotating terms has been described above. Finally,

there is an x2 + y2 potential which is static in both the lab and rotating frame. Below are the

formulas for the coupling strength of the x2 + y2 drive, and the linear drive strengths for the x2 + y2,

and co-rotating and counter-rotating x2 − y2 drives.

gx2−y2 =
qA

ℏ
∑
i

∑
±
cn[(x0 ∓ iy0)ξ

x
i,n + (−y0 ∓ ix0)ξ

y
i,n] (7.62)

gx2+y2 =
qA

ℏ
∑
i

cn[x0ξ
x
i,n + y0ξ

y
i,n] (7.63)

Ux2+y2 = ℏqA
∑
i

ca,b[(ξ
x
i,aξ

x
i,b + ξyi,aξ

y
i,b)abe

i(ω−(ωa+ωb))t + (ξx∗i,aξ
x
i,b + ξy∗i,aξ

y
i,b)a

†bei(ω−(ωb−ωa))t] + c.c.

(7.64)

Here x0, y0 are the equilibrium positions of each ion (a sub index i is implied), and a factor of ℏ is

divided out such that the Hamiltonian is ∝ ℏg.

7.7 Experiment DM

7.7.1 DM temperature sensing setup

The setup for the deformable mirror (DM) to sense in-plane motion has largely been described

in chapter 6, particularly the beam path setup, alignments and wavefront flattening procedure, and

measured radial gradients. One crucial detail that was mentioned but not delved into was setting

up ACSS nulling of both beams that form the interference independently. This is similar to the

setup of the ODF, but in this case because the beams are brought along the magnetic field axis no π̂

polarized light is possible. Therefore to null the differential ACSS for a single beam the ACSS from



162

σ̂+ polarization must have the opposite sign of σ̂− corresponding to right and left hand circular

polarizations. The ratio of the ACSS from σ̂+ to σ̂− then sets the relative ellipticity of the polarization

desired, which can be set by rotating the linear polarization going through a quarter waveplate to

smoothly transition from pure σ̂+ to σ̂− and all elliptical ratios in between. To choose whether the two

beams’ polarizations are aligned or cross polarized is then set by rotating the linear polarization ±ϕ0

relative to linear polarization going through the quarter waveplate that produces σ̂−. To accomplish

this, the laser detuning was set roughly 18 GHz detuned half way between two σ̂− transitions

2s2S1/2(mJ = 1/2) → 2p2P3/2(mJ = −1/2) and 2s2S1/2(mJ = −1/2) → 2p2P3/2(mJ = −3/2). The

next nearest transition is a σ̂+ transition 2s2S1/2(mJ = −1/2) → 2p2P1/2(mJ = 1/2) approximately

20 GHz further detuned. This corresponds to a nulling angle of ϕ0 ∼ 61.4 degrees when writing the

polarization as E⃗ = E0[cos(ϕ0)σ̂− + sin(ϕ0)σ̂+].

As mentioned previously, setting this polarization ended up being complicated by the fact

that the parallel beam is combined with one of the DM beams using a polarizing beam splitter to

have orthogonal linear polarization to the DM beams before the quarter waveplate. Therefore at

this dominantly σ̂+ polarization the parallel cooling beam non-ideally was dominantly σ̂−, requiring

more laser power to achieve the same scattering rate. This increased the background scattering rate

on the bottom view images for the same fluorescence rate, roughly by a factor of 3-5x. Additionally,

this means when adjusting the polarization individually of the combined DM1/parallel beam the

fluorescence rate would also change within a scan, which is not too problematic for small angle

searches near the null. Furthermore, it was found that putting a non-vertical polarization on the

DM2 beam that bounces off the DM scrambled the polarization, requiring the polarization of all

three beams to be rotated simultaneously after the DM2 beam was combined with the DM1 and

parallel beam.

For all these reasons, initial tests with the DM temperature sensing were done instead at

the previously described 3 GHz detuned frequency with much lower power necessary and much

better imaging background. At this configuration the ratio of the effective ACSS to spontaneous

emission rate was roughly order ∼ 50− 100, severely limiting the sensitivity of the measurement. By
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detuning the beams further we found that limit could only improve to ∼ 100− 200 due to intensity

noise on the beams, which was not quickly remedied with active intensity stabilization. Going to

this nulling configuration, improved ratios of ∼ 1000 were achieved, substantially increasing the

sensitivity. However, no imaging was done in this configuration with the substantially increased

background scatter from the DM that would further degrade the Roentdek detection efficiency.

With the cross polarized configuration the effective maximum differential ACSS from the two

beams is 4U cos2(61.4◦) ∼ 0.92U , where U is the single beam differential ACSS when σ̂− polarized

(maximum ACSS). The standard phase flopping scheme shown in figure 6.6 was found to substantially

disagree with this prediction at large ACSS due to turn on effects giving shorter pulse lengths than

the timing of the TTL pulse width. To solve this, a separate ACSS amplitude measurement was

done by a standard Rabi scan of the microwave frequency to measure an ACSS while the DM phase

is actively stabilized to ±π/2 to give the maximum positive and negative ACSS. This agreed with

the predicted 0.92U estimate, giving a much more accurate estimate of the average ACSS across the

crystal with flat wavefronts at the maximum effective ACSS DM phase.

7.7.2 DM centering sensitivity

The deformable mirror temperature sensitivity in a radial gradient configuration can be

extremely sensitive to the centering on the crystal. To see this, assume without loss of generality the

DM is off center in the y direction by some distance yer small compared to the crystal size. This

modifies the Hamiltonian to

ĤDM/ℏ =
∑
i

U cos(kr
√
ρi(t)2 − 2yeryi(t) + y2er + µt)σ̂iz (7.65)

≈
∑
i

U cos(kr(ρi(t)− yer sin(ϕi − ωrt)) + µt)σ̂iz (7.66)

=
∑
i

∑
n

∑
±

U

2δ0,n
Jn(kryer)(±1)n cos(krρi(t) + µt± n(ϕi − ωrt)))σ̂

i
z (7.67)

≈
∑
i

UJ0(kryer) cos(krρi(t) + µt)σ̂iz. (7.68)
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Here the square root is expanded to first order in yer and the argument of the Jn Bessel functions

is assumed small so that only the 0th order matters. For small yer the effect to first order is to

remove power at the carrier frequency µ at the expense of power added into sidebands at multiples

of the rotation frequency, with the power in the sidebands determined by Jn(kryer). This means

the scale of the sensitivity to the DM centering is set by the error relative to the wavelength of

the radial gradient. For example, at kr = 2π
20µm a zero of the J0 Bessel function occurs at y0 = 7.6

µm, completely removing any temperature sensitivity unless measured at a rotation sideband. This

sensitivity was not realized until after data was collected for this thesis. Analysis from the radial

gradients in figure 6.11 suggest errors of order 7.5 µm were quite possible in the system using the

standard centering procedure.

7.7.3 Experimental axialization dynamics

With the DM setup the first investigation was to improve the understanding of the axialization

dynamics to validate the theory of section 7.6. Two reliable measurements emerged, the first a

resonant coupling frequency measurement identified by measuring reduced magnetron temperature

as the coupling drive frequency was scanned. The second measured the excited cyclotron modes that

can easily be driven to very large amplitudes due to the linear driving terms described in section

7.6. Shown in figure 7.4 are examples of two such scans. In general, most scans set a radial gradient

interference pattern made by displacing rings of actuators 230 nm per ring, corresponding to roughly

kr ∼ 2π
20µm . Due to surface displacement limits this was often limited to a radius of 4 DM pixels,

with the pattern set to flat at larger radii.

The first scan set the DM beatnote to 15 kHz and measured spin dephasing of magnetron

motion near that frequency using a spin echo with a phase advance in the second arm, with each

arm time set to τ = 2 ms. This frequency was chosen to be high enough to avoid low frequency

background from potential phase jitter between the beams, while not too high to diminish sensitivity

from smaller amplitude motion, and away from 9 kHz to avoid the magnetron COM mode that

does not couple with the rest of the magnetron modes. Before each temperature measurement a
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5-10 ms Doppler cooling pulse was applied with both parallel and perpendicular cooling beams

applied simultaneously with a repump beam and an x2 ± y2 drive to couple the magnetron and

cyclotron motions together. Due to non-linearity in the magnetron modes all magnetron modes

besides the COM mode couple together [82]. Therefore, cooling any magnetron mode by swapping

its amplitude with a cyclotron mode and cooling that cyclotron mode can cool all magnetron motion

excluding the magnetron COM mode. Scanning this coupling frequency with a weak coupling drive

near the rotating frame cyclotron tilt mode frequencies (plus twice the rotation frequency for an

x2 − y2 drive) produced cooling resonances of decreased magnetron temperature. Increasing the

drive strength broadened the cooling resonances and could give a third resonance suspected to be a

coupling between the rocking mode and the cyclotron m = 3 mode. Remarkably these drives were as

small as ∼ 10 mVpp on just two electrodes ∼ 1 cm away. These cooling resonance widths were very

clearly not similar to the predicted coupling strengths, with this small of couplings expected to give

resonances of at most ∼ 1 Hz, generally much less. Additionally, the expected coupling strengths

clearly predict a strong coupling for the two cyclotron tilt modes, but many other resonances are

predicted to be stronger than the m = 3 cyclotron to rocking mode coupling. However, the m = 3

to rocking mode coupling for many simulated crystals often was the next strongest rocking mode

coupling besides the tilt modes, with its predicted relative strength to the tilt modes in reasonable

agreement with the required increased drive strength. This suggested something unique about the

rocking mode, potentially having large non-linearity to enhance its coupling rate over all other

magnetron modes couplings.

To investigate this the cyclotron modes were interrogated to check where the cyclotron mode

resonances were relative to the cooling resonances. To do this, after cooling a "tickle" was applied

to excite a cyclotron mode using the linear drive terms described in section 7.6, after which the

deformable mirror beatnote was set to that frequency to measure motion at that cyclotron frequency.

Specifically, a tickle (and cooling) could be applied near the cyclotron mode frequencies in the

rotating frame using an x2 + y2 potential which is at the same frequency in the lab and rotating

frame. Alternatively the tickle could be applied at the mode frequency in the rotating frame plus
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twice the rotation frequency using an x2 − y2 potential. The result is shown in figure 7.4 with

two different strength tickles each applied for 1 ms to narrow the heating resonance to split the

nearly degenerate tilt mode frequencies, along with DM sensing arm times of 1 ms. For larger tickle

strengths a third resonance more clearly appeared in agreement with the location of the cooling

resonances. Very surprisingly, rather than the cooling resonances being detuned by the rocking mode

frequency of ∼ 1-2 kHz for the strong rotating wall strength applied, the frequency discrepancies

were often indistinguishable from 0. Effectively, cooling resonances appeared to be between the given

cyclotron mode and a zero frequency rocking mode. This is still not understood, but the current

theory speculates that non-linearity in the rocking mode may substantially increase the coupling

rate and is strongest near zero frequency.

Figure 7.4: Axialization experimental measurements. The left plot shows cooling resonance
frequencies of the axialization drive, as evidenced by dips in spin dephasing from magnetron motion
at 15 kHz as the magnetron motion is cooled. For a stronger coupling drive the resonances broaden
and a third resonance besides the two cyclotron tilt modes is found, suspected to correspond
to coupling the rocking mode to a cyclotron m=3 mode. The right plot shows cyclotron mode
excitations from a tickle as measured by spin dephasing from the cyclotron motion. The resonance
locations match the cooling resonance locations, and similarly an m=3 cyclotron mode becomes
more prominent at much larger tickle strengths.

Validating which modes corresponded to which resonances was confounded at first by impurity

ions. As a first check to confirm the cyclotron tilt modes, the rotating wall strength was varied

expecting to increase the tilt mode splitting as the crystal became more elliptical for larger wall

strengths. In fact, at first the opposite effect was measured due to impurities. This is because the
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orientation of the cyclotron tilt modes is set by the aspect ratio of the Be+ portion of the crystal, as

the BeH+ do not participate in the motion. When hydrides form they go to the furthest extended

point of the crystal radially, corresponding to the major axis of the ellipse, causing the effective

aspect ratio of the Be+ portion of the crystal to reduce. Once enough hydrides form the aspect

ratio of the Be+ portion of the crystal can switch orientation relative to the overall crystal, at which

point increasing the rotating wall strength actually decreases the aspect ratio of the Be+ portion of

the crystal, decreasing the tilt mode splittings. With a pure enough starting crystal the tilt modes

do correctly increase their splitting for larger wall strength. To confirm exactly which resonances

corresponded to which modes the spin dephasing from the tickle was imprinted onto the ions and

imaged analogously to the axial drumhead modes shown in figure 6.1. Images of the three cyclotron

mode resonances are shown in figure 7.5.

Figure 7.5: Cyclotron mode images obtained by imprinting spin dephasing on each ion’s spin state
proportional to the absolute participation in the mode. Dark ions therefore correspond to no spin
dephasing, with some background from decoherence giving some background fluorescence rate from
all ions. Simulated modes are given above each image to show the mode participation of each ion
corresponds to larger clockwise rotational motion. The red arrows represent a single instant in time
the displacement of all ions from the mode, with a full orbit represented by the colored traces with
time increasing from purple to yellow colors identically to figure 2.5. From left to right the modes
correspond to the cyclotron COM mode, the two cyclotron tilt modes, and finally a cyclotron m=3
mode. Note the cyclotron COM mode was not imprinted dephasing but is instead just a reference
Doppler cooled image since all ions equally participate in the mode.
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7.7.4 Two tone axialization studies

After validating a number of key predictions of the theory of section 7.6 (and failing to validate

some others), a natural question was to see if a lower ultimate temperature could be achieved. A

major problem with this scheme driving very near resonance to the cyclotron tilt modes is the linear

drive term heating the mode that is swapping with the rocking mode to cool the magnetron motion.

Without careful tuning of the drive frequencies, it is expected the linearly driven cyclotron mode

would come to an equilibrium temperature set by the competition of the cyclotron cooling rate and

the linear drive heating rate. This n̄ would then set a limit for the lowest rocking mode n̄ that

could be swapped setting an ultimate temperature limit. Additional heating rates of the magnetron

motion from the cooling beam scattering would also compete with the swap rate to set another

temperature limit.

Experimentally it was found that setting the perpendicular cooling beam further off center

improved the magnetron temperature, possibly due to the coupling rate being too small compared

to the cyclotron cooling rate. Additionally it became clear that the excited cyclotron tilt mode

limited how strongly the coupling could be turned up before problems occurred with the crystal.

Figure 7.6 shows two obvious effects from the excited cyclotron tilt mode. The first is a change in

the perpendicular beam fluorescence seen in the lab frame image. The diagonal line in the leftmost

image shows a line of maximum fluorescence from the perpendicular beam under standard cooling

conditions. Equivalently this corresponds to a line of constant Doppler shift from the rotational

motion’s component in the direction of the perpendicular beam. The perpendicular beam is detuned

∼ 15 MHz from resonance, which is equal to the Doppler shift from ions ∼ 4 µm on the blue side of

the crystal orthogonal to the perpendicular beam. With the excited cyclotron tilt mode there is

a large Doppler shift for further out ions that participate more in the cyclotron tilt mode, which

changes the effective Doppler shift the perpendicular beam sees to increase with radius. Two new

lines of maximum fluorescence emerge corresponding to where the red Doppler shift from the rotation

and beam detuning equals the blue Doppler shift from the cyclotron tilt mode. Since the mode
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participation increases roughly linearly with radius while the red detuning from rotation increases

with distance orthogonal to the perpendicular beam from the center of the crystal, this forms a

"clock handle" pattern of mostly straight lines at a specific angle given by the rate of the Doppler

shift increase as a function of radius. Turning up the strength of the linear drive heating the tilt

mode commensurately brings the clock handles together corresponding to larger cyclotron tilt motion.

This effect can be used to roughly tune up and identify the optimal coupling frequencies, and also if

the drive strength is too large.

Once the drive strength gets very large the competing heating rate and cooling rates are no

longer well balanced and an enormous increase in cyclotron tilt mode energy can occur. This is

shown on the rightmost image of figure 7.6, which is a crystal image in the rotating frame showing

a cold crystal excluding an extremely hot cyclotron tilt mode that is hot enough to see the orbits

of the furthest out ions. Rough temperature estimates of the clock handle estimate suggest ≲.5

Kelvin, while the runaway heated condition of the right most image is astronomically higher at ∼

1000 Kelvin order of magnitude.

One idea to improve the linear drive rate was to try and cancel the linear drive rate with a

second drive tuned to the same drive strength g but out of phase. However, for the analyzed drive

potentials listed in section 7.6 only the x2 + y2 and the counter rotating x2 − y2 potentials could

substantially drive the cyclotron modes of interest. Therefore it was unclear if when an x2 + y2 drive

and x2 − y2 drive were applied simultaneously to cancel their linear drive terms if that would also

cancel the cooling from the second order coupling. Initial calculations suggested that the relative

phase of the mode coupling to the linear drive should be opposite for the two drives, suggesting

driving out of phase the linear terms would add the second order coupling in phase. Additionally,

calculations suggested the relative phase of the two drives should be 0 for the lower frequency tilt

and m=3 mode to cancel the linear term which would add the second order coupling in phase. In

contrast the predicted relative phase of the two drives was π for the higher frequency tilt mode,

but was still predicted to add the two second order couplings in phase. This suggested off resonant

driving of the other cyclotron tilt mode would not be canceled using this technique.
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frot=180 kHz
Perpendicular 
beam

Figure 7.6: Driven cyclotron tilt mode effects in ion images. The left two images show lab frame
bottom view images of crystals rotating clockwise with a perpendicular beam originating from the
bottom left corner of the crystal at 45 degrees. A line of maximum fluorescence under standard
cooling conditions is at a fixed distance a few microns on the blue side of the crystal. In contrast a
clock handle fluorescence pattern emerges with axialization from the excited cyclotron tilt mode.
When driven too hard a runaway heating effect can occur producing astronomically hotter cyclotron
tilt modes as imaged in the rotating frame of the crystal in the rightmost image.

As a first diagnostic of the idea, a two tone tickle measurement was done analogously to the

previous tickle measurements but now scanning the relative phase of the two drives. This requires

setting the beatnote of the two drives to be exactly twice the rotation frequency such that the

relative phase of the drives was a well defined constant, with the beatnote relative phase set to a time

stamped reference of the rotating wall. Additionally, before scanning the relative phase of the two

drives the amplitude of each drive was tuned to cause roughly the same spin dephasing at each mode

that was driven. Figure 7.7(a) shows the cancellation of the two tones driving cyclotron motion for

the three different modes. As the relative phase is scanned the spin dephasing varies proportional to

the two tones adding constructively in phase or destructively out of phase. When driven in phase

the excited motion causes a saturation of the dephasing giving a flat line near 40 − 50% rather

than at 50% because not all ions participate in the motion. As predicted the lower frequency tilt

mode (blue) and m=3 cyclotron mode (green) have a relative phase near 0 when the two linear drive
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couplings are out of phase. In contrast the higher frequency tilt mode (red) has a cancellation at a

relative phase of π.

With the relative phases found to cancel the linearly driven cyclotron motion next the cooling

efficiency was investigated applying both tones. In this case both tones were applied during the 10

ms cooling pulse rather than from a tickle, and the magnetron temperature was measured. Figure

7.7(b) shows the resulting magnetron temperature proxy from spin dephasing caused by magnetron

motion near 15 kHz as the relative phase of the two cooling tones was varied. Three different curves

are shown corresponding to the two tones set near the lower frequency cyclotron tilt mode (blue),

the higher frequency tilt mode (red), and the m=3 cyclotron mode (green). Compared to figure

7.7(a) it is clearly evident that the magnetron cooling was worst when the linear drive terms were

canceled. The simplest interpretation is that when the linear drive terms are driven out of phase so

are the second order coupling terms from the two drives. This is not in agreement with calculations

but regardless some cooling should still occur as the coupling and linear drive ratios should not

be exactly the same between the two tones. This was seen experimentally that the magnetron

temperature did improve with the two tone coupling even at the weakest cooling phase compared to

no axialization, but the added strength required to compensate would be mitigated by off-resonantly

driving the other cyclotron tilt mode which is driven in phase. Future work on the possibility of two

tone cooling would require more detailed theory modeling to explain the cooling worsening when

canceling the linear drive term, or if other geometries or mode couplings could perform better.

7.7.5 DM temperature sensitivity calibration

To calibrate the sensitivity of the DM temperature measurement, a known coherent state

was produced and then measured. To make the known coherent state, it is simplest to excite the

cyclotron COM motion using a drive at the lab frame modified cyclotron frequency on a single

rotating wall electrode. Advantages of the cyclotron COM are the uniform participation of all ions,

the simple form of the calculated mode occupation for a linear drive, and the fast cooling of the mode

allowing easy initialization on the next shot of the experiment. In contrast, the magnetron COM



172
a) b)

Figure 7.7: Two tone axialization dynamics. a) Constructively and destructively driven cyclotron
motion from a tickle with two tones for the lower frequency cyclotron tilt mode (blue), higher
frequency tilt mode (red), and m=3 mode (green). The x axis corresponds to the scanned relative
phase of an x2 − y2 and x2 + y2 tickle driven on the corresponding mode. The y axis corresponds
to a proxy of the cyclotron mode temperature from spin dephasing imparted by setting the DM
beatnote to the cyclotron mode frequency. Tickle times and DM arm times of 1 ms were utilized.
Dips at 0 for the lower frequency tilt mode and m=3 mode corresponded to the linear drive terms
being driven out of phase, compared the dip at π for the higher frequency tilt mode. b) Magnetron
temperature proxy as two coupling drives were applied during cooling with the relative phase of the
drives scanned. The magnetron temperature was hottest in all three mode cases when the linear
drive rate was canceled.

mode, which also has uniform participation and a simple calculated mode occupation, is difficult to

cool, is difficult to distinguish from the dense forest of neighboring modes, and is difficult to scan

the frequency of due to the background term from the low frequency DM beatnote. From equation

7.61, the created coherent state will have an n̄ of

√
n̄ ≈ qAt

√
N

8mℏωcyc
. (7.69)

Based on COMSOL simulations listed in table 3.2, the electric field strength A is ≈ (12.4 Vtickle)

V/m, where Vtickle is the amplitude of the oscillating voltage of the tickle applied in volts.

With this created coherent state, equation 7.13 can be used to estimate the expected dephasing

caused by a coherent state measured with the DM in a spin echo sequence assuming a randomized

relative phase that is averaged over many shots. For the in-plane COM modes, κi = 1
√
2 uniformly
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for all ions, simplifying the expression to

⟨P↑⟩ ≈
1

2

(
1− e−2ΓτJ0

(
4|αT |

√
n̄
))

(7.70)

|αT | ≈
Uk

2δ

√
ℏ

2Nmωcyc

∣∣∣(1− eiθ1
)(

1− eiθ2
)∣∣∣ , (7.71)

where ωcyc is the rotating frame cyclotron COM frequency, θ1 = δτ , θ2 = δτ + tπ + ϕadv, and U is

half the maximum differential ACSS from the DM in units of radians/second. The expected signal is

identical to the ODF axial COM measurement but now ignoring spin-spin interactions and zero-point

fluctuations due to the much weaker spin dependent force from the long wavelength kr. Depending

on the phase advance ϕadv, spin dephasing will canceled (ϕadv = 0) or add in phase (ϕadv = π)

between the two arms on resonance, see figure 4.9 for more details. Figure 7.8 shows two such

example measurements plotted with corresponding fits to equation 7.70. For these measurements a

tickle of 10 µs was applied with an amplitude of 5 mV, and the ion number was estimated to be

150. The expected n̄ from this drive is 2550 quanta, with a measured n̄ = 1920 with τ = 1 ms,

kr =
2π

20µm , U/(2π) = 9 kHz. This disagreement suggests a reasonable estimate of the ion number,

kr, and azimuthal trap coefficient, all of which were not precisely measured, along with potential

amplitude non-uniformity of the DM beams across the crystal, centering errors, and potential finite

size effects if the crystal was larger than the set pattern.

While this agreement suggests the model well captures the dynamics of the measurement

and drives, some concerning behavior was also measured when varying kr. When lowering the

amplitude displacement of the radial gradient pattern by factors of 2 to increase the wavelength of

the gradient the expected sensitivity should decrease by a factor of 2, or equivalently a factor of 4

in n̄. This was not consistently measured, giving larger n̄ estimates equivalent to having a larger

sensitivity than predicted at longer wavelength kr. In particular, going from a 40 µm wavelength to

80 µm wavelength kr actually gave the same spin dephasing signal strength, suggesting somehow the

sensitivity was 4 times stronger than expected at the 80 µm case. In contrast measurements of n̄ were

self consistent when varying the tickle time and drive amplitude corresponding to varying the set
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coherent state size. A number of details may explain the non-ideal kr estimate at shorter wavelength,

particularly FLIR camera images suggested short wavelength phase patterns were present radially

that were fractionally larger compared to the desired radial gradient for small kr. Analysis of the

radial gradients in figure 6.11 suggest centering errors could also contribute substantially, but would

not be expected to reduce sensitivity so substantially at ∼ 40 µm wavelength kr.
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Figure 7.8: Cyclotron COM calibration. Two scans corresponding to with (blue) and without
(red) a phase advance in the second DM arm. In both scans a 10 µs pulse of amplitude 5 mV was
applied, with estimated DM settings of τ = 1 ms, kr = 2π

20µm , U/(2π) = 9 kHz, and an estimated ion
number of 150. Note the ion number was not precisely calibrated in this scan. The fit extracted an
estimated n̄ of 1920 ± 35 quanta. Using equation 7.69 predicts an n̄ of 2550, which is likely within
the error of kr, N , and azimuthal trap coefficient estimates. Due to the quadratic nature of the
fitted n̄ compared to the kr value, this would require only a 15% error in the wavelength or trap
coefficient, or a 30% error in ion number.

7.7.6 Magnetron temperature scans

Ultimately the most desirable measurement is an estimate of the magnetron mode temperatures

to see how well the cooling works. For unknown reasons the estimated magnetron temperature from

simulations compared to experimental measurements seem inconsistent with baseline temperature
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estimates. Figure 7.9 shows two example scans set near the largest sensitivity achievable, with

U = 24 kHz, τ = 1 ms, kr ∼ 2π
20µm . In the two scans either the axialization coupling was turned off

(red dots) or pulsed (blue dots) during Doppler cooling. Simulations shown in solid lines used an

estimate of 125 Be+ and 15 BeH+ ions and temperatures of 40 and 400 µK, in reasonable agreement

with the measured curves with and without the coupling respectively.

Looking at a number of other measurements taken around this time period, experiments

without axialization consistently underestimate the expected temperature, as the coldest temperature

expected without the coupling is ∼ 10 mK, whereas the hottest reference curve around that time

was at most a few mK. One hope for the discrepancy is that no data has been taken cross referenced

with the cyclotron COM temperature calibration, with a slim possibility of reference temperatures

having a poor sensitivity estimate from possible centering errors. Future measurements plan to

additionally compare temperature estimates from images of the crystal which can give reasonable

bounds of the rocking mode in the few mK regime. These image temperature estimates will rely on

the assumption the rocking mode temperature is in equilibrium with all other magnetron modes

excluding the COM mode.

7.8 Conclusion and future outlook

In conclusion we have experimentally demonstrated a new in-plane temperature diagnostic

technique able to sense experimentally achievable magnetron temperatures and excited cyclotron

temperatures. This technique was first demonstrated using an ACSS gradient in the plane of the ions

from tilting the ODF beams, and subsequently using a radial gradient generated from interference of

two laser beams using a deformable mirror. The sensitivity of the ODF is believed to be limited to ∼

1 mK by phase jitter between the beams and the easily achievable tilt. Additionally, the sensitivity

from a tilt in the lab frame is limited to some degree due to the strength of the J1 Bessel function

reducing for large arguments. In contrast the deformable mirror in principle can sense magnetron

motion much colder than mK temperatures. Initial temperature sensitivities calibrated with a tickle

of the cyclotron COM mode suggest the theoretical model can capture the dynamics of the system,
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Figure 7.9: Magnetron temperature measurements compared with simulation. The DM beatnote is
scanned from 0 to 80 kHz in 1 kHz time steps with DM arm times of 1 ms such that µτ = 2πl. The
experimental measurement with coupling (blue dots) are clearly substantially colder than without
coupling (red dots). Simulation curves at 400 µK (red solid) and 40 µK (blue solid) are in reasonable
agreement with the measured curves suggesting a temperature reduction of ∼ 10x. However the
absolute temperature estimates seem to substantially underestimate the expected temperature of ∼
10 mK without the coupling.

however magnetron temperature measurements seem to anomalously underestimate the temperature

currently.

Additionally, a novel cooling technique that couples the magnetron rocking mode to a number

of long wavelength cyclotron modes has been experimentally demonstrated and characterized.

Theoretical predictions from a model of the coupling largely agree with experiment. However, the

coupling strength seems anomalously large and the effective rocking mode frequency extracted from

the coupling much smaller than the expected rocking mode frequency, consistent with 0 frequency in

many cases.

Using these techniques a number of cyclotron modes were also imaged for the first time using

imprinted spin dephasing from the deformable mirror. These cyclotron modes get excited by the
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coupling drive and seem to limit the achievable drive strengths as identified by a number of new

phenomenon present with excited cyclotron tilt mode occupations. An attempt to cancel this linear

drive using two phase coherent coupling drives confirmed a number of theoretical predictions of

the relative drive phases, however did not successfully improve the cooling in disagreement with

theoretical calculations.

A vast array of future work is possible with these new techniques. Finer scans of the magnetron

mode frequency could be carried out using a phase advance cancellation technique of the background

rather than the µτ = 2πl cancellation technique. In particular the magnetron COM mode could be

calibrated analogously to the cyclotron COM. Future work comparing the temperature measurements

with images of the crystal can hope to resolve the discrepancy between estimated and expected

magnetron temperatures. Multiple echo pulses could be used to reduce the effect of background

signal from phase jitter of the beams, or even better active stabilization of the beatnote could reduce

this effect almost entirely. Additionally, coupling rates could in principle be measured by looking at

the time scale of the cooling. If the rocking mode could be experimentally measured, swaps between

the rocking mode and various cyclotron modes could also be investigated more directly.

More theoretical modeling would help tremendously in trying to identify the discrepancies

in the effective rocking mode frequency, coupling strength, and cancellation of cooling with two

tone axialization. Particularly any estimate of the effect of non-linearity of the rocking mode would

help validate the idea the coupling is enhanced from it. With a more accurate model dramatic

improvement in the achievable temperature could be possible allowing much larger coupling rates

and lower heating rates of the cyclotron modes. In principle if cyclotron modes of anywhere near the

Doppler cooling limit of n̄ ∼ 1 could be achieved and swapped to the rocking mode, temperatures in

the 100 nK range or even colder could be achieved corresponding to a rocking mode temperature of

a single quanta.

In a less likely future direction, the deformable mirror could in principle be used to implement

quantum operations on the in-plane modes, possibly including cooling. For the current setup a

minimum wavelength of 3 µm could potentially be achieved which would set a very small effective
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Lamb-Dicke parameter of any coupling and would make any spin-motion entanglement difficult.

However, if a DM with more actuators or larger displacements was available tunable wavelength

gradients at each ring of ions are possible and could be competitive with the ODF in coupling

strength. However, the phase variation across the crystal would restrict to couplings that may not

have as obvious utility as the ODF axial COM motion.



Chapter 8

Future Experiments

This chapter will discuss some future directions the experiment might take, heavily motivated

by a series of theory papers from our collaborators.

8.1 Direct extensions of this thesis

Listed at the end of each experiment result of this thesis is an array of direct extensions to

each result. Here I give a quick recount of some of the most near term demonstrations.

For the Dicke model, more direct quantum measurements of the generated two mode squeezed

entangled states can be carried out using a beam splitter operation and time reversal [59]. Additionally,

active phase stabilization of the ODF may offer interesting direct measurements of the coherent

state of the boson after a repump of the spin states which will perturb the motion at the ∼ 1 quanta

level. Farther in the future, clearer measurements of the chaotic regime of the Dicke model can also

be carried out using information scrambling in the chaotic regime which is recovered using time

reversal [67]. Additionally, improvements in the decoherence of the system from further detuning the

ODF off resonance or parametric amplification (see section 8.2) may allow higher fidelity entangled

states to be produced.

Using the deformable mirror can most straightforwardly initialize spin states corresponding to

linear gradients or radial domain walls or annuluses. Future work on more complex patterns would

likely need a DM with more actuators to reach single ion addressing. One immediate application of

a non-trivial spin state, and even possibly dynamics from the DM, is a quantum simulation of p+ ip
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superconductivity listed below in section 8.3

The in-plane temperature measurements have a number of disagreements with theory that

would require further theory insights to make the most progress. Specifically, modeling of the non-

linearity of the rocking mode and two tone axialization could try and resolve the coupling strength

and effective zero frequency rocking mode disagreements with theory and the failure to improve the

cooling with two tones. Larger radial gradients could allow ground state temperature measurements

of the cyclotron modes and possibly even quantum operations or cooling. Substantially improved

magnetron temperatures may also be possible if disagreements with theory can be accounted for to

improve the cooling scheme.

8.2 Parametric amplification

Before the magnet broke in 2021, the primary experimental focus was on motional squeezing

of the axial COM motion using parametric amplification. Parametric amplification involves a

modulation of the harmonic potential at twice the motional frequency. In our system this corresponds

to modulating the trap frequency of the axial COM motion at twice the axial COM frequency. This

can be applied by driving on the neighboring T2/T3 electrodes with an oscillating voltage at ∼ 3.2

MHz. The resulting operation is a resonant motional squeezing operator. Motional squeezing can be

used to amplify small displacements using a squeeze, displace, unsqueeze operation. Additionally,

applying the motional squeezing simultaneously with a displacement can amplify that displacement.

This allows the ODF spin-dependent force to be amplified by simultaneous motional squeezing,

which can in-principle increase the ratio of the interaction strength to spontaneous emission [5, 50,

83, 84].

Parametric amplification is an extremely low hanging fruit for the experiment. All pieces of

sensing weak electric fields and displacements with enhancement from parametric amplification have

been demonstrated. In particular, a near ground state cooled squeezed state was characterized with

5.4 dB of squeezing below the standard quantum limit (SQL), and squeezing rates up to 15 kHz

were demonstrated [50]. Predictions of 10 dB of enhancement in sensing small displacements are
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estimated from the achieved squeezing applied directly to the previous motional sensing results [6,

50]. Holding up the implementation of these pieces together was phase instability of the ODF and

the magnet breaking. Now with improved boxing of the beam paths and the addition of tracking

to the experiment the phase stability issues should be substantially mitigated. Additionally, COM

frequency fluctuations limited previous results and are likely limited by in-plane temperatures which

we can now substantially improve. With more reliable EIT cooling larger crystals could be also be

used which were previously inaccessible due to the Lamb-Dicke parameter getting too large as the

bandwidth of the axial modes got larger. Depending on the reduction in COM fluctuations possible

with improved in-plane cooling, parametric amplification could potentially improve the ratio of the

ODF spin-dependent force strength to spontaneous emission. These results could also be potentially

enhanced using spin-squeezing.

8.3 Simulating p+ip superconductivity

One near-term experiment of interest is a quantum simulation of p+ ip superconductivity [85].

The simulation works on the principle of the Anderson pseudo-spin mapping, where the presence or

absence of a cooper pair is mapped into spin up or down of each ion. In p+ip superconductivity, there

is a chiral nature to the pair creation process that is modeled in the Penning trap experiment using

the rotation of the crystal to generate radially and azimuthally dependent potentials. In the original

proposal [85], the ingredients necessary for the simulation were chiral spin state preparation, Raman

beams with tunable radial dependence from the waist of the beams, and tilted ODF wavefronts

to couple to the radial degree of freedom. This would require substantial overhead added to the

experiment in terms of tunable waist Raman beams, and it is known that poorly aligned ODF beams

generally increase decoherence. Additionally, the implementation relies on a number of rotating

wave approximations that suggests going to higher rotation frequency to better tune out the counter

rotating terms.

A natural question is whether the schemes of the DM can be used to circumvent these downsides.

This may be possible using Bessel function modulation analogously to chapter 6. To demonstrate
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this, the spin state initialization can be achieved by driving the microwaves on a rotation sideband,

the strength and radial dependence of which can be tuned by a linear gradient static in the lab

frame. Before formally showing this, it is useful to write this in terms of phase modulation of the

transverse B⃗ field from the microwave drive. The instantaneous frequency of the oscillating B⃗ field

experienced by the ions can be written:

ωB(t) = ω0 + ωr + Ukρ cos(ϕ− ωrt) (8.1)

B⃗(t) = B0x̂e
i((ω0+ωr)t−Ukρ

ωr
sin(ϕ−ωrt)) + c.c. (8.2)

B⃗(t) = B0x̂e
iω0t

∞∑
n=−∞

Jn

(
−Ukρ
ωr

)
ei((ωr−nωr)t+nϕ) + c.c. (8.3)

B⃗(t) ≈ −B0x̂e
iω0tJ1

(
Ukρ

ωr

)
eiϕ + c.c. (8.4)

In equation 8.1, ω0 is the qubit frequency of ∼ 124 GHz, ωr is the rotation frequency of ∼ 180

kHz, U is the DM ACSS amplitude, and k is the k vector of the linear gradient applied by the

DM statically in the lab frame. The final result of this Bessel function expansion is infinitely many

fast rotating terms at multiples of the rotation frequency, along with a effective transverse B⃗ field

that rotates with azimuthal coordinate ϕ and increases radially with J1(
Ukρ
ωr

) dependence. It is

straightforward from this derivation to see that higher order m azimuthal patterns, and varying

radial dependencies can be generated by varying the pattern set on the DM and choosing higher

order rotation sidebands.

For a more formal derivation we can write the Hamiltonian of the simultaneous resonant

microwave drive and static linear gradient from the DM.

H/ℏ =
∑
i

B0 cos(ωmwt)σ̂
i
x/2 + (ω0 + Ukρi cos(ϕi − ωrt))σ̂

i
z/2. (8.5)

Here the Rabi rate of the transverse field is given by B0, with the microwave drive frequency ωmw.

The DM is set to give a linear gradient with wavelength k and ACSS amplitude U which is static in

the lab frame. Using a unitary transformation Û1 = eiω0σi
z/2 to go into the rotating frame of the
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qubit modifies the dynamics Ĥ → ÛĤÛ † + iℏ ˙̂
UÛ †. Using σ̂ix = σ̂i+ + σ̂i− and taking a rotating wave

approximation ignoring fast rotating ω0 terms gives:

Ĥ/ℏ ≈
∑
i

B0

4

(
σ̂i+e

i(ω0−ωmw)t + σ̂i−e
−i(ω0−ωmw)t

)
+ Ukρi cos(ϕi − ωrt)σ̂

i
z/2 (8.6)

A further rotating frame transformation can be made to remove the DM σ̂iz term. The corresponding

unitary is given by Û2 = e−i
Ukρi
ωr

sin(ϕi−ωrt)σi
z/2. The resulting Hamiltonian is given by:

Ĥ/ℏ ≈
∑
i

B0

4

(
σ̂i+e

i(ω0−ωmw)te−i
Ukρi
ωr

sin(ϕi−ωrt) + σ̂i−e
−i(ω0−ωmw)tei

Ukρi
ωr

sin(ϕi−ωrt)

)
(8.7)

=
∑
i

∞∑
n=−∞

B0Jn

(
Ukρi
ωr

)
4

(
(−1)nσ̂i+e

i(ω0−ωmw−nωr)t+inϕi + σ̂i−e
−i(ω0−ωmw+nωr)t+inϕi

)
(8.8)

≈
∑
i

−B0J1

(
Ukρi
ωr

)
4

(
σ̂i+e

iϕi + σ̂i−e
−iϕi

)
. (8.9)

To go from equation 8.7 to 8.8 the Jacobi-Anger identity eiz sin(ωt) =
∑∞

−∞ Jn(z)e
inωt was used. This

gives an infinite series of transverse fields oscillating at multiples of the rotation frequency ωr. By

setting ωmw = ω0+ωr, the first rotating sideband, only one J1 term is resonant for each σ̂i± operator.

All other terms are fast rotating at multiples of ωr giving equation 8.9. The resulting Hamiltonian is

a rotation of each ion i about a vector on the equator of the Bloch sphere with the orientation set

by ϕi. The corresponding transverse field strength is reduced from B0 by J1
(
Ukρi
ωr

)
, which is zero

on center and could in principle be tuned to approach J1(0.586π) ∼ 0.58, the maximum of the J1

Bessel function at the edge of the crystal (see section 6.5.4 for details). The fast rotating terms will

be small assuming B0/ωr ≪ 1, and will all oscillate through a full 2π period when the Hamiltonian

is applied for an arm time τωr = 2πl for an integer l.

Additionally, there are static gradients of the magnetic field in the plane, and Doppler shifts of

the microwaves due to an in-plane component of the microwave k vector that could supply the static

gradient term in the lab frame to generate the initial spin texture effectively without any source of

decoherence or phase instability. The tradeoff will be that these are generally small and so will suffer
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from microwave decoherence for long application times. It remains unclear if this approach can be

extended to incorporate the ODF spin-dependent force in the axial direction to couple the motion

to the chiral spin interactions. If possible, this would remove a substantial amount of overhead to

implement a simulation of p+ ip superconductivity.

8.4 Mølmer-Sørensen gate and 3D crystals

With increasing competition of 2D RF trap experiments which have now been demonstrated

with up to 512 ions [22], a clear motivation is to move beyond 2D crystals. Quantum operations with

the ODF are no longer straightforward when all ions are no longer in a single plane. Now each plane

in the z direction will have a different phase of the ODF which can only coarsely be tuned by the

angle of the ODF beams. As an alternative a different spin-motion entanglement can be engineered

called a Mølmer-Sørensen (MS) gate. This spin-motion entanglement is driven using blue sideband

(BSB) and red sideband (RSB) Raman transitions, driving gates about x or y instead of the σ̂z gate

of the ODF. The MS gate can be driven in two schemes depending on the frequency of the RSB and

BSB beams relative to a carrier beam [86]. A "phase-sensitive" scheme occurs if the frequencies of

the RSB and BSB can be described by ω = ω0 + ωsf ± ωmot where ω0 is the carrier beam frequency,

ωsf is the spin flip frequency to span the qubit, and ωmot is the frequency of the motional mode. In

contrast, if the beams’ frequencies can be written ω = ω0 ± ωsf ± ωmot the scheme is called phase

insensitive. The naming scheme refers to the phase of the corresponding spin rotation being sensitive

to the ion’s phase in the traveling wave of the beams. When in the phase insensitive scheme the

two traveling waves of the BSB and RSB are in opposite directions causing the phase of the spin

rotation to be determined by the relative phase of the BSB and RSB. In contrast the phase sensitive

scheme will cause the phase of the spin rotation to vary at each plane of the crystal, which depends

on the relative phase of the ion’s positions in the co-propagating traveling waves [87].

In our system it is generally hard to span the qubit frequency of 124 GHz phase coherently

between two lasers, and so a phase sensitive scheme is simpler only requiring 2 lasers. In the phase

sensitive scheme the spin-dependent displacement’s phase is phase insensitive to the ions position
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in the traveling waves. In turn the phase insensitive scheme is actually phase sensitive to the

motional displacement. Using the phase sensitive scheme allows a spin-dependent displacement that

is the same for all ions even at different planes in the z-axis, removing the difficulty of the ODF

phase varying across the crystal. Additionally, the phase of the displacement is set by the beatnote

of the BSB and RSB tones separated by only twice the motional frequency and with the beams

co-propagating allowing potentially very high phase stability. The downside to this scheme is that

each plane of the crystal will be rotated about a different spin axis, making global rotations from the

microwaves incompatible with these pulses. Instead, global spin flips can be engineered using the

same MS beams using one of the BSB/RSB beams no longer detuned by a motional sideband. The

local rotation axis of all spins can then be set relative to the rotation axis of the MS interactions.

The beam setup for the MS is then exactly the same as the EIT cooling beams but now with

two tones in one of the beams to set the BSB/RSB tones and the overall laser detuning must be

much larger to do coherent operations. A key question to investigate the feasibility of using the MS

gate for sensing and simulation applications in 3D crystals is how well near ground state cooling

of the axial modes can work with 3D crystals. Additionally, the magnetron modes can acquire an

axial component that may substantially increase the Lamb-Dicke parameter of the system without

substantial cooling of the magnetron modes.

8.5 Bilayer crystals

In addition to larger system sizes possible with 3D crystals, interesting physics occurs with a

bilayer crystal investigated in [81]. With the addition of an anharmonic C4 quartic potential two

"clean" planes of ions can approximately be produced with each plane having a small spread in the

axial direction, with a scaffolding of ions on the outermost edge in between the planes. With this

geometry the axial drumhead modes acquire a chiral nature to their motions, making it possible

to investigate chiral spin-exchange models. Additionally, by having clean bi-layers the ODF rather

than the MS gate was studied varying the angle of the ODF beams to vary the interactions between

the bi-layers. Besides the difficulties associated with 3D crystals already mentioned, it is difficult
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to engineer a large C4 value of the right sign while maintaining high axial trap frequencies in our

current trap.
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Appendix A

Classical derivation of spin dephasing for a radial gradient

This appendix gives an alternative classical derivation of spin dephasing compared to the

quantum calculation given in 4.3.5. Specifically, the calculation is done for coherent and thermal

states using a radial gradient for comparison with the result in chapter 7.

A.1 Radial time dependence of in-plane motion

As a more careful derivation of equation 7.7, assume an ion crystal with only a single in-plane

mode m initialized with an energy n̄ℏωm ≈ kBT
1 with all other modes at zero temperature. The

single mode will oscillate at ωm with a phase ϕmot that is randomized over for a thermal state. For

brevity let θ = ωmt+ ϕmot. The mode amplitude is given by ρ̃m = ρ̃0,m
√
2n̄+ 1 =

√
ℏ(2n̄+1)

(1+Rm)mωm

(equation 7.8), where ρ̃0,m is the rms ground state wavefunction size for mode m, which corresponds

to the total rms motion of all ions. Specifically, let the eigenvector of all ion’s (x, y) participations

in the mode be given by u⃗ normalized such that |u⃗| = 1. The x, y, coordinate of a given ion i’s

displacement is δρi =
√
2ρ̃mRe

[(
ux,i
uy,i

)
eiθ
]
, where Re(α) = 1

2(α+α
∗) is the real part of the complex

argument. As an example, for the center of mass cyclotron mode u⃗i =
(
ux,i
uy,i

)
= 1√

2N

(
1

−i

)
for

all ions i, giving δρ2tot =
∑

i δρ
2
i =

∑
i ρ̃

2
m(cos(θ)2 + sin(θ)2)/N = ρ̃2m confirming the definition of

the total rms motion of the mode. The radial position as a function of time for of an ion i with

1Note for a thermal state of average mode occupation n̄ the temperature is defined 1
n̄
= eℏωm/kBT − 1, which

agrees with n̄ = kBT/ℏωm for large temperatures but disagrees when near or below the ground state n̄ ≲ 1.
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equilibrium position ρ⃗0 =
(
x0
y0

)
(ρ0 = |ρ⃗0|) is then given by

ρ⃗i(t) = ρ⃗0 +
√
2ρ̃mRe[u⃗ie

iθ] (A.1)

ρ2i (t) = (x0 +
√
2ρ̃mRe[ux,ie

iθ])2 + (y0 +
√
2ρ̃mRe[uy,ie

iθ])2 (A.2)

= ρ20 + 2ρ̃2m(Re[ux,ie
iθ]2 +Re[uy,ie

iθ]2) + 2
√
2ρ̃mRe[x0ux,ie

iθ + y0uy,ie
iθ] (A.3)

= ρ20 + ρ̃2m((u⃗i · u⃗i)e2iθ + c.c.+ 2|u⃗i|2)/2 +
√
2ρ̃m(ρ⃗0 · u⃗ieiθ + c.c), (A.4)

where c.c stands for complex conjugate of the preceding term. From here it is worth pointing out a

few limits of this equation. The most useful case is when an ion is located off center, with a small

enough energy to approximate ρ̃m ≪ ρ0. In this limit ρi(t) =
√
ρ2i (t) is given by Taylor expanding

the square root to first order in ρ̃m

ρi(t) ≈ ρ0 + ρ̃m
ρ⃗0 · u⃗i√
2ρ0

eiθ + c.c (A.5)

= ρ0 + ρ̃m

√
2|ρ⃗0 · u⃗i|
ρ0

cos(ωmt+ ϕmot + arg(ρ⃗0 · u⃗i)), (A.6)

where arg(α) is the phase ϕarg of a complex argument α = Aeiϕarg for real positive A. For example,

u⃗i =
1√
2N

(
1

−i

)
for the cyclotron COM mode for an ion i, whereas ρ⃗0 will be a vector pointing

along the equilibrium position for an ion at ρ⃗0 =

(
x0
y0

)
. Therefore the phase of each ion’s radial

time dependence is ϕmot + arg(x0 − iy0) = ϕmot − ϕ0 where ϕ0 is the equilibrium position of the

ion in polar r, ϕ coordinates. If a coherent COM motional state was prepared and the motion was

sensed phase coherently, the resulting spin precession then will have a linear gradient across it due

to the ϕ0 azimuthal dependence of the relative phase to the deformable mirror (DM) beams phase,

in addition to radial dependence from the kri factors (see equation 7.5). Since these phase factors

will be averaged over in all calculations the azimuthal phase factors ϕmot + arg(ρ⃗0 · u⃗i) have been

replaced with a catch all factor ϕi,m to emphasize each ion i in mode m may have a different phase

factor of it’s motion in the radial direction.
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If the ions are not off center this limiting form is not correct. For an ion exactly on center

(ρ0 = 0) the radial time dependence is

ρi(t) = ρ̃m
√

|u⃗i · u⃗i| cos(2ωmt+ 2ϕmot + arg(u⃗i · u⃗i)) + |u⃗i|2. (A.7)

The factor |u⃗i · u⃗i| corresponds to a measure of the ellipticity of the motion, with uniform circular

motion like the COM mode having 0 ellipticity (u⃗ · u⃗ = 0), making ρ(t) = ρ̃m
1√
N

a constant. For

non-zero ellipticity expanding the square root gives oscillating motion at multiples of 2ωm, with

higher order multiples negligible until the ellipticity is no longer small |u⃗i · u⃗i| ∼ |u⃗i|2 . For the

highest ellipticity motion corresponding to real eigenvectors |u⃗i · u⃗i| = |u⃗i|2 (oscillatory instead of

rotational motion), this motion is ρi(t) =
√
2ρ̃m| cos(ωmt+ϕmot)|, with the absolute value stemming

from the fact the ρ coordinate is positive definite and gives many harmonics at even multiples of the

mode frequency.

A.2 Spin dephasing from coherent and thermal states

Applying a single mode approximation of ϵi = krρ̃i,m(t) (equation 7.6) using the formalism of

the preceding appendix section gives our starting Hamiltonian equation 7.5 reproduced below and

expanded for a single mode:

H/ℏ ≈
∑
i

Uσ̂iz[sin(krri + µt) + ϵi(t) cos(krri + µt)] (A.8)

≈
∑
i

Uσ̂iz[sin(krri + µt) + krκi,m

√
2ρ̃m√
N

cos(ωmt+ ϕi,m) cos(krri + µt)]. (A.9)
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Assuming no spin motion entanglement the Hamiltonian can be directly integrated for some applica-

tion time τ to give differential spin precession angles between |↑⟩ and |↓⟩:

θi =

∫ τ

0
2U

[
sin(krri + µt) + krκi,m

√
2ρ̃m√
N

cos(ωmt+ ϕi,m) cos(krri + µt)

]
(A.10)

= 2U

[
− 1

µ
cos(krri + µt) +

∑
±

krκi,mρ̃m√
2N(µ± ωm)

sin((µ± ωm)t+ krri ± ϕi,m)

]t=τ

t=0

. (A.11)

Note as described in chapter 7, the factor of 2U is due to the definition of U and the Pauli operator

σ̂iz such that U is half the differential ACSS in units of radians/second. Ideally to sense motion the

first term, from here on called the equilibrium term arising from the applied ACSS at the equilibrium

position, should be canceled while driving up the term proportional to ρ̃ over time. The second term

for the − sign case in the sum over ± can be driven up over time by setting µ = ωm + δ where δ is

some detuning from the mode ideally small compared to 2π/τ . The equilibrium term can be ignored

if µ≫ U , but this is not valid for the low frequency magnetron modes. One scheme to cancel the

equilibrium term is to set µτ = 2πl where l is some integer, which causes cos(krri + µτ) = cos(krri)

and is therefore canceled in a single application time τ . Alternatively, if two arms of the DM are

applied in a spin echo sequence with a phase advance ϕadv = −µ(τ + tπ) where tπ is the pi time

of the echo pulse between DM applications the equilibrium term is canceled. Using the identity

cos(a)− cos(b) = −2 sin(a+b
2 ) sin(a−b

2 ) gives precession angles from the equilibrium term

θi,eq =
4U

µ
[sin(krri + µτ/2) sin(µτ/2)]− 4U

µ
[sin(krri + µτ/2 + µ(τ + tπ) + ϕadv) sin(µτ/2)]

(A.12)

=
4U

µ
sin(µτ/2)[sin(krri + µτ/2)− sin(krri + µτ/2 + µ(τ + tπ)− µ(τ + tπ))] = 0. (A.13)

Effectively the second arm accumulates the same phase as the first by phase lagging to the same

starting phase as the first arm, canceling the two arms due to the spin echo. Additionally, it is also

clear from this form how setting µτ = 2πl satisfies canceling the equilibrium term for the two arms,
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not necessitating a varying phase advance which depends on the beatnote frequency µ.

Focusing now on the term of interest proportional to ρ̃m, letting Φ = krri − ϕi,m for brevity,

and ignoring the fast oscillating term at ωm + µ, a spin echo sequence with a phase advance ϕadv in

the second arm gives precession angles

θi,sig =

√
2Ukrκi,mρ̃m

δ
√
N

[sin(Φ + δτ)− sin(Φ) (A.14)

− sin(Φ + δ(2τ + tπ) + ϕadv) + sin(Φ + δ(τ + tπ) + ϕadv)]

= −
√
2Ukrκi,mρ̃m

δ
√
N

Im[ei(krri−ϕi,m)(1− eiθ1)(1− eiθ2)], (A.15)

where θ1 = δτ, θ2 = δ(τ + tπ) + ϕadv. From here a bright fraction can be calculated assuming a

coherent state, as derived so far, but now randomizing the phase of the motion ϕi,m, equivalent to

randomizing the relative phase of the DM beatnote.

⟨P↑⟩coh ≈ 1

2

[
1− e−2Γτ

∑
i

1

N
⟨cos(θi,sig)⟩ϕi,m

]
, (A.16)

where ⟨P↑⟩coh represents the average population averaged over all ions and for a randomized coherent

state motional phase, and ⟨cos(θi,sig)⟩ϕi,m
represents an average over the coherent state motional

phase. Evaluating the average of the cosine term over the motional phase gives

⟨cos(θi,sig)⟩ϕi,m
=

1

2π

∫ 2π

0
cos(θi,sig)dϕi,m (A.17)

=
1

2π

∫ 2π

0
cos(|θi,sig| sin(krri − ϕi,m + arg[(1− eiθ1)(1− eiθ2)])dϕi,m (A.18)

= J0(|θi,sig|), (A.19)

where arg is defined as above to be the phase of a complex argument, and the identity J0(x) =

1
2π

∫ 2π
0 cos(x cos(θ))dθ was used to identify the Bessel function form. The result of equation A.16

with the functional form of equation A.19 is in agreement with the results of equations 7.13,7.15 in

chapter 7.
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To calculate the result for the thermal state, the cosine averaging now needs to be done over a

thermal state distribution of ρ̃ rather than a fixed amplitude coherent state. A thermal distribution

at average mode occupation n̄ in terms of coherent states can be written as

ρ̂den =
1

n̄π

∫
e−|β|2/n̄ |β⟩ ⟨β| d2β, (A.20)

where ρ̂den is a density matrix over coherent states |β⟩. Associating ρ̃m =
√
2n̄+ 1ρ̃0,m, where

ρ̃0,m is the rms ground state wavefunction size over all ions in mode m, with the phase factor

identified in equation A.18 gives a coherent state representation to average over in the thermal

distribution β =
√
n̄eiϕ where ϕ is the phase factor averaged over in equation A.18. Let αT,i =

Ukrκi,mρ̃0,m

2δ
√
N

|(1− eiθ1)(1− eiθ2)|eiϕ.

⟨σ̂iz⟩th =
1

n̄π

∫
e−|β|2/n̄ cos(Im[4αTβ])d

2β. (A.21)

Converting the integral from complex values β to β = reiθ and integrating over r, θ gives

⟨σ̂iz⟩th =
1

n̄π

∫ ∫
re−r2/n̄ cos(4|αT |r cos(θ))drdθ. (A.22)

Integrating first over θ using the previously utilized Bessel function identity gives

⟨σ̂iz⟩th =
2

n̄

∫
re−r2/n̄J0(4|αT |r)dr. (A.23)

Finally using the integral solution
∫∞
0 re−ar2J0(br)dr =

1
2ae

−b2/4a with a = 1
n̄ and b = 4|αT | gives

⟨σ̂iz⟩th = e−4|αT |2n̄. (A.24)
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