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A Three-Phase Model of the Elastic
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Mortar and concrete are composite materials with overall properties
that are influenced by the arrangement and characteristics of each
constituent in the microstructure. Elastic shrinkage, like other prop-
erties of mortar and concrete, must be described by a three-phase
model: aggregate, bulk cement paste, and interfacial transition zone
(ITZ) cement paste. A simple two-dimensional digital-image-based
model of a mortar is developed based on the hard corefsoft shell
percolation model. Specific attention is given to the properties of the
ITZ between cement paste and aggregate. The elastic shrinkage
properties of this model are computed numerically, using a special-
ized finite-element technique. The effects of varying the elastic
moduli and shrinkage properties of the ITZ and bulk cement paste
are examined in parameter studies, both analytically, for low aggre-
gate content, and numerically, for arbitrary aggregate content. Spe-
cial attention is given to the effect that the topology of the ITZ has
on overall shrinkage. A comparison is made between model predic-
tions and the limited available experimental results (0.35 wfc, 65%
hydration), assuming an ITZ width of 20 ym. Based on this com-
parison, this paper introduces the prediction that the Young's modu-
lus of the ITZ is one third to one half of the modulus for bulk cement
paste and that the unrestrained shrinkage of the ITZ material is close
to the shrinkage of bulk cement paste when both are averaged over a
20-um ITZ. This finding is supported by further analysis of a three-
dimensional microstructural model of cement paste. ADVANCED CE-
MENT BASED MATERIALS 1996, 4, 6-20
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he drying shrinkage of mortar and concrete, as
with almost any other physical property of
these materials, depends on the microstructure
over a wide range of length scales [1,2]. The shrinkage
of the C-S-H (C = CaO, S = Si0O,, H = H,O) gel, which
controls the shrinkage of cement-based materials, is de-
termined, at the most fundamental level, by the rear-
rangement of water in the nanometer-scale gel pores as
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relative humidity is reduced. Cement paste is a complex
composite at the micrometer length scale, being a mix-
ture of a phase that shrinks under drying (C-5-H) and
restraining phases that have negligible shrinkage upon
drying, like unreacted cement and calcium hydroxide
(CH). In portland cement paste, there are aluminate,
ferrite, and sulfate phases that can also act as restrain-
ing phases. The analysis in this paper is general, but
where we consider cement paste microstructure and
properties directly, we only consider C;S cement paste
for simplicity. Mortar and concrete are also complex
random composites, but at the millimeter to meter
length scale. Because they are composed of both non-
shrinking aggregate and shrinking cement paste, their
overall shrinkage response depends on the relative
amounts of these phases and their arrangement in the
microstructure.

Models have already been developed to simulate the
movement of water in structural models of C-5-H and
pordus Vycor at the nanometer scale [3,4]. At this level,
a model must account for solid, liquid, and air phases.
In addition, shrinkage stresses, generated by surface
forces, must be modeled at the solid/liquid, liquid/air,
and solid/air interfaces. For this paper’s analysis, the
material is treated as a composite at a larger length scale -
where each phase is a continuum material with speci-
fied properties. For shrinkage, each phase is given a set
of elastic moduli and an unrestrained shrinkage param-
eter. The unrestrained shrinkage (sometimes referred to
as the “eigenstrain” of a phase [5]) is the shrinkage
strain that would occur in an isolated, unrestrained con-
dition. This description makes use of the analogy be-
tween length changes due to temperature changes and
length changes that occur under humidity changes [6].

This paper reports the results of modeling mortars
using digital-image models, where each pixel is 10 pm
across. Mortar is known to be a three-phase composite:
aggregate, bulk cement paste, and interfacial transition
zone (ITZ) cement paste. The ITZ is modeled as a phase
with a single property, rather than a gradient of prop-
erties, which admittedly is a simplification. Each phase
is given appropriate elastic moduli and unrestrained
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shrinkage strains. These models are two-dimensional
because of present computer-imposed resolution limi-
tations in three dimensions. In two dimensions, large
enough arrays (number of pixels per unit length) can be
generated to adequately resolve the interfacial zone re-
gion and to represent a statistically meaningful number
of sand grains. Carrying out this kind of computation in
three dimensions will be dependent on computer
memory and speed developments in the next few years,
although the high-end of present-day supercomputers
is very close to being able to run 512° finite element
simulations. This would give resolution comparable to
the present two-dimensional (2-D) simulations. As a re-
sult of the restriction to two dimensions, qualitative in-
sight into existing experimental results is sought, rather
than quantitative agreement.

It is important to note that only elastic, reversible
shrinkage is computed, which is another limitation of
the model at present. It is, of course, well known that
the shrinkage of cement-based materials has a strong
irreversible component and contributions from creep
[1]. However, a model predicting this type of behavior
for arbitrary microstructures is currently unavailable
and would be extremely computer-intensive if it did
exist. Thus, it seems logical to fully explore the simpler
case of elastic shrinkage before moving on to more com-
plicated models. There is general agreement in the sci-
entific community that ITZ properties do affect overall
moduli and shrinkage. This paper represents the begin-
ning of an attempt to show how the ITZ affects these
properties.

Section I describes the details of the models them-
selves. Section II discusses the effect on the elastic
moduli of mortar by varying the ITZ and bulk cement
paste moduli. Section III describes differences in unre-
strained shrinkage and moduli between the ITZ and
bulk cement paste and how this affects shrinkage of
mortar. Also, an exact analytical equation is introduced
and used to analyze real experimental shrinkage data
for the shrinkage of mortars containing small concen-
trations of sand. Section IV describes computational re-
sults for cement paste shrinkage at the micrometer
scale. These results help explain the relationship of
shrinkages in the ITZ to shrinkages in the bulk cement
paste found in the previous section. Section V summa-
rizes the results of this work.

I. Models for Elastic Properties
and Microstructure

The numerical algorithm utilized in the model to deter-
mine elastic moduli and shrinkage has previously been
described [7]. It uses a linear finite element code to op-
erate on a two-dimensional digital image of a random,
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multiphase composite. Each pixel is treated as a simple
bilinear finite element, with displacements defined at
the pixel corners. The moduli of each pixel are defined
by its phase label. The finite element mesh is then sim-
ply defined by the digital image. Digital images of ar-
bitrary microstructures can be analyzed, such as those
of portland cement paste [8].

Two different computations can be performed. First,
the effective moduli of a composite system can be com-
puted by applying an overall strain to the system. The
algorithm uses a modified conjugate gradient solver to
determine the set of nodal displacements, which mini-
mizes the overall energy of the system, subject to the
constraints of the applied strain. The elastic stresses and
strains in each pixel can be computed from the displace-
ments.

To compute the shrinkage, we allow the size of the
system, in addition to the nodal displacements, to vary.
Each phase has a certain unrestrained shrinkage that
competes with the rigidity of the rest of the system to
produce an overall shrinkage. When the energy is mini-
mized, the average stress is zero, but the individual
stresses in each pixel are generally non-zero. The new
size of the sample then gives the composite, or overall,
shrinkage value.

Because the algorithm models two-dimensional
space, it is necessary to decide how to map three di-
mensional (3-D) elastic properties into a 2-D medium
by choosing either a plane stress or a plane strain cri-
terion. Plane stress is appropriate [9], assuming that the
two-dimensional digital images represent thin sheets of
3-D material. In such a situation, the Young's modulus,
Poisson’s ratio, and shear modulus are unchanged be-
tween three and two dimensions. The 2-D bulk modu-
lus, K,, is calculated as:

9K;G3
K= 3K; +4G; M
where K; and G; are the bulk and shear moduli in three
dimensions. The assumption of plane strain or stress
does not actually make a significant qualitative differ-
ence in the overall computed behavior.

Another important assumption is used with regard to
the width of the ITZ in the model. The ITZ is usually
described as a region 30-50 pm in thickness [10} in
which the cement paste composition differs signifi-
cantly from that of the bulk cement paste. This region
typically displays much higher porosity and CH vol-
ume fractions, and lower C-5-H gel and unhydrated
cement volume fractions [11], than in the bulk cement
paste. This is attributed, in part, to reduced efficiency in
particle packing near the surface of the aggregate par-
ticle [10,11].

In the computations described in this paper, the ITZ
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FIGURE 1. Digital image of mortar using sand distribution in
Table 1 (white = sand; grey = bulk cement paste, black =
interfacial transition zone cement paste).

is assumed to have a width of approximately h = 20 pm
[12]. The properties and composition of the zone are
considered to be constant across this 20-pm width and
represent the average properties of the entire zone re-
gion. This simplification is necessary because of the dif-
ficulties in simulating the effective properties of a re-
gion when properties and composition change rapidly
over small length scales. To simulate the overall ar-
rangement of sand grains and interfacial zone areas, the
hard core/soft shell model, previously used for 3-D
simulation of mortar microstructures, is used [12].
Composite grains, consisting of a circular hard core
(sand), surrounded by a concentric circular soft shell
(interfacial zone cement paste), are deposited randomly
in a matrix (bulk cement paste). The hard cores may not
be overlapped, but the soft shells may overlap each
other or the bulk cement paste phase. Figure 1 shows a
typical 2-D mortar microstructure generated with this

TABLE 1. Ottawa sand distribution for simulation of Pickett
data taking 1 pixel = 10 pm

Number Percent of

Diameter (pm) Sieve Size Distribution
510 #3040 30
370 #40-50 50
210 #50-100 20
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TABLE 2. Comparison of interfacial transition zone (ITZ) vol-
ume per particle

Volume;/ Area;,/
Diameter (pm) Volume,, ;. (3-D) Area,, ;1(2-D)
110 1.536 0.860
210 0.687 0.417
310 0.439 0.275
410 0.322 0.205
510 0.254 0.163
910 0.138 0.090

algorithm, using the size distribution of sand grains
given in Table 1. No attempt has been made to deter-
mine the 2-D sand size representations by taking slices
of a real 3-D sand size distribution, as has been done in
other works [13]. The distributions are only 2-D but are
suitable for qualitative insight. :

There are obviously other differences between two
and three dimensions. In three dimensions there is a
much higher volume percentage of ITZ per particle
than in two dimensions, as shown in Table 2 for isolated
particles. This is a geometrical fact and is easily illus-
trated. If the interfacial transition thickness h << r, the
particle radius, then in two dimensions this ratio is 2h/
7, and in three dimensions it is 3h/r. The ratio of these
two ratios would then be 3/2. In Table 2, it can be seen
that the ratio of ratios is above 3/2 but is decreasing
continuously towards this value as r increases at a fixed
value of h. It has been found that the actual volume of
interfacial zone cement paste in realistic 3-D models is
within 5% of that calculated by simply multiplying the
sand surface area by h, the ITZ thickness [12]. This im-
plies that the ratio of ITZ volume to particle volume is
nearly the same as for a single particle. This result has
been seen to be valid for sand volume fractions as high
as 50%. The same effect occurs in two dimensions, as
will be discussed in the next section. This results in a
higher percentage of ITZ cement paste in the 3-D mor-
tar than in the 2-D mortar with the same sand content.
In addition, in two dimensions there is usually more
overlap of the ITZs, which also results in an effectively
lower area of ITZ at a given sand area fraction.

Percolation of the ITZs is another important factor.
The 2-D models in this paper mostly did not have per-
colated ITZs, inconsistent with 3-D models [12]. How-
ever, overall shrinkage should be relatively unchanged,
as the elastic properties of the ITZ and bulk cement
paste are within a factor of 2 or 3. This is not a large
difference in terms of percolation effects [14].

To test the accuracy of the elastic algorithm, a series
of computations was performed on a set of mortar im-
ages. The properties of the shells (interfacial zone ce-
ment paste) were taken to be identical to the matrix
(bulk cement paste) in order to reduce the number of
elastically different phases from three to two. Each mi-
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FIGURE 2. Effect of the ratio of the interfacial transition zone cement paste Young’s modulus, E; to the bulk cement paste
Young's modulus, E,, on the composite Young’s modulus, E*, for different sand particle diameters at a constant area fraction of

55%.

crostructure was created using monosized circular sand
grains of diameters 110, 210, 310, 410, and 510 pm in a
5.12 x 5.12-mm image. For each particle size, a range of
sand area fractions was used, from 10% to 55%. The
Young’'s modulus of the sand grains was set to three
times the bulk cement paste matrix. The Poisson’s ratios
of the bulk cement paste and sand grains were set to 0.3
and 0.2, respectively. These values were derived from
elastic moduli values [15] and are reasonable choices for
mortars, as will be discussed later. For shrinkage analy-
sis, the sand phase was assumed to be nonshrinking,
while the bulk cement paste was given an arbitrary
shrinkage. Exact values for the bulk cement paste
Young’s modulus and unrestrained shrinkage are not
important in these 2-D composites since all results are
normalized by these values. All values of the effective
elastic moduli and shrinkage strains agreed well with
previous numerical and analytical results [16-18]. In
particular, the Hashin-Rosen [19] exact prediction for
shrinkage in terms of the effective bulk modulus for a
two-phase system agreed very closely with the numeri-
cal tests. For the two-phase test, the effective elastic
moduli were independent of the sand size used, which
was expected for monosize circular inclusions.

1. ITZ Effects on the Elastic Moduli
of Mortars

The influence of the ITZ on the elastic properties and
shrinkage of mortars has recently begun to be ad-
dressed [20,21]. The quantitative effect of this third
phase is dependent upon its inherent properties and
location within the microstructure. The location of the
ITZ is handled well by the present model, but three
unknowns for the interfacial region must still be quan-
tified: two elastic moduli and the unrestrained shrink-
age strain of the ITZ. The elastic moduli are considered
in this section.

To explore the effect of the ITZ, models were created
using monosize circles for sand grains, where the sur-
face area of the sand grains, at a constant area fraction
of 55%, was adjusted by using different diameters (110-
910 pm) in order to compare with recent experimental
results using similar systems [22]. A 20-wm-thick inter-
facial zone surrounded each of the sand particles. The
Young’s moduli and Poisson’s ratios from Section I
were used for sand (E,) and bulk cement paste (E,),
while the Poisson’s ratio of the interface was set to 0.3
(the same as the paste) and the Young’s modulus of the
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interface (E;) was varied from 20% to 500% of the paste

(0.2 < E;/E, < 5). Due to the usually higher porosity of
the ITZ paste in real mortars and concrete, the Young’s
modulus of the interfacial region is expected to be lower
than the Young’s modulus of the bulk. Helmuth and
Turk [23] described their experimentally obtained
moduli for a wide range of cement pastes and degrees
of hydration by the expression:

E = Egl -V} )

where E is the overall modulus of the paste, Eg, is the
average modulus of the hydration products, and V_ is
the capillary porosity. However, in the model, E;,/E,
was allowed to be greater than one, because we wish to
see the full range of behavior and because, for light-
weight aggregates and chemically treated aggregates,
E;/E, > 1 could be physically realistic [24].

Figure 2 shows the results of these numerical experi-
ments, with E*/E,, plotted against E;/ Ep, where E* is the
overall composite modulus. Two distinct regions are
apparent. As expected, at points where the interface
moduli are less than the paste, the modulus of the com-
posite material is decreased by the presence of the in-
terfacial zone. Similarly, when the modulus of the in-
terface is stiffer than the paste matrix, the modulus of
the overall composite is increased. The magnitude of
the increase or decrease varies significantly with the
diameter of the aggregate particle, due to the varying
amounts of interfacial zone phase present. As this di-
ameter increases, there is less interfacial zone area per
unit area of inclusion for isolated sand grains and sand
grains at area concentration of 55%, as shown in Table
3. More importantly, as can be seen in the last column of
Table 3, the mortars with higher surface area sand have
a larger area fraction of interfacial zone, and so the
moduli of this phase have a correspondingly larger ef-
fect on the overall composite moduli. Also in Table 3, it
can be seen that for particles larger than 210 um, the
area of the ITZ per particle area is only slightly smaller
for the 55% sand systems than for isolated particles,
implying that indeed the overlap area is small, even at
this fairly high sand area fraction. However, for the 110
and 210 pm diameter sand grains, since h = 20 pm is a
large fraction of the sand grain diameter, there is a fairly
large amount of ITZ overlap, as can be seen in the dif-
ferences between the second and third columns in Ta-
ble 3.

Separating the two regions of Figure 2 is a point
where the interface moduli are equal to the bulk paste
moduli. At this point, the interface has elastic properties
equal to the bulk paste and “disappears,” in effect act-
ing as simply more bulk paste. The moduli of all par-
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TABLE 3. Particle and interfacial transition zone (ITZ) areas
for different size sand particles (h = 20 pm)

;
Area Fraction

Area; .,/
Areap .,/ Area, e of ITZ
Diameter (pm) Area, 4. (55% Sand) (55% Sand)

110 0.860 0.562 0.309
210 0.417 0.338 0.186
310 0.275 0.267 0.146
410 0.205 0.198 0.109
510 0.163 0.150 0.082
910 0.090 0.088 0.048

ticle size composites converge to this point, as was dis-
cussed in Section 1.

Based on existing experimental measurements [22],
the E/E, data from Figure 2 for E;/E, < 1 was replotted
versus surface area of sand in Figure 3. An easily de-
rived relation between surface area and the particle di-
ameter for d-dimensional spheres was used:

SA=—F7F 3

where k is a constant given by k = 2d (d is the number
of dimensions), SA is the surface area in m*~'/kg, p is
the density of the aggregate (taken to be 2.56 g/cm?®, the
value for quartzite, as in [22]), and d,,,, is the mean
diameter of the inclusion particles in meters. The 3-D
value of k = 6 was used in order to relate more closely
to the experimental results in the work of Cohen et al.
[22], but, most significantly, the surface area and mean
diameter are inversely related via eq 3. The actual value
of the constant of proportionality is not important in
this work.

Figure 3 clearly shows the effects of increasing the
area fraction of interfacial zone by increasing the sur-
face area of the sand. Each curve has a different value of
E,/E,. Figure 3 is an important graph because, in prin-
ciple, it allows for the quantification of E; by compari-
son with experimental data in one of two ways, both of
which require knowledge of the surface area of the ag-
gregate and the moduli of the composite material.

The first method also requires knowledge of the
moduli for the paste alone. A direct comparison can
then be made by normalizing the measured composite
moduli with the paste moduli, using the proper surface
area, and then finding the best fitting E;/ Ep ratio from
the graph.

In the second method, one would determine the ex-
perimental drop in E;/E, (percentage) as the surface
area of the mortar aggregate is increased, assuming E,
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FIGURE 3. Effect of aggregate surface area on composite Young’s modulus with changing interfacial/paste Young's modulus
ratio for E,/E, < 1 for different sand particle diameters at a constant area fraction of 55%.

is a constant. This can then be compared to the percent-
age drops predicted by the algorithm for the various
E,/E, ratios. The point at which theory and experiment
agree determines the correct ratio.

The results of Figure 3 are from a 2-D model and so
cannot be rigorously used in either of these methods to
analyze 3-D experimental data. Furthermore, as sand
surface area increases, ITZ area fraction also increases.
Because of the higher porosity of the ITZ, it will have a
higher water/cement ratio (w/c). Since the overall
paste has a fixed w/c, conservation of water between
bulk and ITZ implies that the bulk cement paste will
increase in density by decreasing in w/c as the ITZ area
fraction increases. Thus, strictly speaking, the moduli of
the paste from which the mortar is made are not exactly
the moduli to be used for the bulk paste in the mortar
microstructure. However, such a comparison does pro-
vide some qualitative insight.

The elastic moduli of mortars as a function of surface
area of sand for nearly monosize sand grains have been
measured by Cohen et al. [22]. In their work, the dy-
namic elastic moduli of portland cement and silica fume
mortars were measured as a function of surface area
and of hydration time. In the present work, only their
28-day portland cement mortar data has been consid-

ered. Since the E,, for their data is unknown, the second
method described previously was used.

In the data of Cohen et al., a Young’s modulus of 33
GPa was measured for a mortar containing sand with
surface area of 2.5 m?/kg, and a Young’s modulus of 29
GPa was measured for a mortar containing a sand sur-
face area of 10 m?/kg, representing a drop of 11.6% in
modulus as the sand surface area was increased by a
factor of 4. Using Figure 3, these values were bracketed
between the curves of E;/E, = 0.4 (which had a drop of
16.2%) and E;/E, = 0.6, (which had a drop of 8.7%). It
was found that E,/E, = 0.5 fit the experimental data
reasonably well. This implies that, when averaging over
an interfacial zone thickness of 20 pm, the effective
Young's modulus of this region will be approximately
one half that of the bulk cement paste, at least for fairly
large degrees of hydration. This is a reasonable value,
considering the higher porosity of the interfacial zone
[25]. Also, this value can be checked through the use of
eq 3. By taking an approximate value of 35% porosity at
the interface and 7% in the bulk, as reported by Scriv-
ener [10], for a 28-day-old concrete specimen of w/c =
0.5 [26], averaging the porosity over the interfacial re-
gion, and using eq 2 for both the interfacial region and
the bulk, a modulus ratio of E;/ E,=06 is computed.
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FIGURE 4. Effect of interfacial/paste Young’s modulus ratio on composite shrinkage with changing interfacial shrinkage for a
sand particle diameter of 410 pm at a constant area fraction of 55%.

This value is only a rough approximation, but it is in
accord with the value fitted from the data of Cohen et
al. [22]. Doing the same fitting procedure with a 3-D
model would, of course, give a somewhat different an-
swer.

l1l. Effects of ITZ on Shrinkage
of Mortars

A. Numerical Results

Computations of shrinkage were performed on model
microstructures with a 55% sand area fraction, in which
each sand grain had a diameter of 410 pm and an in-
terfacial zone thickness of 20 pm. These values were
chosen to simulate a typical mortar, with 410 pm being
a compromise between the number and mass weighted
average diameters based on typical sand-size distribu-
tions [14]. The unrestrained shrinkage of the interfacial
zone (g;) was allowed to vary from 25% to 500% of the
paste shrinkage (¢,), and the interfacial Young’s modu-
lus was varied so that 0.05 < E;/ EP < 3. Again, values of
E;/E, > 1 are included for the cases of lightweight and
chemically treated aggregates.

Figure 4 shows the results for £*/g,, as a function of
E,/E, for different values of ¢,/ €y where €* is the overall
composite shrinkage. The shape of the curves is in-

teresting; for a given intrinsic strain ratio, E;/ €, there is
a modulus ratio, E;/ Ep, which will minimize the shrink-
age of the sample. This can be physically explained as
follows.

At very low interfacial zone moduli, the overall
shrinkage increases sharply as E;/E, decreases for any
value of g;/¢,. In this limit, the very soft interfacial zone
essentially decouples the restraining aggregate from the
shrinking bulk cement paste phase. The bulk paste no
longer ““sees” the nonshrinking aggregate and is able to
shrink towards its intrinsic value; thus, €*/¢, tends to-~
ward 1. As the modulus of the interfacial zone in-
creases, the bulk cement paste becomes more strongly
coupled to the nonshrinking sand, decreasing the over-
all shrinkage. However, past a certain point, the in-
creasing moduli of the interfacial zone cement paste
causes the interface to act as a shrinking phase, which is
well coupled to the bulk paste. The total paste phase
can now better resist the restraining effect of the sand,
thereby increasing the overall shrinkage and placing
the aggregate in compression. The combination of these
two mechanisms depends on the fact that, topologi-
cally, the bulk cement paste is physically separated
from the sand by the interfacial zone phase. This topo-
logical fact is true in both two and three dimensions and
is the cause of the observed minima in the curves in
Figure 4. For lower values of €;/¢,, the rise in €* /g, with
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TABLE 4. Average compressive stress in sand particles at
E; /E, below, at, and above shrinkage minimums shown in
Figure 4

Compressive
Stress in Sand
Relation to (Arbitrary

€, /e, Minimum E,/E, Shrinkage Units)
: Below 1 -0.3321 0.259
05 At 2.6 -0.3316 0.327
Above 3 -0.3366 0.341
Below 0.1 -0.4167 0.157
1 At 0.6 -0.3788 0.253
Above 2 -0.3871 0.378
Below 0.02 -0.7044 0.072
5 At 0.05 -0.6789 0.110
Above 0.5 -0.7050 0.361

increasing E,/E,, is very shallow but is still numerically
present.

The preceding analysis is confirmed in Table 4 by
examining the average compressive stress per unit area
of sand below, at, and above the minimum shown in
Figure 4. As can be seen, the lowest compressive stress
occurs when the paste is debonded from the sand par-
ticle at very low interfacial zone stiffness, indicating
little interaction between the paste and sand. As the
minimum is approached, the compressive stress per
sand pixel increases, indicating that the sand particle is
under compression as the bulk paste begins to exert
more influence on the sand particle. Above the mini-
mum, the compressive stress in the sand continues to
increase as the interfacial zone begins to exert its own
intrinsic shrinkage upon the particle, simultaneously
increasing both the compressive stress and the overall
shrinkage.

This result implies that to minimize the shrinkage of
mortar and concrete, it may not necessarily be desirable
significantly to stiffen the ITZ. The result is in direct
contrast to strength considerations, where it is generally
desirable to strengthen (and usually simultaneously
stiffen) the ITZ as much as possible.

If knowledge of the shrinkage of the mortar specimen
and its paste phase were known, the unrestrained
shrinkage of the interfacial zone could be determined
by comparing a 3-D version of Figure 4 to experimental
data. Having determined the elastic modulus of the in-
terfacial zone by one of the methods described in this
section, the normalized shrinkage ratio in Figure 4
could be compared to determine the unrestrained
shrinkage that best fits the experimental data.

An additional consideration is that real mortars and
concretes almost always contain air voids. When air
voids are introduced, the amount of the shrinking
phase (cement paste) is reduced, but no restraint is
added since the moduli of the air pore are taken to be
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zero. In effect, the average elastic moduli of the cement
paste are reduced because the porosity of the nonsand
matrix is increased. To explore this effect, two series of
seven simulated model mortars were created with sand
area fractions ranging from 5% to 55%. In one series, 4%
(by total area) air was added, replacing an equivalent
amount of cement paste. The sand grains had a diam-
eter of 510 pm, and the air voids had a diameter of 110
pm. An interfacial zone of 20 wm was assigned to both
[27]. The elastic properties and unrestrained shrinkage
strains of the bulk paste, interfacial paste, and aggregate
were: Ep =1.0,E=05E,=429% v, =v;= 03,v,=02;
er#e,- < 0, and g, = 0. The air voids were assumed to be
empty, nonshrinking (e, = 0), and nonrestraining (E, =
0), as noted above. For simplicity, the air voids were
assumed to have no ITZ.

The results of these simulations are shown in Figure
5. Clearly, the presence of the air voids will decrease the
magnitude of shrinkage with all sand contents (except
zero), but the effect is increased at the higher inclusion
areas. This is consistent with our hypothesis, because at
the higher sand area fractions, there is less paste ini-
tially, so replacing a constant 4% volume fraction of
bulk cement paste with air eliminates a greater relative
amount of shrinking phase for these microstructures.

B. Three-Dimensional Analytical Result for
Dilute Sand Mortars

If the concentration of sand is small enough so each
sand grain is relatively unaffected by its neighbors, then
the overall shrinkage can be calculated analytically for
spherical or ellipsoidal sand grains. The calculated form
for this dilute limit for any shape of sand grain is:

E—p=1+xc (5)

where ¢ is the volume fraction of sand. The factor ¥, a
dimensionless parameter in three or two dimensions,
depends only on the moduli and unrestrained shrink-
age ratios between the aggregate, ITZ, and bulk cement
paste and on the ratio of the interfacial zone volume (or
area) to the sand volume (or area) for a single sand
grain and interfacial zone. The derivation of x for
spherical sand grains is given in the Appendix, in both
three and two dimensions. To our knowledge, this deri-
vation, though simple, has not been previously pub-
lished. Figure 6 shows the results of this calculation in
three-dimensions for e*/g, plotted versus E;/E, for the
same values of €;/¢, shown in Figure 4, using a volume
fraction of ¢ = 5.9% to match the experimental data
discussed later. The qualitative shape of the curves is
strikingly similar to the numerical curves shown in Fig-
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FIGURE 5. Effect of entrapped air on mortar shrinkage for a system of sand particles with diameter 510 pm at varying area
coverages. One series contains a constant 4% area coverage of air voids with diameter 110 pm.

ure 4, which tends to justify the overall results gener-
ated using the 2-D mortar model for three dimensions.
The equivalent calculation for two dimensions in the
Appendix also gives qualitatively similar results.

The 3-D analytical result for the shrinkage of dilute
sand systems can be used to analyze experiments, if
data for such a low sand concentration is available.
Such data was measured by Pickett [28] and summa-
rized by Hansen [29]. This data can be used to quanti-
tatively determine the average interfacial zone charac-
teristics, at least for the mortars in Pickett’s study [28].

The data set described by Pickett was for a type III
portland cement with w/c = 0.35, approximately 65%
hydrated, using Ottawa sand. A 5.9% volume fraction
of sand is low enough to be considered dilute. A rough
size distribution for Ottawa sand was derived from
ASTM C778 and is shown in Table 1. The modulus of
the aggregate was determined by Hansen [29] to be 4.29
times the bulk paste for Pickett’s samples. In this work,
the Poisson’s ratio of the aggregate is set at 0.2 and the
ITZ and paste at 0.3, as with the preceding computa-
tions. The value of €*/¢, was measured to be 0.93
[28,29]. To fit this value using the 3-D analytical result,
the analytical result for x was averaged over the sand-
size distribution shown in Table 1. A variety of combi-
nations of E;/E,, and ¢,/¢, were tried, with E;/E, <1 and

0.2 <¢;/e, <2. When 0.3 < E;/E, < 0.5, it was found that
0.8 < g;/¢, < 1.4, which seems physically reasonable
given the discussion in the previous section. This result
implies that intrinsic shrinkage of the interfacial zone
cement paste is similar to the bulk cement paste, recall-
ing that the experimental data probably contains inelas-
tic shrinkage, which is not treated in the model at pre-
sent.

The microstructural origin of this result is not obvi-
ous, as the volume fractions of the various phases,
shrinking and restraining, are known to change rapidly
throughout the interfacial zone. In the next section, re-
sults are presented from simulations of cement paste
microstructure in the ITZ that help to explain this
finding.

IV. Justification of Unrestrained
Shrinkage Strain of ITZ

A. Simulation of ITZ Microstructure

To investigate the intrinsic strain of the interfacial zone,
the 3-D hydration model developed by Bentz et al. [8]
was used to simulate the formation of microstructure in
the presence of an aggregate. This model has been used
for a variety of studies of the interfacial zone region
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FIGURE 6. Three-dimensional analytical results for overall shrinkage at a sand area fraction of 5.9%.

[11,30-32]. For this particular study, a scale of 1 pixel =
2 um was used.

Initially, an aggregate 20 pm wide was placed down
the middle of a cube measuring 512 x 512 x 512 pm . The
width of the aggregate is irrelevant, because only the
edge effect on particle packing and one-sided growth
effect will have an impact on the development of the
interfacial zone [30] in the model.

A particle size distribution for cement was adapted
from Coverdale’s measurements [33]; the resulting dis-
tribution is shown in Table 5. Each particle was placed
randomly in the simulation area to avoid overlapping
each other or the aggregate.

In the basic hydration model [8], any hydrating tri-
calcium silicate (C;S) pixel produces 1.7 pixels of C-S-H

TABLE 5. Three-dimensional cement particle distribution for
simulation of interfacial shrinkage [33]

Volume Percent of

Diameter (um) Distribution

39 26.5

35 6.0

31 11.25
27 11.25
23 11.25
19 11.25
15 11.25
11 11.25

and 0.61 pixels of CH. One pixel of the produced C-5-H
replaces the hydrating C,S, and the additional 0.7 pixels
of C-S-H and 0.61 pixels of CH are collected and placed
randomly within the pore area of the simulation. The
result is a more narrow interfacial zone than those re-
corded experimentally [30].

The simulation described in this paper allowed the
additional C-S-H to form only within a cube having an
11-pixel side length, centered on the original position of
the dissolving pixel. The goal is to localize the forma-
tion of C-S-H and, therefore, widen the resulting inter-
facial zone to match experiment. CH is still allowed to
be placed at random within the pore space. This seems
a reasonable assumption given that there is very little
silicon in solution, suggesting that the silicon ions prob-
ably do not travel far from the cement particle before
reacting. However, there is a large amount of calcium in
solution [34], requiring a much longer diffusion period
before reaction occurs. Additionally, calcium ions (ionic
radius = 0.099 nm) [35] will exist individually in the
solution (with a small amount of CaOH™), whereas sili-
con will exist only in the form of much larger ionic
species and, thus, will diffuse much more slowly than
the individual ions [36].

The simulation was run to approximately 55% hydra-
tion. Phase fractions were measured by taking square
slices parallel to the surface of the aggregate at every 2
pixels (4 pm) out to a distance of 50 pixels (100 pm)
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from the aggregate surface. Slices were then taken every
10 pixels (20 pm). The results are summarized in Figure
7, showing an interfacial zone of about 40 pm in width,
a value comparable to those noted by other authors
[8,10,36]. The individual phase fractions indicate large
gradients within this interfacial zone, as expected.

The porosity has a value of approximately 45% near
the aggregate and drops off to a bulk value of 15%.
These values are comparable to Scrivener’s values (35%
at the interface, 7% in the bulk) [10], measured on a
28-day-old specimen, whereas 55% hydration implies a
younger and more porous specimen. If the simulated
porosity values are inserted into eq 3, the interface/
paste modulus ratio is 0.55. Data from a recent study by
Bourdette [37] show that the ratio of the interfacial ce-
ment paste porosity to the bulk cement paste porosity
changes with hydration, assuming a fixed width for the
interfacial zone. Thus, the ratio of moduli between in-
terface and bulk will also change with hydration.

The amount of restraining phases in the paste, unre-
acted C;S, and CH show a minimum at approximately
20 pm from the surface of the aggregate. This results
from the way the CH concentration varies with distance
from the aggregate; it starts at a value of 36% near the
aggregate and drops to a value of 15% in the bulk,
decreasing faster than the amount of unreacted cement
increases. The CH concentration is much higher at the

60.00 —
1

50.00 —

Phase % (by area)
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interface than anywhere else, due to the completely ran-
dom placement of newly formed CH in the pore space
and the higher volume of pores at the interface than in
the bulk paste. These results are supported by experi-
ments that often show elevated CH levels in the inter-
facial zone [38,39]. The volume fraction of unhydrated
cement exhibits an opposing trend, starting at very low
values close to the aggregate and increasing to its bulk
value farther away from the aggregate. The C-5-H con-
tent, on the other hand, exhibits a maximum rather than
a minimum at 20 um, in agreement with recent experi-
mental work by Breton et al. [36].

B. ITZ Shrinkage Simulation

After analyzing the composition of each of the slices,
shrinkage analysis in two dimensions was performed,
in turn, on each slice. The moduli and intrinsic shrink-
age values used are shown in Table 6. The Young's
modulus and Poisson’s ratio values for C-S-H were ex-
tracted from data acquired by Helmuth and Turk [23]
for a 24-month-old pure C;S cement paste with a den-
sity of 2.044 g/cc that corresponds roughly to a w/c of
.35. The C5S Young's modulus is that used by Hansen
[29]. The moduli for CH was determined by Voigt and
Reuss’s averaging [40] of the full elastic tensor of CH as
determined by Brillouin scattering {41} and agrees well

Restraining Phases (cas, CH)

30.00
2000
Porosity
| W
1000 ]
0.00 40.00 80.00 120.00 160.00 200.00
Distance from Aggregate (microns)

FIGURE 7. Phase volume fraction as determined by the cement paste microstructure model as a function of distance from an

aggregate surface.
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FIGURE 8. Overall shrinkage in the cement paste microstructure model as a function of distance from the aggregate surface.

with experimental data obtained from compressed CH
powders [42].

It is noted that computations of shrinkage using 2-D
slices of the 3-D interfacial zone microstructure is not
the equivalent of a full 3-D shrinkage computation on
the entire microstructure, followed by analyzing each
slice individually. However, the main value of this
method is its feasibility, because we do not yet have a
3-D shrinkage algorithm, and it also serves to focus on
each slice, eliminating interactions between different
parts of the microstructure at different distances from
the aggregate.

The unrestrained strains of the four phases determine
the shrinking and nonshrinking phases in the compos-
ite. All of the shrinkage is assumed to take place in the
C-S-H, while the C,S and CH are assumed to be non-
shrinking. Porosity is also assumed to have no inherent
shrinkage, though it may change shape or size as a
result of deformation of C-S-H. Since porosity has zero
static moduli, the value of its unrestrained shrinkage is
irrelevant anyway.

Figure 8 is a graph of computed shrinkage as a func-
tion of distance from the aggregate. Comparison with
Figure 7 shows a direct correlation between the amount
of C-5-H and the amount of shrinkage, as expected.
Nevertheless, the most important value is derived from
the average value of this region. Examination of Figure

8 shows that the value of bulk shrinkage, obtained far
from the interface, coincides closely with the value of
the average shrinkage of the interfacial region. This im-
plies that if the ITZ is treated as a shell with uniform
properties, as has been done in this paper, the average
shrinkage in the ITZ is identical to that of the bulk
paste, in accord with the data presented in Section IIL

V. Summary

A 2-D finite element shrinkage algorithm has been used
to study the effect of structure and properties of the
interfacial zone on the elastic moduli and elastic shrink-
age of portland cement mortars. Using a combination of
2-D computations and 3-D exact analytical results ap-
plied to experimental data for 0.35 w/c cement mortars,
it has been shown that the interfacial zone cement paste,
when its properties are averaged over a 20-pm thick
region, has a Young’s modulus of between one third
and one half of the bulk cement paste and an intrinsic
shrinkage strain that is close to the bulk cement paste.
The two major simplifications behind this result are: 1)
all shrinkage is elastic and reversible, and 2) the prop-
erties of the interfacial zone can be taken as constant,
averaged across a 20-pm thick region.

Both 2-D computations and 3-D analytical results
show a minimum in shrinkage, as a function of stiffness
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TABLE 6. Values used in shrinkage analysis of cement paste
microstructure model slices

Unnormalized Normalized
Phase E (GPa) v € E v €
C-S-H 14 0.27 -1 1 0.27 -1
() 759 0.3 0 5.42 0.3 0
CH 43 0.32 0 3.07 0.32 0
pore 0 0 0 0 0 0

in the interfacial zone, for a given unrestrained shrink-
age in the ITZ relative to the bulk cement paste. This is
directly due to the topology of the interfacial zone, be-
cause bulk cement paste can only elastically interact
with the aggregate via the interfacial zone and is valid
in two and three dimensions. As the interfacial zone
becomes very soft, the bulk cement paste essentially
decouples from the restraining aggregate, increasing
overall shrinkage. On the other hand, as the stiffness of
the interfacial zone increases, the coupling becomes
stronger, decreasing the magnitude of the overall
shrinkage. As the stiffness of the interfacial zone con-
tinues to increase, the overall stiffness of the matrix
(nonaggregate) phase also increases, enabling it to bet-
ter resist the nonshrinking aggregate so overall shrink-
age starts to increase again. The 2-D computations have
also demonstrated that air voids reduce shrinkage by
decreasing the modulus of the matrix (nonaggregate)
phase and, thus, its ability to resist the nonshrinking
aggregate phase.

The quantitative computational accuracy of shrink-
age of the nondilute sand mortars is limited by the 2-D
nature of the model and the assumption of linear elas-
ticity. However, many of the ideas herein should be
applicable in future 3-D simulations. As in the case of
electrical properties [14], the 3-D dilute sand limit cal-
culation can be immediately used to extract quantitative
information about interfacial zone properties.
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Appendix: Exact Shrinkage Calculations
for Dilute Sand Content ¢

Analytically solving for the effect of sand grains on the
overall shrinkage of the cement paste/sand composite
is possible, as far as is known, only in the dilute limit
where the volume fraction of sand is small enough to
ignore interactions between sand grains. In this limit,
which is reasonable for a sand volume fraction of less
than about 6-8%, a single inclusion problem can be
solved in the following way.

Consider three concentric spheres of radii 4, s, and b,
with 2 < s < b, with the origin taken at the common
center:

r < a: phase 3, K5, G, €3

a <r<s: phase 2, K,, G,, € (A1)

s <r<b: phase 1, Ky, Gy, €]

where K; and G; are the bulk and shear moduli of the ith
phase and &; is the isotropic shrinkage strain of the ith
phase. Each phase is assumed to be elastically isotropic.
The unrestrained shrinkage (eigenstrain) tensor for the
ith phase is then:

g, 0 0 g 00
5?= 0 g 0[_-|0¢g0 (A2)
0 0 g4 00 ¢

where 7, 6, and ¢ are the usual spherical polar coordi-
nates. To make the connection to mortars, phase 3 is
designated as sand, phase 2 as interfacial zone cement
paste, with h = s-a<<a, and ghase 1 as bulk cement
paste. In the dilute limit a><<b’, the volume fraction of
sand is small.

In this spherically symmetric problem, only the dis-
placement u(r) is non-zero, where u is the radial com-
ponent of the elastic displacement vector. Only the ra-
dial equilibrium equation then needs to be solved,
d0,,/dr = 0. The general solution for u is u{r) = a;r+8,;/ 2,
where u,(r) is the radial displacement in the i phase,
and o; and B; are unknown coefficients that will be
determined by the boundary conditions. We note that
the unrestrained shrinkage strains of each phase do not
come into the equilibrium equation, because they are
constants that disappear after the derivative 9/dr is
taken. However, they do come into the stress-strain re-
lations, o; = C;; (¢; — €7), used to match boundary con-
ditions.

There are five boundary conditions for this problem:
o,, and u(r) are continuous at r =a and r = 5, and o,, =
0 at r = b. Once the solution for the displacements are
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obtained, the overall shrinkage strain is just €* = u(r =
b)/b.

The final result is fairly complicated. The composite
shrinkage strain, €*, normalized by €,°, the unrestrained
shrinkage strain of the bulk cement paste matrix (phase 1), is

given by:

83(-
_é =1 +xc, (A3)
where
V, 4 o
1+ || Ky +3G; JIY + (K; + Z)eq)
Vs 3
x =

oo (4
81K1 §G1 -7

and where c, is the volume fraction of sand, V, = g'n'[(a
+ h)3—a’] is the volume of the interfacial zone, V; = gfxm3
is the volume of the sand grain, K, and G, are the bulk
cement paste moduli, and

4 v, 4
§G2(K3 - Kz) + 1 + "73 Kz K3 + '3‘G2

Z= v, 2 (A9)
0 0 4
(Kye; — Kyen)| Ky + §G2
Y = K,e9 - Kye9 +
v, 4
(Ks— Ky) — (1 +73)(1<3+§Gz>
(A5)

To do the identical problem in two dimensions, sim-
ply replace the factor 4/3 in eq A3-A5 by 1, and replace
V, and V, by A, and A;, where A, and Aj; are the in-
terfacial zone and sand areas, respectively. This prob-
lem has recently been generalized to the case of a gra-
dient of elastic and shrinkage properties surrounding a
spherical aggregate [43—45].
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