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ON UNCERTAINTY IN MASS MEASURE'IENT

INTRODUCTION

For every measurement there must be included a
statement of wuncertainty. This makes the measured
value usable, defining the expected consistency of the
value with the total measurement system. It provides
an interval about the measured value in which the
limiting mean of a large number of measurements is
expected to be, The uncertainty statement is based on
a knowledge of three factors: the standard, the
unknown, and the measurement process.

THE STANDARD

It is assumed that the standard is a well defined
object and that its mass has been determined in a well

characterized process which validly describes the
expected consistency of the mass value with reference
to the total measurement system, Barring any real

change, the actual mass of the standard is constant and
it 1is either greater than, ecual to, or less than its
assigned mass estimate., Its uncertainty, E, describes
the 1limits that the mass estimate will differ from the
actual mass of the standard. Any error in the assigned
mass of this standard will be systematic, always the.
same amount, 1in the same direction, although the
direction and magnitude is not known,

THE UNKNOWXN

It 1is possible that properties of the unknown, such as
static, magnetic or uyvgroscopic characteristics, will
cause the total collection of data made over an
extended period of time to vary more than measurements
made over a short period of time reflecting essentially
the same conditions for each measurement.,

The mass estimate of the wunknown may also show
syslematic shifts due to location, season, etc. These
shifts are often due to incorrect assumptions in the
treatment of the 'raw data and remain undetected wuntil
the wunknown is transferred to another facility which
has conditions significantly different than those of
the 1location where the original determinations were
made, Because these shifts cannot usually be estimated
by the measuring facility itself, they will not be
treated in this paper.



THE HEASURITIENT FROCTSS

All mass mcasurements are measures of differences
between aan unknown and a standard. In its simplest
form, it 1s a determination of the difference between
two objects of the same nominal size., The measurement
process determines this difference, The balance, the
unknown, the standard, the weighing procedure, the
operator, the location and the treatment of the raw
data all define the measurement process, It is assumed
that for cach weighing, a set procedure will be used
for measuring the difference between the unknown and
the standard, Tor this discussion, it will also be
assumed that the difference is in mass units and that
corrections for buovant effects have been made.,

Parameters of the Measurement Process

A collection of difference measnurements can be theught
of as a set of random variables taken from some prob-
abilitv distribution centered on a limiting mean value,
Each measure of the difference hetween the unknown and
the standard will lie ahbove or helow this limiting mean
which is estimated by the mean of the ohserved differ-
ences., For independent measurements the variahility of
these values ahout the mean 1is° desceribed hv the
standard deviation of - the .nrocess, o. The mean of n
observed differences has a standard deviation of c/n.

Estimation of the Standard Deviation of the Process

In some cases, a standard deviation can be assumed from
prior knowledge. However, in most cases, especially
where the wunknown 1s not immune to environmental or
other factors, an estimate of the standard deviation of
the measurement process should be computed from
repeated measurements of the difference wusing the
equation: '

where n 1s the number of determinations of the
difference made

X, is an individual determination of the
difference

1

is the mean of the collection of
differences



The estimate of the standard deviation for this process
is based on n-l degrees of freedom, As more
determinations of this difference are made, the number
of degrees of freedom from which the standard deviation
has been computed will increase, producing a more
reliable estimate .of the standard deviation,

Pooled Estimates of the Standard Deviation of the
Process

It dis not always feasible to measure any one object
enough times to establish a reliable estimate of the
standard deviation of the process. However, knowledge
obtained from the measurements of a given unknown can
be applied to 1like measurements of similar objects.
For example, if the mass of several unknowns of the
same material and nominal size are to be measured using
tie same procedure, an estimate of the standard
deviation of the process can be made from each group of
difference measurements. If one is careful to be sure

that each groun of measurements reflects varyving
conditions so that each estimate of the standard
deviation is a true estimate of the long term
variability of the »process, then the individual

estimates of standard deviation <can be pooled as
follows:

n
- 2
o fiEilny T D)sy
E(ni - 1)
wvhere s, is the individual estimate of the standard
deviation
ni i1s tihe number of difference determinations

determining the estimate.

This d1s a pooled standard deviation of the wrocess

based on o
n =i£ ni-l)

degrees of freedom. The standard deviation of the mean
of the difference between one object and the standard
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standard deviation of the process and njy is the number
of measurements made of the difference between the
unknown in question and the standard.



Since the standard deviation of the process may
reflect, in part, the variability of the unknown, one
must verifv that the processes can be assumed to be the
same so that estimates of standard deviation obtained
from all grounrs of simjilar measurements can be pooled
legitimately,

A 1limit to the possible effect of the random variation
can be obtained using normal distribution theory by
taking a multiple, t, of the standard deviation of the
distribution., This multiplier devends on the state of
our knowledge of the underlying distribution: for most
cases vhen the standard deviation, o, is well known the
multiprlier, 3.0, is used. For other cases one may use
the factor from the standard t distribution which
corrects for the smallness of the number of
obtservations in the estimation of o,

COMPUTATION OF UNCERTAINTY

The total wuncertainty of the mass estimate of the
unknown 1is the sum of the uncertainty of the difference
measurement (the random component) and the uncertainty
of the mass estimate of the standard (E, the systematic
component) just as the mass of the unknown is the sum
of the mass estimate of the difference between the
unknown and the standard, and the mass estimate of the
standard. Reneated measurements of the difference can
decrease the random component of the wuncertainty,
however only a redetermination of the mass of the
standard can decrease the svstematic component of
uncertaintvy,

Propapgation of Error

In many measurement processes, the mass of the unknown
is not determined directly against a standard, but is
measured indirectly through a chain of difference
measurements, The following example is offered as an
explanation of the 1logic in the propagation of error
through a chain of measurements, It is not expected
that the uncertainty of a comnlex chain of measurements
can be computed from this example particularly if
complicated 1least sduare solutions are involved in
determining the uncertainty of the values obtained.*

* Solutions for all common weighing designs are avail-
able free of charge from the Office of Measurement Ser-
vices at the National Bureau of Standards, Washington,
b. C. 20234,



In the simplest form, this chain is a series of sum and
difference measurements, For example, if we begin with
a starting standard, T (with assigned value K), say at
100 grams, then one could determine the value. of two
unknown 50 gram weighte, first by measuring the
difference, X, between the I100=(50).+(50) and the
standard T, and then by measuring tﬁe dif%erence, Y,
between the two 50 gram wefghts., The table shows the
values along with the standard deviations associated
with the measurement,

Observation Quantity Measured Standard Deviation
X [(50)1+ (50)2] -T OX

The value for (50)1 and (SO)2 are given by

Quantity Mass Value
(50), A= (X + %Y) + 3K

(50,

[+ -]
]

X - BY) + 3K

The wusual formula for the standard deviation of a
linear combination, (ax+by), of independent random
variables is

= 2.2 2.2 %%
U(ax+by) Vg oL +b cy
Because the value K is providad by an outside

laboratory and is not determined in the measurement
process described above, it is not a random variable of

tiiat process. Therefore, the standard deviation of the
value A is

{(s.d. of A) = /Q%)z(cx)z + (%)Z(OY)Z

%% The formulas for the computation of the variance of
other functional forms of random variables can te found
in Table 2-3, Statistical Concepts 1in }Metrology by
Harry H., Ku, Precision Measurement and Calibration, NBS
Special Publication 300, Vol, 1, 5.2, pp. 315-339,
1969,



The wuncertainty in K will be the same for all uses of
the standard and cannot be reduced by making more
measurements in the home laboratory. A proportional
part of the uncertainty in K will be the systematic
component of the uncertainty in A, The proportionality
factor is computed from the ratio of the nominal size
of the wunknown, in this case 50g, to the nominal size
of the starting standard, in this case 100g. The
uncertainty in A is the sum of the random and
systematic components of uncertainty

Uncertainty in A = 3(s.d. of A) + (50/100) (Uncertainty in K)
Similarly for B

(s.d. of B) = Y(9)2(0)2 + (-})2(a;)? = V() 2(o)2 + (2(oy)?

Uncertainty in B = 3(s.d. of B) + (50/100) (Uncertainty in K)

If the (50), weight were really a summation
50=(25)1+(25)2, then one would mneed an additional
measurement Z of the difference between the two 25 gram
welghts. We willl presume the standard deviation of
this measurement to be 02. The weighing design is
quite simple:

Quantity Measured Value
(25); + (25), B
(25), - (25), z

Unknown Estimate of Unknown
(25), C = %(B+2) = %[ (xX-%V)+HK] + %2z
(25, D = %(B-2) = k[ (4R-HY)HK] - 2

If one does not ever repeat the original measurements X
and Y when redetermining values for the 25 gram
weights, the situation is just like the case when the
value B has been assigned by an outside laboratory. In



this case, Z is the only random variable and the
standard deviation of C 1s

/@202 = %0,
and of D is
/22, 2= 4o,

The systematic component of the uncertainty in € and D
is a proportional part of the uncertainty in B. The
uncertainty in C and-D would be computed as follows:

i

Uncertainty in C 3(55)0Z + (25/50) (Uncertainty in B)

IIncertainty in D 3(%)nz + (25/50) (Uncertainty in B)

However, if the wvhole series of measurements is
repeated to redetermine the values for the 25 gram
weights, then X, Y and Z are 311 random variables and
the standard deviation of C is

(s.d., of C) = V/()2(s.d.of B)2+(%)2(oz)2

/(%)2[(%)z(ox)2+(%)2(cY)2]+(%)2(oz)2

and of D is

(S‘nda of D) /(%)Z(S'd")f B)Z{.(_%)Z(O-Z)z
ST (o) T B 2 (o) 21+ )2 ()2

The assigned value of T is still constant and a

proportional part of its uncertainty, now
(25/100)(Uncertainty in K), is the systematic component
of the uncertainty in C and D. In this <case the

uncertainty of C would be

Ungﬁr;gﬁntyvin C =
SVQ%)ZI(%)Z(UX)2+(%)2(UY)2]+(%)2(GZ)2 + (25/100) (Uncertainty in K)

and the uncertainty in D would bhe

Uncertainty i o - )
3/?%)2[(%)z(ox)2+(%)2(cY)2]+(%)2(cz)2 + (25/100) (Uncertainty in K)

The above example is analagous to the situation where
one is measuring a set of weights in a 5 3 2 1 series



vhere a value for the I1l0=543+2 has been determined in
a 50 30 20 10 10 series, In the general form, the
uncertainty of a given object is computed as follows:

3»4126;’24-“&')‘5 (c? + KE

wvhere d is a design factor obtained from the
least saquare solution of the last series
of measurements

o is the standard deviation of the
measurement process used for the 1last
series

k 1s the ratio of the nominal size of the
object in cuestion to the nominal size of
the summation measured in the preceding
series

OZ is the Sstandard deviation of the
summation

K 1is the ratio of the nominal size of the
object in question to the nominal size of
the starting standard and

E 1is the uncertainty in the assigned value
of the starting standard.

K K X ® X R X*X *k X ¥ T N

‘The above article was prepared by Janet R. Donaldson,
Mass, Length and Volume Section, Room A211  MET,
National Bureau of Standards, Washington, -D. C. 20234.
Telephone: Area Code 301 921-2511.
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