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An analysis is presented of measured and calculated cross sections for inner-shell

ionization by electron impact. We describe the essentials of classical and semiclassical

models and of quantum approximations for computing ionization cross sections. The

emphasis is on the recent formulation of the distorted-wave Born approximation by Bote

and Salvat [Phys. Rev. A 77, 042701 (2008)] that has been used to generate an extensive

database of cross sections for the ionization of the K shell and the L and M subshells of all

elements from hydrogen to einsteinium (Z ¼ 1 to Z = 99) by electrons and positrons with

kinetic energies up to 1 GeV.We describe a systematic method for evaluating cross sections

for emission of x rays and Auger electrons based on atomic transition probabilities from the

Evaluated Atomic Data Library of Perkins et al. [Lawrence Livermore National Labora-

tory, UCRL-ID-50400, 1991]. We made an extensive comparison of measured K-shell, L-

subshell, and M-subshell ionization cross sections and of Lα x-ray production cross

sections with the corresponding calculated cross sections.We identified elements for which

there were at least three (for K shells) or two (for L and M subshells) mutually consistent

sets of cross-section measurements and for which the cross sections varied with energy as

expected by theory. The overall average root-mean-square deviation between the measured

and calculated cross sections was 10.9% and the overall average deviation was �2.5%.

This degree of agreement between measured and calculated ionization and x-ray produc-

tion cross sections was considered to be very satisfactory given the difficulties of these

measurements. � 2014 by the U.S. Secretary of Commerce on behalf of the United States.

All rights reserved. [http://dx.doi.org/10.1063/1.4832851]
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Notation:

me, electron mass.

e, absolute value of the electron charge.

ℏ, reduced Plank’s constant, ¼ h/(2π).
c, speed of light in vacuum.

E, electron kinetic energy.

p, electron linear momentum.

v, velocity of an electron with kinetic energy E.

β, electron velocity in units of c.
γ, total energy of the electron in units of the rest energy.ea; eb; Dirac matrices.

W, electron energy loss.

θ, polar scattering angle.
q, momentum transfer in units of ℏ.
Q, recoil energy.

n, ℓ, j, quantum numbers of a subshell Si.
κ ¼ (ℓ � j)(2j + 1), relativistic angular momentum quantum
number.
Pnκ(r),Qnκ(r), large and small radial Dirac wave functions for
bound spherical orbitals ψnκm.
PEκ(r),QEκ(r), large and small radial Dirac wave functions for
free spherical orbitals ψEκm of (kinetic) energy E.
σi, ionization cross section of subshell Si.
Ei, binding energy of subshell Si.

U ¼ E/Ei, overvoltage of electrons with kinetic energy E for
ionization of subshell Si.
Ti¼ ⟨p2/2me⟩nℓj, average kinetic energy of a bound electron in
subshell Si.
Y ¼ Ti/Ei.

Constants and kinematical quantities:

Eh ¼ mee
4/ℏ2 ¼ 27.2114 eV, Hartree energy.

a0 ¼ ℏ2/(mee
2) ¼ 5.29177 � 10�9 cm, Bohr radius.

pe4 ¼ pða0EhÞ2 ¼ 6:5141� 10�14 cm2 eV2.

mec
2 ¼ 510.999 keV, rest energy of the electron.

b ¼ v
c
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðEþ2mec2Þ
ðEþmec2Þ2

q
, g ¼ 1ffiffiffiffiffiffiffiffi

1�b2
p ¼ Eþmec

2

mec2
.

Acronyms and abbreviations:

AES, Auger electron spectroscopy.

DCS, differential cross section.

DHFS, Dirac-Hartree-Fock-Slater.

DWBA, distorted-wave (first) Born approximation.

EADL, Evaluated Atomic Data Library.1

EELS, electron energy-loss spectroscopy.

EPMA, Electron-probe microanalysis.

GOS, generalized oscillator strength.

OOS, optical oscillator strength.

PWBA, plane-wave (first) Born approximation.

TGOS, transverse generalized oscillator strength.

1. Introduction

Cross sections for the removal of atomic inner-shell elec-

trons by electron impact are needed in many branches of

physics including atomic physics, plasma physics, radiation

physics, materials analysis by electron-probe microanalysis

(EPMA), surface analysis by Auger-electron spectroscopy

(AES), and thin-film analysis by electron energy-loss spec-

troscopy (EELS). For example, these cross sections are

utilized in Monte Carlo simulations of EPMA and AES

measurements, particularly to derive correction factors to

account for diminished or enhanced EPMA and AES signal

intensities from heterogeneous specimens. Nevertheless,

despite more than seven decades of effort bymany scientists,

there is still inadequate experimental and theoretical knowl-

edge of the dependence of the cross sections for ionization of

different inner subshells on atomic number and electron

kinetic energy.

Over 35 years ago, Powell2 reviewed the available mea-

surements, calculations, and predictive formulae for inner-

shell ionization cross sections, and presented an analysis of

the data in terms of the Bethe3 equation for the ionization

cross section. Subsequent articles provided additional infor-

mation and updates.2,4–7 The present review is intended, in

part, to be an update to these earlier papers. In addition, a

more extensive comparison is provided here ofmeasured and

calculated cross sections to show the extent of agreement in
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the data from different sources and the trends with atomic

number and electron energy.We also evaluate cross sections

from a number of widely used analytical formulae. Of

necessity, most of the comparisons are made using cross

sections for ionization of the K-shell and L-subshells. These

comparisons also illustrate the limitations in the available

data, and particularly the need for more extensive (and more

accurate)measurements, particularly for subshells other than

the K shell.

Until recently, theoretical calculations of cross sections for

inner-shell ionization were based either on classical or semi-

classical approximations or on the nonrelativistic plane-wave

Born approximation (PWBA). Calculations of ionization cross

sections for the K shell and L subshells within this approxima-

tion have been reviewed by Powell.2,5 More recent calcula-

tions are those of Batchelor et al.,8 Luo and Joy,9 and Rez.10

Hippler11 used the PWBA with approximate corrections to

account for modification of the projectile wave function by the

electrostatic field of the target atom and for the effect of

exchange between the projectile and the atomic electrons.

This modification of the PWBA has also been used by Khare

et al.12,13

Scofield14 described a fully relativistic formulation of the

PWBA and gave total cross sections for the K shell and L

subshells of selected elements. Approximations based on the

PWBA have also been proposed by a number of authors,

usually by combining analytical approximate forms of the

generalized oscillator strength with phenomenological low-

energy corrections. Among the most elaborate of these for-

mulations are the binary-encounter-Bethe model of Kim and

Rudd15 and Kim et al.16 The Weizsäcker-Williams method of

virtual quanta17,18 used by Kolbenstvedt,19,20 Seltzer,21 and

others can also be regarded as a simplification of the PWBA

(see, e.g., Ref. 22).

The PWBA is known to be reliable only for projectiles with

kinetic energies well above the ionization threshold. Its limita-

tions at near-threshold energies are mostly caused by (1) the

neglect of the distortion of the projectile wave functions by the

field of the target atom, and (2) the inadequate treatment of

electron exchange which can only be accounted for approxi-

matelywithin the PWBA.11Amore elaborate theoretical frame-

work is provided by the relativistic distorted-wave Born

approximation (DWBA) which consistently accounts for

the effects of both distortion and exchange.23,24DWBAcalcula-

tions of ionization cross sections for ions have been reported by

various authors.23,25–27 Calculations for neutral atoms are

more difficult because of the slower convergence of the par-

tial-wave series, and require substantial computer power. Only

recently, Segui et al.28 and Colgan et al.29 have reported

semirelativistic DWBA calculations for neutral atoms and

electrons with kinetic energies ranging from threshold up to

about 10 times the ionization energy. Bote and Salvat30 devel-

oped a composite scheme that combines the DWBA with the

PWBA to produce cross sections with the reliability of the

DWBA for projectile electrons and positrons with energies

from the ionization threshold to 1 GeV.

The present review is organized as follows. In Sec. 2we give

a summary of the theoretical models used to calculate cross

sections for the ionization of inner shells, from classical

formulae to the quantum PWBA and DWBA. Section 3 is

devoted to analytical formulae that have proved useful in

applied fields (EPMA, AES, etc.) where knowledge of ioniza-

tion cross sections is required. We also introduce the para-

meterized cross sections of Bote et al.31,32 that have been fitted

to the K-, L-, and M-shell ionization cross sections calculated

with the Bote and Salvat DWBAmethod for all elements from

hydrogen to einsteinium. In practical work, cross sections for

x-ray and Auger-electron emission are frequently needed.

These cross sections are also easier to measure than those

for inner-shell ionization. In Sec. 4 we consider atomic

relaxation and the relationship between ionization cross sec-

tions and x-ray and Auger emission cross sections. Experi-

mental techniques employed to determine these cross sections

are reviewed in Sec. 5. A systematic comparison of measured

K-, L-, and M-shell ionization cross sections with the theore-

tical cross sections of Bote et al. is given in Sec. 6. We present

graphical comparisons for the subshells and elements for

which experimental data are available, and for electrons with

kinetic energies from the ionization threshold to 1 GeV. These

comparisons include the energy ranges of interest for EPMA,

AES, andEELS. In Sec. 7, the graphical comparisons enable us

to identify three or more sets of K-shell ionization cross-

section data for particular elements and two or more sets of

L- and M-shell ionization cross-section data for various ele-

ments that are consistent with each other and with the energy

dependences expected from the Bote et al. formulae. We also

make similar comparisons of measured L-shell x-ray produc-

tion cross sections with the corresponding cross sections

calculated from the DWBA ionization cross sections and

needed atomic data (such as fluorescence yields and transition

rates), and we are again able to find two or more sets of x-ray

production cross sections for particular elements that are

consistent with each other and with the energy dependences

from the Bote et al. formulae. We examine the percentage

deviations between the measured cross sections for the iden-

tified elements and data sets and the corresponding calculated

cross sections, and calculated average root-mean-square per-

centage deviations and mean percentage deviations. These

percentage deviations are judged to be satisfactorily small. In

Sec. 8, we compare K-, L-, and M-shell ionization cross

sections from the Bote et al. formulae for selected elements

with cross sections calculated from four widely used analytical

formulae, and again quantify the degree of agreement. We

present our conclusions in Sec. 9 regarding the reliability of the

DWBA cross sections and various analytical formulae for

estimating ionization cross sections. Finally, the Appendix

gives guidance on calculations of ionization cross sections

from the Bote et al. formulae.

We use the term “shell” to refer to the set of one-electron

orbitals having the same principal quantum number n. Each

shell consists of 2n� 1 “subshells” characterized by the orbital

angular momentum and the total angular momentum quantum

numbers, ℓ and j, respectively. We recall that the ranges of

these quantum numbers are the following: n¼ 1, 2,…, ℓ¼ 0, 1,

2,…, n� 1; j¼ ℓ� 1/2 (j > 0). Individual subshells nℓjwill be
denoted by using either the familiar spectroscopic notation
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(1s1/2, 2s1/2, 2p1/2, 2p3/2, 3s1/2,…) or the x-ray notation ( K, L1,

L2, L3, M1,…).

2. Theoretical Calculations of Ionization
Cross Sections

The theory for the ionization of atoms by the impact of

charged particles has been a subject of continuous interest

since the pioneering work of Thomson in the early 1910s.33

Reviews have been published by Rudge34 and Powell.2 The

theoretical description of ionizing collisions is far more diffi-

cult than that of collisions causing excitation of the target atom

to bound states, because the former involve two free electrons

in the final state. In the present article we are concerned with

cross sections for the ionization of inner-shell or core electrons

by impact of projectile electrons. The theory can be readily

adapted to describe ionization by positron impact; the calcula-

tions are easier than for electron collisions, because positrons

do not experience exchange effects.

We consider collisions of a projectile electron or positron,

having kinetic energy E, with a neutral atom of the element of

atomic number Z that result in the ionization of an inner

subshell nℓj of the latter. For concreteness, we limit our

considerations to the case of closed subshells with 2j + 1

electrons in equivalent orbitals. Obviously, ionization is pos-

sible only when the collision involves an energy transfer W

which is larger than the ionization energy Ei of the active

subshell.

2.1. Classical and semiclassical approximations

The first theoretical study of the ionization of atoms by

electron impact was performed by Thomson33 using nonrela-

tivistic classical mechanics (see also Ref. 34). Thomson

derived the differential cross section (DCS) for collisions of

a projectile electronwith a target electron assumed to be at rest.

Expressed in terms of the energy lossW, the Thomson DCS is

dsTh

dW
¼ 2pe4

mev2
1

W2
; ð1Þ

where v ¼ ð2E=meÞ1=2 is the velocity of the projectile before

the interaction andE is its kinetic energy. In the center-of-mass

frame, the Thomson DCS is identical to the familiar Ruther-

fordDCS; the formula (1) results from the transformation from

the center-of-mass frame to the laboratory frame, in which the

target electron is at rest.When the target electron is bound in an

atomic subshell Si, ionizing collisions are only possible for

W > Ei, where Ei is the binding energy of an electron in the

subshell. Consequently, the total cross section for ionization of

a closed subshell nℓj with 2j + 1 equivalent electrons can be

approximated as

sTh
i ¼ ð2j þ 1Þ

Z E

Ei

dsTh

dW
dW : ð2Þ

That is,

sTh
i ¼ ð2j þ 1Þ 2pe

4

mev2
1

Ei

1� 1

U

� �
; ð3Þ

where U ≡ E/Ei is the overvoltage.

Attempting to improve Thomson’s theory, Gryzinski,35 and

Stabler36 studied collisions with target electrons moving iso-

tropically with kinetic energy Ti. The classical energy-loss

DCS for these collisions takes the form37

dsCBE

dW
¼ 2pe4

mev2
1

W2
þ 4Ti

3W3

� �
for W � E� Ti; ð4aÞ

¼ 2pe4

mev2
1

W2
þ 4ðE�WÞ

3W3

� �
E�W

Ti

� �1=2

for W > E� Ti:

ð4bÞ

This result is usually referred to as the classical binary-

encounter (CBE) approximation. The corresponding ioniza-

tion cross section for a subshell nℓj can be obtained by

considering Ti as the average kinetic energy of the atomic

electron (Ti¼ ⟨p2/2me⟩nℓj) and integrating over the energy-loss
interval (Ei, E).

Gryzinski38–40 went a step further and, to get ionization

cross sections with an energy-dependence closer to that pre-

dicted by the Bethe theory [see Eq. (52)], assumed that the

atomic electron moves with an isotropic velocity distribution

given by

f ðvÞ ¼ ðv=vÞ3expð�v=vÞ ; ð5Þ
where v is the mean velocity of the atomic electron. On

averaging over this distribution, he obtained the following

formula for the ionization cross section:

sGr
i ¼ð2j þ 1Þ 2pe

4

mev2
1

Ei

1

U

U � 1

U þ 1

� �3=2

� 1þ 2

3
1� 1

2U

� �
lnð2:7þ

ffiffiffiffiffiffiffiffiffiffiffiffi
U � 1
p

Þ
� �

: ð6Þ

The distribution (5) is not realistic; it was introduced as an

ad hoc device to obtain a logarithmic term like that in Eq. (52)

below. Nevertheless, Eq. (6) provides a real improvement over

the Thomson cross section and has been used, combinedwith a

relativistic correction [Eq. (83c)], as a convenient semiempi-

rical formula to obtain fast estimates of ionization cross

sections (see Sec. 3.2). The need for such a formula was

particularly important before the widespread availability of

personal and laboratory computers.

The cross sections from these classical formulae differ

significantly from the available experimental data2,5 and also

from the results of elaborate quantumcalculations. To improve

the classical theory, relevant features of the quantum treatment

must be accounted for. The first of these is the indistinguish-

ability of the colliding electrons, i.e., exchange effects. To

include exchange, the Thomson DCS must be replaced by the

exact quantum DCS for binary-electron collisions derived by
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Mott,41

dsMott

dW
¼ 2pe4

mev2
1

W2
þ 1

ðE�WÞ2
(

� 1

WðE�WÞ cos
ffiffiffiffiffiffi
Eh

E

r
ln

W

E�W

� � !)
; ð7Þ

whereEh¼mee
4/ℏ2¼ 27.2114 eV is theHartree energy. Notice

that this DCS, as well as the Thomson DCS (1), describes

collisions with a target electron initially at rest. The first term

on the right-hand side of Eq. (7) accounts for “direct” collisions

where the primary electron loses energy W, the second term

corresponds to “exchange” collisions in which the projectile

loses energy E�W, and the last term accounts for the inter-

ference between the wave functions of the two electrons. Notice

that the kinetic energies of the two electrons after the interaction

are E�W andW, for both direct and exchange collisions. The

Mott DCS (7) is symmetric under the exchange of W and

E�W, reflecting the indistinguishability of the electrons.

As discussed by Rudge,34 the Mott formula is inconsistent

when applied to ionization because it lacks the expected

symmetry under exchange of the final kinetic energies of the

two electrons, which are W � Ei and E�W. To circumvent

this difficulty (i.e., to restore the symmetry under the exchange

of electrons in the final state), the energy E of the projectile in

expression (7) should be replaced by E + Ei. Moreover, to

account for the attraction of the projectile electron by the

nucleus, we may consider that the projectile electron gains a

certain kinetic energy, of the order of the average potential

energy of the atomic electron (¼Ei + Ti), and loses an equiva-

lent amount of potential energy.34 This correction is normally

introduced by multiplying the DCS by a so-called “focusing

factor” or “acceleration factor” given by

B ¼ E

Eþ Ei þ Ti
: ð8Þ

Note that the effect of this factor is equivalent to replacing

the factor 2=ðmev
2Þ ¼ 1=E on the right-hand side of Eq. (7)

by 1/(E + Ei + Ti). The focusing factor reduces the ionization

cross section, and improves the agreement with experimental

data and with more elaborate calculations for projectiles with

kinetic energies near and below the energy for the maximum of

the ionization cross section vs. energy curve. Finally, in accor-

dancewith theclassicalbinary-encounterapproximation,Eq. (4),

we should include an extra term proportional to Ti [here we

assume thatW < E� Ti] for collisions with energy transfersW

andEþ Ei �W. These considerations lead to a nonrelativistic

semiclassical impulse approximation (IA). The corresponding

energy-loss DCS is

dsIA

dW
¼ 2pe4

mev2
B

1

W2
þ 1

ðEþ Ei �WÞ2
(

þ 4Ti

3

1

W3
þ 1

ðEþ Ei �WÞ3
 !

� 1

WðEþ Ei �WÞ

� cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eh

2ðEþ EiÞ

s
ln

W

Eþ Ei �W

� � !)
: ð9Þ

As indicated above, the kinetic energies of the twoelectrons after

a direct collisionwith energy transferW areE�W andW � Ei.

The equivalent exchange collision corresponds to the energy

transfer W 0 ¼ Eþ Ei �W; this energy transfer leads to

the same final energies, E�W 0 ¼ W � Ei and W 0 � Ei

¼ E�W. Because the DCS (9) does account for direct and

exchange collisions, the ionization cross section is obtained by

integrating the DCS over the interval from W ¼ Ui to

Wmax ¼ ðEþ EiÞ=2. Thus, the ionization cross section for a

closed subshell nℓj is

sIA
i ¼ ð2j þ 1Þ

Z ðEþEiÞ=2

Ei

dsIA

dW
dW: ð10Þ

If the argument of the cosine in Eq. (9) is assumed to be constant

and equal to g, the integral can be evaluated analytically giving

sIA
i ¼ð2j þ 1Þ 2pe

4

mev2
B

Ei

� 1� 1

U
þ 2Y

3
1� 1

U2

� �
� cos g lnU

U þ 1

� �
: ð11Þ

with Y ¼ Ti/Ei. Vriens
42 recommends taking

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Eh

2EiðU þ 1Þ

s
lnU: ð12Þ

where Eh is the Hartree energy. The relativistic extension of the

impulse approximation (RIA) is obtained by replacing the Mott

DCS by the Møller43 DCS

dsMøller

dW
¼ 2pe4

mev2
1

W2
þ 1

ðE�WÞ2 �
1� b0

WðE�WÞ þ
b0

E2

( )
;

ð13Þ
with

b0 ¼ E

Eþmec2

� �2

: ð14Þ

The quantity v is the speed of theprojectile,which is related to its

kinetic energy E through the relativistic relation

v ¼ cb ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðEþ 2mec

2Þ
ðEþmec2Þ2

s
: ð15Þ

While the Mott formula is the exact nonrelativistic quantum

DCS for binary collisions, theMøller DCS is obtainedwithin the
plane-wave Born approximation. Hence, the non-relativistic

limit of the Møller DCS (which is obtained by setting b0
¼ 0) differs slightly from the Mott DCS, Eq. (7). With the same

considerations as for the nonrelativistic formulation, we arrive at

the following energy-loss DCS,

dsRIA

dW
¼ 2pe4

mev2
B

1

W2
þ 1

ðEþ Ei �WÞ2
(

þ 4Ti

3

1

W3
þ 1

ðEþ Ei �WÞ3
 !

:

� 1� b0

WðEþ Ei �WÞ þ
b0

ðEþ EiÞ2
)
: ð16Þ
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The ionization cross section for a closed subshell nℓj is

sRIA
i ¼ð2j þ 1Þ

Z ðEþEiÞ=2

Ei

dsRIA

dW
dW

¼ð2j þ 1Þ 2pe
4

mev
2

B

Ei

1� 1

U
þ 2Y

3
1� 1

U2

� ��

�ð1� b0ÞlnU
U þ 1

þ b0ðU � 1Þ
2ðU þ 1Þ2

#
:

ð17Þ

The above semiclassical approximations are expected to

be appropriate for describing close binary collisions. How-

ever, they miss, at least partially, the effect of distant inter-

actions. Seltzer21 estimated the contribution from distant

interactions using the Weizsäcker-Williams method of vir-

tual quanta, and showed that the sum of contributions from

close and distant interactions yields ionization cross sections

in reasonable agreement with experimental data (see also

Ref. 22). An alternativemodel has been proposed byKim and

Rudd15 in which the nonrelativistic energy-loss DCS is

expressed as a mixture of the energy-loss DCSs obtained

from the impulse approximation and from the dipole approx-

imation. Their DCS was constrained to reproduce the high-

energy asymptotic limit given by theBethe formula, Eq. (52).

A relativistic version of this model was formulated by Kim

et al.15,16 (see also Ref. 44). It should be mentioned that the

energy-loss DCS for distant interactions requires knowledge

of the optical (dipole) oscillator strength or, equivalently, of

the cross section for photoelectric absorption. Since these

quantities are only available for a limited number of atoms,

molecules, and solids, Kim et al. approximated the dipole

oscillator strength with simple analytical expressions from

which they derived closed formulae for the ionization cross

section.

These semiclassical models are useful for obtaining quick

estimates of ionization cross sections. They have also been

used as a guide in the development of semiempirical formulae.

However, their accuracy is insufficient for most practical

applications: (1) they give appreciable errors for projectiles

with near-threshold energies, and (2) models that disregard

distant interactions fail to reproduce the correct high-energy

behavior obtained from the Bethe theory (to be described in

Sec. 3.1). More reliable ionization cross sections can only be

obtained from quantum-mechanical calculations of the type

described in Sec. 2.2.

2.2. Plane-wave and distorted-wave Born
approximations

The first quantum-mechanical calculation of the ionization

of atoms by impact of charged particles was performed by

Bethe3 in 1932 using the nonrelativistic plane-wave Born

approximation (PWBA). In this formulation, as well as in

subsequent improvements of the theory, the Coulomb inter-

action of the projectile with the target atom is considered as a

weak perturbation which causes transitions of the atom from

its initial ground state to excited states. The states of the

projectile are represented as plane waves, and transition

probabilities are evaluated by using first-order perturbation

theory.Within the PWBA, theDCS is expressed as the product

of purely kinematical factors and the generalized oscillator

strength (GOS) that is a function of the energy and the

magnitude of the momentum transferred in the collision. An

elementary derivation can be found in the textbook by Bethe

and Jackiw.45 Approximate analytical formulae of the GOSs

for K-, L-, and M-shell electrons have been derived using

screened hydrogenic wave functions.3,46,47 These formulae

have been used in approximate calculations, as the basis of

semiempirical formulae, and in calculations of the stopping

power of charged particles inmatter (see, e.g., Refs. 11, 12, 20,

48, and 49). More accurate GOSs for the different electron

shells of atoms can be calculated numerically using atomic

wave functions obtained from self-consistent Hartree-Fock-

Slater calculations. Calculations of this type were reported by

McGuire,50,51 Manson,52 Rez,10,53 and others. It should be

mentioned that the PWBA does not allow a consistent descrip-

tion of electron exchange because the wave functions of the

projectile and of the active target electron are not orthogonal.54

Exchange effects can be partially accounted for by means

of the Ochkur approximation,34,55 as employed, e.g., by

Hippler11 and Rez.10,53

The PWBA theory for electron impact was generalized

by Bethe56 and Møller43 to a relativistic form in which electron

wave functions are solutions of the Dirac equation and

the interaction is represented by an effective Hamiltonian

obtained from elementary quantum electrodynamics. Scofield14

reported relativistic PWBA calculations for ionization of the K

shell and the L subshells from a set of nine elements with atomic

numbers covering the interval from Z ¼ 18 to Z ¼ 92. More

recently,Bote andSalvat30 performed systematic calculations of

GOSs for K, L, and M subshells of neutral atoms. In these

calculations, atomic electrons are described using the Dirac-

Hartree-Fock-Slater potential.

A systematic improvement of the PWBA is obtained by

considering the distortion of the projectile wave function caused

by the atomic potential. The easiest method consists in replacing

theprojectile planewavesbyDiracdistorted planewaves, i.e., by

exact solutions of the Dirac equation for an electron in the

electrostatic potential of the atom. This replacement yields the

so-called distorted-wave Born approximation (DWBA). If the

projectile is assumed to “see” the same potential as the active

target electron, the wave functions of the projectile and target

electrons are orthogonal and the DWBA allows a consistent

descriptionof exchange effects.RelativisticDWBAcalculations

for ionization of neutral atoms by electron impact have been

performed by Segui et al.28 and Colgan et al.29

In this section we briefly present the theoretical models

employed to calculate the ionization cross sections from the

PWBA and the DWBA. More details can be found in the

articles by Segui et al.28 and Bote and Salvat.30 All calcula-

tions are based on first-order perturbation theory. We consider

the interaction of the projectile with the target atom as a weak

perturbation which causes transitions of the atom from its

ground state to excited states in the continuum spectrum. For
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simplicity, we disregard excitations to discrete bound states

that are not of interest here. To account for the dominant

relativistic effects, all one-electron wave functions are solu-

tions of the Dirac equation.

It is worth pointing out that the models considered here are

based on the assumption that thewave functions of the two free

electrons in the final state are uncorrelated. That is, after the

collision, each free electron does not “feel” the electrostatic

field of the other. This assumption is valid for soft collisions of

high-energy projectiles (i.e., collisions involving moderate

energy transfers), in which the projectile leaves the target

atom with a velocity much larger than that of the knocked-on

electron. It is also expected to hold for the ionization of inner

shells of atoms with intermediate and large atomic numbers

because of the dominance of the electrostatic field of the

nucleus. Conversely, these models are not expected to be

reliable for ionization of light atoms by low-energy projectiles

(see, e.g., Refs. 34, 57, and references therein) because the

electrostatic field of the emerging knocked-on electron is

comparable to the screened field of the nucleus and, therefore,

correlation effects related to the “post-collision interaction”

between the ionized atom and the two slowlymoving electrons

become important.57 We also note that our atomic model for

inner-shell ionization should break down for solid targets and

projectile energies close to the ionization threshold becausewe

do not consider the influence of the electronic structure of the

solid and screening effects following the production of an

inner-shell vacancy. These points are discussed further in

Section 2.3. Our evaluation in Section 7 will seek to determine

the extent to which the calculated ionization cross sections

agree with measured cross sections for atoms, molecules, and

solids for a wide range of atomic numbers and for incident

energies from close to the ionization threshold to 1 GeV.

2.2.1. Electron wave functions and the interaction
Hamiltonian

The states of the target atom are described within a central-

field independent-electron approximation, that is, as Slater

determinants built with one-electron orbitals ψn which are

eigenstates of the one-electron Dirac Hamiltonian,

HD ¼ Kþ VðrÞ, where

K ¼ cea�pþ ðeb� 1Þmec
2; ð18Þ

is the Dirac kinetic energy operator; here p ¼ �iℏr is the

momentum operator, and ea and eb are the Dirac matrices. We

limit our considerations to central potentialsVðrÞ forwhich the
Dirac equation58

½cea�pþ ðeb� 1Þmec
2 þ VðrÞ�cnðrÞ ¼ EcnðrÞ; ð19Þ

can be solved numerically with relative ease.59 Note that the

eigenvalue E is the electron energy, exclusive of its rest energy.

All of the calculations described below are performed using the

base of spherical orbitals. These are solutions of the Dirac

equation with well-defined parity and angular momentum, char-

acterized by the quantum numbers ℓ (orbital angular momen-

tum), j (total angular momentum), and m (z-component of the

total angular momentum). Spherical orbitals have the form58,60

cEkmðrÞ ¼
1

r

PðrÞΩk;mðr̂Þ
iQðrÞΩ�k;mðr̂Þ

� �
: ð20Þ

where Ωk;mðr̂Þ are spherical spinors, and P(r) and Q(r) are the

large- and small-component radial functions that satisfy the

coupled differential equations

dP

dr
¼� k

r
Pþ E� V þ 2mec

2

c�h
Q;

dQ

dr
¼� E� V

c�h
Pþ k

r
Q:

ð21Þ

To simplify the notation, we use the relativistic angular momen-

tum quantum number

k ¼ ð‘� jÞð2j þ 1Þ; ð22Þ
which gives both the total angular momentum j and the parity

(�1)ℓ of the Dirac spherical orbital,

j ¼ jkj � 1

2
; ‘ ¼ j þ k

2jkj : ð23Þ

The spherical spinors are eigenfunctions of the total angular

momentum in Pauli’s theory, and are given by

Ωk;mðr̂Þ �
X

m¼�1=2
h‘; 1=2;m� m;mj j;mi Y‘;m�mðr̂Þxm:

ð24Þ
where the quantities ⟨ℓ, 1/2, m � μ, μ|j, m⟩ are Clebsch-Gordan
coefficients, Y‘mðr̂Þ are spherical harmonics, and χμ are the unit
spinors.

In our calculations, the radial Dirac equationswere solved to

high precision (usually to eight or more significant figures) by

using the subroutine package RADIAL.59 In the case of bound

orbitals (E < 0), each discrete energy level is characterized by

the principal quantum number n and the angular momentum

quantum number κ. Bound orbitals calculated by RADIAL are

normalized to unity and, therefore, the calculated orbitals

satisfy the orthonormality relation58Z
c
y
n0k0m0 ðrÞcnkmðrÞ dr ¼ dn0n dk0k dm0;m; ð25Þ

where dm0;m is the Kronecker symbol (equal to 1 if m′¼ m and

equal to 0 otherwise). The radial functions of free spherical

waves (with E > 0) are normalized in such a way that the large-

component radial function asymptotically oscillates with unit

amplitude,

PðrÞ 	
r!1 sin kr� ‘

p

2
� h ln 2krþ dEk

� �
; ð26Þ

where

k ¼ ðc�hÞ�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðEþ 2mec

2Þ
p

ð27Þ
is the wavenumber, η ¼ Z1e

2me/(ℏ
2k) is the Sommerfeld

parameter [the quantity Z1e2 � limr!1rVðrÞ represents the
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strength of the Coulomb tail of the potential], and δEκ is a phase
shift. Free spherical waves normalized in the form (26) satisfy

the orthogonality relationZ
c
y
E0k0m0 ðrÞcEkmðrÞ dr ¼

E

k
p dðE0 � EÞ dk0k dm0m; ð28Þ

where δ(E′ � E) is the Dirac δ distribution.

To calculate atomic wave functions, we adopt the self-

consistent Dirac-Hartree-Fock-Slater (DHFS) potential of the

neutral atom with Latter’s tail correction,61–63 VDHFSðrÞ. That
is, bound orbitals are solutions of the Dirac equation for the

potential VðrÞ ¼ VDHFSðrÞ. This choice of potential is moti-

vated by the fact that, for inner subshells with ionization

energies larger than about 500 eV, the eigenvalues of the

one-electron Dirac equation with the DHFS potential are very

close to the experimental subshell ionization energies,64,65 as

discussed further in the Appendix. Final states of the knocked-

on electron are also represented by positive-energy spherical

orbitals of the DHFS potential. The advantage of using the

same potential for bound and free states is that all orbitals are

guaranteed to be mutually orthogonal.

As indicated above, the ionization of the target atom is

caused by the interaction of the projectile with the atomic

electrons. The effective interaction Hamiltonian Hintð0; 1Þ
between a charged Dirac particle “0” (the projectile) and a

target electron “1” can be expressed in the form (see, e.g.,

Ref. 66)

Hintð0; 1Þ ¼ � Z0e
2

r1 � r0j j þ
Z0e

2

2p2

Z
dq
ea0 �ea� ðea0 �q̂Þðea�q̂Þ

q2 � ðW=�hcÞ2
� exp iq�ðr1 � r0Þ½ �; ð29Þ

where Z0e is the charge of the projectile (Z0¼�1 for electrons,
+1 for positrons), ea0 and ea are the Dirac matrices, and r0 and r

are the position coordinates for the projectile and the target

electron, respectively.W is the energy exchanged in the course

of the interaction, and q̂ is the unit vector in the direction of q.

The first term on the right-hand side of Eq. (29) is the

instantaneous Coulomb interaction. The second term accounts

for the exchange of virtual photons in the lowest nonvanishing

perturbation order, and is usually referred to as the transverse

interaction. Because cea is the velocity operator in Dirac’s

theory, the contribution from each ea factor is of the order of

v=c, where v is the speed of the particle.Hence, the effect of the
transverse interaction is expected to be appreciable only for

projectiles with relativistic speeds.

We consider collisions of a projectile electron or positron

with linearmomentump¼ℏk and kinetic energyE that lead to

ionization of the subshell nℓj of the target atom. After the

collision, the energy and momentum of the projectile are

E0 ¼ E�W and p′¼ p� ℏq, whereW and ℏq are the energy

loss and the momentum transfer, respectively. The interaction

of the projectile with the target atom is described by the

Hamiltonian

H0 ¼ Z0e’nucðr0Þ þ
XZ
I¼1
Hintð0; IÞ; ð30Þ

where φnuc(r0) is the electrostatic potential of the nucleus, and
the summation runs over the atomic electrons (I ¼ 1,…, Z).

With atomic states represented as single Slater determinants,

by virtue of the Slater-Condon rules,67 the interaction (30) can

only induce transitions of the target atom to excited states that

differ from the initial (ground) state by a single orbital. That is,

in each ionizing collision an atomic electron jumps fromone of

the bound orbitals ψnκm of the active subshell nℓj to a free

orbitalcEf kfmf
with kinetic energyEf ¼ W � Ei. With these

assumptions, a first-order-perturbation calculation leads to the

same formulae as for the ionization of a single electron bound

in the DHFS potential. This one-active-electron approxima-

tion is the basis of the usual plane-wave and distorted-wave

Born approximations; it is also implicitly assumed in the

semiclassical models described in Sec. 2.1.

2.2.2. Plane-wave Born approximation (PWBA)

The PWBA assumes that the initial and final states of the

projectile electron can be represented by Dirac plane waves,

that is, by solutions of the Dirac equation for a free particle

[with VðrÞ ¼ 0],

½cea�pþ ðeb� 1Þmec
2�fkmS

ðrÞ ¼ �fkmS
ðrÞ: ð31Þ

wheremS is the spin quantum number and k¼ p/ℏ is the wave

vector. The plane waves have the form

fkmS
ðrÞ ¼ ð2pÞ�3=2expðik�rÞUmS

; ð32Þ
where UmS

is a double spinor whose upper component is the

unit spinor xmS
.

The differential cross section for ionization of a closed

subshell nℓj is obtained by treating the interaction (30) as a

perturbation to first order, as described by Bote and Salvat.30

The final state of the active electron is represented by a

distorted plane wave, i.e., an exact solution of the Dirac

equation for the DHFS potential that asymptotically behaves

as a plane wave plus an incoming spherical wave. Distorted

waves are expanded in terms of spherical waves so that the

differential cross section is given by a series that involves only

transition matrix elements of the form

Tfi ¼ hfk0m0
S
ðr0ÞcEf kfmf

ðr1Þ Hintð0; 1Þj jfkmS
ðr0Þcnkmðr1Þi;

ð33Þ
where the indexes 0 and 1 denote the projectile electron and the

active target electron, respectively. The labels n, κ, m, and Ef,

κf, mf identify, respectively, the initial and final orbitals of the

active electron, whose kinetic energy after the collision is

Ef ¼ �Ei þW. The calculation of thematrix elements (33) is

relatively easy because integration over the position r0 of the

projectile can be performed analytically, giving a delta func-

tion δ(k� k′� q). This situation implies that the variable q in

the integral (29) can be interpreted as the momentum transfer

in units of ℏ.
After appropriate sums and averages over spins and mag-

netic quantumnumbers, and integration over the final direction
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of the emerging target electron, the doubly differential cross

section (DDCS) becomes a function of the energy lossW and

the polar scattering angle θ of the projectile. Following Fano,66

we introduce the recoil energy Q, defined by

QðQþ 2mec
2Þ ¼ ðc�hqÞ2 ¼ c2�h2ðk2 þ k02 � 2kk0cos uÞ;

ð34Þ
whereℏq is themomentum transfer. Notice thatQ is the kinetic

energy of a free electron that moves withmomentumℏq. In the
case of binary collisions of the projectile with free electrons at

rest, we haveQ ¼ W because the energy lost by the projectile

is equal to the kinetic energy of the recoiling target electron.

The DDCS for ionization of a subshell nℓj takes a simpler and

more convenient formwhen it is considered as a function of the

recoil energy instead of the scattering angle θ. We have,30

ds
ðPWÞ
i

dW dQ
¼ 2pZ2

0e
4

mev2
2mec

2

WQðQþ 2mec2Þ
�

� ð2E�W þ 2mec
2Þ2 �QðQþ 2mec

2Þ
4 ðEþmec2Þ2

( )
dfiðQ;WÞ

dW

þ 2mec
2W

½QðQþ 2mec2Þ �W2�2

� b2 sin2 ur þ QðQþ 2mec
2Þ �W2

2ðEþmec2Þ2
( ) !

dgiðQ;WÞ
dW

#
;

ð35Þ
where θr is the angle between the vectors p and q (the recoil

angle) that is given by

cos ur ¼ p2 � p02 þ ð�hqÞ2
2pq

¼ EðEþ 2mec
2Þ � ðE�WÞðE�W þ 2mec

2Þ þQðQþ 2mec
2Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðEþ 2mec2Þ QðQþ 2mec2Þ

p :

ð36Þ
The functions dfi=dW and dgi=dW are the longitudinal and

transverse generalized oscillator strengths (GOS and TGOS),

respectively. They are defined by the following series

dfiðQ;WÞ
dW

�W2ðQþmec
2Þ

QðQþ 2mec2Þ
kf

ðW � EiÞp

�
X
m

X
kf ;mf

jhcEf kfmf
jexpðiq�rÞjcnkmij2;

ð37Þ
and

dgiðQ;WÞ
dW

� 2ðQþmec
2Þ

W

kf

ðW � EiÞp

�
X
m

X
kf ;mf

jhcEf kfmf
eaxexp iq�rð Þj jcnkmij2;

ð38Þ
where m is the magnetic quantum number of the initial orbital

of the active electron, and κf and mf are, respectively, the

relativistic angular momentum quantum number and the mag-

netic quantum number of the final orbital. The quantity kf is

the wavenumber of the active electron after the collision,

corresponding to the kinetic energy Ef ¼ W � Ei. Because

of the spherical symmetry of closed subshells, both the GOS

and the TGOS are functions only of the energy lossW and the

recoil energy Q, i.e., they depend only on the magnitude q of

the momentum transfer.

The angular parts of the integrals inEqs. (37) and (38) can be

evaluated analytically using elementary angular-momentum

algebra, and the GOS and TGOS can be expressed as conver-

ging infinite series of radial integrals that are suited for

numerical evaluation. We have

dfiðQ;WÞ
dW

¼W

Q

2ðQþmec
2Þ

Qþ 2mec2
kf

ðW � EiÞp

�
X
kf

X1
L¼0
ð2Lþ 1Þ h‘1

2
jjjCðLÞjj‘f 1

2
jf i2

	
RL
Ef kf ;nk

ðqÞ
2;
ð39Þ

with the radial integrals

RL
Ef kf ;nk

ðqÞ ¼
Z 1
0

½PEf kf ðrÞPnkðrÞ þQEf kf ðrÞQnkðrÞ� jLðqrÞ dr;

ð40Þ
where Pnκ(r) and Qnκ(r) are the large- and small-component

radial Dirac functions of the initial orbital, PEf kf ðrÞ and

QEf kf ðrÞ are the corresponding radial functions of the final

orbital, and jL(x) are spherical Bessel functions. The quantities

h‘1
2
jjjCðLÞjj‘f 12 jf i ¼

1

2
½1þ ð�1ÞLþ‘þ‘f � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2jf þ 1
p hLjf012j j12i

ð41Þ
are reduced matrix elements of the Racah tensors (see, e.g.,

Ref. 68). Similarly, the transverse generalized oscillator

strength (TGOS), Eq. (38), can be expressed as

dgiðQ;WÞ
dW

¼ 2ðQþmec
2Þ

W

kf

ðW � EiÞp

�
X
kf

X1
L¼0

2Lþ 1

2LðLþ 1Þ
� �h‘1

2
jjjCðLÞjj‘f 12 jf i2

	
eRL

Ef kf ;nk
ðqÞ
2

þ h‘1
2
jjjCðLÞjj‘f 12 jf i2

	
mRL

Ef kf ;nk
ðqÞ
2�; ð42Þ

with the radial integrals

eRL
Ef kf ;nk

ðqÞ ¼ LðLþ 1Þ
2Lþ 1

� kfk

L



FL�1
Ef kf ;nk

þGL�1
Ef kf ;nk

�h
þ 
FL�1

Ef kf ;nk
�GL�1

Ef kf ;nk

�
þ kf � k

Lþ 1



FLþ1
Ef kf ;nk

þGLþ1
Ef kf ;nk

�
þ 
FLþ1

Ef kf ;nk
�GLþ1

Ef kf ;nk

�i
ð43aÞ
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and

mRL
Ef kf ;nk

ðqÞ ¼ ðkf þ kÞ 
FL
Ef kf ;nk

þGL
Ef kf ;nk

�
; ð43bÞ

where

FL
Ef kf ;nk

¼
Z 1
0

PEf kf ðrÞQnkðrÞ jLðqrÞ dr;

GL
Ef kf ;nk

¼
Z 1
0

QEf kf ðrÞPnkðrÞ jLðqrÞ dr:
ð44Þ

The quantity ‘ in Eq. (42) is the value of the orbital angular

momentum corresponding to �κ, i.e., ‘ ¼ ‘� k=jkj.
Bote and Salvat30 calculated the GOS and the TGOS for all

subshells of neutral atoms from hydrogen (Z¼ 1) to einsteinium

(Z¼99) in theirground-stateconfigurations.Aplotof theGOSas

a function ofW and Q is known as the Bethe surface. Figures 1

and 2 display the Bethe surfaces for ionization of hydrogen and

for ionization of theM3 subshell of gold. A conspicuous feature

of the GOS and the TGOS is the peak that develops over the line

Q ¼ W at large W, which is known as the Bethe ridge.69 The

occurrence of this peak shows that, for energy transfersW much

larger than the ionization energy, the target electrons react as if

they were free. Note that, for a target electron at rest, the Bethe

surface reduces to the delta function dðW �QÞ, i.e., to a zero-

width Bethe ridge. The Bethe ridge of inner-shells is quite

broad;b its width is a measure of the momentum distribution of

the target electrons.

In the limitQ→ 0, both theGOS and theTGOS reduce to the

optical oscillator strength (OOS),

dfiðWÞ
dW

� lim
Q!0

dfiðW;QÞ
dW

¼ lim
Q!0

dgiðW;QÞ
dW

; ð45Þ

which can be expressed as

dfiðWÞ
dW

¼ W2me

3�h2
kf

ðW � EiÞp

�
X
kf

h‘1
2
jjjCðλÞjj‘f 1

2
jf i2 ½DEf kf ;nk�2; ð46Þ

where

DEf kf ;nk ¼
Z 1
0

½PEf kf ðrÞPnkðrÞ þQEf kf ðrÞQnkðrÞ� r dr:
ð47Þ

These radial integrals are easier to compute than those in the

expressions of the GOS and the TGOS for finiteQ. The OOS is

proportional to the cross section s
dipole
ph;i for the photoelectric

absorption of photons of energyW calculatedwithin the dipole

approximation,

dfiðWÞ
dW

¼ mec

2pe2�h
s
dipole
ph;i ðWÞ : ð48Þ

The total cross section for ionization of the active subshell is

obtained by integrating the DDCS over the kinematically

allowed domain of the Q-W plane. We have

s
ðPWÞ
i ¼

Z E

Ei

dW

Z Qþ

Q�
dQ

ds
ðPWÞ
i

dW dQ
; ð49Þ

where Q� and Q+ are the lower and upper limits of the allowed

interval of recoil energies, respectively. These limits are the

roots of Eq. (34) with cos θ¼ 1 and�1, respectively. We have

Q� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðEþ 2mec2Þ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE�WÞðE�W þ 2mec2Þ

p
�2 þm2

ec
4

q
�mec

2: ð50Þ

Cross sections for ionization of the K, L, andM shells of neutral

atoms (Z ¼ 1 to 99) have been calculated numerically from the

GOS and TGOS tables of Bote and Salvat.30 Scofield14 reported

equivalent calculations for ionization of the K shell and the L

subshells fora setofnineelementswithatomicnumberscovering

the interval fromZ¼ 18 toZ¼ 92.Our results agree closelywith

Scofield’s data.Differences are appreciable only for near-thresh-

old energies and very likely arise from variations in the adopted

interpolation methods.

The so-called optical-data models (see, e.g., Ref. 70, and

references therein) build approximate GOSs from knowledge

of measured or calculated cross sections for the photoelectric

effect. The basic assumption is that the equality (48) holds also

when s
dipole
ph;i ðWÞ is replaced by the actual cross section for

photoabsorption,

dfiðWÞ
dW

¼ mec

2pe2�h
sph;iðWÞ : ð51Þ

An optical-data model combines a “measured”OOS, obtained

from photoabsorption cross sections and optical dielectric

functions, with an extension algorithm that generates the GOS

for arbitrary recoil energies. Thus, cross sections for ionization

by charged particles are obtained from information on photon

absorption. Optical-model calculations have been described

by Fernández-Varea et al.70 The Weizsäcker-Williams

method of virtual quanta,17,18 used by Kolbenstvedt19,20 (see

also Ref. 71) and by Seltzer21 to calculate cross sections for

inner-shell ionization by electron impact, can also be consid-

ered as an optical-data model.22

Bethe3 obtained an asymptotic analytical formula (valid at

sufficiently high energies) for the ionization cross section of

hydrogen by nonrelativistic charged projectiles. Fano72

derived the relativistic version of the formula that is applicable

to ionization of any subshell:

s
ðBÞ
i ’

2pZ2
0e

4

mev2
M2

i ln
b2

1� b2

� �
� b2

� �
þ Ci

� �
; ð52Þ

where b ¼ v=c, and

M2
i ¼

Z 1
Ei

dW

W

dfiðWÞ
dW

ð53ÞbTheBethe ridges in Figs. 1 and 2 appear fairly narrowbecause the scales of the

W and Q axes are logarithmic.
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is the total dipole-matrix element squared69 for ionizing

collisions (with W 
 Ei) and Ci, another characteristic con-

stant, is given by an integral of the GOS. In fact, the Bethe

formula, Eq. (52), gives the leading term of an exact expansion

of σi in powers of E
�1 (see, e.g., Ref. 69). That is, for energies

sufficiently large, so that the PWBA is adequate, we can write

s
ðBÞ
i ’

2pZ2
0e

4

mev2
M2

i ln
b2

1� b2

� �
� b2

� ��

þCi þ gi

E
þ di

E2
þ � � �

�
; ð54Þ
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FIG. 1. TheGOS (top) and the TGOS (middle) for ionization of theK shell (1s1/2) of the hydrogen atom (Z¼ 1), represented asBethe three-dimensional surfaces (top
and middle) and as color-level diagrams (bottom). The scales of the Q and W axes are logarithmic (base 10).
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where the terms γi/e + δi/E
2 + � � � correspond to the so-called

shell correction (i.e., the difference between the “exact” cross

section obtained from the PWBA and the asymptotic Bethe

formula).

As noted by Fano,72 a plot of the quantity sib
2ðmec

2=2pZ2
0e

4Þ
as a function of the quantity ln [β2/(1� β2)]� β2 is a straight line
with slope M2

i and ordinate intercept Ci in the energy range

where theBethe formula is valid, as discussed further in Sec. 3.1.

This “Fano plot” has been used to assess the validity of the

PWBA at high energies and as a consistency check of experi-

mental data (see, e.g., Refs. 2, 7, and 69). We also note that the

nonrelativistic version of Eq. (52) [given as Eq. (68) below]

forms the basis of a number of simple semiempirical formulae

(see Sec. 3.2).

It is worth mentioning that the PWBA as formulated here

disregards electron exchange effects that can be approximately

accounted for using Ochkur’s correction.55 However, DWBA

calculations show that the correction of the total cross section
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FIG. 2. The GOS (top) and the TGOS (middle) for ionization of the M3 subshell (3p3/2) of the gold atom (Z¼ 79), represented as Bethe three-dimensional surfaces
(top and middle) and as color-level diagrams (bottom).
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for exchange effects decreases when the kinetic energy of the

projectile increases, becoming practically negligible at the

energies where the PWBA is applicable.

2.2.3. Distorted-wave Born approximation

The PWBA yields reliable ionization cross sections for

projectile electronswith kinetic energies larger than about 30

times the ionization energy Ei of the active subshell.30 At

lower projectile energies, the approximation worsens pro-

gressively, partly because the interaction (30) becomes too

strong to be described as a first-order perturbation. In prin-

ciple, one could improve the theory by considering the

perturbation H0 to second order. However, the resulting

theoretical expressions become too complicated for practi-

cal numerical evaluation. A more effective method is pro-

vided by the distorted-wave Born approximation (DWBA)28

which consists in removing from the interaction a spherical

potential VPðr0Þ that depends only on the coordinates of the

projectile. The “unperturbed” states of the projectile are then

distorted plane waves of that potential, that is, solutions of

the Dirac equation

½cea�pþ ðeb� 1Þmec
2 þ VPðr0Þ�cð�ÞkmS

ðr0Þ ¼ Ec
ð�Þ
kmS
ðr0Þ; ð55Þ

which asymptotically behave as plane waves plus outgoing

(+) or incoming (�) spherical waves. The distorted plane

waves are expanded in the basis of spherical waves, and

radial wave functions are calculated to high precision

(usually to eight or nine significant figures) by the RADIAL

routines.59 Thus, the distorting potential VPðr0Þ is treated

exactly. If this potential is selected appropriately, the

remaining interaction H00 ¼ H0 � VPðr0Þ is weaker than

H0, and a first-order perturbation calculation should yield

better results.

The DWBA gives an expression of the differential cross

section for ionization of a closed subshell that involves

transition matrix elements of the form

T
ðDWÞ
fi ¼ �cð�Þ

k0m0
S

ðr0ÞcEf kfmf
ðr1Þ Hintð0; 1Þj jcðþÞkmS

ðr0Þcnkmðr1Þ
�
:

ð56Þ
In the DWBA calculations of Segui et al.28 and Bote and

Salvat,30 the interaction between the projectile and the active

atomic electron was assumed to be purely Coulombian. That

is, the effect of the transverse interaction was disregarded, and

the operator in Eq. (29) was replaced by

HL
intð0; 1Þ ¼ �

Z0e
2

r1 � r0j j : ð57Þ

This simplification is acceptable for projectiles with velocities

much smaller than c.With appropriate sums and averages over

spins andmagnetic quantum numbers, and integration over the

final directions of the projectile and the emerging knocked-on

electron, one obtains the following expression for the energy-

loss DCS:30

ds
ðDW;LÞ
i

dW
¼ 2Z2

0e
4

�hv

ðE�W þ 2mec
2ÞðW � Ei þ 2mec

2Þ
c4�h4k2k0kf

� Eþ 2mec
2

Eþmec2

�
X
kf

X
k1

X
k2

X
L

1

2Lþ 1



X

Ek1;nk
E0k2;Ef kf ;L

�2
; ð58Þ

where

X
Ek1;nk
E0k2;Ef kf ;L

� h‘1
2
jjjCðLÞjj‘f 1

2
jf ih‘112 j1jjCðLÞjj‘2 1

2
j2iREk1;nk

E0k2;Ef kf ;L
;

ð59Þ
and the quantities R

Ek1;nk
E0k2;Ef kf ;L

are Slater integrals,

R
Ek1;nk
E0k2;Ef kf ;L

¼
Z Z

dr0 dr
rL<

rLþ1>

½PEk1ðr0ÞPE0k2ðr0Þ

þQEk1ðr0ÞQE0k2ðr0Þ� ½PnkðrÞPEf kf ðrÞ
þQnkðrÞQEf kf ðrÞ�: ð60Þ

Here κ1 and κ2 are angular momentum quantum numbers

referring to the initial and final spherical orbitals of the

projectile electron, and ℓ1, j1 and ℓ2, j2 are the corresponding
orbital and total angular momentum quantum numbers. The

quantities r< and r> are, respectively, the lesser and the greater

of the radial distances r0 and r.

Spherical orbitals of the projectile are calculated with

the distorting potential VPðrÞ that we can choose freely.

With VP � 0 (no distortion), the DWBA reduces to the

PWBA. The effectiveness of the DWBA improves when the

residual interaction, H00 ¼ H0 � VPðr0Þ, weakens. As dis-

cussed by Segui et al.,28 a convenient choice is to take

VPðrÞ ¼ �Z0V
DHFSðrÞ. Thus, for projectile positrons (Z0

¼ 1), the distorting potential equals the DHFS potential with

reversed sign. In this case, the total cross section for ionization,

s
ðDW;LÞ
i ¼

Z E

Ei

ds
ðDW;LÞ
i

dW
dW; ð61Þ

is found to agree reasonably with available experimental

data.28 For projectile electrons (Z0 ¼ �1), we set

VPðrÞ ¼ VDHFSðrÞ, i.e., the distorting potentials for electrons

and positrons have opposite signs.

It is worth recalling that the PWBA gives the same cross

sections for electrons and positrons because it assumes that the

projectile wave functions are not affected by the atomic field.

In reality, positrons are less effective for ionization than

electrons because they are repelled by the electrostatic field

of the atom, while electrons are attracted. The DWBA

accounts for this difference in a natural way, and yields cross

sections that are larger for electrons than for positrons, the

differences being more prominent for near-threshold

energies.28

Electrons also differ from positrons in that a projectile

electron is indistinguishable from the active target electron

and, therefore, the projectile can undergo exchange scattering.
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The description of exchange scattering is easy when the initial

and final orbitals of the target and the projectile are mutually

orthogonal; the problem is much more difficult when ortho-

gonality is not guaranteed (see, e.g., Ref. 54). With the DHFS

potential as distorting potential, the orbitals of the projectile

and the active target electron are solutions of the same Dirac

equation and, consequently, they are orthogonal. We can then

account for exchange effects simply by antisymmetrizing the

initial and final states in the transition matrix element. The

exchange-corrected transition matrix elements read

T
ðDW;excÞ
fi ¼hcð�Þ

k0m0
S

ðr0ÞcEf kfmf
ðr1Þ Hintð0; 1Þj jcðþÞkmS

ðr0Þcnkmðr1Þi

� hcð�Þ
k0m0

S

ðr1ÞcEf kfmf
ðr0Þ Hintð0; 1Þj jcðþÞkmS

ðr0Þcnkmðr1Þi:
ð62Þ

The corresponding energy-loss DCS for electrons, calculated

by considering only the longitudinal interaction, is

dsDW;L;e
i

dW

¼ 2e4

�hv

ðE�W þ 2mec
2ÞðW � Ei þ 2mec

2Þ
c4�h4k2k0kf

Eþ 2mec
2

Eþmec2

�
X
k1

X
k2

X
kf

X
L

1

2Lþ 1



X

Ek1;nk
E0k2;Ef kf ;L

�2"

þ
X
L0

1

2L0 þ 1



X

Ek1;nk
Ef kf ;E0k2;L0

�2
� 2

X
L

X
L0
ð�1ÞLþL0þ1 j jf L

j1 j2 L0

� �
X

Ek1;nk
E0k2;Ef kf ;L

X
Ek1;nk
Ef kf ;E0k2;L0

#
:

ð63Þ
where {: : :} denote Wigner’s 6j symbols.73 The coefficient

X
Ek1;nk
Ef kf ;E2k2;L

is obtained from expression (59) by the inter-

change E′κ2↔ Ef κf (E�W $ W � Ei). The first and second

terms in the square brackets correspond to direct and exchange

transitions, respectively. The third term results from the

interference between the direct and exchange scattered waves.

Details on the numerical calculation of the energy-loss DCSs

given by Eqs. (58) and (63) can be found in the article of Segui

et al.28 After the collision, we have two indistinguishable

electrons with kinetic energies E�W and W � Ei. The

maximum energy loss of the “primary” electron (the one with

the higher energy) is Wmax ¼ ðEþ EiÞ=2. Hence, the total

cross section for ionization of the closed subshell is

sDW;L;e
i ¼

Z ðEþEiÞ=2

Ei

dsDW;L;e
i

dW
dW: ð64Þ

2.2.4. Corrected plane-wave Born approximation

Numerical calculations of σi based on the semirelativistic

DWBA (i.e., with the transverse interaction neglected) are

feasible only for projectiles with kinetic energies up to about

25 times the ionization energy of the active shell. This

approximation accounts for the distortion of the projectile

wave functions by the field of the atom and, in the case of

projectile electrons, also for exchange effects. On the other

hand, the relativistic PWBA allows the calculation of ioniza-

tion cross sections for arbitrary energies, including the effect

of the transverse interaction, which is neglected in our DWBA.

In the energy interval where DWBA calculations are fea-

sible, one can compare ionization cross sections obtained from

both approximations considering only the longitudinal inter-

action, Eq. (57). The difference between these cross sections,

Dsi ¼ s
ðDW;LÞ
i � s

ðPW;LÞ
i , gives the distortion and exchange

corrections to the PWBA. However, this quantity can be

evaluated numerically only for projectiles with kinetic ener-

gies less than about about 25Ei. Bote and Salvat
30 proposed a

“corrected” PWBA, in which the cross section for ionization is

obtained as

si ¼
s
ðPWÞ
i þ Dsi if E � 16Ei;

E

Eþ bEi

s
ðPWÞ
i if E > 16Ei:

8><>: ð65Þ

The correctionΔσi is applied only for energiesE less than 16Ei,

where it can be effectively computed, and the scaling para-

meter b is determined by requiring continuity atE¼ 16Ei. This

corrected PWBA has been employed to calculate an extensive

database of cross sections for ionization of the K, L, and M

subshells of all elements from hydrogen (Z¼ 1) to einsteinium

(Z ¼ 99) by impact of electrons and positrons with kinetic

energies from threshold up to 1 GeV. For energies less than

	30Ei, the cross section (65) improves the semirelativistic

DWBA by including the contribution of the transverse inter-

action. At higher energies, σi smoothly tends to the cross

section given by the PWBA which yields reliable results for

E 0 30Ei. Hence, the recipe (65) is expected to give results

nearly equivalent to those that would be obtained from the

DWBA with the full interaction (29). This approach for

calculating cross sections for inner-shell ionization by electron

impact is believed to be the most reliable method currently

available for obtaining these cross sections for any atom.

We will present the analytical formulae of Bote et al.31 in

Sec. 3.6 that are based on Eq. (65). These formulae enable K-,

L-, and M-shell ionization cross sections to be readily com-

puted for all atoms from hydrogen to einsteinium. We will

evaluate these cross sections in Sec. 7 by making comparisons

with measured cross sections for a wide range of atomic

numbers and incident electron energies.

2.3. Applicability of atomic calculations to
molecules and solids

We have described calculations of inner-shell ionization

cross sections for free atoms in this section. While some

measurements of these cross sections have been made for free

atoms such as the rare gases, many more measurements have

been made for diatomic molecules (such as H2, N2, O2, and

Cl2) and elemental solids. We therefore now comment on the
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applicability of the atomic calculations to solids and to mole-

cules. X-ray absorption cross sections involving excitation or

ionization of inner-shell electrons are very similar for atoms

and the corresponding molecules and solids.74 However,

differences can occur in the threshold energies (as discussed

in the Appendix) as well as in the near-edge x-ray absorption

fine structure and in the extended x-ray absorption fine struc-

ture. Total cross sections for ionization of a particular shell by

electron impact involve the integration of the differential cross

section (with respect to energy loss) over energy loss. If the

incident electron energy is sufficiently high, these differential

ionization cross sections correspond closely to the correspond-

ing x-ray absorption cross sections. It is therefore reasonable to

expect that total ionization cross sections will be at least

approximately similar to those for the corresponding atoms.

Nevertheless, differences between total ionization cross

sections for atoms, molecules, and solids are more likely as

the incident electron energy becomes closer to the threshold

energy for ionization. At near-threshold energies, the final

states for ionization of an inner-shell electron from atoms,

molecules, and solids will generally be different than for

higher incident energies. In addition, there will different so-

called final-state effects in atoms, molecules, and solids. For

atoms and molecules, there can be post-collisional ionization

effects at near-threshold energies involving Coulomb interac-

tions between the three final particles (an ion and two slow

electrons). For solids, the inner-shell vacancy will be at least

partially screened by movement of valence electrons. The

dynamics of these complex processes in atoms,molecules, and

solids are beyond the scope of this review. Instead, we will

examine in Sec. 7 the extent to which differences between

measured and calculated inner-shell ionization cross sections

depend on the overvoltage, U (that is, the ratio of the incident

energy to the threshold energy for ionization). Significant

increases of these deviations with decreasing U could then

indicate differences between measured cross sections for

molecules and solids and the corresponding calculated cross

sections for atoms and/or the existence of final-state effects

that have not been included in the present atomic calculations.

We also note here that ionization of an inner-shell electron

by electron impact can lead to excitation and ionization of

valence electrons (sometimes referred to as shake-up and

shake-off processes, respectively). Subsequent decay of the

inner-shell vacancy by emission of x rays or Auger electrons

will lead to both “diagram” and “satellite” features in mea-

sured x-ray or Auger-electron spectra (as mentioned in Sec. 4).

Fortunately, for many cross-section measurements, the dia-

gram and satellite linesmay not be resolved. Nevertheless, it is

expected that the fraction of x-ray or Auger-electron emission

in satellite lines will change for incident energies close to

threshold.

3. Analytical Formulae for Inner-Shell
Ionization Cross Sections

Because theoretical calculations of cross sections for impact

ionization face considerable numerical difficulties, systematic

tabulations of σi have become available only in recent years.

This lack of reliable theoretical information, combined with

the scarcity of available experimental data, has stimulated the

proliferation of approximate analytical formulae that were

derived from simple theoretical models or high-energy

approximations. Simple analytical formulae were also impor-

tant for estimating ionization cross sections before the wide-

spread availability of laboratory and personal computers.

Semiempirical formulae have also been developed from the,

always limited, experimental information available. Although

many of these formulae have served a useful function (typi-

cally soon after they were developed), potential users should

be aware that semiempirical formulaemay not be valid beyond

the range of conditions for which they were initially devel-

oped. The apparent success of a particular formula in one

application (e.g., for a particular material over a limited range

of projectile energies) should not necessarily suggest that the

same formula is valid for different materials and conditions.

3.1. The Bethe formula

A simple and useful means of analyzing measured or

calculated cross-section data for ionization of a given shell

is provided by the Bethe asymptotic formula, Eq. (52). How-

ever, it should be borne in mind that the formula is asymptotic,

i.e., it gives the first term of an expansion in inverse powers of

E of the cross section evaluated within the PWBA. Hence,

deviations of experimental data from the Bethe formula do not

necessarily imply that the PWBA is not valid.

For practical purposes, it is convenient to express Eq. (52) in

the form

s
ðBÞ
i ¼

2pe4

mev2
ð2j þ 1Þ bi

Ei

ln
b2

1� b2

� �
� b2

� �
þ ln

ci mec
2

2Ei

� �� �
;

ð66Þ
where

bi ¼ EiM
2
i

2j þ 1
and ln

ci mec
2

2Ei

� �
¼ Ci

M2
i

: ð67Þ

The coefficients bi and ci are generally referred to as the Bethe

parameters and, as indicated above, they are defined as inte-

grals involving the GOS.72 Approximate calculations for inner

shells using hydrogenic models give values of bi between 0.2

and 0.6, and the value of ci was estimated by Bethe to be 	4.
Since most of the published analyses using the Bethe formula

involved electrons with nonrelativistic energies, it is pertinent

to consider the nonrelativistic version of this formula, which is

obtained by letting c tend to infinity. Noting that, in the

nonrelativistic limit, mev
2=2 ¼ E and the expression in square

brackets becomes ln (2E/mec
2), we have

s
ðB;nrÞ
i ’ pe4

E
ð2j þ 1Þ bi

Ei

ln
ciE

Ei

� �
: ð68Þ

This formula should not be applied to electronswith energiesE

higher than about 50 keV.
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The Bethe formulae can be used in various ways for

analyzing measured or calculated cross-section data for ioni-

zation of a given subshell. For such purposes, it is convenient

to write the formulae as follows:

s
ðBÞ
i Eib

2 ¼ 2pe4

mec2
ð2j þ 1Þ bi ln

b2

1� b2

� �
� b2

� ��

þ ln
mec

2

2Ei

� �
þ lnci

�
; ð69Þ

and

s
ðB;nrÞ
i E2

i U ¼pe4 ð2j þ 1Þ bi ln ciUð Þ

¼ 6:514� 10�14 ð2j þ 1Þ bi ln ciUð Þ cm2 eV2;

ð70Þ
where U ¼ E/Ei is the overvoltage.

A valuable form of data analysis is to prepare Fano

plots2,69,72 in which either siE
2
i U is plotted versus lnU, as

suggested by Eq. (70) for the nonrelativistic Bethe formula, or

σiEi β
2 is plotted versus the quantity

X ¼ ln
b2

1� b2

� �
� b2

� �
þ ln

mec
2

2Ei

� �
; ð71Þ

as suggested by Eq. (69) for the relativistic form of the Bethe

formula. In the present work, we will present Fano plots

displaying the quantity

YFano � siE
2
i U

pe4 ð2j þ 1Þ
mec

2b2

2E
ð72Þ

as a function of X. For sufficiently large overvoltages, where

the Bethe formula is valid, the plot is linear, and

YFano ¼ bi lnci þXf g: ð73Þ
The Bethe parameter bi is the slope of the line YFano(X), and

the parameter ci is determined by the ordinate atX¼ 0,YFano(0)

¼ biln ci. In the nonrelativistic limit, X 	 ln (E/Ei) ¼ lnU and

mec
2β2 	 2E, and the plot reduces to the familiar nonrelati-

vistic form

siE
2
i U

pe4 ð2j þ 1Þ ¼ bi lnci þ lnUf g: ð74Þ

Figures 3 and 4 display Fano plots for the K shell and the L

subshells of selected elements. For convenience, the plots for

individual subshells include the energy scale (in keV) showing

the correspondence between X and E values. Notice that the E

scale is approximately logarithmic only for weakly bound

subshells and nonrelativistic energies. The plots combine

theoretical results obtained from the DWBA calculations of

Bote and Salvat30 and experimental data from different

sources (specific references are given in Sec. 6). The Bethe

parameters bi and ci were determined from a least-squares fit

made to the DWBA cross section in the high-energy region for

each element. For comparison, these figures also display plots

based on three of the analytical formulae described below for

ionization cross sections, namely the Kolbenstvedt formula,

Eq. (82) [which is applicable only to theK shell], theGryzinski

formula, Eq. (83), and the Casnati et al. formula, Eq. (84). It is

seen that Fano plots based on the DWBA ionization cross

sections are linear for X greater than about 4 or, equivalently,

for overvoltages larger than about 50. That is, the Bethe

formula is valid for energies E greater than about 50 times

the ionization energy of the active subshell. At lower energies,

shell corrections become appreciable, and the plot visibly

departs from the asymptotic linear dependences found for

U > 50.

We also see in Figs. 3 and 4 that the lines based on the

Gryzinski formula do not have the same asymptotic slopes as

indicated by the lines from the Bethe equation and the DWBA

data. Some of the lines based on the Casnati et al. equation also

depart from the asymptotic Bethe slopes.

The low-energy parts of the plots are displayed in separate

diagrams on the right of Figs. 3 and 4. In the range X � 4, the

curvature of the line YFano(X) varies with the atomic number.

Indeed, for restricted energy intervals below X	 4, a linear fit

would give an acceptable approximation to each plot; how-

ever, the fitted parameters would be different from the Bethe

parameters bi and ci. It is seen that the slope of the low-energy

linear region is greater than that of the asymptotic region. As a

result, empirical values of bi derived from the slope in the low-

energy region are greater than would be expected from the

corresponding optical oscillator strength.2 The empirical

values of ci obtained from the low-energy region are similarly

smaller than the corresponding values for the asymptotic

region, and may become less than unity. That is, the Bethe

formula may yield negative cross sections at near-threshold

energies. Such negative cross sections are clearly nonphysical,

and have been interpreted by some authors as an indication that

the Bethe equationmust be incorrect; in fact, it is the use of the

Bethe equation in a range where it is not expected to be valid

that is incorrect.

A global consistency check is to verify that a value of bi
derived from a Fano plot should agree (within experimental

and numerical uncertainties) with the value obtained from

integration of the dipole oscillator strength or of photoabsorp-

tion data.2,5,75 Early studies showed that values of bK and bL
derived from Fano plots do not vary appreciably (bymore than

about 10% ) with Z.2,76 Figure 5 displays Fano plots based on

the DWBAK-shell ionization cross sections of Bote et al.31,32

for N, Fe, Ag, and Au and on their L3-subshell ionization cross

sections for Cu, Ag, and Au. In these examples, the parameter

bi (given by the asymptotic slopes of the lines for large values

ofX) decreases as the atomic number increases. Figure 6 shows

similar Fano plots for the K shell and the L subshells of Au.

Interestingly, the parameter bL3
is seen to be smaller than bK.

This situation implies that bi depends on the binding energy in

a nontrivial way.
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FIG. 3. (Color online) Fano plots forK-shell ionization ofN, Fe,Ag, andAuobtained fromEqs. (71) and (72). The solid lines correspond to cross sections calculated

from the DWBA (Bote et al.) and the dashed lines represent the analytical formulae of Kolbenstvedt [Eq. (82)], Gryzinski [Eq. (83)], and Casnati et al. [Eq. (84)].

The dotted-dashed lines are plots based on the Bethe formula [Eq. (69)] with the Bethe parameters bi and ci obtained from a fit to the DWBA cross sections in the

high-energy region for each element. Symbols are experimental measurements identified in Sec. 6. The figures on the right display the low-energy parts of the plots.
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3.2. Empirical modifications to the Bethe formula

Some authors have proposed empirical modifications to the

Bethe formula so that it can be used in the near-threshold

region (U < 4) where the Bethe formula is not valid,

as discussed in the previous paragraphs. Generally,

these formulae were developed to describe, at least approxi-

mately, the limited body of experimental data and fragmentary

theoretical information available at the time of publication.

0 5 10 15 20
X

0

5

10

Y
F

an
o

Bote et al.
Gryzinski
Casnati et al.
Bethe

10
1

10
2

10
3

10
4

10
5

10
6

E (keV)E (keV)

Cu

L
1
-shell

0 5 10 15 20
X

0

2

4

6

8

Y
F

an
o

Bote et al.
Gryzinski
Casnati et al.
Bethe

10
2

10
3

10
4

10
5

10
6

E (keV)E (keV)

Au

L
1
-shell

0 5 10 15 20
X

0

5

10

Y
F

an
o

Bote et al.
Gryzinski
Casnati et al.
Bethe

10
0

10
1

10
2

10
3

10
4

10
5

10
6

E (keV)E (keV)

Cu

L
2
-shell

0 5 10 15 20
X

0

2

4

6

8

10

Y
F

an
o

Bote et al.
Gryzinski
Casnati et al.
Bethe

10
2

10
3

10
4

10
5

10
6

E (keV)E (keV)

Au

L
2
-shell

0 5 10 15 20
X

0

5

10

Y
F

an
o

Bote et al.
Gryzinski
Casnati et al.
Bethe

10
0

10
1

10
2

10
3

10
4

10
5

10
6

E (keV)E (keV)

Cu

L
3
-shell

0 5 10 15 20
X

0

2

4

6

8

10

Y
F

an
o

Bote et al.
Gryzinski
Casnati et al.
Bethe

10
1

10
2

10
3

10
4

10
5

10
6

E (keV)E (keV)

Au

L
3
-shell

FIG. 4. (Color online) Fano plots for the L subshells of Cu andAu obtained fromEqs. (71) and (72). The solid lines correspond to cross sections calculated from the

DWBA(Bote et al.) and the dashed lines represent the analytical formulae ofGryzinski [Eq. (83)] andCasnati et al. [Eq. (84)]. The dotted-dashed lines represent the

Bethe formula [Eq. (69)] with theBethe parameters bi and ci obtained from afit to theDWBAcross sections in the high-energy region for each element. Symbols are

experimental measurements identified in Sec. 6. The figures on the right display the low-energy parts of the plots.
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The only feature that is common to all of these formulae is that

σi vanishes at E ¼ Ei (U ¼ 1).

The following list describes formulae that were proposed

mainly on the basis of empirical evidence. These formulae

have been widely used for providing fast estimates of the

ionization cross sections in practical applications.

� de la Ripelle77 proposed the formula

siE
2
i ¼ 6:514� 10�14 ð2j þ 1Þ ln Uð Þ

kiðU þ xiÞ
cm2 eV2;

ð75Þ

where ki [equivalent to 1/bi in Eq. (68)] and χi are para-

meters. A fit of measured K-shell cross sections to Eq. (75)

gave the values kK ¼ 1.18 and χK ¼ 1.32 (de la Ripelle,

private communication).

� Worthington and Tomlin78 and Fong and Tomlin79 used

the formula

siE
2
i ¼ 6:514� 10�14 ð2j þ 1Þ bi

U

� ln
4U

1:65þ 2:35expð1� UÞ
� �

cm2 eV2; ð76Þ

where the argument of the logarithm ensures that σi
vanishes for U ¼ 1 and has the high-energy behavior

suggested by the nonrelativistic PWBA. Values of the

bi parameter for the K shell (bK ¼ 0.35) and L subshells

(bL ¼ 1.05) were inferred from theoretical calculations.

� Green and Cosslett80 proposed a simpler formula for

ionization ofK shells by assuming that theBethe parameter

cK was unity and by adjusting the parameter bK to agree

with measurements of σK for Ni and Ag for overvoltages
near U ¼ 5. Their formula reads

sKE
2
K ¼ 6:514� 10�14 ð2j þ 1Þ bK

U
lnU cm2 eV2;

ð77Þ
with bK ¼ 0.61.
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� Drawin81 reviewed existing semiempirical cross-section

formulae and proposed the following:

siE
2
i ¼ 4:32� 10�14 ð2j þ 1Þ f1 U � 1

U2

� ln 1:25 f2Uð Þ cm2 eV2; ð78Þ
where the parameters f1 and f2 have values in the ranges

0.7–1.3 and 0.8–3.0, respectively, but which are often

replaced by unity.

� Hutchins82 proposed the following additional modifica-

tion:

siE
2
i ¼ 6:514� 10�14 ð2j þ 1Þ bi

Um
lnU cm2 eV2;

ð79Þ
where the parametermwas stated to be between 0.7 and 1.

� Lotz83 proposed the somewhat more involved formula

siE
2
i ¼ Ai ð2j þ 1Þ lnU

U
1� Biexp½�CiðU � 1Þ�f g; ð80Þ

where Ai, Bi, and Ci are parameters that Lotz determined

from experimental information. For K shells, AK ¼ 4.0

� 10�14 cm2 eV2, BK ¼ 0.75, and CK ¼ 0.5.

� Rudge and Schwartz84 proposed a formula with a more

flexible form that includes additional terms to account for

shell corrections and low-energy departures from the

PWBA [see Eq. (54)],

siE
2
i ¼ 6:514� 10�14 ð2j þ 1Þ lnU

U

� D0 þD1

U
þD2

U2

� �
cm2 eV2; ð81Þ

where D0, D1, and D2 are parameters characteristic of

each atomic subshell that, in principle, should be deter-

mined by fitting experimental data or results from theore-

tical calculations. Rudge and Schwartz determined

these parameters for the cases of K shells (D0 ¼ 2.799,

D1 ¼ �0.218, D2 ¼ 0.047) and L1 subshells (D0 ¼ 2.168,

D1 ¼ 1.147, D2 ¼ �0.212) from their calculations of σK
and sL1

for hydrogenic ions using the nonrelativistic Born-

exchange approximation.

3.3. The Kolbenstvedt formula

Kolbenstvedt19 used the Weizsäcker-Williams method of

virtual quanta17,18 to derive an analytical formula for calculat-

ing K shell ionization cross sections. Close collisions (with

large momentum transfers) were considered as binary colli-

sions with free electrons at rest. The effect of distant interac-

tions (with small momentum transfers) was described by

considering the electromagnetic field of the projectile to be

equivalent to a flux of virtual photons that can ionize the atom

by photoelectric absorption. For the case of K-shell ionization,

Kolbenstvedt19 first used a simple approximation to the photo-

electric cross section which he later replaced by the nonrela-

tivistic OOS.20,71 The OOS gives a description of distant

interactions much closer to the PWBA. The resulting ioniza-

tion cross section is (see Ref. 20)

sK ¼ sclose
i þ sdistant

K ; ð82aÞ
where

sclose
i ¼ 0:99� 10�24

I

ðT þ 1Þ2
T ðT þ 2Þ

� 1� I

T
1� T 2

2ðT þ 1Þ2 þ
2T þ 1

ðT þ 1Þ2 ln
T

I

 !" #
cm2

ð82bÞ
is the contribution from close collisions, calculated using

Møller’s DCS, Eq. (13), and

sdistant
i

¼ 0:275� 10�24

I

I0

I

� �3 ðT þ 1Þ2
T ðT þ 2Þ 1� 16

13
1� I

I0

� �� ��

� ln
2T ðT þ 2Þ

I

� �
� T ðT þ 2Þ
ðT þ 1Þ2

" #
� 55

78
� 32

39
1� I

I0

� �)
cm2

ð82cÞ
is the cross section for distant ionizations, calculated using the

nonrelativistic OOS of hydrogenic ions. The quantities

I � Ei

mec2
and T � E

mec2
ð82dÞ

are, respectively, the ionization energy of the active target

electron and the kinetic energy of the projectile in units of the

electron rest energy. I0 ¼ 1
2
Z2Eh=mec

2 is the nonrelativistic

binding energy of an electron in the ground state of a hydro-

genic ion, also in units of mec
2. While expression (82b) is

applicable to any electron subshell, the expression (82c) is

approximately valid only forK shells. Empiricalmodifications

of the Kolbenstvedt formula have been proposed by Uddin

et al.85 and Haque et al.86

3.4. The Gryzinski formula

The classical model developed byGryzinski38–40 for atomic

ionization has been widely used, largely because of its sim-

plicity, analytical convenience, and supposed applicability to

all shells. His expression for the cross section for ionization of

a subshell is

siEi ¼ pe4ð2j þ 1Þ gðUÞRGr ; ð83aÞ
where U ¼ E/Ei,

gðUÞ ¼ 1

U

U � 1

U þ 1

� �3=2

1þ 2

3
1� 1

2U

� �
lnð2:7þ

ffiffiffiffiffiffiffiffiffiffiffiffi
U � 1
p

Þ
� �

;

ð83bÞ
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and RGr is the relativistic correction factor given by Gryzinski

[see Eqs. (59)–(61) in Sec. VII of Ref. 39],

RGr ¼ 2þ I

2þ T

1þ T

1þ I

� �2 ðI þ T Þð2þ T Þð1þ IÞ2
T ð2þ T Þð1þ IÞ2 þ Ið2þ IÞ

" #3=2
;

ð83cÞ
where I and T are, respectively, the ionization energy of the

active target electron and the kinetic energy of the projectile in

units of the electron rest energy [Eq. (82d)].

The Deutsch and Märk formalism (see Ref. 87, and refer-

ences therein) is based on a parameterization which is

similar, but not identical, to Gryzinski’s formula. This form-

alism, which incorporates parameters characteristic of each

electron shell, was later modified by replacing the Gryzinsky

energy dependence with the correct dependence ln (E)/E
predicted by the Bethe formula.88 Haque et al.89 introduced

relativistic corrections by adding a factor similar, but not

identical, to RGr.

3.5. Empirical formulae

Earlier reviews2,5,7,90 described the many formulae that

have been proposed for predicting inner-shell ionization cross

sections. We present here several empirical equations that

have been widely used for this purpose or which appear to be

useful.

� Casnati et al.91,92 derived the following empirical formula:

sKE
2
K ¼
ða0EhÞ2

4
ZK

2EK

Eh

� �d

f
lnU

U
RGr ð84aÞ

where U ¼ E=EK,

d ¼ �0:0318þ 0:3160

U
� 0:1135

U2
; ð84bÞ

f ¼ 10:57exp � 1:736

U
þ 0:317

U2

� �
; ð84cÞ

and RGr is the relativistic correction factor derived by

Gryzinski, Eq. (83c). Note that ða0EhÞ2=4 ¼ e4=4

¼ 5:1837� 10�15 cm2 eV2. The other factors on the

right-hand side of Eq. (84a) are dimensionless and, there-

fore, the formula is valid in any system of units. Equation

(84a) was found to fit K-shell ionization cross-section data

to typically better than �10% over the range 1 � U � 20

and 6 � Z � 79.

Seah and Gilmore93 compared measured Auger-elec-

tron intensities (with primary-electron energies of 5 and

10 keV) for about 60 elemental solids with predictions

based on several different analytical formulae for the

ionization cross section. From this analysis, Seah and

Gilmore recommended the Casnati et al. formula for use

in AES. Although the Casnati et al. formula was derived

from fits to measured K-shell ionization cross sections, it

was found useful for other subshells (more details in

Sec. 5.2). Furthermore, a recent analysis showed that the

Casnati et al. formula was better than the Gryzinski

formula in calculations of the backscattering factor for

AES.94 This conclusion was based on comparisons with

backscattering factors calculated with ionization cross

sections from the analytical formulae of Bote et al.31

[Eqs. (87) and (88) below].

� Jakoby et al.95 analyzed about 600 measured K-shell cross

sections for elements with 6 � Z � 92 and for EK � E� 2

GeV. Their formula is

sK ¼ aF1 F2 þ b F3 þ F4 ðF5Þc½ � cm2 ; ð85aÞ
where

F1ðZ;bÞ ¼ 2:549� 10�19 eV
EKb

2
; ð85bÞ

F2ðbÞ ¼ ln
b2

1� b2

� �
� b2 ; ð85cÞ

F3ðZ;bÞ ¼ 1� b2
0=b

2 ; ð85dÞ

F4ðZÞ ¼ ln 1=b2
0


 �
; ð85eÞ

F5ðZ;bÞ ¼ b2
0=b

2 ; ð85fÞ
with

b2 ¼ 1� ½1þ ðE=mec
2Þ��2; b2

0 ¼ 1� ½1þ ðEK=mec
2Þ��2

ð85gÞ
and

a ¼ 5:14Z�0:48 ; ð85hÞ

b ¼ 5:76� 0:04Z ; ð85iÞ

c ¼ 0:72þ 0:039Z� 0:0006Z2 : ð85jÞ
Equation (85a) was found to fit themeasured cross sections

with a stated accuracy�13% (which is presumed to be the

standard deviation in the fit).

� More recently, Hombourger96 derived a formula for K-

shell ionization cross sectionswith a structure analogous to

Eq. (84a) and coefficients determined by least-squares

fitting of experimental data. Hombourger’s formula reads

sK ¼ a20 ZK

Eh

2EK

� �CU

DU RGr ð86aÞ

where

CU ¼ 2:0305� 0:3160

U
� 0:1545

U2
ð86bÞ
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and

DU ¼ 3:125� 4:172

U
þ 1:877

U2

� �
lnU

U
: ð86cÞ

The accuracy of this formula was claimed to be better

than 10%.

3.6. Parameterization of cross sections from the
DWBA and PWBA

Campos et al.97 proposed a simple analytical expression for

the ionization cross sections of the K shell and L subshells in

terms of the atomic number and the overvoltage, with para-

meters obtained byfitting calculatedDWBA results forU< 10.
Bote et al.31,32 have given useful parameterizations of

ionization cross sections calculated from the corrected PWBA

[Eq. (65)]. Parameter values were obtained from least-squares

fitting of a comprehensive numerical database of ionization

cross sections for the K shell and L and M subshells of all

elements from hydrogen (Z ¼ 1) to einsteinium (Z ¼ 99) and

for the energy range from the ionization threshold to 1 GeV.

For overvoltagesU� 16, the cross section is approximated by

the following expression:

si ¼ 4pa20
U � 1

U2
a1 þ a2U þ a3

1þ U
þ a4

ð1þ UÞ3 þ
a5

ð1þ UÞ5
 !2

;

ð87Þ
where a1,…, a5 are parameters characteristic of each element

and electron shell. ForU
 16, the cross section is expressed as

si ¼ U

U þ b
s
ðPWBAÞ
i ; ð88aÞ

where b is an energy-independent parameter and s
ðPWBAÞ
i is the

cross section obtained from the PWBA. The latter is repre-

sented as

s
ðPWBAÞ
i ¼ 4pa20

Ai

b2
f½lnX2 � b2� 1þ g1X

�1
 �
þ g2 þ g3ð1� b2Þ1=4 þ g4X

�1g; ð88bÞ
where b ¼ v=c, and

X � p

mec
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðEþ 2mec2Þ

p
mec2

ð88cÞ

is the momentum of the projectile in units of mec. The quantity

Ai is defined by

Ai ¼ a4mec
2

2

Z 1
Ei

1

W

dfiðWÞ
dW

dW ¼ a2

2
M2

j ; ð89Þ

where dfiðWÞ=dW is the optical oscillator strength of the

active subshell, Eq. (45), α ¼ e2/ℏc 	 1/137 is the fine-

structure constant, and the quantity M2
j is the squared

dipole-matrix element for ionization.69 The parameters b, Ai,

g1,…, g4 are specific for each element and subshell.

Bote et al. provided tables of the parameters ai, b, Ai, and gi
for K, L, and M shells of all elements (Z ¼ 1 to Z ¼ 99); a

Fortran subroutine which implements these analytical expres-

sions is available in the online version of the Bote et al. article.

The values from these formulae differ from the cross sections

calculated from the corrected PWBAby less than about 1% for

U > 1.3. For smaller overvoltages, the relative differences are

less than about 5%.

An important parameter in Eqs. (87) and (88) is the over-

voltage, U, the ratio of the incident electron energy to the

binding energy (BE) of the electron for the shell and element of

interest. The BEs adopted in the analysis of Bote et al.were the

negative eigenvalues of the radial Dirac-Hartree-Fock-Slater

equations (see, e.g., Ref. 98), because these are consistent with

the atomic model underlying the calculations and available for

all elements and shells. TheAppendix gives information on the

magnitudes of differences between these calculated BEs and

measured values, and provides recommendations for comput-

ing ionization cross sections using appropriate experimental

BEs for atoms,molecules, and solids.We have chosen tomake

use of BEs from Carlson’s compilation64 since these are

measured BEs for commonly occurring elements; calculated

BEs are given for other elements. Ionization cross sections

calculated with Carlson’s BEs may differ from those obtained

with the calculatedBEs used byBote et al. forU less than about

3 where the cross sections vary relatively rapidly with U.

We now give examples of ionization cross sections calcu-

lated from Eqs. (87) and (88) for selected elements and

compare these with cross sections obtained from the formulae

of Drawin [Eq. (78)], Lotz [Eq. (80)], Kolbenstvedt [Eq. (82)],

Gryzinski [Eq. (83)], Casnati et al. [Eq. (84)], Jakoby et al.

[Eq. (85)], and Hombourger [Eq. (86)]. We also show mea-

sured ionization cross sections that will be described and

presented in Sec. 6. Figure 7 displays K-shell ionization cross

sections for N, Si, Fe, Y, Ag, andAu for incident energies from

threshold to 1GeV. The curves labelled DWBAwere obtained

from Eqs. (87) and (88). It is seen that the DWBA results

compare well with experimental data over the whole energy

range. Cross sections from theKolbenstvedt formula generally

agree well with the DWBA curves but there are deviations for

Y, Ag, and Au at lower energies. Cross sections from the Lotz

and Drawin formulae are less than the measured cross sections

and the DWBA curves, with the differences becoming more

significant with increasing electron energy and atomic num-

ber. These differences arise from the fact that the two formulae

were fitted to measurements made over 40 years ago for

nonrelativistic energies. Distinct differences are seen between

the Gryzinski cross sections and the measured values, while

the differences for the Casnati et al., Jakoby et al., and

Hombourger cross sections are smaller. A more detailed

analysis of differences between the DWBA cross sections and

the values from the Gryzinski, Casnati et al., Jakoby et al., and

Hombourger formulae will be presented in Sec. 8.

Figure 8 contains similar comparisons of total L-shell

ionization cross sections for Ag, Xe, Ta, and Bi, and Fig. 9

gives comparisons of total M-shell ionization cross sections
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for Au and Bi. We again see failures of the Lotz and Drawin

cross sections. More detailed comparisons of results from the

other formulae will be given in Sec. 8.

4. X-ray and Auger-Electron Emission

The ionization of an inner shell is followed by the relaxa-

tion of the target atomby emission of characteristic x rays and

Auger electrons. In applications to electron-probe microa-

nalysis and Auger electron spectroscopy, one is primarily

interested in the cross sections for the emission of character-

istic x rays and Auger electrons, respectively. In this section

we discuss the relationship between these cross sections and

the cross sections for impact ionization described in Secs. 2

and 3.

The primary ionization of an atom by impact of a

fast charged particle, produces a vacancy in a certain subshell

Si ¼ (niℓi ji). We disregard the possibility of collisions

producing multiple ionization of the target atom which

normally occur with much smaller probabilities. When the
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FIG. 7. (Color online) Absolute cross sections for ionization of the K shells of N, Si, Fe, Y, Ag, andAu vs. incident electron energy. The curves are the results of the

DWBA calculations (solid lines) and of the analytical formulae indicated in the legends. The symbols represent experimental measurements that are identified in

Sec. 6. The error bars are estimates of the one-standard-deviation uncertainties of themeasured cross sections provided by the authors. Note the logarithmic scale in

the high-energy parts of the horizontal axes.
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primary vacancy is in an inner subshell, the resulting ion is in

a highly excited state and it de-excites by migration of the

primary vacancy to outer subshells through a cascade of

radiative and nonradiative transitions. In a radiative S0-S1

transition, a vacancy in the S0 subshell migrates to the outer

subshell S1 (n1
 n0) with emission of a characteristic x ray.

In a nonradiative S0-S1-S2 transition, a vacancy in the S0

subshell is filled by an electron that falls from the outer S1

subshell and an electron is ejected from the S2 subshell; after

each nonradiative transition, the residual ion has an addi-

tional vacancy. Nonradiative transitions are classified as

Auger, Coster-Kronig, and super Coster-Kronig transitions.

When the subshells S1 and S2 belong to shells different from

that of S0 (n0 < n1, n0 < n2), the nonradiative transition is

called an Auger transition. If S0 and S1 belong to the

same shell (n0 ¼ n1, n2 > n0), we have a Coster-Kronig

transition. Finally, in super Coster-Kronig transitions, the

three active subshells S0, S1, and S2 belong to the same shell

(n1 ¼ n2 ¼ n0).

In the specialized literature, it was customary to represent

radiative transitions using Siegbahn’s notation in which each

transition is designated by the letter code of the shell S0 that

had the initial vacancy followed by a Greek letter and, in some

cases, a numeral subscript. Siegbahn’s notation is being

replaced by the more explicit IUPAC notation adopted here

in which the codes of the shells with the initial and final

vacancies are written separated by a hyphen.99 However, x-ray

detectors may not be able to resolve groups of lines that have
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FIG. 7. (Continued.)
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FIG. 8. (Color online) Absolute cross sections for ionization of the L shells of Ag, Xe, Ta, and Bi vs. incident electron energy. Solid curves are the results of the

DWBA calculations and of the analytical formulae indicated in the legends. Note the logarithmic scale in the high-energy part of the horizontal axes.
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similar energies (e.g., the K-L2 and K-L3 lines) and, for these

unresolved groups, the use of a form like K-L2,3 or of Sieg-

bahn’s notation (Kα) simplifies the text and formulae. The

correspondence between Siegbahn’s and the IUPAC notations

for various K-shell, L-shell, and M-shell lines is given in

Table 1.

4.1. Transition probabilities and emission yields

Let tS0 denote the mean lifetime of an excited state of an

atom with a vacancy in the subshell S0. The reciprocal of this

quantity is the probability per unit time of a transition to any

lower-energy state. The level width of the initial excited state

is GS0 ¼ �h=tS0, and can be expressed as the sum of the partial

widths GS0-S1 and GS0-S1-S2 of all radiative and nonradiative

transitions that fill a vacancy in the subshell S0. The quantity

PS0-S1 � GS0-S1=GS0 ð90Þ
is the probability that a single vacancy in subshell S0 decays

through the radiative transition S0-S1. Similarly, the prob-

ability that the vacancy is filled through the nonradiative

transition S0-S1-S2 is

PS0-S1-S2 � GS0-S1-S2=GS0: ð91Þ
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FIG. 9. (Color online) Absolute cross sections for ionization of the M shells of Au and Bi vs. incident electron energy. Solid curves are the results of the DWBA

calculations and of the analytical formulae indicated in the legends. Note the logarithmic scale in the high-energy part of the horizontal axes.

TABLE 1. Radiative transitions for the relevant groups in theK, L, andM series.

Transitions for the indicated lines are represented using the IUPAC notation

(S0-S1) and the corresponding Siegbahn notation is indicated in parentheses

Group Lines Group Lines

Kα K-L2 (Kα2) L2-N6 (Lv)

K-L3 (Kα1) L2-N7 (Lv)

Kβ K-M2 (Kβ3) L2-O1 (Lγ8)
K-M3 (Kβ1) L2-O4 (Lγ6)
K-M4 (KbII5 ) L3ℓ L3-M1 (Lℓ)

K-M5 (KbI5) L3t L3-M2 (Lt)

K-N2 (KbII2 ) L3s L3-M3 (Ls)

K-N3 (KbI2) L3α L3-M4 (Lα2)

K-N4 (KbII4 ) L3-M5 (Lα1)

K-N5 (KbI4) L3β L3-N1 (Lβ6)

L1β L1-M2 (Lβ4) L3-N4 (Lβ15)
L1-M3 (Lβ3) L3-N5 (Lβ2)
L1-M4 (Lβ10) L3u L3-N6 (Lu)

L1-M5 (Lβ9) L3-N7 (Lu)

L1γ L1-N2 (Lγ2) Mγ M2-N5 (Mγ)
L1-N3 (Lγ3) Mβ M4-N6 (Mβ)
L1-N4 (Lγ1) Mζ M5-N2 (Mζ2)

L2η L2-M1 (Lη) M5-N3 (Mζ1)
L2β L2-M3 (Lβ17) Mα M5-N6 (Mα2)

L2-M4 (Lβ1) M5-N7 (Mα1)
L2γ L2-N1 (Lγ5)

L2-N4 (Lγ1)
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Note that X
S1

PS0-S1 þ
X
S1;S2

PS0-S1-S2 ¼ 1; ð92Þ

where the summations run over all subshells S1 and S2 with

ionization energies less than ES0. The radiative (R) and

nonradiative (NR) widths are

GS0ðRÞ ¼ GS0

X
S1

PS0-S1; GS0ðNRÞ ¼ GS0

X
S1;S2

PS0-S1-S2;

ð93Þ
respectively. The most extensive tabulation of transition prob-

abilities now available is given in the Evaluated Atomic

Data Library (EADL) of Perkins et al.1 This tabulation

includes transitions of singly-ionized atoms of the elements

Z¼ 1 to Z¼ 100with a single vacancy in the subshells of K, L,

M, N, and some O shells. These transition probabilities were

initially obtained from calculations using the independent-

electron model with the Dirac-Hartree-Fock-Slater potential,

and adjusted to reproduce the Z-dependence of the enhanced

fluorescence yields that are defined below.

The fluorescence yield vS0 of a state with a vacancy in the

subshell S0 is defined as the probability that the vacancy is

filled through a radiative transition,

vS0 � GS0ðRÞ=GS0 ¼
X
S1

PS0-S1: ð94Þ

That is, the direct fluorescence yield of a subshell is equal to the

average number of photons emitted in the filling of a vacancy

in that subshell. Similarly, the nonradiative (or Auger) yield,

aS0, of a state with a vacancy in the S0 subshell is defined as

aS0 � GS0ðNRÞ=GS0 ¼
X
S1;S2

PS0-S1-S2; ð95Þ

and gives the average number of Auger electrons emitted

through transitions that fill the original vacancy. Evidently,

we have

vS0 þ aS0 ¼ 1 : ð96Þ
The Coster-Kronig yield, fS0;1, is the probability that a

vacancy in the subshell S0 of a singly-ionized atom shifts to

a higher subshell S1 of the same shell (n1 ¼ n0) through a

nonradiative transition. That is,

fS0;1 ¼
X
S2

PS0-S1-S2; ð97Þ

where the sum is over subshells S2 above the active shell, with

n2 > n0. A related quantity is the intrashell radiative yield,

f 0S0;1 � PS0-S1, which is equal to the probability that the

vacancy moves from S0 to S1 (n1 ¼ n0) through a radiative

transition. The sum

hS0;S1 � fS0;1 þ f 0S0;1 ¼ PS0-S1 þ
X
S2

PS0-S1-S2 ð98Þ

is the total probability of intrashell transitions that shift the

vacancy from S0 to S1. For a vacancy in a subshell S0, the total

probability of intershell transitions that transfer the vacancy to

subshell S1 of an outer shell (n1 > n0) is

hS0;S1 � PS0-S1 þ
X
S2

PS0-S1-S2 : ð99Þ

The super Coster-Kronig yield SS0,1 is defined as the prob-

ability that a vacancy in the subshell S0 of a singly ionized

atom shifts to a higher subshell S1 of the same shell (n1 ¼ n0)

through super Coster-Kronig transitions S0-S1-S2, that is,

SS0;1 ¼
X
S2

PS0-S1-S2; ð100Þ
where the summation runs over the subshells S2 of the n0 shell.

A detailed review on x-ray fluorescence yields, Auger, and

Coster-Kronig transition probabilities, including historical

aspects, theoretical methods, and experimental techniques

was published by Bambynek et al.100,101 In a widely quoted

article, Krause102 gives tables and graphs of these quantities

for the K shell and L subshells obtained from a compilation of

available theoretical and experimental information. More

recently, Hubbell et al.103,104 reviewed measurements of K-

shell fluorescence yields and of average fluorescence yields of

L and M shells.

Note that the above definitions of fluorescence and Auger

yields pertain to singly ionized atoms and correspond to the so-

called direct yields, i.e., we count only x rays and electrons

emitted in radiative and nonradiative transitions that fill the

initial vacancy directly. The de-excitation cascade of a parent

vacancy in a subshell S0 may produce daughter vacancies in

outer subshells of the same shell (e.g., through Coster-Kronig

transitions). As the ionization energies of the various subshells

of a shell are similar, it may be difficult to distinguish the x rays

that originate from the direct filling of the parent vacancy from

those emitted in the decay of its daughter vacancies. The

enhanced fluorescence yield (or effective fluorescence yield,

in the terminology of Krause) of a shell S0 is defined as the

average number of x rays emitted in the filling of a parent

vacancy in S0 and of any of its daughter vacancies in other

subshells of the same shell. The total fluorescence yield of a

subshell S0 is the average total number of photons emitted in

the course of the complete de-excitation cascade of an initial

vacancy in that subshell.

4.2. Emission cross sections

In practical calculations and in Monte Carlo simulations of

radiation transport, we need to consider cross sections for the

emission of characteristic x rays, sS0-S1, or Auger electrons,

sS0-S1-S2, by impact of electrons with kinetic energy E. These

cross sections can be measured by counting the number of x

rays or Auger electrons emitted from a given transition (i.e., in

a given spectral line or a group of lines with similar energies)

when primary electrons of energy E impinge normally on a

very thin foil of the pure element Z, as described in Sec. 5.1.

The probability that an incident electron causes the emission of

a characteristic x ray (or an Auger electron) is sS0-S1N t (or

sS0-S1-S2N t for an Auger electron), whereN is the number of
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atoms per unit volume and t is the thickness of the foil.

Evidently, to calculate the emission cross sections sS0-S1 and

sS0-S1-S2 we need to know the cross section sS0ðEÞ for

ionization of subshell S0 by the incident radiation. Thus,

for x rays and Auger electrons arising from ionizations of the

K-shell (S0 = K),

sK-S1 ¼ sKðEÞPK-S1; sK-S1-S2 ¼ sKðEÞPK-S1-S2;

ð101Þ
where PK-S1 and PK-S1-S2 are the probabilities for the desig-

nated radiative and nonradiative transitions, respectively. For

subshells beyond the K shell, the calculation is not trivial

because we have to account for the fact that vacancies in a

subshell S0 are produced not only by direct ionization by the

incident electrons, but also during the course of the de-excita-

tion cascades of primary vacancies that were generated in

deeper subshells. As the de-excitation cascade progresses, the

initial vacancy migrates to outer subshells and, in the case of

nonradiative transitions, additional vacancies are generated.

Multiple vacancies can also be produced by shakeoff in the

initial ionization event, preferentially in outer shells (see, e.g.,

Ref. 105). The presence of multiple vacancies alters both the

transition probabilities and the energies of the emitted x rays

and Auger electrons; transitions in multivacancy configura-

tions are observable as satellite lines which are shifted (up to a

few eV) from the parent (single-vacancy) line. Unfortunately,

information on the relaxation of multivacancy states is not

generally available.

A common practice in experimental studies of x-ray emis-

sion is to express the emission cross sections in terms of partial

widths and direct yields that are obtained either from theore-

tical calculations or from experiments. The ionization cross

sections can then be inferred from the observed x-ray inten-

sities. For instance, the emission cross section for theKα group
(K-L2, K-L3),

sKa ¼ ðPK-L2
þ PK-L3

Þ sK ð102Þ
is normally expressed in the equivalent form

sKa ¼ GKa

GKðRÞ vK sK; ð103Þ

where vK is the K-shell fluorescence yield, GKa is the partial

width of the radiative transitions K-L2,3, and GKðRÞ is the K-
shell radiative width. The partial widths and total radiative

widths employed in the literature are normally taken from

Scofield’s106–108 tables.

In the case of radiative transitions Li-S1 starting from a

vacancy in an L subshell, the initial vacancy Li can be

produced not only by direct ionization but also by radiative

and nonradiative transitions of a vacancy in theK shell, Coster-

Kronig transitions between L subshells and, to a lesser extent,

by radiative transitions between L subshells. It is convenient to

consider the cross sections for the production of a vacancy in

each of the subshells,

svac
L1
¼ sL1

þ hK-L1
sK ; ð104aÞ

svac
L2
¼ sL2

þ sL1
fL1;2 þ sKðhK-L2

þ hK-L1
fL1;2Þ ; ð104bÞ

svac
L3
¼ sL3

þ sL2
fL2;3 þ sL1

ðfL1;3 þ f 0L1;3 þ fL1;2fL2;3Þ
þ sK½hK-L3

þ hK-L2
fL2;3

þ hK-L1
ðfL1;3 þ f 0L1;3 þ fL1;2fL2;3Þ�; ð104cÞ

where hK-Li
is the radiative plus nonradiative yield for transi-

tions of vacancies from the K-shell to the Li-subshell,

fL1;2; fL1;3, and fL2;3 are the Coster-Kronig yields between

L-subshells, and f 0L1;3 is the intrashell radiative yield for

transitions of vacancies from the L1 subshell to the L3 subshell.

The cross sections for emission of the Lℓ, Lα, Lβ, and Lγ x-ray
groups are given by (see Table 1)

sL‘ ¼ GL3‘

GL3
ðRÞ vL3

svac
L3

; ð105aÞ

sLa ¼ GL3a

GL3
ðRÞ vL3

svac
L3

; ð105bÞ

sLb ¼ GL3b

GL3
ðRÞ vL3

svac
L3
þ GL2b

GL2
ðRÞ vL2

svac
L2
þ GL1b

GL1
ðRÞ vL1

svac
L1

;

ð105cÞ

sLg ¼ GL2g

GL2
ðRÞ vL2

svac
L2
þ GL1g

GL1
ðRÞ vL1

svac
L1

; ð105dÞ

where vLi
is the fluorescence yield for the Li subshell, GLiλ is

the sum of radiative widths of the transitions that belong to the

Liλ group, and GLi
ðRÞ is the total radiative width of the Li

subshell.

In the case of M-shell x rays, the situation is even more

complicated, because vacancies can be created by direct

ionization, Coster Kronig and super-Coster-Kronig transi-

tions, and by transitions from vacancies in Li subshells and

the K shell.

4.3. Emission cross sections with data from the
Evaluated Atomic Data Library (EADL)

Cross sections for x-ray andAuger emission by electron and

positron impact can be calculated in a systematic way by

combining our ionization cross sections with needed data from

the EADL.1 As indicated above, it is convenient to introduce

first the cross section for the generation of a vacancy in the

subshell S0 of the target atom by incident electrons (or

positrons) of energy E that can be expressed as

svac
S0 ðEÞ ¼

X
Si

sSiðEÞCSi;S0; ð106Þ

where the summation extends over all subshells Siwith binding

energiesESi larger than that of the considered shell (ESi > ES0),

sSiðEÞ is the cross section for ionization of subshell Si by the

incident radiation, and the vacancy-migration coefficient CSi;S0

is the average number of vacancies induced in subshell S0 during
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the de-excitation cascadeof a primary ionwith an initial vacancy

in subshell Si. The cross section for emission of characteristic

S0-S1 x rays can then be obtained as

sS0-S1ðEÞ ¼ svac
S0 ðEÞPS0-S1: ð107Þ

Similarly, the cross section for emission of S0-S1-S2 Auger

electrons is given by

sS0-S1-S2ðEÞ ¼ svac
S0 ðEÞPS0-S1-S2: ð108Þ

If we disregard the effect of occasionalmultiple vacancies on the

transition probabilities during the de-excitation cascade, the

cross sections for the generation of a vacancy in the various

subshells can be readily calculated from the EADL transition

probabilities. The vacancy-migration coefficients C1
Si;Sk result-

ing from this simplification will be denoted by a superscript “1.”

We observe that C1
Si;Si ¼ 1, because primary vacancies always

count. K-shell vacancies are produced only by direct ionization,

svac
K ¼ sK ¼ sK C1

K;K: ð109Þ

Vacancies in the L1 subshell can be generated either by direct

ionization or by migration from the K shell,

svac
L1
¼ svac

K hK;L1
þ sL1

¼ sK C1
K;L1
þ sL1

C1
L1;L1

; ð110Þ

so that C1
K;L1
¼ C1

K;K hK;L1
where hK;L1

represents the transition

probability for a vacancy in the K shell to move to the L1

subshell. Similarly,

svac
L2
¼ svac

K hK;L2
þ svac

L1
hL1;L2

þ sL2

¼ sK C1
K;L2
þ sL1

C1
L1;L2
þ sL2

C1
L2;L2

ð111Þ

with

C1
K;L2
¼ C1

K;K hK;L2
þ C1

K;L1
hL1;L2

; C1
L1;L2
¼ C1

L1;L1
hL1;L2

:

Proceeding in thisway,we find that the coefficientsCSi,Sk satisfy

the following recurrence relation,

C1
Si;Sk ¼

X
Sa

C1
Si;Sa hSa;Sk ; ð112Þ

where the summation is over all subshells Sawith ionization

energies less than or equal to that of the initial

subshell and larger than that of the final subshell, i.e., such

that ESk < ESa � ESi.

The coefficients C1
Si;Sk obtained in this way are approximate

because the transition probabilities in the EADL were obtained

by assuming that the atomhad a single vacancy in the “initial”S0

shell. Since calculations for multiply-ionized atoms are not

generally available, we adopt the following simple method to

correct partially for the possible occurrence of multiple vacan-

cies during the de-excitation cascade. We recall that transition

probabilities are essentially proportional to the number of

vacancies in the initial shell S0 and to the numbers of electrons

in the intermediate and final shells, S1 and S2. Hence, the effect

of having multiple vacancies can be accounted for approxi-

mately by “re-normalizing” the transition probabilities accord-

ing to the current occupancies of the active shells. Let vSk denote

the number of vacancies in subshell Sk before the transition; the

number of one-electron orbitals in that subshell is qSk¼ 2jk + 1.

The probabilities of nonradiative and radiative transitions of an

ion with multiple vacancies can then be approximated as

P ion
S0-S1 ¼ PS0-S1 vS0

qS1 � vS1

qS1
; ð113aÞ

P ion
S0-S1-S2 ¼ PS0-S1-S2 vS0

qS1 � vS1

qS1

qS2 � vS2

qS2
; ð113bÞ

respectively. Of course, in the case of a single vacancy (i.e.,

vS0 ¼ 1 and vS1 ¼ vS2 ¼ 0), the probabilities P ion reduce to

those in the EADL.

To calculate the vacancy-migration coefficients CSi;Sk we

use the following Monte Carlo method. We assign to each

subshell Sk a vacancy counter VSk that is given the initial

value VSi ¼ 1 for the subshell with the primary vacancy and

VSk ¼ 0 for all other subshells k ≠ i. We generate a large

number N of random cascades that originate with a single

vacancy in subshell Si and terminate when all vacancies have

moved to subshells beyond N1. We then count the total

number of vacancies that are generated in each subshell Sk.

To simplify the random sampling, the probabilities PSa-Sb

and PSa-Sb-Sc of radiative and nonradiative transitions are set

equal to the values given in the EADL, and modifications

caused by the existence of multiple vacancies are accounted

for by associating a variable weight wSk to each subshell Sk.

At the beginning of a cascade, the subshell with the “pri-

mary” vacancy is assigned a weight wSi ¼ 1, and we set

wSk ¼ 0 for all other subshells. At each transition, the

weights of the active subshells are modified according to

Eq. (113). Thus, for a nonradiative transition Sa-Sb-Sc, the

weights becomec

wSc  wSc þ wSa

qSb � vSb

qSb

qSc � vSc

qSc
; ð114aÞ

wSb  wSb þwSa

qSb � vSb

qSb

qSc � vSc

qSc
; ð114bÞ

wSa  wSa

vSa � 1

vSa
; ð114cÞ

and the vacancy counters are modified accordingly,

VSa  VSa þ wSa;

VSb  VSb þ wSb;

VSc  VSc þ wSc:

ð115Þ

When the decaying ion has vacancies in several different

subshells, we assume that those in the innermost subshell

migrate first. That is, we give preference to those sequences

cThe notation x ← y indicates that the variable x is given the value y of the

expression on the right-hand side, i.e., the left arrow has the meaning of the

equal sign in Fortran and in other programming languages.
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of transitions that fill the innermost open subshell more

rapidly. This assumption determines the active subshell Sa

of the next transition, and the transition that effectively

occurs is sampled randomly from the probabilities P(Sa

� Sb) and P(Sa � Sb � Sc). At the end of the simulation

run, the sought coefficients are obtained as

CSi;Sk ¼ 1

N
VSk ; ð116Þ

where N is the number of simulated de-excitation cascades.

For a primary vacancy in a given subshell Si, the Monte

Carlo program determines the coefficients CSi;Sk for all the

outer subshells Sk (up to theM5 subshell) in a single run. It is

found that the coefficient values obtained from this Monte

Carlo counting algorithm differ slightly from the less accu-

rate values C1
Si;Sk given by the recurrence formula (50) that

disregards the existence of multiple vacancies. We have

generated a table of coefficients CSi,Sk for the K shell, L

subshells, and M subshells that is used to calculate vacancy

production cross sections from our database of inner-shell

ionization cross sections. Note, however, that the transition

probabilities PS0-S1 and PS0-S1-S2 in Eqs. (107) and (108) are

taken from the EADL (i.e., neglecting the possible existence

of vacancies other than that in the initial S0 subshell).

5. Experimental Techniques

The experimental measurement of the inner-shell ionization

cross section by electron impact has been a subject of con-

tinuing investigations for many years. Methods for measuring

inner-shell ionization cross sections and a description of the

difficulties in making these measurements with the accuracy

desired for the EPMA, AES, and EELS applications are

described in three previous articles.2,5,7 For all elements except

H and He, the cross sections have been deduced from mea-

surements of x-ray yields, Auger-electron yields or EELS

spectra, using gaseous or solid targets. For H and He, the

cross sections have been deduced from H+ and He+ ion or

secondary-electron numbers by crossed-beam methods. We

initially make the assumption that the measured cross sections

do not depend significantly on physical or chemical state.

Thus, as discussed in Section 2.3, no account is taken of

differences in the shapes of differential ionization probabilities

with respect to excitation energy near innershell ionization

thresholds for atoms, molecules, and solids and for elements in

different compounds. We will, however, examine in Section 7

whether the calculated cross sections for atoms agree with the

measured cross sections for atoms, molecules, and solids for a

wide range of incident energies and for a wide range of atomic

numbers. Although we consider only elemental targets (i.e., as

molecules or solids), we believe that our results should also

apply to those elements in compounds.

In this section, we give an an overview of the different

experimental methods that have been used for the determina-

tion of ionization cross sections.

5.1. Ionization cross sections from x-ray
measurements

Measurements of x-ray yields emitted from solid or gas-

eous targets have been used to obtain inner-shell ionization

cross sections. The first measurements of this kind were

performed by Clark109 in 1935 and Smick and Kirkpatrick110

in 1945, who determined the K-shell ionization cross sec-

tions at 70 keV electron incident energy of Ag and Ni,

respectively. Subsequent measurements were performed by

Pockman et al.111 in 1947 for Ni for electron incident

energies from 12 to 183 keV.

In the 1960s, Hansen et al.112 measured the K-shell ioniza-

tion cross section of Zr, Sn, W, and Pb from 240 to 1440 keV,

and Hansen and Flammersfeld113 measured the K-shell ioni-

zation cross sections of Ag and Sn from 100 to 400 keV and of

W, Au, and Pb from 200 to 550 keV. Motz and Placious114

reportedmeasurements of K-shell ionization cross sections for

Sn and Au from 50 to 500 keV. Rester and Dance115 extended

the measurements of Motz and Placious up to 2 MeV and also

measured the ionization cross sections of Ag from 100 keV to

1 MeV. At much lower energy (50 keV), Fischer and Hoff-

mann116 measured the K-shell ionization cross sections of Al,

Mn, Cu, Se, and Ag. Hink and Ziegler117 reported K-shell

ionization cross sections of Al for electrons with energies from

3 to 30 keV. The first measurements of L-shell ionization cross

sections were performed by Green118 in 1964 and Green and

Cosslett119 in 1968; they reported ionization cross sections for

the L2 and L3 subshells of Au.

In subsequent years, the activity continued and new mea-

surements of K-, L-, and M-shell ionization cross sections

were reported in an energy range which extended from a few

keV to 2 GeV: Berkner et al.,120 Middleman et al.,71 Hink and

Paschke,121 Salem and Moreland,122 Davis et al.,123 Hubner

et al.,124 Scholz et al.,125 Seif et al.,126 Langenberg et al.,127

Jessenberg and Hink,128 Park et al.,129 Schelenk et al.,130 Ishii

et al.,131 Ricz et al.,132 Berenyi et al.,133 Hoffmann et al.,134

Bonnet et al.,135 Kamiya et al.,136 Shima,137 Pálinkás and

Schlenk,138 Kiss et al.,139 Shima et al.,140 Genz et al.,141

Reusch et al.142 Westbrook and Quarles,143 and McDonald

and Spicer,144 Schevelko et al.,145 Singh and Shanker,146

Schneider,147 Luo et al.,148,149 He et al.,150–152 An et al.,153

Peng et al.,154 and Tang et al.155,156

In 2000, Liu et al.157 tabulated experimental K-shell ioniza-

tion cross sections from papers that were published prior to

December 1999. Close inspection of these values revealed that

they were still scarce for many elements and that significant

discrepancies could be found between results from different

authors. These discrepancies were often larger than the

claimed experimental uncertainties. The situation for L- and

M-shell ionization cross sections was even worse due to the

more complex data analysis that is required (Sec. 4.2). Since

then, new measurements of K- and L-shell ionization cross

sections as well as L- and M-shell x-ray production cross

sections have been reported by An et al.,158–160 Campos

et al.,161 Guo et al.,162 Limandri et al.,163 Llovet

et al.,164,165 Luo et al.,166,167 Merlet et al.,168–171 Peng
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et al.,172,173 Tang et al.,174 Zhou et al.,175–177Wu et al.,162,178–

188 and Yang et al.189

Thedeterminationof the inner-shell ionization cross section σi
from the x-ray yieldNX can be regarded as a two-step procedure.

In the first step, the measured x-ray yield is converted into the

cross section σX for the production of the considered x-ray line.

This conversion depends essentially on the type of sample used.

In thesecond step, thex-rayproduction cross section is converted

into an inner-shell ionization cross section. The second step

depends on the considered shell: for K shells, the conversion is

straightforward but for L and other shells it becomes more

complicated. This complexity arises from the fact that vacancies

cannowbeproducednotonlybydirect impactbutalsobyCoster-

Kronig transitions, super-Coster-Kronig transitions, and radia-

tive and nonradiative transitions to inner shells.Wediscuss these

two steps in Sec. 5.1.2.

5.1.1. Measurement of x-ray production cross
sections

Measurements of x-ray production cross sections have been

performed using electron beams obtained from a wide variety

of instruments that range from linear electron accelerators to

electronmicroscopes. The firstmeasurements were carried out

using scintillation crystals and proportional counters, and,

over the years, these detectors have been replaced by solid-

state energy-dispersive detectors such as Si(Li) and germa-

nium detectors, as well as by high-resolution crystal

spectrometers.

Different kind of targets have been used for the cross

section measurements, namely, self-supporting thin

films, thin films deposited on substrates, thick targets, and

gases. Most of the measurements have been performed

using self-supporting thin films.71,109–117,120,121,123–

126,128,130,131,133,134,136–144,147,164,165,168,169,171,190 In this

case, one generally assumes that electrons penetrate the

thin-film samples following a straight-line trajectory without

losing energy. This assumption is plausible for very thin films

and/or electron beams with relatively high energies. The

relationship between NX and σX can be written as

sX ¼ 4p

N t Ne � DΩ
NX; ð117Þ

whereNe is the number of incident electrons,N is the density

of atoms in the target (atoms per unit volume), t is the target

thickness, ΔΩ is the solid angle of collection, and ε is the

intrinsic detector efficiency. The factor 4π occurs because the
emission of x-rays is assumed to be isotropic.

The determination of the target thickness is generally the

most important source of systematic uncertainty when using

thin-film targets. This uncertainty can typically range from

10% to 30% depending on the thickness and the method used

for thickness determination. Thicknesses can be determined by

a number of techniques such as mass weighing (e.g., by a

quartz-crystal microbalance), elastic scattering of electrons,

Rutherford backscattering spectrometry, variable-voltage

electron probe microanalysis, x-ray fluorescence, and x-ray

reflectivity. Other problems associated with the use of thin-

film targets are wrinkling, non-uniformity, and, for very thin

films, clustering or islanding. To reduce the likelihood of film

breakage, the films have often been deposited on self-support-

ing backing films, generally carbon, aluminum or Mylar.

Calibrated radioactive sources are typically used to determine

the solid angle as well as the (photopeak) efficiency of the

detector. Other methods for determining the absolute effi-

ciency of an x-ray detector include comparisons of experi-

mental x-ray spectra taken on well-characterized materials

(generally a low-Z material) with the results of Monte Carlo

simulations.171

Electrons undergo elastic scattering and lose energy when

passing through a thin-film target. Corrections for longer path

lengths due to nonlinear trajectories and for energy loss within

the film (“finite” thickness effect) can be performed by repla-

cing the film thickness t in Eq. (117) by the mean track length

of transmitted electrons le(E) and by replacing the incident

electron energyE byE�ΔE/2,whereΔE is the average energy

loss of electrons transmitted through the film.191 Notice that

the mean track length depends on the incident electron energy.

The quantities le(E) and ΔE can be obtained fromMonte Carlo

simulations or transport calculations.192 Alternatively, cross-

sectionmeasurements can be performed onfilmswith different

thicknesses and an extrapolation made to zero thickness.128 If

backing films are used, a further correction is required to

account for the x-ray enhancement due to the contribution of

electrons backscattered from the backing film.171

Relative measurements of inner-shell ionization cross sec-

tions have also been reported from x-ray measurements using

self-supporting films191,193,194 (see also Refs. 195 and196).

The energy-dependence of the x-ray production cross section

also provides useful information to test the accuracy of

calculations and predictive formulae for ionization cross sec-

tions. The advantage of relative measurements is that they do

not require knowledge of the target thickness, detector effi-

ciency, and number of incident electrons.

A significant number of recent measurements have been

carried out using thin films deposited on thick substrates.148–

156,158–163,166,167,172–189,197 These targets are much easier to

prepare than self-supporting thin films, but there is a contribu-

tion to the x-ray yield from ionizations induced by electrons

backscattered from the substrate which needs to be taken into

account. This contribution may amount to 15% or more for

low-Z substrates such as carbon or aluminum.148 The x-ray

production cross section is the difference of the direct and

indirect contributions, namely,

sX ¼ 4pNX

NeN tDΩ �

�
Z E

Ei

dE0 sXðE0Þ
Z 1

�1
dðcos u0Þ d2hb

dE0 dðcos u0Þ jcos u
0j�1

� �
;

ð118Þ
where d2ηb/dE′ d(cos θ′) is the energy distribution of electrons
backscattered from the substrate. This quantity has been

generally determined from electron transport calculations,
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such as the bipartition model148 or Monte Carlo simulations

using general-purpose codes such as EGS4 (Ref. 198) or

PENELOPE.192 The determination of σX is now affected by an

additional difficulty as this quantity also occurs inside an

integral [Eq. (118)], and therefore an iterative procedure is

required to obtain σX.
Experimental measurement of x-ray production cross sec-

tions can also be performed on thick targets.181,199–201 These

measurements do not require any difficult sample preparation

(apart from conventional polishing) but the data analysis is

complicated by the effects of multiple scattering and energy

losswithin the target. As a result, careful consideration of these

effects is required. An et al.181 assumed that electronsmove on

straight-line trajectories in the target, and that there is no

contribution due to ionizations by bremsstrahlung and by

backscattered electrons (with energies larger than 50 eV) to

the measured x-ray yield. With these simplifications, the x-ray

yield can be written as

NXðEÞ ¼
Z E

Ei

dE0 sXðE0ÞKðE;E0Þ; ð119Þ

where

KðE;E0Þ

¼ NeN DΩ

4p
�ðExÞ exp �mx

cos ux

Z E

E0

dE00

SðE00Þ
� �.

SðE0Þ if E0 < E

0 if E0 > E

8><>: ;

ð120Þ
where S(E) is the stopping power of the material. Due to the

mentioned simplifications, the validity of Eq. (120) is limited

to low-Z elements and overvoltages U¼ E/Ei less than	6.181
Extraction of σX from Eq. (120) requires the use of regular-

ization techniques200,201 as this equation is ill posed. The effect

of surface roughness on cross-section determination from

thick targets has been discussed by Tian and An.202

Finally, cross section measurements have been performed

using low-pressure (approx. 0.1 Pa) gas targets, thus mini-

mizing the problems associated with the use of thin-film

targets described above.134,145,146,203–207 In this case, the

conversion from the observed x-ray yield to an ionization

cross section is

sX ¼ 4p

N l Ne � DΩ
NX; ð121Þ

where l is the effective length traveled by electrons in the gas.

This quantity can be determined to a precision of 2% bymeans

of temperature and pressure measurements.134

For any type of target, the x-ray production cross section can

also be obtained by normalizing the yield of characteristic x-rays

to the yield of simultaneously emitted bremsstrahlung x rays.

This technique was introduced by Hippler204 and subsequently

appliedbyQuarlesandSemaan,206Hippleret al.,205,207Shevelko

et al.,145 Schneider et al.,147 Singh and Shanker,146 and Campos

et al.161 By doing so, knowledge of the target thickness, detector

efficiency, and number of incident electrons is not required as

these quantities cancel out in the normalization procedure. The

doubly differential cross section (in energy and direction of the

emitted photon) for emission of bremsstrahlung photons of

energy E can be expressed as (see e.g., Ref. 206)

d2sb

dΩ dE
¼ Nb

N t Ne � DΩDE
; ð122Þ

whereNb is the number of detected bremsstrahlung photons in an

energy interval of widthΔE centered at the energyE. Taking the

ratio of the cross section for characteristic x-ray emission,

Eq. (118), to that for bremsstrahlung emission, Eq. (122), and

assuming that the energy of the characteristic peakEph is close to

the energyEwhere the bremsstrahlung background ismeasured,

ε 	 ε(Eph), we have

sX ¼ 4p
NX

Nb

d2sb

dΩ dE
DE: ð123Þ

The main source of systematic uncertainty for this method is

associated with the bremsstrahlung cross section. State-of-the-

art bremsstrahlung cross sections tabulated byKissel et al.208 are

believed to be accurate to about 10% and have been used to

determine inner-shell ionization cross sections. In the case of

self-supporting films, measurement of bremsstrahlung may be

affected by stray radiation, and methods to remove such con-

tributions to the spectral background are required.209

5.1.2. Conversion of the x-ray production cross
sections into ionization cross section

The conversion ofmeasured x-ray production cross sections

to ionization cross sections depends upon the considered shell

and the measured x-ray line.

For K-shells, the ionization cross section σK has generally

been obtained from the Kα x-ray production cross section [see
Eq. (103)]. The required fluorescence yields ωK are available

from the compilations of Bambynek,100 Krause102 and Hub-

bell et al.,103 and the partial and total radiative widths ΓKα and
ΓK(R) are generally adopted from Scofield.107 Alternatively,

one can use the transition probabilities given in the EADL

database of Perkins et al.1 to derive σK [(Eq. (102)]. The

uncertainties in the adopted relaxation parametersmay amount

to 10% and they have to be combined with those arising from

the experimental determination of the Kα x-ray production

cross section. The total uncertainty in the measured K-shell

ionization cross sections typically ranges from 10% to 20%.

In the case of L-shells, extraction of L-subshell ionization

cross sections from measured L x-ray production cross sec-

tions is difficult because vacancies in Li-subshells can be

produced not only by direct ionization but also by migration

of vacancies from K-shell ionization or from ionization of

inner L-subshells. As a result, the x-ray production cross

sections σLℓ, σLα, σLβ, and σLγ for the most intense x-ray lines

Lℓ, Lα, Lβ, and Lγ, respectively, are related to the ionization

cross sections σK and σLi through Eqs. (104) and (105). In

principle, one could use Eqs. (105b)–(105d) to derive the three

subshell ionization cross sections σLi. However, x-ray spectra
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often consist of a manifold of lines and some of them (e.g., Lβ
and Lγ) cannot be sufficiently resolved using conventional

solid-state x-ray detectors. Besides, some L lines (e.g., Lγ or
Lℓ) have very small count rates. As a result, small changes in

the measured yields result in large changes in the evaluated

cross sections. As pointed out by Cohen,210 large differences

can exist in the evaluated ionization cross sections depending

on the particular choice of conversion equations [Eqs. (105)].

The use of a high-resolution crystal spectrometer allows the

derivation of more accurate L subshell ionization cross sec-

tions,142 but this kind of spectrometer has only been used in a

few investigations.

The fluorescence yields ωLi and Coster-Kronig yields fLi;j
required in Eqs. (104) and (105) are available from the

compilations of Bambynek et al.,100 Krause,102 and Camp-

bell.211 The partial and total radiative widths required in

Eq. (105), GLiλ and GLi
ðRÞ, respectively, are normally taken

from Scofield’s tables107 and Campbell and Wang’s compila-

tion.212 As in the case of K-shell ionization, the transformation

equations can be expressed in terms of the transition prob-

abilities tabulated in the EADL.1 The choices of both the

relaxation parameters and the L lines that can be used to obtain

the three subshell ionization cross section σLi, may thus lead to

large uncertainties in the evaluated cross sections σLi. As a

result, the estimated one-standard-deviation uncertainties of

derived L-subshell ionization cross sections are much larger

than those for K-shells, and range typically from 10% to 30%.

Due to the above-mentioned difficulties, there are relatively

few reports of L-subshell ionization cross sec-

tions.118,119,122,123,129,138,140,142,147,199,204,207 Instead, most

experimental results have been reported in the form of L-shell

x-ray production cross sections.71,127,129,132,135,140,161,162,167–

169,172,174,179,180,182,183,185–189,197,213 In this way, the uncertain-

ties in the “relaxation”parameters aswell in the choice ofL-lines

do not contribute to the overall experimental uncertainties.

Obviously, to assess the reliability of L-subshell ionization

cross-section calculations, the calculated values have to be

converted to L-shell x-ray production cross sections using

Eqs. (104) and (105). Because of the uncertainties in the relaxa-

tion parameters that go into the calculation of x-ray production

cross sections, the latter results are now affected by an “uncer-

taintyband”whosewidthgenerally ranges from10% to30% (see

e.g., Fernández-Varea et al.214). The uncertainty bands (indicat-
ing estimated one-standard-deviation limits) are shown as gray

shadedareas for thePbLα andLβx-rayproduction cross sections
in Fig. 34 that is presented in Sec. 7.2.215

In cases where the different L x-ray lines could not be

sufficiently resolved, the total L-shell ionization cross section,

σL ¼ ∑σLi, obtained from the total L x-ray production cross

section σLX, has been reported.131,134,141,173,206 The relation-

ship between σL and σLX is as follows:

sLX ¼ sL vL þ sK hKL; ð124Þ
where vL is the average fluorescence yield, defined as100

vL ¼
X3
i¼1

NLi vLi; ð125Þ

where∑NLi¼ 1 andNLi, i¼ 1, 2, 3 are the fractional numbers

of initial vacancies in theLi, i¼ 1, 2, 3, subshells. The νLi, i¼ 1,

2, 3, are the effective fluorescence yields

vL1 ¼ vL1 þ fL1;2v2 þ ðfL1;3 þ fL1;2fL2;3Þv3; ð126aÞ

vL2 ¼ vL2 þ f23vL3; ð126bÞ

vL3 ¼ vL3; ð126cÞ
and hKL is the average total of L-shell vacancies produced by

the decay of a K-shell vacancy. Some studies have simply

reported the total L x-ray production cross section

σLX.
71,132,179

The analysis of M-shell data is more difficult than that for

L- and K-shells because of the multiplicity of processes

leading to a vacancy in the active subshell and also because

most M-lines cannot be sufficiently resolved using conven-

tional solid-state x-ray detectors. To date, the very few

existing studies have limited themselves to reporting the

cross section for the production of Mα x rays, σMα (e.g.,

Merlet et al.171) that is given by

sMa ¼ GM5a

GM5;total
vM5

svac
M5

; ð127Þ

wherevM5
is the fluorescence yield, andGM5a andGM5;total are

the partial and total radiative widths for M5α transitions and

for all possible transitions to the M5-shell, respectively, and

svac
M5

is theM5-shell vacancy production cross section that can

be expressed as

svac
M5
¼ sM5

þ sM4
fM4;5 þ sM3

ðSM3;5 þ SM3;4fM4;5Þ
þ sM2

½SM2;5 þ SM2;3 SM3;5 þ fM4;5 ðSM2;4

þ SM2;3 SM3;4Þ� þ sM1
½SM1;5 þ SM1;2 SM2;5

þ SM1;3 SM3;5 þ SM1;2 SM2;3 SM3;5

þ fM4;5 ðSM1;4 þ SM1;2 SM2;4 þ SM1;3 SM3;4

þ SM1;2 SM2;3 SM3;4Þ� þ sL3
hL3M5

þ sL2
hL2M5

þ sL1
hL1M5

þ sK hKM5
; ð128Þ

where sMi
, sLi

, and σK are the cross sections for the ioniza-

tion of the Mi, Li, and K shells, respectively, fM4,5 is the

Coster-Kronig yield between the M4 and M5 subshells, SMj,i

are super-Coster-Kronig yields [Eq. (92)] for transitions Mi-

Mj-Mk, and hL1M5
, hL2M5

, and hL3M5
are the radiative plus

nonradiative yields for transitions of vacancies from the L1,

L2, and L3 subshells to the M5 subshell. Notice that the

contributions from additional vacancies produced through

Coster-Kronig transitions of the type Li-Lj-M5, as well as

from transitions to L- and K-shells have been neglected in

Eq. (128). Notice also that for elements with Z 
 65, super-

Coster-Kronig processes are not allowed.216

The relaxation data required in Eq. (128) are available from

the theoretical calculations of Bhalla,217 McGuire,218 and

Chen and Crasemann219 (see also the tabulations from Chau-

han and Puri220 and Puri221). They can also be extracted from
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the EADL.1 These relaxation parameters are affected by

sizeable uncertainties that are generally larger than those for

K- and L-shells.

There are also studies that have simply reported the total M-

shell ionization cross section σM,whichwas extracted from the

total M x-ray production cross section σMX.
134,222 The rela-

tionship between σM and σMX is as follows:

sMX ¼ sM vM þ sL hLM þ sK hKM; ð129Þ
where vM is the mean fluorescence yield100

vM ¼
X5
i¼1

NMi vMi; ð130Þ

andwhere∑NMi¼ 1 andNMi, i¼ 1, 2, 3, 4, 5, are the fractional

numbers of initial vacancies in the Mi, i ¼ 1, 2, 3, 4, 5,

subshells. The νMi, i ¼ 1, 2, 3, 4, 5, are the effective fluores-

cence yields defined as

vM1 ¼vM1 þ SM1;2vM2 þ ðSM1;3 þ SM1;2SM2;3ÞvM3

þ ðSM1;4 þ SM1;3SM3;4 þ SM1;2SM2;4

þ SM1;2SM2;3SM3;4ÞvM4 þ ðSM1;5 þ SM1;4fM4;5

þ SM1;3SM3;5 þ SM1;2SM2;5 þ SM1;3SM3;4fM4;5

þ SM1;2SM2;4fM4;5 þ SM1;2SM2;3SM3;5

þ SM1;2SM2;3SM3;4fM4;5ÞvM5 ð131aÞ

vM2 ¼ vM2 þ SM2;3vM3 þ ðSM2;4 þ SM2;3SM3;4ÞvM4

þ ðSM2;5 þ SM2;4fM4;5 þ SM2;3SM3;5

þ SM2;3SM3;4fM4;5ÞvM5 ð131bÞ

vM3 ¼ vM3 þ SM3;4vM4 þ ðSM3;5 þ SM3;4fM4;5ÞvM5 ð131cÞ

vM4 ¼ vM4 þ fM4;5vM5 ð131dÞ

vM5 ¼ vM5: ð131eÞ
Here hKM and hLM are the average total of M-shell vacancies

produced by the decay of a K-shell and a L-shell vacancy,

respectively.

5.2. Ionization cross sections from Auger-electron
measurements

Information on inner-shell ionization cross sections can be

obtained fromAuger-electron measurements for gases, solids,

and atoms or molecules adsorbed on solid surfaces.223–232

Measurements based on Auger-electron spectra are particu-

larly useful for determining ionization cross sections for atoms

with inner-shell binding energies less than about 1 keV and for

which the fluorescent yields are generally small (less than

about 0.01); i.e., theAuger yields or transition probabilities are

greater than about 0.99. In these experiments, the Auger yield

is typically assumed to be unity. This assumption is reasonable

since there are typically much larger sources of uncertainty in

the experiments.

Glupe and Mehlhorn223,224 measured intensities of KVV

Auger electrons from atoms or molecules (C in CH4, N2, O2,

and Ne) and reported the corresponding K-shell ionization

cross sections. They calibrated the intensity scale of their

instrument using calculated and measured differential cross

sections for elastic scattering of electrons by He. K-shell cross

sections were reported for C at a primary energy of about 1140

eV (at the maximum in the cross section versus energy curve)

and for N, O, and Ne for energies from 1.5 times the K-shell

binding energy to 10.5 keV (for N and Ne) and to 13 keV (for

O). The estimated uncertainty of the cross sections was 5%.

Vrakking and Meyer227 determined ratios of Auger inten-

sities from molecules containing C and another atom of

interest (Si in CH3SiCl3, S in C6H5SH, and Br in C6H5Br);

similar ratios were found for molecules containing Cl and

another atom of interest (P in PCl3, Ti in TiCl4, and Sn in

SnCl4). L23-subshell cross sections (for Si, P, S, Cl, and Ti) and

M45-subshell cross sections (for Br and Sn) were then derived

using the K-shell cross sections for C measured by Glupe and

Mehlhorn. The latter cross sections were considered to be

reliable reference values since they were consistent with K-

shell cross sections of other low-atomic-number elements. The

uncertainties in their cross sections had contributions from the

uncertainty in determining intensity ratios (between 3% and

6%), the uncertainty of the C K-shell cross section (estimated

to be 2% based on comparisons with other K-shell cross

sections for UK = 4), and uncertainties for Coster-Kronig

transitions (estimated to be 3% for the L shell and 10% for

the M shell). The assumption that Auger electrons were

emitted isotropically was estimated to lead to an extra uncer-

tainty in L23-subshell cross sections of less than 3%.

Similar measurements of Auger-electron intensities have

been utilized by Hink et al.,228 Yagishita,229 Platten et al.,230

Suzuki et al.,231 andMin et al.232 to determine ionization cross

sections. Hink et al. measured Auger spectra with an instru-

ment described by Hink, Brunner, and Wolf233 and calibrated

their Auger-intensity measurements using differential cross

sections for elastic scattering of electrons. They determinedK-

shell ionization cross sections for Ne at electron energies from

871 eV (1 eV above the ionization threshold) to 3 keV with

estimated uncertainties of about 5% for excess energies in the

ionization >1 keV and of about 10% for an excess energy of

10 eV. Their cross sections agreed satisfactorily with those

reported by Glupe and Mehlhorn224 and Tawara et al.203

In a brief report, Yagishita229 showed cross sections for

ionization of theM2,M3, andM45 subshells of Krwith electron

energies between 219 eV and 3 keV. The intensity scale of his

instrument was calibrated using elastic-scattering cross-sec-

tion data.

Platten et al.230 determinedK-shell ionization cross sections

of O, Ne, Si (in SiH4), andAr for incident energies between 1.2

and 10 keV. The instrumental intensity scale was calibrated

using elastic-scattering cross-section data. The intensities of

all KLL Auger lines and satellite Auger lines were summed.

The estimated uncertainties of their reported cross sections

were 10% for O and Si, 17% for Ne, and 20% for Ar.

Suzuki et al.231 reported L23-subshell ionization cross

sections for Ar, M45-subshell cross sections for Kr, and
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N45-subshell cross sections for Xe at incident energies

between about 85 eV and about 1.5 keV. The instrumental

intensity scale was calibrated using elastic-scattering cross-

section data, and the overall uncertainties of the cross sec-

tions were estimated to be about 35%. Similar measurements

of N45-subshell cross sections for Xe from the same group

were reported by Min et al.232 for incident energies between

about 70 eV and 1 keV, and were stated to be of better

reliability. The Xe measurements of Suzuki et al. and Min

et al. are interesting in that they show a two-peaked structure

in the cross section versus incident energy curve. The N45-

subshell ionization cross section rises rapidlywith increasing

energy to a maximum at about 120 eV (i.e.,UN45	 1.7), then

decreases until about 200 eV, and then increases again

forming a broad maximum at about 500 eV (UN45 	 7.2).

This double-peaked structure has been attributed to a giant

resonance and is in qualitative agreement with a calculation

by Younger.234

The dependence of the inner-shell ionization cross section

on primary energy has been derived by a number of authors

from measurements of the primary-energy dependence of

Auger-electron signal intensities from flat surfaces of semi-

infinite solids. We first outline a procedure proposed by

Gallon235 and Smith and Gallon.236 The signal intensity for

normal incidence of the primary electron beam, within the

common formalism typically used in AES,237 is expressed

by

IA ¼ DΩ
4p

TDPAλinNRI0sSiðE0Þ; ð132Þ

where ΔΩ is the solid angle subtended by the analyzer, T is

the analyzer transmission,D is the detector efficiency, PA is

the probability that a given Auger transition follows the

ionization, λin is the electron inelastic mean free path in the

sample material, N is the atomic density (number of atoms

that emit the detected Auger electrons per unit volume), R is

the backscattering correction factor, I0 is the primary beam

current, and σSi(E0) is the cross section for ionization of a

particular inner shell at the primary-beam energy E0. For

simplicity here, we have neglected atomic-relaxation

effects such as Coster-Kronig transitions that modify the

distribution of inner-shell vacancies following an initial

ionization (as described in Sec. 4). The backscattering

correction factor R takes into account the additional ioniza-

tions due to electrons backscattered from a solid. The

following expression is typically used for calculations of

this parameter for normal incidence of the primary beam:

R ¼ 1þ 2

sSiðE0Þ
Z E0

Ei

dh

dE
sSiðEÞ dE; ð133Þ

where Ei is the ionization energy of a given subshell, and dη/
dE is the energy distribution of backscattered electrons.

This distribution depends on the primary energy and is

normalized so that Z E0

Ei

dh

dE
dE ¼ hc; ð134Þ

where ηc is the total reflection coefficient for energies

between the core-ionization energy and the primary energy.

Let us denote

C ¼ DΩ
4p

TDPAλinN : ð135Þ

Introducing Eqs. (133) and (135) into Eq. (132), we obtain

IA

I0
¼ CsSiðE0Þ þ 2

Z E0

Ei

dh

dE
CsSiðEÞ dE: ð136Þ

Experimentally,weneed todetermine theAuger-electron signal

intensity, IA, the correspondingprimarybeamcurrent, I0, and the

energy distribution of backscattered electrons, dη/dE. These
measurements shouldberepeatedfordifferentprimaryenergies,

E0. Equation (136) then becomes a so-called Volterra integral

equation of the second kind. On solving this equation, we obtain

the function CσSi(E). Note that, due to the presence of the

constant C, the above method provides the shape of the

inner-shell ionization cross section versus energy rather than

absolute values of the cross section.

Jablonski and Hartweck238 proposed a simplification facil-

itating solution of Eq. (136). The energy distribution of back-

scattered electrons can be expressed as

dh

dE
¼ hcðE0ÞGðEÞ; ð137Þ

where G(E) is the energy distribution of reflected electrons

(after normalization to unity). Following Gerlach and DuCh-

arme,239 one can assume that the energy distribution G(E) is

uniform in the relevant energy range. Furthermore, it is

assumed that the reflection coefficient ηc(E0) is close to the

backscattering coefficient η(E0), the fraction of electrons

reflected with energies between 50 eV and E0. Values of

backscattering coefficients are available in the literature240,241

and can be used in calculations. In this way, one avoids the

need for measurement of the energy distribution of back-

scattered electron for different primary energies. On the other

hand, the above simplifying assumptionsmay lead to systema-

tic deviations of the energy dependence of the cross section

from the true shape.

The above procedure can be generally used in cases where

the backscattering correction factor, R, for a given Auger

transition in the solid is unknown. If the energy dependence

of the backscattering correction factor for a given material is

known, we avoid solution of the integral equation. Assuming

different possible shapes for the energy dependence of the

ionization cross section, we can calculate relative Auger-

signal intensities from Eq. (132). By comparison with the

measured energy dependence of theAuger-signal intensities,

we can select the shape of the ionization cross section that

leads to the best agreement with experiment. In this way,

Jablonski et al.242 showed that the Casnati et al.91 expression

[Eq. (84) of Sec. 3.5] for the cross section for ionization of the

gold N7 subshell was in closer agreement with experiment

than the Gryzinski39 expression [Eq. (83) of Sec. 3.4].

Additionally, it was found that the Au N67VV intensity has
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substantial contributions from initial ionizations in the N45

subshell (by means of the Coster-Kronig N45N67V transi-

tion). Consequently, agreement of the experimental yield

curve as a function of primary energy is considerably

improved when the ionization energy Ei of the N5 subshell

(335.1 eV) is used in the analytical expressions of Casnati

et al. and Gryzinski.

Gerlach and DuCharme239 determined K-shell ionization

cross sections of C, N, O, and Na from measurements of KVV

Auger intensities from saturation coverages of C2H4, N,O, and

Na adsorbed at about 100 °Con aW(100) surface.A correction

for the effects of backscattered electrons was found to be

necessary only for C. The absolute values of the derived cross

sections for C had an estimated uncertainty of a factor of 2 due

mainly to uncertainty of the C atom density on the surface. K-

shell cross sections for N, O, and Na were determined from

comparisons of the corresponding Auger intensities with those

from carbon, and had estimated uncertainties of a factor of 4

due in part to uncertainties in the adlayer coverages and in part

to poorer knowledge of the intrinsic Auger peak shapes and

widths. The cross-section measurements were made for pri-

mary energies from near the K-shell ionization threshold to

about 2 keV (with values of U up to 4.5). In later work,

DuCharme and Gerlach243 used the same approach to deter-

mine L23-subshell ionization cross sections for S, Cl, Ti, and

Cu. In these experiments, H2S and CCl4 were adsorbed to

saturation on a W(100) surface while Ti and Cu were evapo-

rated onto the same substrate; for the latter metals, single

adlayers were assumed to be present when their Auger inten-

sities were 0.25 of their saturation values. Auger yields were

measured from near threshold to values of U up to 6.5. An

approximate correction for ionization by backscattered elec-

trons wasmade for S, Cl, and Ti. The resulting ionization cross

sections had an estimated uncertainty of a factor of 3. The

shapes of normalized K-shell and L23-subshell cross sections

as a function of U were found to be similar to those expected

from several calculations.

Goto et al.244 analyzed the dependence of the relative

intensity of Be KVV Auger electrons as thin films of Be were

deposited on a Cu substrate. This Be KVV intensity was

plotted as a function of the reflection coefficient for selected

primary energies between 200 eV and 2 keV. For primary

energies between 800 eV and 2 keV, the plots could be

analyzed to determine the backscattering correction factor R

for each energy. It was then possible to correct plots of relative

Be KVV intensity for the contributions of backscattered

electrons and obtain a plot of the relative BeK-shell ionization

cross section as a function of primary energy. The shape of this

plot was similar to that reported by Smith andGallon236 for the

K-shell ionization cross section of C. There was also good

agreement in the energy dependence of the Be K-shell cross

section with that expected from the Gryzinski formula

[Eq. (83)] for U > 7.

In a later paper, Takeichi and Goto245 derived the shape of

the ionization cross section from the primary-energy depen-

dence of the Auger-electron signal intensity. The ionization

cross sectionwas calculated from themeasured dependence by

removing the contribution from backscattered electrons. For

this purpose, the backscattering-factor values calculated by

Ichimura and Shimizu246 were used. In this way, the ionization

cross section values were obtained for the Cu L3 subshell (Cu

L3M45M45 transition), Cu M1 subshell (Cu M1M45M45 transi-

tion), Ag M4 subshell (Ag M4N45N45 transition), and Ag M5

subshell (AgM5N45N45 transition). The proposed procedure is

reliable for sufficiently high primary energies, i.e. energies

exceeding 3 keV, since for such energies the backscattering

factor values were available.

Batchelor et al.247 and Sato et al.248 reported relative inner-

shell ionization cross sections derived from measured Auger-

electron intensities for a number of elemental solids. A back-

scattering correction to the measured intensities was made

from transport calculations of backscattered-electron energy

distributions by Batchelor et al. and with three proposed

formulae by Sato et al. Batchelor et al. obtained energy

dependences of relative cross sections for K-shell ionization

of Si, L3-subshell ionization of Cu, andM5-subshell ionization

of Ag andWwith incident-electron energies from 3 to 30 keV.

Sato et al. determined cross-section dependencies on primary

energy for K-shell ionization of C, Al, and Si, L-shell ioniza-

tion ofTi andCu, andM-shell ionization ofAu for values of the

overvoltage ratioU between 1.1 and 15. Batchelor et al. found

satisfactory agreement between the shapes of the plots of

measured Auger intensities with those expected from the

nonrelativistic Bethe equation [Eq. (71) of Sec. 3.1] for Cu,

Ag, and W while better agreement was obtained for Si with

cross sections from the Gryzinski formula [Eq. (84) of

Sec. 3.4]. Sato et al. reported good agreement between the

shapes of their relative cross sections and that of the Gryzinski

cross section when the backscattering correction was made

with the formula proposed by Love et al.249

The accuracy of analytical expressions for the ionization

cross section can be estimated from comparisons of the

measured and calculated Auger-electron signal intensities.

For the latter, we need to know the relevant ionization cross

sections. Seah and Gilmore250 described a database of abso-

lute Auger spectra originating from K, L, M, and N shells in

most elements (74 elements, over 1000 spectra in total). The

samples were elemental solids or compounds containing a

given element. Two incident electron energies were used: 5

and 10 keV. An important feature of this work was that

intensities for several Auger transitions that originated from

the ionization of a given shell were added to obtain a total

yield for that shell; as a result, there was no need to know the

relevant Coster-Kronig transition probabilities that would be

required for determination of subshell ionization cross sec-

tions. In a later study, Seah and Gilmore93 analyzed the

validity, in the common AES formalism (see e.g., Ref. 237),

of four popular analytical formulae for the inner-shell ioni-

zation cross sections: Gryzinski39 [Eq. (84)], Casnati et al.91

[Eq. (85)], Jakoby et al.95 [Eq. (86)], and Drawin.81,251 To

compare the analytical expressions with experiment, Seah

andGilmore calculated ratios ofAuger-electron signal inten-

sities for the two primary energies. These intensities were

obtained from the common AES formalism [Eq. (132) addi-

tionally corrected for elastic scattering of the detected Auger

electrons] using each formula in turn for the ionization cross
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section. The resulting ratios were compared with the corre-

sponding experimental ratios for the considered elements

andAuger transitions. This approachwas expected to remove

instrumental contributions from the measured intensity

ratios. Seah and Gilmore found that the best agreement

between the calculated and measured ratios occurred with

theCasnati et al. formula. They also drew attention to the fact

that the Jakoby et al. expression only provides cross sections

of reasonable accuracy for the K shell. This expression is of

limited use for other shells since a calculated cross section

may become negative in some cases (e.g., the Zr L shell). In

contrast, the Casnati et al. expression, although derived from

an empirical fit to measured K-shell cross sections, provided

reasonable cross sections for K, L,M, andN shells.We stress

here that the Seah and Gilmore analysis evaluates the energy

dependence of a particular cross-section formula rather than

absolute values of the cross sections.

5.3. Ionization cross sections from electron energy-
loss spectroscopy measurements

Electron energy-loss spectroscopy is a widely-used analy-

tical technique for thin-film analysis in the electron micro-

scope.252 Electrons transmitted through a selected region of

the specimen are energy analyzed, and structure similar to x-

ray absorption spectra can be associated with core-electron

excitations of particular elements. It is customary to perform

quantitative analyses based on measurements of the energy-

loss intensity from the core-excitation threshold to a limit of

about 20 eV above this threshold (after subtraction of a

background associated with inelastic scattering for smaller

energy losses). The measured intensities are compared with

calculated partial ionization cross sections for limited ranges

of energy and momentum transfers in the inner-shell excita-

tion. These partial cross sections have been calculated for

typical measurement conditions.252

In several papers, Gerlach and DuCharme239,253–255

reported ionization cross sections from measurements of

reflection electron energy-loss spectra of adsorbed atoms or

molecules on a W(100) substrate. They reported K-shell

ionization cross sections of C, N, O, Na, and Mg, L1-subshell

cross sections of Na, Mg, and S, and L23-subshell cross

sections of Mg, S, Cl, and Cu for values of U between 1 and

4. Their data are also partial cross sections in that they

measured intensities in the energy-loss spectra only from the

core-excitation threshold to an energy of about 3 eV above this

threshold.While these partial cross sections had an uncertainty

of about a factor of 3 in the absolute values, Gerlach and

DuCharme found partial agreement with the energy depen-

dences found from an extension of the Burhop256 theory based

on the first Born approximation.

5.4. Ionization cross sections from crossed-beam
experiments

ForH andHe, the cross sections have been deduced fromH+

and He+ ion or secondary-electron numbers by crossed-beam

methods.257–267 The first measurements of ionization cross

sections using crossed-beam methods were reported by Fite

and Brackmann,257 who reported the ionization cross section

for atomic H from threshold up to 750 eV.

6. Comparison ofMeasuredCross Sections
with DWBA Calculations

In Secs. 6.1–6.5, we compare measured K-, L-, and M-shell

ionization cross sections available in the literature with the

results of the DWBA calculations of Bote et al.31,32 All

elements for which K-, L-, orM-shell ionization cross sections

have beenmeasured are summarized in Fig. 10. In the case of L

andM shells, we also include measured L-shell andM-shell x-

ray production cross sections. Our comparisons of measured

and calculated ionization cross sections were made as a

function of incident electron energy, from near the threshold

energy for ionization of a given shell or subshell to 10 keV for

H, 100 keV for He, 1 MeV for C, N, O, and Ne, and 1 GeV for

all other elements.We alsomade comparisons ofmeasured Lα
x-ray production cross sections with corresponding values

calculated from the L3-subshell ionization cross sections of

Bote et al.31,32 and needed atomic data from the EADL, as

described in Secs. 4.2 and 4.3. The latter comparisons were

made for incident energies near the threshold for ionization to

1 GeV. As explained in Section 2.3, we include measurements

made on gaseous and solid samples.

The DWBA cross sections were calculated from the con-

venient analytical formulae, Eqs. (87) and (88), of Bote

et al.,31 that were obtained from fits to the cross sections from

the DWBA for electron energies up to 16 times the threshold

energy for inner-shell ionization and the PWBA for higher

energies, as described in Sec. 2. These formulae are functions

of the overvoltageU, the ratio of the incident electron energy to

the ionization energy or binding energy for the shell or subshell

of interest. As described in theAppendix, it was convenient for

us to compute U using the binding energies for each shell or

subshell from the tabulation of Carlson.64

6.1. K-shell ionization cross sections

Table 2 lists all measurements of K-shell ionization cross

sections that have been reported in the literature up to May

2013. Information on the incident electron energy range,

method and target used, simplified reference (as shown in

Figs. 11–41), and the full reference is also given. Methods

includemeasurements with x-ray yields (X), Auger yields (A),

EELS spectra (E), ion number (I), and secondary electron

number (SE). Targets used include self-supporting thin films

(T), thin films on substrates (TS), thick substrates (S), and

gases (G).

We see fromTable 2 thatmeasurements of x-ray yields have

been utilized for most of the K-shell cross-section measure-

ments. Of thesemeasurements, self-supporting thin films were

the most commonly used targets, with smaller numbers of

measurements beingmadewith thin films on substrates, gases,
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and thick substrates. Smaller numbers ofK-shell cross sections

have been determined from Auger yields with gas targets and

fromEELS spectra with thin-film specimens. The checkmarks

in Table 2 indicate “superior” cross-section measurements for

a given paper, as judged by the mutual consistency of sets of

measurements made for a given element from different groups

that we will describe in Sec. 7.1.

The graphs in Figs. 11–21 compare theoretical K-shell

ionization cross sections obtained from the DWBA for elec-

tron energies up to 16 times the threshold energy for inner-

shell ionization and the PWBA for higher energies, as

described in Sec. 2, with measured cross sections. These

comparisons were made for 63 elements from H to U using

the experimental results available in the literature up to May

2013. Error bars represent the experimental uncertainties

(generally one-standard-deviation limits) estimated by the

authors.

In 2000, Liu et al.157 tabulated experimental cross sections

for K-shell ionization from papers that were published prior to

December 1999. For these measurements, we have used the

numerical values listed in the Liu et al. tabulation rather than

the original values. Notice that in the Liu et al. tabulation, the

K-shell ionization cross sections obtained from x-ray and

Auger measurements were reevaluated using fluorescence

yields given by Bambynek et al.100 and Hubbell et al.103

We have included all of the numerical values available in

the literature and digitized graphs when the experimental

data were not numerically available (if the quality of figures

allowed). In some cases,we have found that the same element

wasmeasured several times by the same group over the years,

with no explanation as to what improvement was achieved.

Although onewould expect the latest measurements to be the

most accurate, we have decided to include all the experi-

mental information available without making any a priori

judgment.

Figure 11 shows comparisons of the DWBA predictions for

the K-shells of H, He, C, N, O, and Ne with experimental data.

With the exception of the experimental data of Shah et al.259

for H and of Hink and Paschke121 and Colliex and Jouffrey268

for C, the rest of the measurement sets for each element show a

remarkable agreement with each other. We note that most of

these measurements were made using gas targets. The K-shell

ionization cross sections for these elements can thus be

regarded as being well known from experiment. For H and
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FIG. 10. Elements for which (a) K-shell, (b) L-shell, and (c) M-shell ionization cross sections have been measured.
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TABLE 2. Measurements of K-shell ionization cross sections published up toMay 2013. Information on the incident electron energy range, method and target used,

simplified reference [as shown inFigs. 11–21], and the full reference is given.Methods includemeasurementswith x-ray yields (X),Auger yields (A), EELS spectra

(E), ion number (I), and secondary electron number (SE). Targets used include self-supporting thin films (T), thin films on substrates (TS), thick substrates (S), and

gases (G). The check marks designate particular sets of measurements with superior data from the evaluation of experimental data (see Sec. 7)

Energy Method, Superior

Element Shell (keV) target data Key Reference

H K 0.0146 to 4 I,G – Sh87 Shah et al.259

H K 0.025 to 0.25 SE,G – Sh92 Shyn et al.260

He K 0.025 to 1 I,G – Ra65 Rapp et al.261

He K 0.5 to 1.6 I,G – Sc66 Schramm et al.262

He K 0.025 to 0.18 I,G – St80 Stephan et al.263

He K 0.026 to 0.75 I,G – Mo84 Montague et al.264

He K 0.02 to 0.2 I,G – We87a Wentzel265

He K 0.0266 to 1 I,G – Sh88 Shah et al.266

He K 0.0225 to 1 I,G – Re02 Rejoub et al.267

C K 0.426 to 4.8 A,G P Gl67 Glupe and Mehlhorn223

C K 2 to 30 X,T – Hi71 Hink and Paschke121

C K 75 E,T – Co72 Colliex and Jouffrey268

C K 25 E,T P Is72 Isaacson et al.269

C K 0.29 to 16.8 X,G P Ta73 Tawara et al.203

C K 80 E,T P Eg75 Egerton270

C K 80 E,T P Ru79 Rossouw and Whelan271

C K 2.5 to 25 X,TS P Li12 Limandri et al.163

N K 0.6 to 10.5 A,G P Gl71 Glupe and Mehlhorn224

N K 25 E,T P Is72 Isaacson et al.269

N K 0.45 to 16.8 X,G P Ta73 Tawara et al.203

N K 80 E,T P Ro79 Rossouw and Whelan271

O K 1 to 13 A,G P Gl71 Glupe and Mehlhorn224

O K 25 E,T P Is72 Isaacson et al.269

O K 1 to 16.8 X,G P Ta73 Tawara et al.203

O K 1.24 to 3.11 A,G P Pl85 Platten et al.230

O K 2.5 to 25 X,TS – Li12 Limandri et al.163

Ne K 1.31 to 10.4 A,G P Gl71 Glupe and Mehlhorn224

Ne K 0.95 to 14.6 X,G P Ta73 Tawara et al.203

Ne K 1.26 to 5.04 A,G P Pl85 Platten et al.230

Ne K 0.9 to 4.37 A,G P Hi81 Hink et al.228

Na K 7.0�104 to 2.3�105 X,T – Ka80 Kamiya et al.136

Mg K 5.0�104 X,T – Ho79 Hoffmann et al.134

Mg K 7.0�104 to 2.3�105 X,T – Ka80 Kamiya et al.136

Mg K 1.0�104 to 2�104 X,T – Mc88 McDonald and Spicer144

Al K 2.5 to 29.7 X,T P Hi69 Hink and Ziegler117

Al K 1.5�105 X,T P Is77 Ishii et al.131

Al K 5�104 X,T P Ho79 Hoffmann et al.134

Al K 80 E,T P Ro79 Rossouw and Whelan271

Al K 7.0�104 to 2.3�105 X,T P Ka80 Kamiya et al.136

Al K 1.0�102 X,T – We87b Westbrook and Quarles143

Al K 1.0�104 to 2�104 X,T – Mc88 McDonald and Spicer144

Al K 2.5 to 20 X,TS P Li12 Limandri et al.163

Si K 1.5�105 X,T P Is77 Ishii et al.131

Si K 5�104 X,T P Ho79 Hoffmann et al.134

Si K 2.99 to 7.9 A,G P Pl85 Platten et al.230

Si K 1.6�104 to 2.6�104 X,T P Sh94 Shchagin et al.272

Si K 3.3 to 24.4 X,S P Zh09 Zhu et al.201

Si K 2.5 to 20 X,TS P Li12 Limandri et al.163

S K 7.0 to 30.0 X,TS – Wu10a Wu et al.184

Cl K 2.7�105 X,T – Is77 Ishii et al.131

Cl K 7�104 to 2.3�105 X,T – Ka80 Kamiya et al.136

Cl K 6 to 30 X,TS – Wu11 Wu et al.187

Ar K 5 to 18.9 X,G P Ta73 Tawara et al.203

Ar K 2�104 to 6�104 X,G P Ho79 Hoffmann et al.134

Ar K 4.19 to 10.3 X,G P Qu82 Quarles and Semaan206

Ar K 3.37 to 12.0 X,G P Hi82 Hippler et al.205

Ar K 3.2 to 4.2 X,G P Hi83 Hippler et al.207

Ar K 3.64 to 9.74 A,G P Pl85 Platten et al.230

Ar K 10 to 24 X,G P Si03 Singh and Shanker146

K K 3.75 to 45 X,G – Sh91 Shevelko et al.145

K K 10 to 30 X,TS – Wu12 Wu et al.188
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TABLE 2. Measurements of K-shell ionization cross sections published up toMay 2013. Information on the incident electron energy range, method and target used,

simplified reference [as shown inFigs. 11–21], and the full reference is given.Methods includemeasurementswith x-ray yields (X),Auger yields (A), EELS spectra

(E), ion number (I), and secondary electron number (SE). Targets used include self-supporting thin films (T), thin films on substrates (TS), thick substrates (S), and

gases (G). The check marks designate particular sets of measurements with superior data from the evaluation of experimental data (see Sec. 7)—Continued

Energy Method, Superior

Element Shell (keV) target data Key Reference

Ca K 7�104 to 2.7�105 X,T P Is77 Ishii et al.131

Ca K 2�104 to 6�104 X,T P Ho79 Hoffmann et al.134

Ca K 4.5 to 45 X,G P Sh91 Shevelko et al.145

Ca K 7 to 30 X,TS P Wu10a Wu et al.184

Sc K 4.8 to 45.0 X,TS – An00 An et al.158

Ti K 5.9 to 50 X,T P Je75 Jessenberg and Hink128

Ti K 1.0�102 X,T – We87b Westbrook and Quarles143

Ti K 5.5 to 29.0 X,TS – He97 He et al.152

Ti K 5.6 to 25.9 X,TS P An03 An et al.160

Ti K 6 to 25 X,TS P Li12 Limandri et al.163

V K 2�103 X,T – Sc72 Scholz et al.125

V K 5.9 to 45.0 X,TS – An00 An et al.158

Cr K 2�103 X,T P Sc72 Scholz et al.125

Cr K 2�104 to 6�104 X,T P Ho79 Hoffmann et al.134

Cr K 6 to 25 X,TS P Lu96 Luo et al.148

Cr K 6 to 25 X,TS – He97 He et al.152

Cr K 6.5 to 40.0 X,T P Ll00 Llovet et al.164

Cr K 6.9 to 26.6 X,TS P An03 An et al.160

Mn K 50 X,T P Fi67 Fischer and Hoffmann116

Mn K 2�103 X,T P Sc72 Scholz et al.125

Mn K 5�104 X,T P Ho79 Hoffmann et al.134

Mn K 6.7 to 20.0 X,T P Sh80 Shima137

Mn K 3.5 to 25.9 X,TS P Lu97 Lu et al.149

Mn K 6.9 to 25.1 X,TS P Ta99b Tang et al.156

Mn K 7.0 to 40.0 X,T P Ll02 Llovet et al.165

Fe K 2�103 X,T P Sc72 Scholz et al.125

Fe K 7.5 to 28.0 X,TS – He96a He et al.150

Fe K 7.9 to 24.8 X,TS P Lu97 Luo et al.149

Fe K 7.5 to 40.0 X,T P Ll02 Llovet et al.165

Co K 2�103 X,T – Sc72 Scholz et al.125

Co K 8.5 to 24.9 X,TS – An96 An et al.153

Ni K 70 X,T P Sm45 Smick and Kirkpatrick110

Ni K 1.5�101 to 1.8�102 X,T – Po47 Pockman et al.111

Ni K 4.9�102 to 6.7�102 X,T – Se74 Seif et al.126

Ni K 8.9 to 49.7 X,T P Je75 Jessenberg and Hink128

Ni K 2�104 to 6�104 X,T P Ho79 Hoffmann et al.134

Ni K 9�105 to 2�106 X,T P Ge82 Genz et al.141

Ni K 9.0 to 34.0 X,TS P Lu96 Luo et al.148

Ni K 9.0 to 46.0 X,TS – He97 He et al.152

Ni K 9.0 to 40.0 X,T P Ll00 Llovet et al.164

Ni K 9.0 to 46.0 X,S P An06 An et al.181

Cu K 50 X,T P Fi67 Fischer and Hoffmann116

Cu K 1.5�105 to 9�105 X,T P Mi70 Middleman et al.71

Cu K 25 to 135 X,T – Da72 Davis et al.123

Cu K 81 to 152 X,T P Hu72 Hubner et al.124

Cu K 2�103 X,T P Sc72 Scholz et al.125

Cu K 1.5�105 X,T P Is77 Ishii et al.131

Cu K 3�102 to 6�102 X,T P Be78 Berenyi et al.133

Cu K 4�104 X,T P Ho79 Hoffmann et al.134

Cu K 9.27 to 25.0 X,T P Sh80 Shima137

Cu K 9.12 to 25.0 X,T P Sh81 Shima et al.140

Cu K 9�105 to 2�106 X,T – Ge82 Genz et al.141

Cu K 1.0�102 X,T – We87b Westbrook and Quarles143

Cu K 9.4 to 25.9 X,TS P An96 An et al.153

Cu K 9.0 to 28.0 X,TS P He97 He et al.152

Cu K 9.5 to 40.0 X,T P Ll00 Llovet et al.164

Cu K 10.0 to 26.0 X,TS P Zh01c Zhou et al.177

Zn K 2�103 X,T P Sc72 Scholz et al.125

Zn K 1.5�105 X,T P Is77 Ishii et al.131

Zn K 10.3 to 25.7 X,TS P Ta99a Tang et al.155
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TABLE 2. Measurements of K-shell ionization cross sections published up toMay 2013. Information on the incident electron energy range, method and target used,

simplified reference [as shown inFigs. 11–21], and the full reference is given.Methods includemeasurementswith x-ray yields (X),Auger yields (A), EELS spectra

(E), ion number (I), and secondary electron number (SE). Targets used include self-supporting thin films (T), thin films on substrates (TS), thick substrates (S), and

gases (G). The check marks designate particular sets of measurements with superior data from the evaluation of experimental data (see Sec. 7)—Continued

Energy Method, Superior

Element Shell (keV) target data Key Reference

Zn K 11.0 to 30.0 X,TS P Wu10a Wu et al.184

Ga K 12.0 to 26.0 X,TS P Zh01c Zhou et al.177

Ga K 12.0 to 28.0 X,TS P Zh02 Zhou et al.273

Ga K 10.5 to 39.0 X,T P Me06 Merlet et al.169,170

Ge K 2�104 to 6�104 X,T P Ho79 Hoffmann et al.134

Ge K 11.2 to 25.0 X,T P Sh81 Shima et al.140

Ge K 11.5 to 40.0 X,TS P Ta02a Tang et al.197

Ge K 12.0 to 26.0 X,TS P Zh02 Zhou et al.273

Ge K 11.6 to 40.6 X,T P Me04 Merlet et al.168

As K 2�103 X,T – Sc72 Scholz et al.125

As K 12.0 to 39.0 X,T – Me06 Merlet et al.169,170

Se K 50 X,T – Fi67 Fischer and Hoffmann116

Se K 2�103 X,T P Sc72 Scholz et al.125

Se K 7�104 to 1.5�105 X,T P Is77 Ishii et al.131

Se K 3�102 to 6�102 X,T P Be78 Barenyi et al.133

Se K 6�101 to 6�102 X,T P Ki81 Kiss et al.139

Se K 13 to 40 X,TS P Lu01 Luo et al.166

Br K 2�103 X,T – Sc72 Scholz et al.125

Kr K 2�104 to 6�104 X,G – Ho79 Hoffmann et al.134

Rb K 2�103 X,T – Sc72 Scholz et al.125

Rb K 16 to 45 X,G – Sh91 Shevelko et al.145

Sr K 2�103 X,T – Sc72 Scholz et al.125

Sr K 17 to 45 X,G – Sh91 Shevelko et al.145

Sr K 1.5�105 to 9�105 X,T – Mi70 Middleman et al.71

Y K 4.9�102 to 6.7�102 X,T P Se74 Seif et al.126

Y K 7�104 to 2.7�105 X,T P Is77 Ishii et al.131

Y K 5.0�104 X,T P Ho79 Hoffmann et al.134

Y K 18 to 32 X,TS P Lu01 Luo et al.166

Zr K 2.4�102 to 1.4�103 X,T – Ha64 Hansen et al.112

Zr K 1.0�102 X,T – We87b Westbrook et al.143

Zr K 18.0 to 34.0 X,TS – Zh02 Zhou et al.273

Nb K 20.0 to 34.0 X,TS – Pe98 Peng et al.154

Mo K 1.5�105 to 9�105 X,T – Mi70 Middleman et al.71

Mo K 9�104 to 2.7�105 X,T – Is77 Ishii et al.131

Mo K 21.0 to 40.0 X,TS – He96b He et al.151

Pd K 2.5�103 to 7.1�105 X,T P Be70 Berkner et al.120

Pd K 9�104 to 2.5�105 X,T P Is77 Ishii et al.131

Pd K 3�102 to 6�102 X,T P Ri77 Ricz et al.190

Ag K 30.5 to 300 X,T – Cl35 Clark et al.109

Ag K 1.1�102 to 4.3�102 X,T – Ha66 Hansen and Flammersfeld113

Ag K 3�102 to 1�103 X,T P Re66 Rester and Dance115

Ag K 50 X,T P Fi67 Fischer and Hoffmann116

Ag K 30 to 140 X,T – Da72 Davis et al.123

Ag K 1.14�102 X,T P Hu72 Hubner et al.124

Ag K 4.9�102 to 6.7�102 X,T P Se74 Seif et al.126

Ag K 5�102 to 6�102 X,T P Sc76 Schlenk et al.130

Ag K 3�102 to 6�102 X,T P Ri77 Ricz et al.190

Ag K 2�104 to 6�104 X,T P Ho79 Hoffmann et al.134

Ag K 6�101 to 6�102 X,T P Ki81 Kiss et al.139

Ag K 26 to 30 X,T P Sh81 Shima et al.140

Ag K 9�105 to 2�106 X,T P Ge82 Genz et al.141

Ag K 1.0�102 X,T P We87b Westbrook and Quarles143

Ag K 30 to 65 X,T P Sc93 Schneider et al.147

Ag K 26.0 to 34.0 X,TS P Zh01b Zhou et al.176

Cd K 2�103 X,T – Sc72 Scholz et al.125

In K 7�105 to 9�105 X,T – Mi70 Middleman et al.71

In K 2�103 X,T – Sc72 Scholz et al.125

In K 1.5�105 X,T – Is77 Ishii et al.131

In K 3�102 to 6�102 X,T – Ri77 Ricz et al.190

Sn K 50 X,T P Fi67 Fischer and Hoffmann116

Sn K 2.4�102 to 1.4�103 X,T – Ha64 Hansen et al.112
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TABLE 2. Measurements of K-shell ionization cross sections published up toMay 2013. Information on the incident electron energy range, method and target used,

simplified reference [as shown inFigs. 11–21], and the full reference is given.Methods includemeasurementswith x-ray yields (X),Auger yields (A), EELS spectra

(E), ion number (I), and secondary electron number (SE). Targets used include self-supporting thin films (T), thin films on substrates (TS), thick substrates (S), and

gases (G). The check marks designate particular sets of measurements with superior data from the evaluation of experimental data (see Sec. 7)—Continued

Energy Method, Superior

Element Shell (keV) target data Key Reference

Sn K 2�102 to 2�103 X,T – Re66 Rester and Dance115

Sn K 1.0�102 to 4.1�102 X,T – Ha66 Hansen and Flammersfeld113

Sn K 2�103 X,T P Sc72 Scholz et al.125

Sn K 3�102 to 6�102 X,T – Ri77 Ricz et al.190

Sn K 1.5�105 X,T P Is77 Ishii et al.131

Sn K 2.0�104 to 5.0�104 X,T P Ho79 Hoffmann et al.134

Sb K 2�103 X,T P Sc72 Scholz et al.125

Sb K 1.0�102 X,T P We87b Westbrook and Quarles143

Sb K 1�101 to 6�102 X,T P Ki81 Kiss et al.139

Te K 2�103 X,T – Sc72 Scholz et al.125

Xe K 2�104 to 6�103 X,G – Sc72 Scholz et al.125

Ba K 2�103 X,T – Sc72 Scholz et al.125

Ba K 7�104 to 2.7�105 X,T – Is77 Ishii et al.131

Ba K 1.0�102 X,T – We87b Westbrook and Quarles143

La K 2�103 X,T – Sc72 Scholz et al.125

La K 1.0�102 X,T – We87b Westbrook and Quarles143

Ce K 2�103 X,T – Sc72 Scholz et al.125

Pr K 2�103 X,T – Sc72 Scholz et al.125

Pr K 1.0�102 X,T – We87b Westbrook and Quarles143

Nd K 2�103 X,T – Sc72 Scholz et al.125

Sm K 2�103 X,T – Sc72 Scholz et al.125

Sm K 9�104 X,T – Is77 Ishii et al.131

Eu K 2�103 X,T – Sc72 Scholz et al.125

Gd K 2�103 X,T – Sc72 Scholz et al.125

Ho K 2�104 to 5�103 X,T – Sc72 Scholz et al.125

Ho K 9�104 X,T – Is77 Ishii et al.131

Er K 2�103 X,T – Sc72 Scholz et al.125

Tm K 3�105 to 9�105 X,T – Mi70 Middleman et al.71

Yb K 2�103 X,T – Sc72 Scholz et al.125

Yb K 4.9�102 to 2.0�103 X,T – Se74 Seif et al.126

Ta K 3�105 to 5�105 X,T – Mi70 Middleman et al.71

Ta K 4.9�102 to 6.7�102 X,T – Se74 Seif et al.126

W K 2.4�102 to 1.4�103 X,T – Ha64 Hansen et al.112

W K 2.1�102 to 5.5�102 X,T – Ha66 Hansen and Flammersfeld113

Au K 1.0�102 to 5.0�102 X,T – Mo64 Motz and Placious et al.114

Au K 2.3�102 to 5.6�102 X,T – Ha66 Hansen and Flammersfeld113

Au K 2�102 to 2�103 X,T P Re66 Rester and Dance115

Au K 2.5�103 to 7.1�103 X,T P Be70 Berkner et al.120

Au K 3.0�105 to 9.0�105 X,T P Mi70 Middleman et al.71

Au K 2�103 X,T P Sc72 Scholz et al.125

Au K 9�101 to 1.4�102 X,T P Da72 Davis et al.123

Au K 4.9�102 to 6.7�102 X,T – Se74 Seif et al.126

Au K 9�104 X,T P Is77 Ishii et al.131

Au K 2.0�104 to 6.0�104 X,T P Ho79 Hoffmann et al.134

Au K 1.0�102 X,T – We87b Westbrook and Quarles143

Pb K 2.4�102 to 1.4�103 X,T – Ha64 Hansen et al.112

Pb K 2.6�102 to 5.6�102 X,T – Ha66 Hansen and Flammersfeld113

Pb K 2�103 X,T P Sc72 Scholz et al.125

Pb K 4.9�102 to 6.7�102 X,T P Se74 Seif et al.126

Pb K 9�104 X,T P Is77 Ishii et al.131

Pb K 5.0�104 X,T P Ho79 Hoffmann et al.134

Bi K 3.0�105 to 9.0�105 X,T P Mi70 Middleman et al.71

Bi K 2�103 X,T P Sc72 Scholz et al.125

Bi K 9.0�104 X,T P Is77 Ishii et al.131

Bi K 3.5�104 to 6.0�104 X,T P Ho79 Hoffmann et al.134

U K 9.01�104 X,T – Is77 Ishii et al.131
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He, the predictions of the DWBA overestimate the experi-

mental measurements in the region of the maximum by

between 20% and 30%. This result is not surprising since for

such small atomic numbers the electrostatic field of the

emerging target electron is comparable to the screened field

of the nucleus and, consequently, the central-field approxima-

tion, implicit in the DWBA, is not approriate (see Sec. 2.2). A

similar tendency is observed for O and Ne, although the

discrepancies between calculations and experiment are not as

large as for H and He. For C and N, the DWBA cross sections

are in very good agreement with the experimental data (not

considering the data sets of Shah et al.259 for H and ofHink and

Paschke121 and Colliex and Jouffrey268 for C).

Figure 12 displays the experimentally determined K-shell

ionization cross sections for Na, Mg, Al, Si, S, and Cl, in

comparison with the DWBA predictions. For Na, Mg, and Cl,

there are experimental data sets only at high energies; while

good agreement between measured and calculated cross sec-

tions are found at high energies for Na and Cl (as well as for Si

and some Mg and Al data), some measured cross sections for

Mg and Al are less than half of the DWBA values. Nearer the

ionization threshold, the available experimental data are in

satisfactory agreement with the DWBA calculations for Si and

Al. For S, the DWBA calculations overestimate the single set

of measurements by 15%. We note that the latter experimental

data were obtained using ZnS films.
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FIG. 11. (Color online) Absolute K-shell ionization cross sections vs. incident electron energy for H, He, C, N, O, andNe. Solid curves are the results of the DWBA

calculations. The symbols show measured cross sections, with the legend indicating the key references identified in Table 2.
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For Ar, K, Ca, and Sc (Fig. 13), in comparison with experi-

mental data, the DWBA calculations overestimate the cross

sections near the ionization threshold by up to 10% but, in

general, there is reasonable agreement as far as the cross-section

shapes are concerned. Asmentioned earlier, themeasurement of

the shape of the cross-section curves (i.e., the relative cross

sections) is only affected by relative uncertainties which gen-

erallyaremuch lower than the total uncertaintiesdisplayedbythe

error bars (which include estimates of possible systematic

uncertainties). For Ar and Ca, the experimental data for each

element agree well with each other, whereas for K and Sc only

one set of experimental data is available in the literature. While

there are systematic deviations of some of the measured cross

sections forCa fromtheBote curveover a small rangeof energies

(from about 5 to 15 keV), themagnitudes of these deviations are

comparable to those found for other data sets which we will

assess as “superior data” in Sec. 7.2. The agreement among the

various experimental data sets is not as good for Ti, with the

measurements of He et al.152 lying clearly below the other

measurements. The DWBA calculations agree reasonably well

with themeasurementsof Jessenberget al.128 In the caseofV, the

predictions of the DWBA represent well the experimental mea-

surements within the stated experimental errors, both at low and

high energies.

Figure 14 shows the experimental data available for Cr,Mn,

Fe, Co, Ni, and Cu in comparison with the DWBA calcula-

tions. Except for Co, the number of experimental data sets

available is relatively large. For Cr, Fe, and Ni, some of the
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FIG. 12. (Color online) Absolute K-shell ionization cross sections vs. incident electron energy for Na, Mg, Al, Si, S, and Cl. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements. Notice the change of abscissa scale.
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experimental data sets available are in marked disagreement

with the rest of measurements that agree well with each other.

For Cr, the experimental data of He et al.152 lie below the other

measurements by asmuch as 30%; for Fe, themeasurements of

He et al.150 lie above (by 30%) the other available measure-

ments; for Ni, the experimental data of He et al.152 lie below

(by up to 40%) the other measurements; and for Cu, the

measurements of Llovet et al.165 and Davis et al.123

are systematically above (by 10% and 40%, respectively) the

other measurements. With the exceptions mentioned, the

available experimental data for Cr, Co, Fe, and Cu are in

good agreement with the DWBA predictions, both at low and

high energies. For Mn, the predictions of the DWBA agree

reasonably well with the experimental data within the quoted

uncertainties, although the spread of the experimental data is

much larger.

Figure 15 shows the experimentally determined K-shell

ionization cross sections for Zn, Ga, Ge, As, Se, and Br in

comparison with the DWBA calculations. With the exception

of the experimental data of Tang et al.174 for Ge, the remaining

experimental data for each element are in agreement with each

other within the quoted error bars of �10%. For all of these

elements, the experimental data are well described by the

predictions of the DWBA, both in shape and magnitude. We

note the excellent agreement between the DWBA and the

experimental data of Merlet et al.169 for Ga. For Br, only one

single data point at 200 keV is available, and this is consistent

with the DWBA.
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FIG. 13. (Color online)Absolute K-shell ionization cross sections vs. incident electron energy forAr, K, Ca, Sc, Ti, andV. Solid curves are the results of theDWBA

calculations. Symbols are experimental measurements. Note the change of abscissa scale.
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We show comparisons of themeasuredK-shell ionization

cross sections for Kr, Rb, Sr, Y, Zr, and Nb in Fig. 16. Good

agreement is found between the experimental data available

for Y and the predictions of the DWBA over a wide range of

incident electron energies. In contrast, the DWBA seems to

overestimate the experimental measurements available for

Kr, Rb, Sr, Zr, and Nb, although the differences become

smaller when the incident electron energy approaches

the ionization threshold. Indeed, for the mentioned ele-

ments, the predictions of the DWBA seem to increase faster

with energy than the experimental data of Shevelko et al.145

(for Rb and Sr), Zhou et al.273 (for Zr), and Peng et al.154

(for Nb).

Similar comparisons aremade in Fig. 17 forMo, Pd, Ag, Cd,

Sn, and In. The DWBA calculations are lower than the

measurements of He et al.151 for Mo at low energies. In

contrast, they are in relatively good agreement with the

experimental data at high energies. For Pd, the DWBA calcu-

lations are also in good agreement with the available measure-

ments at high energy within the quoted errors bars, but near

	100 keV, the DWBA calculations lie 10% above the mea-

surements of Ricz et al.190

K-shell ionization cross sections of Ag have been measured

by a large number of groups (Fig. 17). For this element, there is

good consistency among the various sets of experimental data

and good agreement between the predictions of the DWBA
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FIG. 14. (Color online) Absolute K-shell ionization cross sections vs. incident electron energy for Cr, Mn, Fe, Co, Ni, and Cu. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.
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and the measured cross sections over a very large range of

incident electron energies. In contrast, only one experimental

datum is available for Cd, which is slightly overestimated by

the present calculations.

There are substantial discrepancies between the experi-

mental data available for Sn in the energy range between 100

and 1000 keV, not only as regards the magnitude of the cross

section but also with respect to its shape. The experimental

data of Hansen et al.112 and Hansen and Flammersfeld113 are

probably affected by systematic uncertainties larger than

those quoted by the authors. A similar situation is found for

the W, Au, and Pb measurements by the same authors (see

below). The agreement between the DWBA cross sections

and the other experimental data for Sn is good. For In, the

predictions of the DWBA lie between the different sets of

measurements.

Figure 18 compares the experimental K-shell ionization

cross sections for Sb, Te, Xe, Ba, La, and Ce with the DWBA

calculations. For these elements, no experimental data are

available at low energies. For Sb, excellent agreement is

observed between the available set of measurements and the

predictions of the DWBAwhich appears to describe very well

the cross-section inflection observed at around 200 keV. The

situation is less favorable for Xe and Ce, for which the DWBA

calculations appear to overestimate the few measured values.

For Ba and La, the DWBA results agree with the measure-

ments of Westbrook and Quarles,143 but are in disagreement

with those of Scholz et al.125 and Ishii et al.131
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FIG. 15. (Color online) Absolute K-shell ionization cross sections vs. incident electron energy for Zn, Ga, Ge, As, Se, and Br. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.

013102-50 LLOVET ET AL.

J. Phys. Chem. Ref. Data, Vol. 43, No. 1, 2014



For Pr, Nd, Sm, Eu, Gd, andHo (Fig. 19), there are relatively

few measurements, and all of them are at high energies. The

predictions of the DWBA are nevertheless in relatively good

agreement with the existing sets of experimental cross sec-

tions. A similar satisfactory situation is found for Er, Tm, Yb,

Ta, W, and Au in Fig. 20 for which, with the exception of Au,

there are few measurements. As mentioned earlier, the mea-

surements of Hansen et al.112 and Hansen and Flammers-

feld113 for W and Au show a large scatter. Fortunately, there

are numerous cross-section measurements for Au, and the

high-energy values are in good agreement with the predictions

of the DWBA. At lower energies, the DWBA calculations lie

above the experimental data of Westbrook and Quarles143 and

below the experimental data of Davis et al.123 and Motz and

Placious.114 We note that the latter measurements are the only

K-shell cross-section measurements available for an element

with Z > 47 near the ionization threshold.

Figure 21 shows similar comparisons for Pb, Bi, and U.

For Pb, the experimental data of Hansen et al.112 andHansen

and Flammersfeld113 exhibit a large spread, like that found

for Sn, W, and Au cross sections from the same authors.

Most of the remaining experimental data are consistent with

the DWBA results at high energies (Fig. 14). For Bi, how-

ever, the measurements of Middleman et al.71 at ultra-

relativistic energies are larger than the DWBA calculations

by about 10%. The only data point available for U agrees

within the experimental uncertainties with the DWBA cross

sections.
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FIG. 16. (Color online) Absolute K-shell ionization cross sections vs. incident electron energy for Kr, Rb, Sr, Y, Zr, and Nb. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.
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6.2. L-subshell ionization cross sections

Table 3 lists all measurements of L-shell ionization cross

sections that have been reported in the literature up to May

2013. Information on the measured shell, incident electron

energy range, method and target used, simplified reference (as

shown in Figs. 22–31), and the full reference is also given.

Methods include measurements with x-ray yields (X) and

Auger yields (A). Targets used include self-supporting thin

films (T), thin films on substrates (TS), thick substrates (S), and

gases (G).

As for Table 2, we see that measurements of x-ray yields

have been utilized for most of the L-shell cross-section

measurements. Self-supporting thin films were again the most

commonly used targets, with smaller numbers of measure-

ments being made with thick substrates, gases, and thin films

on substrates. Some L-shell cross sections were determined

from Auger yields with gas targets but there were no such

measurements fromEELS spectra. The checkmarks in Table 3

indicate “superior” cross-section measurements for a given

paper, as judged by the mutual consistency of sets of measure-

ments made for a given element from different groups that we

will describe in Sec. 7.1.

The plots in Figs. 22–31 show comparisons of measured L-

subshell ionization cross sections and total L-shell ionization

cross sections with corresponding calculated cross sections. As

for thecalculatedK-shell ionizationcrosssections inFigs.11–21,
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FIG. 17. (Color online) Absolute K-shell ionization cross sections vs. incident electron energy for Mo, Pd, Ag, Cd, In, and Sn. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.
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the solid lines in Figs. 22–31 show cross sections from the Bote

et al.analytical formulae,31Eqs. (87) and (88), thatwereobtained

from fits to the cross sections from the DWBA for electron

energies up to 16 times the threshold energy for inner-shell

ionization and the PWBA for higher energies, as described in

Sec. 2. These formulae are functions of the overvoltage U, the

ratio of the incident electron energy to the ionization energy or

binding energy for the shell or subshell of interest. As described

in the Appendix, it was convenient for us to make use of the

binding energies for each shell or subshell from the tabulation of

Carlson.64 The comparisons in Figs. 22–31 were made for 26

elements (from Si to U, as listed in Table 3).

In contrast to K-shells, no compilation of experimental

cross-section data for L shells has been published so far. There

are much fewer measurements of ionization cross sections

for L shells than for K shells.

Figure 22 shows measured cross sections for L1-subshell

ionization cross sections for Cu, Sr, Ag, Sn, Xe, and Sm, and

Fig. 23 shows similar cross sections for Ta,W,Au, Pb, andBi.

For each element, only a single source of data is available. In

most cases, the measured cross sections follow the trends

with energy expected from the solid curves although the

energy dependences of the measurements for Ag Ta, and W

show deviations. The magnitudes of the measured cross

sections for Sr, Sn, Xe, Au, Pb, and Bi generally agree

satisfactorily with the predicted values (i.e., within or close

to the indicated error bars) but there are systematic differ-

ences for Cu and Sm.
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FIG. 18. (Color online) Absolute K-shell ionization cross sections vs. incident electron energy for Sb, Te, Xe, Ba, La, and Ce. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.
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Figures 24 and 25 show measured L2-subshell ionization

cross sections for the same 11 elements shown in Figs. 22 and

23, and similar comparisons with the calculated cross sec-

tions. For Au, there are four sets of measured cross sections

available, of which there are two sets that agree reasonably

with the solid line [Gr68 (Ref. 119) andPa80a (Ref. 138)] and

two sets [Gr64 (Ref. 118) and Sa71 (Ref. 122)], consistent

with each other, that do not. The newer paper of Green and

Cosslett119 presumably contains more accurate cross sec-

tions than the earlier report of Green.118 Most of the mea-

sured L1- and L2-subshell cross sections for Cu, Sr, Ag, Sn,

Ta, Pb, and Bi in Figs. 22 and 23 agree with or are close to the

corresponding solid lines but there are deviations for Xe, Sm,

Au, and W. We note that the cross sections of Pálinkás and

Schlenk138 for Au, Pb, and Bi are generally consistent with

the calculated Bote et al. cross sections as well as with the Au

data of Green and Cosslett,119 thereby suggesting that the

latter measurements are more reliable than the earlier results

of Green.118

Figure 26 shows comparisons of measured and calculated

L23-subshell ionization cross sections for 6 elements (Si, P, S,

Cl, Ar, and Ti) while Figs. 27 and 28 have similar comparisons

of calculated cross sections for L3-subshell ionization with

measured cross sections for 11 elements [Cu, Sr, Ag, Sn, Xe,

Sm (Fig. 27), Ta, W, Au, Pb, and Bi (Fig. 28)]. For most of

these elements, only single sets of measured cross sections are

available, and there are substantive disagreements between

calculated and measured cross sections for Ti and W.
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FIG. 19. (Color online) Absolute K-shell ionization cross sections vs. incident electron energy for Pr, Nd, Sm, Eu, Gd, and Ho. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.

013102-54 LLOVET ET AL.

J. Phys. Chem. Ref. Data, Vol. 43, No. 1, 2014



Satisfactory agreement is found, however, for Si, P, S, Cl, Cu,

Sr, Ag, Sn,Xe, Pb, andBi. For SmandTa, themeasurements of

Reusch et al.142 exceed the calculated cross sections by up to

three times the estimated uncertainties.

Three sets of measurements are available for Ar that show

similar energy dependences but only the measurements of

Suzuki et al.231 agree in magnitude (partially) with the calcu-

lated cross sections. For Xe, there are two sets of measure-

ments in nonoverlapping energy ranges204,207 that agree well

with the solid curve.

There are seven sets of measured cross sections for Au, but

only those from Green and Cosslett119 and Pálinkás and

Schlenk138 show satisfactory consistency with the predicted

cross sections. A similar result was found for the Au L2-

subshell cross sections of these authors in Fig. 25.

TotalL-shell ionizationcross sections are shown inFigs. 29–

31 for 17 elements [Cu, Kr, Sr, Nb, Pd, Ag (Fig. 29), In, Sn, Xe,

Ba, Sm, Ho (Fig. 30), Yb, Ta, Pb, Bi, and U (Fig. 31)]. Three

sets of measured cross sections are available for Ag and Sn,

and these agree reasonably with the corresponding calculated

cross sections in Figs. 29 (Ag) and 30 (Sn). For Sm, Ta, Pb, Bi,

and U, there are two sets of measurements for each element,

and these agree moderately with the predicted cross sections.

There is good agreement between themeasured and calculated

cross sections for Cu, Sr, Pd, Ba, Ho, and Yb, but there are

deviations for Kr, Nb, In, and Xe.
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FIG. 20. (Color online) Absolute K-shell ionization cross sections vs. incident electron energy for Er, Tm, Yb, Ta, W, and Au. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.
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6.3. M-subshell ionization cross sections

Table 4 lists the measurements of M-shell ionization cross

sections reported in the literature up toMay 2013. Information

on the measured shell, incident electron energy range, method

and target used, simplified reference (as shown in the figures),

and the full reference is also given. Methods include measure-

ments with x-ray yields (X), Auger yields (A), and EELS

spectra (E). Targets used include self-supporting thin films (T)

and gases (G).

As for Tables 2 and 3, we see that measurements of x-ray

yields were utilized for most of the L-shell cross-section

measurements, and self-supporting thin films were again

the most commonly used targets. Some L-shell cross sections

were determined from Auger yields with gas targets. The

check marks in Table 3 indicate “superior” cross-section

measurements for a given paper, as judged by the mutual

consistency of sets of measurements made for a given element

from different groups that we will describe in Sec. 7.1.

We show comparisons of measured total M-shell ioniza-

tion cross sections in Fig. 32 and measured M4,5-subshell

ionization cross sections in Fig. 33 with corresponding

calculated cross sections. As for the similar comparisons in

the preceding subsections, the solid lines in Figs. 32 and 33

are cross sections from the Bote et al. analytical formulae,31

Eqs. (87) and (88), that were obtained from fits to the cross

sections from the DWBA for electron energies up to 16 times

the threshold energy for inner-shell ionization and the PWBA

for higher energies, as described in Sec. 2. These formulae

are a function of the overvoltage U, the ratio of the incident

electron energy to the ionization energy or binding energy for

the shell or subshell of interest.As described in theAppendix,

it was convenient for us to make use of the binding energies

for each shell or subshell from the tabulation of Carlson.64

The comparisons in Figs. 32 and 33 were made for the seven

elements listed in Table 4.

Total M-shell ionization cross sections are shown in Fig. 32

for four elements (Au, Bi, Pb, and U). Three sets of measure-

ments are available for Bi and Pb, and these agree moderately

well with the calculated cross sections although there are some

deviations. Of the two sets of measured cross sections for Au,

one set (Pa80b) is systematically larger than the calculated

cross sections while the other set (Ho79) is systematically

smaller. For U, there is satisfactorily agreement of the mea-

sured cross sections with the calculated data.

M45-subshell cross sections measured for Br and Sn by

Vrakking and Meyer227 and for Kr by Suzuki et al.231 are

shown in Fig. 33. These cross sections resulted from Auger-

yield measurements in gases and are systematically smaller

than the calculated cross sections.

6.4. L-shell x-ray production cross sections

Table 5 lists the measurements of L-shell x-ray production

cross sections reported in the literature up to May 2013.
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FIG. 21. (Color online) Absolute K-shell ionization cross sections vs. incident electron energy for Pb, Bi, and U. Solid curves are the results of the DWBA

calculations. Symbols are experimental measurements.
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Information on the measured line [notice that the line LX is

defined by Eq. (124)] , incident electron energy range, target

used, the simplified reference (as shown in Figs. 34–38), and

the full reference is also given. Targets used include self-

supporting thin films (T), thin films on substrates (T), and

gases (G).

As for Tables 2–4, we see thatmostmeasurements weremade

with self-supporting thin films and thin films on substrates as

targets. Two sets of cross sections were determined with gas

targets. The check marks in Table 5 indicate “superior” cross-

sectionmeasurements for a given paper, as judged by themutual

consistency of sets of measurements made for a given element

from different groups that we will describe in Sec. 7.1.

Since the Lα line is stronger than the other x-ray lines

shown in Table 1, the resulting x-ray production cross

sections should be of better accuracy than those for the other

TABLE 3.Measurements ofL-shell ionization cross sections published up toMay2013. Information on themeasured shell(s), incident electron energy range,method

and target used, simplified reference (as shown in Figs. 22–31), and the full reference is also given. Methods include measurements with x-ray yields (X), Auger

yields (A), and EELS spectra (E). Targets used include self-supporting thin films (T), thin films on substrates (TS), thick substrates (S), and gases (G). The check

marks designate particular sets of measurements with superior data from the evaluation of experimental data (see Sec. 7)

Energy Method, Superior

Element Shell (keV) target data Key Reference

Si L23 0.432 A,G – Vr74 Vrakking and Meyer227

P L23 0.26 to 23.0 A,G – Vr74 Vrakking and Meyer227

S L23 0.33 to 2.6 A,G – Vr74 Vrakking and Meyer227

Cl L23 0.61 to 2.54 A,G – Vr74 Vrakking and Meyer227

Ar L23 0.3 to 7.0 A,G – Cr70 Christofzik225

Ar L23 0.3 to 3.0 A,G – Og73 Ogurtsov226

Ar L23 0.2 to 1.48 A,G – Su90 Suzuki et al.231

Ti L23 1.87 A,G – Vr74 Vrakking and Meyer227

Cu L1,L2,L3,L 50 to 100 X,T – Re86 Reusch et al.142

Kr L 3.7 to 7.1 X,G – Qu82 Quarles and Semaan206

Sr L1,L2,L3,L 50 to 200 X,T – Re86 Reusch et al.142

Nb L 3.0 to 40.0 X,TS – Pe01b Peng et al.173

Pd L 9�104 to 2.50 �104 X,T – Is77 Ishii et al.131

Ag L 2.0�104 to 6.0�104 X,T P Ho79 Hoffmann et al.134

Ag L 9�105 to 2�106 X,T P Ge82 Genz et al.141

Ag L1,L2,L3,L 50 to 150 X,T P Re86 Reusch et al.142

In L 1.5 �104 X,T – Is77 Ishii et al.131

Sn L 1.5 �104 X,T P Is77 Ishii et al.131

Sn L 2.0�104 to 6.0�104 X,T P Ho79 Hoffmann et al.134

Sn L1,L2,L3,L 200 X,T P Re86 Reusch et al.142

Xe L1,L2,L3 6.0 to 14.0 X,G P Hi81 Hippler et al.204

Xe L 6.1 to 10.3 X,G – Qu82 Quarles and Semaan206

Xe L3 6.0 to 14.0 X,G P Hi83 Hippler et al.207

Ba L 9.0�104 to 2.5�105 X,T – Is77 Ishii et al.131

Sm L 3.0�104 to 6.0�104 X,T P Ho79 Hoffmann et al.134

Sm L1,L2,L3,L 50 to 150 X,T P Re86 Reusch et al.142

Ho L 9�104 X,T – Is77 Ishii et al.131

Yb L 3.0�104 to 6.0�104 X,T – Ho79 Hoffmann et al.134

Ta L 3.0�104 to 6.0�104 X,T P Ho79 Hoffmann et al.134

Ta L1,L2,L3,L 50 to 150 X,T P Re86 Reusch et al.142

W L1,L2,L3 11 to 40 X,S – Ch79 Chang199

Au L2,L3 13.6 to 41.7 X,S – Gr64 Green118

Au L2,L3 14.9 to 41.2 X,S – Gr68 Green and Cosslett119

Au L2,L3 13.6 to 41.2 X,S – Sa71 Salem and Moreland122

Au L3 20 to 140 X,T – Da72 Davis et al.123

Au L 1.5�105 X,T – Is77 Ishii et al.131

Au L 2.0�104 to 6.0�104 X,T – Ho79 Hoffmann et al.134

Au L1,L2,L3 60 to 600 X,T – Pa80a Pálinkás and Schlenk138

Au L 9�105 to 2�106 X,T – Ge82 Genz et al.141

Au L3 12.26 to 13.60 X,T – Sh81 Shima et al.140

Au L3 12.0 to 75.0 X,T – Sc93 Schneider et al.147

Pb L 9.0�104 to 1.5�105 X,T P Is77 Ishii et al.131

Pb L 2.0�104 to 6.0�104 X,T P Ho79 Hoffmann et al.134

Pb L1,L2,L3 60 to 600 X,T – Pa80a Pálinkás and Schlenk138

Bi L 9.0�104 to 1.5�105 X,T P Is77 Ishii et al.131

Bi L 2.0�104 to 6.0�104 X,T P Ho79 Hoffmann et al.134

Bi L1,L2,L3 60 to 600 X,T – Pa80a Pálinkás and Schlenk138

U L 9.0�104 X,T P Is77 Ishii et al.131

U L 2.0�104 to 6.0�104 X,T P Ho79 Hoffmann et al.134
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lines. Figure 34 shows the Lα, Lβ, Lγ, and Lℓ x-ray produc-

tion cross sections for Pb. We see that the Lα cross section is
approximately double the Lβ cross section, and that these

cross sections are about an order ofmagnitude larger than the

Lγ and Lℓ cross sections. We will therefore only make

comparisons of Lα and total L-shell x-ray production cross

sections, the latter denoted by LX in Table 5 and Figs. 39 and

40. The gray shaded areas in Fig. 34 indicate the estimated

one-standard-deviation uncertainties in the calculated Lα
and Lβ x-ray production cross sections arising from the

uncertainties of parameters needed in Eq. (105) from the

EADL.1We see that the resulting uncertainties in the Lα and
Lβ x-ray production cross sections range from about 10%
to 20%.

Figures 35–38 showLα x-ray production cross sections for
23 elements (Ga, Ge, As, In, Sn, I (Fig. 35), Ba, Sm, Gd, Dy,

Ho, Er (Fig. 36), Tm, Yb, Hf, Ta,W, Re (Fig. 37), Os, Pt, Au,

Pb, and Bi (Fig. 38). The solid lines are calculated cross

sections obtained by combining calculated L3-subshell ioni-

zation cross sections from the Bote et al. formulae [Eqs. (87)

and (88)] with transition probabilities extracted from the

EADL database,1 as described in Secs. 4.2 and 4.3

[Eq. (105)].

Five sets of measured cross sections are available for Au,

and these cross sections agree well with the calculated cross

sections in Fig. 38. For Pb and Bi, there are four sets of

measurements for each element, and these agree satisfactorily

with the calculated values (although the measured values of
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FIG. 22. (Color online) Absolute L1-subshell ionization cross sections vs. incident electron energy for Cu, Sr, Ag, Sn, Xe, and Sm. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.
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Wu et al.183 for Pb lie marginally but systematically below the

solid line). There are also four sets of measured cross sections

for W in Fig. 37 but most of these values lie systematically

below the predicted cross sections. For Sm, there are three sets

of measured cross sections in Fig. 36, of which the data of Park

et al.129 are appreciably smaller than the predicted cross

sections while those of Ricz et al.132 and Gou et al.162 are

slightly less than the calculated values.

There are two sets of measured cross sections for Gd, Ho,

and Er in Fig. 36, for Yb, Hf, and Re in Fig. 37, and for Pt in

Fig. 38. The measured cross sections agree satisfactorily with

the solid lines for Er, Yb, and Pt, and partially for Gd and Ho.

There are inconsistencies in the measurements and disagree-

ments with the predicted cross sections for Ho, Hf, and Re.

Single sets ofmeasured cross sections are available for Ga, Ge,

As, In, Sn, and I in Fig. 35, for Ba andDy in Fig. 36, for Tm and

Ta in Fig. 37, and for Os in Fig. 38. Of these measurements,

only those for As, In, Sn, Ba, Gd, Dy, and Ta agree partially

with the calculated cross sections.

Total L-shell x-ray production cross sections are shown for 11

elements in Figs. 39 and 40 (for Ar, Ag, Sm, Ho, Er, and Tm in

Fig. 39, and for Yb, Ta, Au, Pb, andBi in Fig. 40). There are two

sets ofmeasured cross sections forAr in Fig. 39, but these values

are substantially less than the calculated cross sections.There are

also two sets of measured cross sections for Au in Fig. 40, and

these are generally consistent with the calculated cross sections
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FIG. 23. (Color online) Absolute L1-subshell ionization cross sections vs. incident electron energy for Ta, W, Au, Pb, and Bi. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.
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although the measurements of Middleman et al.71 lie slightly

below the solid line. There is general agreement of themeasured

andcalculatedcrosssections forSm,Ho,andEr inFig.39,andfor

Yb, Pb, and Bi in Fig. 40. Disagreements of the measured cross

sectionswith thecalculatedcrosssectionsoccur forAgandTmin

Fig. 39 and for Ta in Fig. 40.

6.5. M-shell x-ray production cross sections

Table 6 lists the measurements of M-shell x-ray production

cross sections reported in the literature up to May 2013.

Information is given on the measured line, incident electron

energy range, target used, the simplified reference (as shown in

Fig. 41), and the full reference. Targets used were self-sup-

porting thin films (T).

Figure 41 shows measured Mα x-ray production cross

sections for Au, Pb, and Bi. The solid lines correspond to

cross sections calculated from theM5-subshell ionization cross

sections from the Bote et al. formulae [Eqs. (87) and (88)] with

fluorescence yields, radiative widths, and transition probabil-

ities from the EADL database,1 as described in Secs. 4.2 and

4.3. The experimental cross sections agree well with the

corresponding calculated values.

7. Evaluation of Measured Cross Sections

In this Section we evaluate the experimental measurements

of K-, L-, and M-shell ionization cross sections and the cross

sections for L-shell x-ray production that are available in
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FIG. 24. (Color online) Absolute L2-subshell ionization cross sections vs. incident electron energy for Cu, Sr, Ag, Sn, Xe, and Sm. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.
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the literature using the criteria described in Subsection 7.1.We

then assess the techniques used for the cross-section measure-

ments. Our evaluation is based on comparisons of the calcu-

lated atomic cross sections of Bote et al.31,32 with the

corresponding measured cross sections for atoms, molecules,

and solids that were presented in Section 6. As pointed out in

Section 5,we initially assume that the calculated cross sections

should be useful for molecules and solids (for the reasons

discussed in Section 2.3) but check this assumption for a wide

range of atomic numbers and incident energies.

7.1. Evaluation criteria

Inspection of themeasured cross sections presented in Sec. 6

reveals that they are scarce for many elements and, when they

are available, significant discrepancies can be found among

data from different authors. These discrepancies are often

larger than the claimed experimental uncertainties (for exam-

ple, see the plot for O in Fig. 11). On the other hand, there are

six sets of K-shell cross-section data for Si shown in Fig. 12

that, with the aid of the calculated cross sections, show clear

consistency of the data sets for incident energies less than

25 keV with those for energies between 15 and 150 MeV.

Similarly, we see that the Al cross sections measured at low

energies in Fig. 12 are consistent with the calculated cross

sections and with three sets of cross sections measured at high

energies but not with two other data sets.143,144

Our selection of data sets for detailed evaluation was, of

necessity, qualitative since some data sets were sparse and/

or well-separated in energy. Nevertheless, our criteria were
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FIG. 25. (Color online) Absolute L2-subshell ionization cross sections vs. incident electron energy for Ta, W, Au, Pb, and Bi. Solid curves are the results of the

DWBA calculations. Symbols are experimental measurements.
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sufficient to identify independent data sets that showed

satisfactory consistency with themselves and with theory

for further analysis. Since there are more cross-section

measurements available for K-shell ionization than for L-

and M-shell ionization, we considered that a minimum of

three sets of independent measurements would be reason-

able for K-shell data while two sets of independent mea-

surements would have to suffice for L- andM-shell data. The

sets of data identified in this way are designated by check

marks in Tables 2–5 to indicate that these are sources ofwhat

we term “superior” data. We could then make a more

quantitative evaluation of the selected sets of cross sections

by calculating the root-mean-square percentage deviation,

RMS, and themean percentage deviation,R, of the measured

cross sections for each selected element from the corre-

sponding DWBA cross sections of Bote et al. shown in

Figs. 11–41.

The RMS and R parameters are defined as follows:

RMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n

Xn
i¼1
ðDiÞ2

s
; ð138aÞ

R ¼ 1

n

Xn
i¼1
ðDiÞ; ð138bÞ

where n is the number of data points, and

Di ¼ smeas;i � sBote

sBote

� 100; ð138cÞ
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where σmeas,i is a measured cross section in a selected data set

for a given element and σBote is the corresponding calculated

cross section using the DWBA method of Bote et al.

Average values ofRMS andR for a group ofNj cross-section

measurements for a given element j are denoted as RMSj and

Rj, respectively.Weighted average values ofRMSj andRj for

a group of M elements, denoted as hRMSi and hRi, respec-
tively, are calculated as

hRMSi ¼

XM
j¼1

RMSj � Nj

XM
j¼1

Nj

; ð139aÞ

hRi ¼

XM
j¼1

Rj �Nj

XM
j¼1

Nj

: ð139bÞ

Our method for evaluating measured cross sections is a

test of the hypothesis that the calculated cross sections

provide a reliable description of the measured cross sec-

tions (i.e., in magnitude as a function both of energy and

atomic number). We will therefore later examine the indi-

vidual percentage deviations between measured cross sec-

tions in the selected data sets and the corresponding

calculated values to determine whether these deviations

depend significantly on the overvoltage ratio,U, and Z. We
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also need to establish that values of hRi are small compared

to hRMSi.

7.2. K-shell ionization cross sections

We used the evaluation criteria described in Sec. 7.1 to

identify the 26 elements shown in Table 7 for which there were

three or more sets of measured K-shell ionization cross sec-

tions that we considered to have a satisfactory degree of

consistency with each other and which showed dependences

on electron energy that were judged consistent with that

expected from the Bote et al. analytical formulae31 described

in Sec. 3.6. The comparison plots shown in Figs. 11–21 helped

us to identify elements that met these criteria. This approach

seemed reasonable since we have utilized the illustrative Fano

plots in Fig. 3 to show that the Bote et al. formulae were

asymptotically consistent with the Bethe formula for inner-

shell ionization [Eqs. (52), (66), and (68)]. Figure 3 also

indicated that some sets of measured cross sections were

consistent with the trends with energy expected from the Bote

et al. formulae while other sets of data were not.

For 14 of the elements in Figs. 11–21 (N, Ne, Si, Ar,Mn, Zn,

Ga, Ge, Se, Y, Pd, Ag, Sb, and Bi), there were clearly multiple

sets of measurements that were considered sufficiently con-

sistent with each other and with cross sections from the Bote

formulae. This high degree of consistency between measured

and calculated cross sections gave us initial confidence that the

Bote formulae could be a useful guide for other elements over a
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FIG. 28. (Color online) Absolute L3-subshell ionization cross sections vs. incident electron energy for Ta, W, Au, Pb, and Bi. Solid curves are the results of the
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wide range of Z. For 11 elements (C, Al, Cr, Fe, Ni, Cu, Sn, Au,

and Pb), we could identify three ormore sets ofmeasured cross

sections that showed good consistency with each other and

with the Bote energy dependence. In addition, we identified

one or more sets of other cross-section measurements for

certain elements that showed clear systematic differences with

respect to thosemeasurements that were judged to bemutually

consistent. For example, we excluded the measurements of

Hink and Paschke121 and of Colliex and Jouffrey268 for C

(Fig. 11), and the cross sections of Hansen et al.112,113 for Sn,

W, Au, and Pb which showed erratic dependences on electron

energy (Figs. 17, 20, and 21).We have tentatively included Ca

in our comparisons since there were four sets of measurements

that showed a high degree of consistency with the Bote energy

dependence except for energies between about 5 and 15 keV.

For two elements (He and O), there were many sets of

measured cross sections that were consistent with each other

but which were generally smaller than those expected from the

Bote formulae for energies less than 400 eV forHe or 1 keV for

O (Fig. 11); the data for these elements will be discussed

below. These considerations were considered sufficient as a

first step in identifying elements that showed generally con-

sistent sets of measured cross sections for further examination.

We now show plots in Figs. 42–46 of percentage deviations

of measured cross sections from the calculated Bote cross

sections, Δi from Eq. (138c), as a function of electron energy
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for our selected elements. The latter cross sections were

evaluated from Eqs. (87) and (88) using K-shell binding

energies from the Carlson compilation,64 as described in the

Appendix. Table 7 identifies the references of papers contain-

ing the measured cross sections for the selected elements as

well as the simplified or key references that identify the sets of

data in Figs. 42–46.We point out that we have chosen the same

ordinate scale in Figs. 42–46 (�50% to 50%) so that variations

in the magnitudes of Δi for different elements can be readily

compared (since the K-shell cross sections in Figs. 11–21 vary

by over six orders of magnitude).

We see different trends of theΔi plots as a function of energy

in Figs. 42–46. For some elements (e.g., C, N, O, Ne, Si, Ca,

and Zn), there are individual sets of data that show Δi increas-

ing with increasing energy, although the difference data for C

from Limandri et al.163 decrease at higher energies. There are

other sets of data (e.g., for He,Mn, Ni, Cu, Zn, Ga, Ge, and Pd)

where Δi decreases with increasing energy. There are also

many sets of data (e.g., for N, Al, Ar, Ti, Cr, Mn, Fe, Ni, Cu,

Ga,Ge, Se,Y, andAg)whereΔi does not vary appreciablywith

energy. In other cases there are local minima in some sets of

data (e.g., for C, N, Ne, Si, Ca, and Sn) and local maxima (e.g.,

for O, Ne, Mn, Fe, Zn, and Ge). We do not have explanations

for these varying systematic trends in the difference plots other

than to point out that they likely result from some local

systematic effects in the experiments.

We have chosen not to include He in our evaluation

because of the systematic differences between the many
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cross-section measurements in Fig. 11 and the cross sections

from the Bote et al. formulae for energies less than about 400

eV. As indicated in Sec. 2.2, the DWBA is not expected to be

accurate for light elements because it neglects the post-

collision interaction between the projectile and the emerging

knocked-on electron that is of the same magnitude as the

interaction with the nucleus. Similar differences are seen for

H in Fig. 11. There is generally good agreement between

many of the sets of measured cross sections for C, N, and Ne

in Fig. 11 and the corresponding calculated cross sections of

Bote et al. For O, however, many of the measured cross

sections in Fig. 11 are smaller than the corresponding calcu-

lated cross sections although the recent measurements of

Limandri et al.163 agree well with the calculated cross

sections.

We now evaluate the distributions in Figs. 42–46 of the

percentage deviations of measured K-shell ionization cross

sections from the corresponding cross sections calculated from

the Bote et al. formulae. Figure 47 shows plots of these

distributions as a function of UK, the ratio of the incident

energy to theK-shell binding energy. For this purpose,we have

again made use of Carlson’s64 compilation of elemental BEs.

Figure 47 indicates that most of the percentage deviations are

roughly independent of UK although we point out some large

deviations near the ionization threshold (particularly for UK

< 1.1) to be discussed shortly. We also point out that the
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FIG. 31. (Color online) Total L-shell ionization cross sections vs. incident electron energy for Yb, Ta, Pb, Bi, and U. Solid curves are the results of the DWBA
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percentage deviations in Fig. 47 scatter roughly uniformly

about zero over a wide range of UK.

Figure 47 excludes one particularly large percentage devia-

tion, that of 1474% for C from the work of Tawara et al.203 at a

nominal energy of 2 eV above the ionization threshold. We

believe that this and some other large percentage deviations at

near-threshold energies in Fig. 47(a) with absolute deviations

larger than 40% are probably due to uncertainty of the incident-

electron energy scale and/or to uncertainty of theCarlsonBE.As

pointed out in the Appendix, BE uncertainties of about 2 eV are

not uncommon due to inadequacies in the calibrations of instru-

mental BE scales, to the presence of surface oxides or impurities,

and to uncertainties of work functions utilized in the conversion

of BEs referenced to the vacuum level (as appropriate for atoms

andmolecules, and the choice for the Carlson compilation) or to

the Fermi level (as appropriate for solids).We also point out that

TABLE 4. Measurements of M-shell ionization cross sections performed up to May 2013. Information on the measured shell(s), incident electron energy range,

method and target used, simplified reference (as shown in Figs. 32 and 33), and the full reference is also given.Methods includemeasurements with x-ray yields (X)

and Auger yields (A). Targets used include self-supporting thin films (T) and gases (G). The check marks designate particular sets of measurements with superior

data from the evaluation of experimental data (see Sec. 7)

Energy Method, Superior

Element Shell (keV) target data Key Reference

Br M4,5 0.314 A,G – Vr74 Vrakking and Meyer227

Kr M4,5 0.12 to 1.48 A,G – Su90 Suzuki et al.231

Sn M4,5 1.9 A,G – Vr74 Vrakking and Meyer227

Au M 2�104 to 6�104 X,T P Ho79 Hoffmann et al.134

Au M 60 to 600 X,T P Pa80b Pálinkás and Schlenk222

Pb M 9�104 to 2.5�105 X,T P Is77 Ishii et al.131

Pb M 2�104 to 6�104 X,T P Ho79 Hoffmann et al.134

Pb M 60 to 600 X,T P Pa80b Pálinkás and Schlenk222

Bi M 9�104 to 2.5�105 X,T P Is77 Ishii et al.131

Bi M 2�104 to 6�104 X,T P Ho79 Hoffmann et al.134

Bi M 60 to 600 X,T P Pa80b Pálinkás and Schlenk222

U M 2�104 to 6�104 X,T – Ho79 Hoffmann et al.134
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FIG. 32. (Color online) Absolute M-shell ionization cross sections vs. incident electron energy for Au, Pb, Bi, and U. Solid curves are the results of the DWBA

calculations. Symbols are experimental measurements.
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the near-threshold cross-section measurements, particularly

thosewithUK<2,would be expected to have larger uncertainties
than those for larger UK values because the cross sections are

varying relatively rapidly withUK and small uncertainties in the

incident-energy scale or theBEcan lead to larger uncertainties in

theUK values than for larger values ofUK.We also note that the

detected signals at energies close to threshold are smaller than at

higher energies.

Figure 48 shows the percentage deviations from Fig. 47 as a

function ofUK on a linear scale forUK < 1.2. In addition to the

large deviations discussed previously, we see a systematic

variation of the negative deviations for UK < 1.02. These

deviations come from the near-threshold cross-section mea-

surements of Hippler et al.207 for Ar. Their cross-section

measurements were consistent with the theory of Wannier.274

There is also consistency between the absolute Hippler et al.

cross-section measurements and the relative cross-section

measurements of Gräf and Hink275 for incident energies

between 10 and 100 eV above the Ar K-shell ionization

threshold of about 3.203 keV.64

We conclude from the plots in Figs. 47 and 48 that the

calculated Bote et al. cross sections for K-shell ionization

agree satisfactorily with the self-consistent sets of measured

K-shell cross section for overvoltage ratios between 1.02 and

2 � 105. We note that the excess energy in the ionization

should also be larger than about 50 eV (Refs. 207 and 275)

when using the Bote et al. formulae.

Table 7 lists the root mean square deviation, RMS, and the

mean percentage deviation, R, of the measured K-shell ioniza-

tion cross sections from the corresponding Bote et al. cross

sections for each data set that were calculated from Eq. (138).

In these calculations, we have excluded deviations in Figs. 47

and 48 for UK < 1.02.

Average values of RMS and R, RMS and R, were calcu-
lated for each of the 26 evaluated elements and are shown in
Table 8. Figure 49 shows plots of these values versus Z. We

see that the RMS values are roughly independent of Z
although the values for Z < 20 may be slightly larger than

those for larger values of Z. The R values do not appear to
vary systematically with Z. We therefore conclude that the
Bote et al. predictive formulae are satisfactory for elements
from at least carbon to bismuth.

We note here that the Bote et al. formulae are also consistent

with the many measurements of ionization cross sections for

He in Fig. 11 for incident energies greater than about 400 eV

(i.e., UK > 16). Similarly, the measured ionization cross

sections of Shah et al.259 for H in Fig. 11 are consistent with

the Bote et al. values for incident energies greater than about

200 eV (i.e., UK > 15). We therefore infer that the Bote et al.

formulae should also provide reliable K-shell ionization cross

sections for Li, Be, and B at incident energies for which UK is

greater than about 16.

The weighted average values of hRMSi and hRi from
Eq. (139) are 10.3% and �1.8%, respectively. The former
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FIG. 33. (Color online) Absolute M45-subshell ionization cross sections vs. incident electron energy for Br, Kr, and Sn. Solid curves are the results of the DWBA

calculations. Symbols are experimental measurements.
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value indicates the degree of agreement between the

measured K-shell ionization cross sections from the

selected data sets for the 26 elements and the correspond-

ing calculated cross sections from the Bote et al. formulae

for overvoltage ratios between 1.02 and 2 � 105 and for

atomic numbers between 6 and 83. The latter value is much

smaller than the former value, indicating that the calcu-

lated K-shell ionization cross sections are not system-

atically smaller or larger than the measured cross sections

in the selected data sets.

TABLE 5. Measurements of L-shell x-ray production cross sections performed up to May 2013. Information on the measured line, incident electron energy range,

target used, simplified reference (as shown in Figs. 34–38), and the full reference is also given. Targets used include self-supporting thin films (T), thin films on

substrates (TS), and gases (G). The checkmarks designate particular sets of measurements with superior data from the evaluation of experimental data (see Sec. 7)

Energy Superior

Element Line (keV) Target data Key Reference

Ar LX 0.25 to 14.7 G – La75 Langenberg et al.127

Ar LX 0.3 to 3.0 G – Bo79 Bonnet et al.135

Ga Lα,Lβ1 1.5 to 39.0 T – Me06 Merlet et al.169,170

Ge Lα 1.6 to 40.6 T – Me06 Merlet et al.168

As Lα,Lβ1 1.5 to 39.0 T – Me06 Merlet et al.169,170

Ag LX 5.0 to 25.0 TS – Wu04 Wu et al.179

In Lα,Lβ 5.5 to 21.6 TS – Ta02b Tang et al.174

Sn Lα,Lβ 5.3 to 25.1 TS – Ta02a,b Tang et al.174,197

I Lα 10 to 30 TS – Wu12 Wu et al.188

Ba Lα,Lβ 7 to 30 TS – Wu11 Wu et al.187

Sm Lα,Lβ,Lγ 1.39 � 103 T – Pa75 Park et al.129

Sm Lα,Lβ,Lγ,Lℓ,LX 300 to 600 T – Ri78 Ricz et al.132

Sm Lα,Lβ,Lγ 8.0 to 35 TS – Go05 Gou et al.162

Gd Lα,Lβ,Lγ 1.39 � 103 T P Pa75 Park et al.129

Gd Lα,Lβ 9.0 to 36 TS P Wu10b Wu et al.185

Dy Lα,Lβ,Lγ 8.5 to 35 TS – Go05 Gou et al.162

Ho Lα,Lβ,Lγ,Lℓ,LX 300 to 600 T – Ri78 Ricz et al.132

Ho LX 9.0 to 36 TS – Wu06 Wu et al.182

Er Lα,Lβ,Lγ 1.39 � 103 T P Pa75 Park et al.129

Er Lα,Lβ,Lγ,Lℓ,LX 300 to 600 T P Ri78 Ricz et al.132

Tm LX 3�105 to 9�105 T – Mi70 Middleman et al.71

Tm Lα,Lβ,Lγ 10.0 to 37 TS – Wu05 Wu et al.180

Yb Lα,Lβ,Lγ 1.39 � 103 T P Pa75 Park et al.129

Yb Lα,Lβ,Lγ, LX 300 to 600 T P Sc77 Schlenk et al.213

Hf Lα,Lβ,Lγ 10.0 to 33.0 TS – Lu02 Luo et al.167

Hf Lα,Lβ,Lγ 10 to 36 TS – Ya04 Yang et al.189

Ta Lα,Lβ,Lγ 10.0 to 36.0 TS – Wu05 Wu et al.180

W Lα,Lβ,Lγ 10.8 to 36.0 TS – Pe01a Peng et al.172

W Lα 12.0 to 30.0 TS P Ca02 Campos et al.161

W Lα,Lβ,Lγ 11.0 to 34.0 TS P Ya04 Yang et al.189

W Lα,Lβ 13.0 to 40.0 TS P Wu10b Wu et al.185

Re Lα,Lβ,Lγ 1.39 � 103 T – Pa75 Park et al.129

Re Lα,Lβ,Lγ 11.1 to 40 TS – Ta02b Tang et al.174

Os Lα,Lβ,Lγ 12.0 to 36 TS – Wu06 Wu et al.182

Pt Lα 12.0 to 30.0 TS P Ca02 Campos et al.161

Pt Lα,Lβ,Lγ 1.39 � 103 T P Pa75 Park et al.129

Au LX 3�104 to 9�104 T – Mi70 Middleman et al.71

Au Lα,Lβ,Lγ,Lℓ,LX 300 to 600 T P Sc77 Schlenk et al.213

Au Lα,Lβ,Lγ 60 to 600 T P Pa80a Pálinkás and Schlenk138

Au Lα,Lβ,Lγ 12.0 to 25.0 T P Sh81 Shima et al.140

Au Lα 12.0 to 30.0 TS P Ca02 Campos et al.161

Au Lα,Lβ 14.0 to 25.0 TS P Wu04 Wu et al.179

Pb Lα,Lβ,Lγ 1.39 � 103 T P Pa75 Park et al.129

Pb Lα,Lβ,Lγ,Lℓ,LX 300 to 600 T P Sc77 Schlenk et al.213

Pb Lα,Lβ,Lγ 60 to 600 T P Pa80a Pálinkás and Schlenk138

Pb Lα,Lβ 16.0 to 40.0 TS P Wu07 Wu et al.183

Pb Lα,Lβ 13.0 to 36.0 T P Mo13 Moy et al.215

Bi LX 3�104 to 9�104 T – Mi70 Middleman et al.71

Bi Lα,Lβ,Lγ 1.39 � 103 T P Pa75 Park et al.129

Bi Lα,Lβ,Lγ,Lℓ 300 to 600 T P Ri78 Ricz et al.132

Bi Lα,Lβ,Lγ 60 to 600 T P Pa80a Pálinkás and Schlenk138

Bi Lα,Lβ 17.0 to 40.0 TS P Wu10c Wu et al.186
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7.3. L-subshell ionization cross sections

We proceed in a similar way to evaluate the measured L-

shell cross sections. There are, of course, fewer measurements

of L-shell cross sections than forK-shell cross sections, andwe

have therefore chosen to find a minimum of two sets of L-shell

ionization cross-section measurements that were consistent

with each other in Figs. 26–28 for L23- or L3-subshell cross

sections and in Figs. 29–31 for total L-shell cross sections. In

making these assessments, we were also guided by the energy

dependences expected from the Bote et al. cross sections. We

were able to identify only one element (Xe) for which there

were two sets of consistent L3-subshell cross-section measure-

ments (Fig. 27) and seven elements (Ag, Sn, Sm, Ta, Pb, Bi,

and U) for which there were two or more sets of consistent

measurements of total L-shell cross sections. Table 9 shows

the data sets we have identified.

Figures 50 and 51 show plots of the percentage deviations

from Eq. (138c) of the measured cross sections from

the corresponding cross sections calculated from the Bote

et al. formulae. The latter calculations were made with

Eqs. (87) and (88) and the Carlson BEs, as described in the

Appendix. We have also chosen the same ordinate scale in

Figs. 50 and 51 as the corresponding plots of the deviations

for K-shell cross sections as a function of electron energy in

Figs. 42–46.

We proceed as before and plot the percentage

deviations for total L-shell ionization cross sections in

Figs. 50 and 51 (i.e., for Ag, Sn, Sm, Ta, Pb, Bi, and U).

The percentage deviations for all of these elements are

plotted as a function of UL in Fig. 52(a). The latter plot is

qualitatively similar to Fig. 47, and the deviations again

scatter roughly uniformly about zero over awide range ofUL,

in this case from 5 to about 6 � 105.

Theweighted average values hRMSi and hRi fromEq. (139)

are 15.0% and�3.1%, respectively. The Bote et al. predictive

formulae for L-shell ionization cross sections are thus satis-

factory for awide range ofZ, fromAg toU, and for overvoltage

ratios from 1.02 to 6 � 105.

Figure 52(b) is a plot of the percentage differences between

measured Xe L3-subshell cross sections and the predicted

cross sections from the Bote et al. predictive formulae as a

function ofUL3 on a linear scale. These percentage differences

are based on the measurements of Hippler et al.204,205 As for

differences for the Ar K-shell cross-section measurements

shown in Fig. 48, there are large negative near-threshold

deviations for UL3 < 1.02 that are consistent with the Wannier

theory.274

Table 9 lists the root-mean-square deviation, RMS, and the

mean percentage deviation, R, of the measured L-shell cross

sections from the corresponding Bote et al. cross sections
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FIG. 34. (Color online) Absolute Lα, Lβ, Lγ, and Lℓ x-ray production cross sections vs. incident electron energy for Pb. Solid curves are the results of the DWBA
calculations of the relevant ionization cross section combined with data from the EADL database. Symbols are experimental measurements. The gray shaded areas
indicate the estimated one-standard-deviation uncertainty bands of the Bote et al. calculations that arise from uncertainties in the adopted EADL parameters.
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for each data set that were calculated from Eq. (138). In

these calculations, we excluded the deviations in Fig. 52 for

UL3 < 1.02. Average values of RMS and R,RMS andR, for the

eight elements are shown in Table 10.

Figure 53 shows plots of RMS and R as a function of Z.

Although these parameters do not appear to vary significantly

with Z, theRMS values do decrease slightly with increasing Z,

as for the corresponding plot for K-shell ionization cross

sections shown in Fig. 49.

The weighted average values of RMS and R, RMS and R,

from Eq. (139) are 15.0% and �3.1%, respectively. These

values are larger than the corresponding values for K-shell

ionization (10.3% and �1.9%) because of the additional

uncertainties involved in determining L-shell ionization cross

sections, as discussed in Secs. 4.2, 4.3, and 5.1.2, and as

illustrated in Fig. 34. Nevertheless, the Bote et al. predictive

formulae for L-shell ionization are believed to be satisfactory

for a wide range of Z, from Ag to U, and for overvoltages from

1.02 to 6 � 105.

7.4. M-subshell ionization cross sections

We examined Fig. 32 and found three elements (Au, Pb, and

Bi) that each had two ormore sets of measurements of total M-

shell ionization cross sections. These sets of measurements

were consistent with each other and/or with the energy
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FIG. 35. (Color online)AbsoluteLαx-ray production cross sections vs. incident electron energy forGa,Ge,As, In, Sn, and I. Solid curves are the results of theDWBA
calculations of the L3-subshell ionization cross section combined with data from the EADL database. Symbols are experimental measurements.
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dependences expected from the Bote et al. predictive formu-

lae. Table 11 lists the data sets we have identified.

Figure 54 shows plots of the percentage deviations of the

measured total M-shell ionization cross sections from the

corresponding cross sections obtained from the Bote et al.

formulae. As in Subsections 7.1–7.3, the latter calculations

were made with Eqs. (87) and (88) and the Carlson BEs,64 as

described in the Appendix. Figure 55 shows these deviations

plotted as a function ofUM.While this plot is similar to Figs. 47

and 52, the deviations in Fig. 55 cluster in two groups. One of

these groups has positive deviations (for UM about 100) while

the other has negative deviations (for UM between about 104

and 105). Since the difference data in Fig. 55 are relatively

sparse and the magnitudes of the differences are similar to

those in the other figures, we believe that there is no reason for

suspecting a different dependence on the overvoltage ratio in

Fig. 55 than in Figs. 47 and 52.

Table 11 lists the rootmean square deviationRMS andmean
percent deviation R from the Bote et al. cross sections for each
data set that were calculated fromEq. (138). Average values of

RMS and R, RMS and R, for the three elements are shown in

Table 12. The values ofRMS andR decrease with increasing Z
but, since there are only three elements under consideration,
we doubt that this is a valid trend. Theweighted average values

hRMSi and hRi from Eq. (139) are 23.5% and 8.2%, respec-
tively. Not surprisingly, these values are larger than the
corresponding values for K-shell and L3-subshell ionization
cross sections due to the likely uncertainties of the larger
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FIG. 36. (Color online) Absolute Lα x-ray production cross sections vs. incident electron energy for Ba, Sm, Gd, Dy, Ho, and Er. Solid curves are the results of the
DWBA calculations of the L3-subshell ionization cross section combined with data from the EADL database. Symbols are experimental measurements.
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number of needed atomic parameters from the EADL, as
discussed in Sec. 5.1.2. The Bote et al. predictive formulae
for total M-shell ionization cross sections are thus believed to
be satisfactory for at least certain high-Z elements, Au through
Bi, and for overvoltage ratios from 23 to 105.

7.5. La x-ray production cross sections

We examined Figs. 35–37 and identified eight elements

(Gd, Er, Yb, W, Pt, Au, Pb, and Bi) for which there were at

least two sets ofmeasured cross sections for production of Lα
x rays. These sets of cross sections were consistent with each

other and/or with the energy dependences expected from the

Bote et al. formulae. Table 13 lists the data sets we have

identified.

Figures 56 and 57 show plots of the percentage deviations

between the measured Lα x-ray production cross sections

and the corresponding cross sections calculated from the

Bote et al. formulae for L3-subshell ionization. The L3-

subshell ionization cross sections were calculated from

Eqs. (87) and (88) and the Carlson BEs,64 as described in

the Appendix, and the x-ray production cross sections were

determined with fluorescence yields, radiative widths, and

transition probabilities from the EADL database,1 as

described in Secs. 4.2 [Eqs. (104) and (105)] and 4.3.

Figure 58 shows the percentage deviations from Figs. 56
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FIG. 37. (Color online) Absolute Lα x-ray production cross sections vs. incident electron energy for Tm, Yb, Hf, Ta, W, and Re. Solid curves are the results of the
DWBA calculations of the L3-subshell ionization cross section combined with data from the EADL database. Symbols are experimental measurements.
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and 57 as a function of UL3, the overvoltage ratio for L3-

subshell ionization. Many of these deviations cluster about

zero although there is a group of negative deviations in a

cluster for values of UL3 between about 1.2 and 4. There are

also two relatively large deviations, one of �52.1% at UL3

= 1.24 for Gd (Ref. 180) and the other of 54.3% atUL3 = 1.08

for Au.161 We have no explanation for these latter two

deviations other than they occur for relatively low values

of UL3 for which the ionization cross sections are relatively

small. However, Campos et al.161 measured Lα x-ray pro-

duction cross sections for W and Pt at similar values of UL3

(1.18 for W and 1.12 for Pt) and these cross sections had

relatively small deviations from the calculated cross sec-

tions (1.8% for W and �13.5% for Pt). We conclude from

Fig. 58 that the Bote et al. formulae provide satisfactory

values of Lα x-ray production cross sections for values of

UL3 between 1.02 and 6 � 103.

Table 13 lists the root mean square deviation RMS and

mean percentage deviation R from the Bote et al. cross

sections for each data set that were calculated with Eq. (138).

These calculations included the two large deviations men-

tioned in the previous paragraph. Average values of RMS

andR, denoted asRMS andR, respectively, for the group of 8

evaluated elements are displayed in Table 14.

Figure 59 shows plots of RMS and R as a function of Z.
While there does not seem to be any substantial variation of
RMS with Z, the RMS values appear to show a gradual
decrease with increasing Z.
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FIG. 38. (Color online) Absolute Lα x-ray production cross sections vs. incident electron energy for Os, Pt, Au, Pb, and Bi. Solid curves are the results of the DWBA
calculations of the L3-subshell ionization cross section combined with data from the EADL database. Symbols are experimental measurements.
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Theweighted average values hRMSi and hRi fromEq. (139)

were 10.6% and�7.3%, respectively. This value of hRMSi is
less than the corresponding value for L-shell ionization while

the value of hRi found here is more than double the corre-

sponding value for L-shell ionization.We have no explanation

for these changes.

7.6. Evaluation summary

We now summarize the results of our evaluation of the

measured cross sections from the sets of data that were judged

“superior.” These were the data sets (a minimum of three sets

for the K-shell ionization cross sections and aminimum of two

sets for the other cross sections) that were judged to have

satisfactory consistency with each other and with the energy

dependences expected from the Bote et al. analytical formulae

[Eqs. (87) and (88)].

Table 15 shows the values of hRMSi and hRi found in

Secs. 7.1–7.5 for the K-, L-, and M-shell ionization cross

sections as well as for the Lα x-ray production cross sections.

We also show the number of data points in the evaluation of

each set of cross sections, the range of atomic numbers for the

elements with superior data, and the range of overvoltage

ratios for these elements.

We have the clearest results from our evaluation of the K-

shell ionization cross sections. We identified 26 elements with
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FIG. 39. (Color online) Absolute total L-shell x-ray production cross sections vs. incident electron energy for Ar, Ag, Sm, Ho, Er, and Tm. Solid curves are the

results of the DWBA calculations of the total L-shell ionization cross section combined with data from the EADL database. Symbols are experimental
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three of more sets of data that satisfied our evaluation criteria.

For these elements, there were a total of 1022 measured cross

sections. These cross sections showed satisfactory agreement

with the cross sections calculated from the Bote et al. for-

mulae, with an hRMSi value of 10.3%. The individual per-

centage deviations between measured and calculated cross

sections did not depend significantly on atomic number

(between C and Bi) or overvoltage ratio (between 1.02 and

2� 105). Themeasured K-shell ionization cross sections for H

and He agreed with the calculated cross sections for UK > 16,

and we infer that the Bote et al. formulae should be reliable for

Li, Be, and B with UK > 16. The value of hRi (�1.9%) was

about 20% of the value of hRMSi, thus indicating that there

was no significant systematic offset between the calculated and

measured cross sections.

As expected, there were much fewer measurements of L- and

M-shell ionization cross sections than for K-shell cross sections,

and itwas necessary to relax our consistency requirements to two

sets of measured cross sections for each element. Even so, we

found only eight elements with L-shell ionization cross sections

that satisfied our evaluation criteria. The individual percentage

deviations between measured and calculated cross sections did

not depend significantly on atomic number (between Ag and U)

orovervoltageratio (between1.02and6�105).ThemeasuredL-

shell ionization cross sections agreed satisfactorilywith the cross

sections calculated from theBote et al. formulae,with an hRMSi
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FIG. 40. (Color online) Absolute total L-shell x-ray production cross sections vs. incident electron energy for Yb, Ta, Au, Pb, and Bi. Solid curves are the results of

the DWBA calculations of the total L-shell ionization cross section combined with data from the EADL database. Symbols are experimental measurements.
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value of 15.0%. We found only three elements with M-shell

ionization cross sections that satisfied our evaluation criteria.

The individual percentage deviations between these measured

cross sections and the calculated cross sections did not depend

significantly on atomic number (between Au and Bi) or over-

voltage ratio (between 23 and 105). In the comparison of the

measured M-shell ionization cross sections with the cross sec-

tions from theBote et al. formulae, the hRMSi valuewas 23.5%.

The values of hRi for the L- and M-shell cross sections were

3.1% and 8.2%, respectively.

We identified eight elements for which two or more sets of

measured Lα x-ray production cross sections that satisfied our
evaluation criteria. The individual percentage deviations

between measured and calculated Lα x-ray production cross

sections did not vary significantly with atomic number

(betweenGd andBi) or L3-subshell overvoltage ratio (between

1.02 and 6 � 103). The measured Lα x-ray cross sections

agreed satisfactorily with the cross sections calculated from

theBote et al. formulae, with an hRMSi value of 10.6%, and an

hRi value of �7.3%.

We note that the hRi values for L- and M-shell ionization

cross sections and for Lα x-ray production cross sections

(�3.1%, 8.2%, and �7.3%, respectively) were appreciably

larger than the value (�1.9 %) found for K-shell ionization

cross sections. We attribute these larger values, as well as the

larger hRMSi values for L- and M-shell ionization cross

sections, in part to the less stringent evaluation criteria for

these cross sections and for Lα x-ray production cross sections
than for K-shell ionization cross sections. The larger hRi
values could also be due to uncertainties of the additional

needed atomic data from the EADL database1 for fluorescence

yields and transition probabilities [e.g., in the use of Eqs. (104)

and (105) or Eqs. (125)–(131) for obtaining L- and M-shell

ionization cross sections].

TABLE 6. Measurements of M-shell x-ray production cross sections performed up to May 2013. Information on the measured x-ray line, incident electron energy

range, target used, simplified reference (as shown in Fig. 41), and the full reference is also given. The targets used were self-supporting thin films (T)

Element Line Energy (keV) Target Key Reference

Au Mα 2.5 to 38 T Me08 Merlet et al.171

Pb Mα, Mβ, Mγ 3 to 38 T Mo13 Moy et al.215

Bi Mα 2.5 to 38 T Me08 Merlet et al.171
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FIG. 41. (Color online) Absolute Mα x-ray production cross sections vs. incident electron energy for Au, Pb, and Bi. Solid curves are the results of the DWBA
calculations of the M5-subshell ionization cross sections combined with data from the EADL database. Symbols are experimental measurements.
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TABLE 7. Selected sets ofmeasuredK-shell ionization cross sections thatwere included in the evaluation of experimental data. Also shown are theRMS andR values

for each data set that were calculated from Eq. (138)

Element Shell Data points Key Reference RMS (%) R (%)

C K 22 Gl67 Glupe and Mehlhorn223 6.7 �5.4
C K 1 Is72 Isaacson et al.269 23.1 23.1

C K 20 Ta73 Tawara et al.203 6.7 �1.7
C K 1 Eg75 Egerton270 41.6 41.6

C K 1 Ro79 Rossouw and Whelan271 11.7 11.7

C K 13 Li12 Limandri et al.163 13.7 �8.2
N K 23 Gl71 Glupe and Mehlhorn224 9.4 3.7

N K 1 Is72 Isaacson et al.269 29.2 29.2

N K 18 Ta73 Tawara et al.203 7.4 4.6

N K 1 Ro79 Rossouw and Whelan271 9.5 9.5

O K 28 Gl71 Glupe and Mehlhorn224 16.9 �15.8
O K 1 Is72 Isaacson et al.269 37.6 37.6

O K 10 Ta73 Tawara et al.203 15.9 �15.6
O K 3 Pl85 Platten et al.230 18.3 �18.2
Ne K 17 Gl71 Glupe and Mehlhorn224 14.5 �13.9
Ne K 14 Ta73 Tawara et al.203 7.6 �6.6
Ne K 20 Pl85 Platten et al.230 40.9 7.9

Ne K 6 Hi81 Hink et al.228 10.3 �3.5
Al K 11 Hi69 Hink and Ziegler117 4.9 3.3

Al K 1 Is77 Ishii et al.131 6.1 �6.1
Al K 1 Ho79 Hoffmann et al.134 17.7 �17.7
Al K 1 Ro79 Rossouw and Whelan271 3.2 3.2

Al K 2 Ka80 Kamiya et al.136 17.0 �16.6
Al K 8 Li12 Limandri et al.163 7.5 5.4

Si K 21 Is77 Ishii et al.131 6.7 6.7

Si K 1 Ho79 Hoffmann et al.134 13.7 �13.7
Si K 5 Pl85 Platten et al.230 19.4 10.1

Si K 2 Sh94 Shchagin et al.272 4.1 �3.2
Si K 15 Zh09 Zhu et al.201 7.8 2.5

Si K 8 Li12 Limandri et al.163 4.4 �0.4
Ar K 8 Ta73 Tawara et al.203 13.4 �13.3
Ar K 14 Ho79 Hoffmann et al.134 11.7 �10.2
Ar K 9 Qu82 Quarles and Semaan206 7.3 �3.5
Ar K 6 Hi82 Hippler et al.205 15.5 �13.9
Ar K 16 Hi83 Hippler et al.207 9.7 0.9

Ar K 5 Pl85 Platten et al.230 19.8 �19.7
Ar K 8 Si03 Singh and Shanker146 13.5 �13.3
Ca K 3 Is77 Ishii et al.131 13.6 13.1

Ca K 4 Ho79 Hoffmann et al.134 6.0 �6.0
Ca K 22 Sh91 Shevelko et al.145 22.4 �19.7
Ca K 16 Wu10a Wu et al.184 25.1 �23.4
Ti K 19 Je75 Jessenberg and Hink128 5.4 5.1

Ti K 14 An03 An et al.160 12.2 1.5

Ti K 9 Li12 Limandri et al.163 5.9 3.8

Cr K 1 Sc72 Scholz et al.125 15.2 �15.2
Cr K 4 Ho79 Hoffmann et al.134 2.9 �2.4
Cr K 11 Lu96 Luo et al.148 11.0 �0.66
Cr K 35 Ll00 Llovet et al.164 3.3 2.7

Cr K 11 An03 An et al.160 11.2 8.9

Mn K 1 Fi67 Fischer and Hoffmann116 8.0 �8.0
Mn K 1 Sc72 Scholz et al.125 6.3 �6.3
Mn K 1 Ho79 Hoffmann et al.134 9.3 �9.3
Mn K 8 Sh80 Shima137 24.4 �21.9
Mn K 11 Lu97 Luo et al.149 21.6 �14.2
Mn K 10 Ta99b Tang et al.156 10.7 �10.4
Mn K 37 Ll02 Llovet et al.165 9.3 8.6

Fe K 1 Sc72 Scholz et al.125 2.0 �2.0
Fe K 9 Lu97 Luo et al.149 10.8 �2.2
Fe K 36 Ll02 Llovet et al.165 7.5 �3.3
Ni K 1 Sm45 Smick and Kirkpatrick110 20.1 �20.1
Ni K 10 Po47 Pockman et al.111 7.4 �5.6
Ni K 10 Je75 Jessenberg and Hink128 14.6 14.2

Ni K 6 Ho79 Hoffmann et al.134 8.8 1.0

Ni K 3 Ge82 Genz et al.141 10.0 7.6

Ni K 8 Lu96 Luo et al.148 17.6 5.5
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TABLE 7. Selected sets ofmeasuredK-shell ionization cross sections thatwere included in the evaluation of experimental data. Also shown are theRMS andR values

for each data set that were calculated from Eq. (138)—Continued

Element Shell Data points Key Reference RMS (%) R (%)

Ni K 35 Ll00 Llovet et al.164 7.5 7.2

Ni K 10 An06 An et al.181 11.8 9.5

Cu K 1 Fi67 Fischer and Hoffmann116 1.8 1.8

Cu K 5 Mi70 Middleman et al.71 7.0 6.6

Cu K 3 Hu72 Hubner et al.124 16.2 �16.0
Cu K 1 Sc72 Scholz et al.125 2.5 2.5

Cu K 1 Is77 Ishii et al.131 14.6 14.6

Cu K 4 Be78 Berenyi et al.133 6.2 6.1

Cu K 1 Ho79 Hoffmann et al.134 16.4 �16.3
Cu K 8 Sh80 Shima137 27.5 �19.3
Cu K 4 Sh81 Shima et al.140 4.2 �4.1
Cu K 9 An96 An et al.153 17.9 �9.2
Cu K 8 He97 He et al.152 23.7 �14.04
Cu K 32 Ll00 Llovet et al.164 14.5 14.4

Cu K 9 Zh01c Zhou et al.177 5.0 0.6

Zn K 1 Sc72 Scholz et al.125 4.5 4.5

Zn K 1 Is77 Ishii et al.131 15.7 15.7

Zn K 10 Ta99a Tang et al.155 19.1 �15.3
Zn K 20 Wu10a Wu et al.184 3.3 0.4

Ga K 8 Zh01c Zhou et al.177 5.7 3.9

Ga K 9 Zh02 Zhou et al.273 7.6 6.0

Ga K 30 Me06 Merlet et al.169,170 1.4 0.9

Ge K 4 Ho79 Hoffmann et al.134 11.9 �11.8
Ge K 4 Sh81 Shima et al.140 7.5 �6.3
Ge K 12 Ta02a Tang et al.197 9.4 �6.7
Ge K 11 Zh02 Zhou et al.273 4.9 �0.4
Ge K 32 Me04 Merlet et al.168 3.9 �3.2
Se K 1 Sc72 Scholz et al.125 10.3 �10.3
Se K 2 Is77 Ishii et al.131 16.3 15.7

Se K 4 Be78 Barenyi et al.133 14.4 14.3

Se K 7 Ki81 Kiss et al.139 1.9 1.7

Se K 10 Lu01 Luo et al.166 10.0 �6.3
Y K 3 Se74 Seif et al.126 12.8 11.6

Y K 1 Is77 Ishii et al.131 8.9 �8.9
Y K 2 Ho79 Hoffmann et al.134 6.4 �5.8
Y K 6 Lu01 Luo et al.166 11.3 11.1

Pd K 2 Be70 Berkner et al.120 14.4 13.0

Pd K 2 Is77 Ishii et al.131 3.8 1.1

Pd K 4 Ri77 Ricz et al.190 26.1 26.1

Ag K 4 Re66 Rester and Dance115 17.1 17.0

Ag K 1 Fi67 Fischer and Hoffmann116 8.5 �8.5
Ag K 1 Hu72 Hubner et al.124 13.4 �13.4
Ag K 2 Se74 Seif et al.126 20.5 �20.3
Ag K 3 Sc76 Schlenk et al.130 7.5 7.2

Ag K 6 Ri77 Ricz et al.190 4.5 �2.9
Ag K 4 Ho79 Hoffmann et al.134 7.9 �7.6
Ag K 7 Ki81 Kiss et al.139 6.6 6.3

Ag K 4 Sh81 Shima et al.140 8.5 �7.6
Ag K 3 Ge82 Genz et al.141 4.0 2.6

Ag K 1 We87b Westbrook and Quarles143 15.0 �15.0
Ag K 10 Sc93 Schneider et al.147 15.1 �8.6
Ag K 4 Zh01b Zhou et al.176 10.4 �5.8
Sn K 1 Fi67 Fischer and Hoffmann116 �2.1 �2.1
Sn K 8 Ha66 Hansen and Flammersfeld113 6.8 �5.3
Sn K 1 Sc72 Scholz et al.125 7.3 �7.3
Sn K 1 Is77 Ishii et al.131 14.0 �14.0
Sn K 2 Ho79 Hoffmann et al.134 1.6 �1.5
Sb K 1 Sc72 Scholz et al.125 6.7 �6.7
Sb K 7 We87b Westbrook and Quarles143 2.7 �2.2
Sb K 1 Ki81 Kiss et al.139 6.8 �6.8
Au K 8 Re66 Rester and Dance115 12.5 �0.3
Au K 2 Be70 Berkner et al.120 15.5 �15.3
Au K 4 Mi70 Middleman et al.71 4.1 �4.0
Au K 1 Sc72 Scholz et al.125 1.2 �1.2
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TABLE 7. Selected sets ofmeasuredK-shell ionization cross sections thatwere included in the evaluation of experimental data. Also shown are theRMS andR values

for each data set that were calculated from Eq. (138)—Continued

Element Shell Data points Key Reference RMS (%) R (%)

Au K 1 Is77 Ishii et al.131 6.6 6.7

Au K 4 Ho79 Hoffmann et al.134 6.2 5.8

Pb K 1 Sc72 Scholz et al.125 5.0 �4.9
Pb K 2 Se74 Seif et al.126 17.0 2.4

Pb K 1 Is77 Ishii et al.131 5.7 �5.7
Pb K 1 Ho79 Hoffmann et al.134 9.8 9.8

Bi K 2 Mi70 Middleman et al.71 10.6 10.6

Bi K 1 Sc72 Scholz et al.125 4.5 �4.5
Bi K 1 Is77 Ishii et al.131 7.4 �7.4
Bi K 3 Ho79 Hoffmann et al.134 3.6 2.5

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
if

fe
re

nc
e 

fr
om

 B
ot

e 
(%

)

Gl67
Is72
Ta73
Eg75
Ro79
Li12

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
if

fe
re

nc
e 

fr
om

 B
ot

e 
(%

)

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
if

fe
re

nc
e 

fr
om

 B
ot

e 
(%

) C 

K-shell

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

Gl71
Is72
Ta73
Ro79

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

N

K-shell

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

Gl71
Is72
Pl85
Ta73

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

O K-shell

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

Gl71
Ta73
Hi81
Pl85

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

10
0

10
1

10
2

10
3

E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

) Ne
K-shell

0 10 20 30
E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

Hi69
Is77
Ho79
Ro79
Ka80
Li12

10
2

10
3

10
4

10
5

10
6

Hi69
Is77
Ho79
Ro79
Ka80
Li12

0 10 20 30
E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

0 10 20 30
E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

Al
K-shell

0 10 20
E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

Is77
Ho79
Pl85
Sh94
Zh09
Li12

10
2

10
3

10
4

10
5

10
6

Is77
Ho79
Pl85
Sh94
Zh09
Li12

0 10 20
E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

0 10 20
E (keV)

-40

-20

0

20

40

D
ev

ia
ti

on
 f

ro
m

 B
ot

e 
(%

)

Si
K-shell

FIG. 42. (Color online) Percentage deviationΔi of experimental values of K-shell ionization cross sections from calculated values using the Bote et al. formulae, as a
function of electron energy for C, N, O, Ne, Al, and Si.
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For the entire sets of measurements with superior data (e.g.,
for K-, L-, and M-shell ionization cross sections and Lα x-ray
production cross sections), the weighted average value of

hRMSi was 10.9% and the weighted average value of hRi
was �2.5%.

We did not find any substantive differences in the plots of

percentage deviations between measured and calculated ioni-

zation cross sections as a function of incident energy that were

presented in this Section for monatomic gases (such as Ne and

Ar), diatomic gases (such as N2 and O2), and numerous

elemental solids over wide ranges of the incident energy.

There were, however, systematic negative deviations for Ar

K-shell ionization cross sections in Fig. 48 when UK was less

than 1.02 and similar negative deviations for Xe L3.-subshell

ionization cross sections in Fig. 52(b) when UL3 was less than

1.02. Apart from these near-threshold deviations, the atomic

calculations satisfactorily describe the measured cross sec-

tions for atoms, molecules, and solids.

Finally, we canmake use of our sets of superior data tomake

an evaluation of the experimental methods utilized in the

measurement of ionization and x-ray production cross sec-

tions. Table 16 shows the experimental methods given in

Tables 2–5. For each measured cross section, we show the

total number of data sets, the number of data sets with superior

data (as judged by our evaluation criteria), and the percentage

of data sets with superior data.We see that measurements of x-

ray yields were utilized for most cross-section measurements.

Most of these measurements were made with self-supporting
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FIG. 43. (Color online) Percentage deviationΔi of experimental values of K-shell ionization cross sections from calculated values using the Bote et al. formulae, as a
function of electron energy for Ar, Ca, Ti, Cr, Mn, and Fe.
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thin films with smaller numbers of measurements being made

with thin films on substrates or with gases. Fewer measure-

ments were made with Auger yields from gases, EELS spectra

from self-supporting thin films, and x-ray yields from thick

substrates.

We see from Table 16 that between 50% and 63% of the

x-ray yield measurements led to superior K- and L-shell

ionization cross sections and to superior Lα x-ray production

cross sections (although only 38% of the Lα data sets for thin

films on substrates led to superior data). While there were only

nine sets of data withM-shell ionization cross sections, 89% of

them were judged superior. Auger-yield measurements with

gases led to 100% of the data sets with K-shell ionization cross

sections being judged superior. Although none of the Auger-

yield data sets for gases with L- and M-shell ionization cross

sections had superior data, this result was due to the scarcity of

other data sets for comparisons.

While the percentages of data sets with superior data in

Table 16 might be thought to be disappointing, we point out

that measurements of absolute cross sections are experimen-

tally very difficult for the reasons described in Sec. 5. We also

mention that Kieffer and Dunn276 identified the necessary

conditions to be satisfied in measurements of ionization cross

sections for gases, while Powell et al.277 similarly examined

themain sources of systematic uncertainty inmeasurements of

Auger-electron intensities. The systematic uncertainties

depend, of course, on the chosen measurement technique and

details of the specific experiments but they can typically range
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FIG. 44. (Color online) Percentage deviationΔi of experimental values of K-shell ionization cross sections from calculated values using the Bote et al. formulae, as a
function of electron energy for Ni, Cu, Zn, Ga, Ge, and Se.
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from about 10% to over 30% (Sec. 5). The derived cross

sections also depend on the uncertainties (often unknown) of

the needed atomic data (discussed in Sec. 4) that were obtained

from the EADL.1 We are therefore pleased with the overall

values of hRMSi (10.9%) and hRi (�2.5%) from comparisons

of measured ionization and x-ray production cross sections

with the corresponding calculated cross sections, and we are

also pleased that, as indicated by Table 16, many experimental

groups were able to produce superior cross section data. We

presume that other groups were not able to make measure-

ments of similar quality because of oversights of possible

systematic uncertainties or to inferior choices of needed

parameters.

8. Evaluation of Analytical Formulae

In this section we evaluate four analytical formulae for

ionization cross sections that have been widely used for

practical purposes. Cross sections from these formulae are

compared with those from the predictive formulae of Bote

et al. [Eqs. (87) and (88)] that, as we have seen in Sec. 7, agree

satisfactorily with measured cross sections for many elements

and for a wide range of incident energies.

We will evaluate the Gryzinski formula [Eq. (83)] derived

from a classical model for atomic ionization, and the empirical

formula published by Casnati et al. [Eq. (84)], Jakoby et al.

[Eq. (85)], andHombourger [Eq. (86)] that were obtained from

fits to measured K-shell ionization cross sections. The latter
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FIG. 45. (Color online) Percentage deviationΔi of experimental values of K-shell ionization cross sections from calculated values using the Bote et al. formulae as a
function of electron energy for Y, Pd, Ag, Sn, Sb, and Au.
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three formulae have frequently also been used for estimating

ionization cross sections for other shells due to the lack of

measured cross sections. We have previously shown compar-

isons of K-shell ionization cross sections from the Gryzinski,

Casnati et al., Jakoby et al., and Hombourger formulae with

the corresponding cross sections from the Bote et al. formulae

as a function of incident electron energy for N, Si, Fe, Y, Ag,

and Au in Fig. 7. Similar comparisons of L-shell ionization

cross sections for Ag, Xe, Ta, and Bi and ofM-shell ionization

cross sections for Au and Bi were shown in Figs. 8 and 9,

respectively.

We will compare K-shell, L3-subshell, and M5-subshell

ionization cross sections from the selected formulae with the

corresponding cross sections from the Bote et al. formulae

[using Eqs. (87) and (88) and binding energies from the

Carlson compilation64 as described in the Appendix]. Percen-

tage differences between the cross sections from each formula

and the Bote et al. values have been determined for selected

elements distributed throughout the Periodic Table and for

incident energies from close to the ionization threshold to

1 GeV. For each element and formula, we will show values of

RMS and R determined from Eq. (138).

8.1. K-shell ionization cross sections

Figure 60 shows percentage deviations between K-shell

ionization cross sections from the Gryzinski, Casnati et al.,

Jakoby et al., and Hombourger formulae and the correspond-

ing cross sections from the Bote et al. formulae as a function

of electron energy for N, Si, Fe, Y, Ag, La, Ho, and Au.

Although the percentage deviations can be relatively small

(e.g., less than 10%) for some elements and energies (e.g., for

Si at energies between 5 keV and 30 keV), the deviations can

become much larger for other elements and wider energy

ranges (e.g., for La, Ho, and Au). Table 17 lists the root mean

square percentage deviation RMS and mean percentage

deviation R values for each formula and the selected ele-

ments. We see similar values of RMS and R for the Casnati

et al. and Hombourger formulae and generally larger values

for the Gryzinski and Jakoby et al. formulae.

8.2. L3-subshell ionization cross sections

Figure 61 shows percentage deviations between L3-sub-

shell ionization cross sections from the Gryzinski, Casnati
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FIG. 46. (Color online) Percentage deviationΔi of experimental values of K-shell ionization cross sections from calculated values using the Bote et al. formulae, as a
function of electron energy for Pb and Bi.
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et al., Jakoby et al., and Hombourger formulae and the

corresponding cross sections from the Bote et al. formulae

for Si, Fe, Y, Ag, Xe, Gd, Ta, and Bi as a function of electron

energy. While the percentage deviations can again be rela-

tively small (<10%) for some elements, formulae, and energy

ranges (e.g., Si), they are oftenmuch larger. Table 18 lists the

root mean square percentage deviation RMS and mean per-

centage deviation R values for each formula and the selected

elements.

8.3. M5-subshell ionization cross sections

Figure 62 shows percentage deviations between M5-sub-

shell ionization cross sections from the Gryzinski, Casnati

et al., Jakoby et al., and Hombourger formulae and the

corresponding cross sections from the Bote et al. formulae

as a function of electron energy forY,Ag, La,Ho,Au, andBi.

Some of the deviations are relatively small (<10%) for some

elements, formulae, and energies (e.g., for Y), but the devia-

tions are generally much larger. Table 19 lists the root mean

square percentage deviation RMS and mean percentage

deviation R values for each formula and the selected

elements.

8.4. Evaluation summary

Table 20 shows values of hRMSi and hRi calculated using

Eq. (139) from the values of RMS and R in Tables 17–19 for

each formula. The hRMSi and hRi values provide measures of

the degree of agreement between the ionization cross sections

from each formula for each shell or subshell and the corre-

sponding cross sections from theBote et al. formulae [Eqs. (87)

and (88)]. We see that the hRMSi and the hRi values for K-
shell ionization cross sections from the Casnati et al. formula

(12.1% and 2.3%, respectively) and Hombourger formula

(11.0% and �4.0%, respectively) are similar. They are also

comparable to the weighted average values of hRMSi (10.3%)

and the weighted average value of hRi (�1.9%) found in

Sec. 8.3 in the comparisons of the sets of superior K-shell

ionization cross sections with cross sections calculated from

the Bote et al. formulae. In similar comparisons of the hRMSi
and hRi values for L3- and M5-subshell ionization, Table 20

indicates that the Casnati et al. and Hombouger formulae were

superior to theGryzinski and Jakoby et al. formulae.While the

hRMSi values for L3-subshell ionization from the Casnati

et al. formula (10.6%) and Hombourger formula (12.8%) were

similar to the values found for K-shell ionization, the hRMSi
for M5-subshell ionization (25.2% and 28.8%, respectively)

were appreciably larger. The Casnati et al. and Hombourger

formulae thus provide useful estimates of K-shell and L3-

subshell cross sections, but the M5-subshell ionization cross

sections from these formulae have larger uncertainties. The

larger hRMSi and hRi values in Table 20 for the Gryzinski

formula (between 31.1% and 50.4% and between�26.3% and

�47.7%, respectively) and the Jakoby et al. formula (between

21.5% and 82.0% and between 9.3% and �64.7%, respec-

tively) indicate that these formulae provide much poorer

estimates of the K-shell, L3-subshell, and M5-subshell ioniza-

tion cross sections.

9. Summary

We evaluated calculated and measured cross sections for

K-shell, L-subshell, and M-subshell ionization by electron

impact. We surveyed a number of theories used to calculate

ionization cross sections in Sec. 2 with emphasis given to
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FIG. 48. (Color online) Plot of percentage deviations between measured K-

shell ionization cross sections and the corresponding cross sections

calculated from the Bote et al. predictive formulae as a function of UK

for UK between 1.0 and 1.2.

TABLE 8. Average values of RMS and R for each selected element shown in

Table 7, RMS and R, for K-shell ionization cross sections

Element Shell Data points RMS (%) R (%)

C K 58 9.1 �3.1
N K 43 9.1 4.8

O K 42 17.3 �14.7
Ne K 57 11.6 �8.3
Al K 24 7.3 1.1

Si K 32 8.7 2.2

Ar K 66 12.0 �8.4
Ca K 45 21.3 �17.6
Ti K 42 7.7 3.6

Cr K 62 6.2 2.5

Mn K 69 13.1 �2.0
Fe K 46 8.0 �3.1
Ni K 70 10.5 7.2

Cu K 78 14.4 1.3

Zn K 32 8.7 �3.9
Ga K 47 3.3 2.4

Ge K 63 5.9 �4.0
Se K 24 8.9 1.1

Y K 12 10.6 6.7

Pd K 8 17.6 16.5

Ag K 50 10.2 �2.3
Sn K 13 5.8 �5.2
Sb K 9 3.5 �3.2
Au K 20 9.0 �1.0
Pb K 5 10.8 0.8

Bi K 7 6.3 2.4
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the formulation of Bote and Salvat.30 They showed that

calculations could be made with the plane-wave Born

approximation for overvoltages greater than 16 and with the

distorted-wave Born approximation for lower overvoltages.

This approach is very attractive since the calculations can be

made for any neutral atom and for a wide range of incident

electron energies.

Many analytical formulae have been utilized to predict inner-

shell ionizationcrosssections, assummarized inSec.3.Foremost

among them is the formula developed by Bethe3 in 1930 which

provides ionization cross sections if the incident energy is

sufficiently high. Fano plots based on the Bethe equation are a

convenientmeans forassessing theself-consistencyofcalculated

or measured cross sections and for determining the energy range

over which the Bethe formula provides a valid description of the

cross sections.2,69,72 Fano plots based on the calculated cross

sections of Bote and Salvat clearly showed two linear regions.

For overvoltages larger than about 50, the plots had the asymp-

totic slopes expected from the Bethe formula; for lower over-

voltages,anadditional linear regionwasfoundwith largerslopes.

Use of the Bethe formula with empirical coefficients in the latter

regionmaybeconvenientbutusers shouldbeawareof the limited

energy ranges over which the Bethe formula will be reliable.

Most other analytical formulae have been developed either for

analytical convenience or from fits to available measured cross

sections. We made extensive use of fits of two analytical

equations, Eqs. (87) and (88), to the K-shell, L-subshell, and

M-subshell ionization cross sections calculated using the Bote

andSalvat approach.30Bote et al.31 determined the parameters in

these equations for all atoms from hydrogen to einsteinium and

for energies from threshold to 1 GeV. The Appendix gives

guidance on the calculation of cross sections from these

formulae.

Most measurements of inner-shell ionization cross sec-

tions are based on observations of de-excitation events, that

is, of emitted x rays or Auger electrons. We outline the

principles of these measurements in Sec. 4 and give more

details of the experimental methods in Sec. 5. Brief mention

is also made of the use of electron energy-loss spectroscopy

and crossed-beam methods for the determination of ioniza-

tion cross sections.

Section 6 is a summary of K-shell, L-subshell, and M-

subshell ionization cross sections and of Lα x-ray production

cross sections that were reported up to May 2013. These

measured cross sections, for incident energies between the

ionization threshold and 1 GeV, were compared with calcu-

lated values from the Bote et al. formulae; x-ray production

cross sections were determined with needed relaxation data

from the Evaluated Atomic Data Library.1 Graphical compar-

isons are given to show the degree of consistency of measure-

ments by different authors as well as the degree of consistency

with the Bote values.

Section 7 contains a detailed evaluation of the measured

and calculated cross sections presented in Sec. 6. We

selected elements for which there were at least three (for

K-shells) or two (for L- and M-subshells) mutually con-

sistent sets of cross-section measurements. For these ele-

ments, we identified sets of experimental data for which the

cross sections showed a satisfactory degree of consistency

with each other and for which the cross sections, as a group,

varied with incident electron energy in satisfactory agree-

ment with theory. We used the calculated cross sections

from Eqs. (87) and (88) that were shown in Figs. 11–41 as a

guide to the expected energy dependence for each element.

Use of the calculated cross sections was critical in our

evaluation because we could thereby establish consistency

(or otherwise) of data sets in non-overlapping energy

ranges. Our selection of data sets was, of necessity, quali-

tative since some data sets were sparse or in non-over-

lapping energy ranges.

We could then make a more quantitative analysis by deter-

mining percentage deviations between measured cross sec-

tions in the selected data sets and the corresponding cross

sections calculated byBote et al.31We examined plots of these

percentage deviations as a function of overvoltage to assess

whether there were any systematic trends.We then determined

mean percentage deviations (R) and root-mean-square (RMS)

percentage deviations for each element. Finally, we examined
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plots of these deviations as a function of Z to determine

whether there were any systematic trends.

For K-shell ionization cross sections, we identified 26

elements with sets of measured cross sections that satisfied

our selection criteria. The percentage deviations for these

elements did not vary significantly with overvoltages between

1.02 and 2 � 105, and the average values of these deviations

and of the RMS percentage deviations did not vary signifi-

cantly with atomic number from Z¼ 6 to Z¼ 83. For all of the

selected elements, the average RMS deviation between the

measured and calculated cross sections was 10.3%, while the

average deviation was�1.9%. Calculated cross sections from

the Bote et al. formulae for H and He were also found to be

consistent with the measured cross sections for overvoltages

larger than 16. We therefore infer that the Bote formulae

should also be valid for Li, Be, and B at similar overvoltages.

We identified seven elements for which there were two or

more sets of total L-shell ionization cross-section measure-

ments and one element (Xe) for which there were two sets of

L3-subshell cross-section measurements that satisfied our

selection criteria. The individual percentage deviations did

not depend significantly on atomic number (between Ag and

U) or overvoltage (between 1.02 and 6� 105). For all of the

selected elements, the average RMS deviation between

the measured and calculated cross sections was 15.0%, while

the average deviation was �3.1%.

There were only three elements with two or more sets of M-

shell ionization cross sections that satisfied our evaluation
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criteria. The individual percentage deviations did not depend

significantly on atomic number (between Au and U) or over-

voltage (between 23 and 1 � 105). For these elements,

the average RMS deviation between the measured and calcu-

lated cross sections was 23.5%, while the average deviation

was 8.2%.

We identified eight elements for which two or more sets of

measured Lα x-ray production cross sections that satisfied our
evaluation criteria. The individual percentage deviations

between measured and calculated Lα x-ray production cross

sections did not vary significantly with atomic number

(betweenGd andBi) or L3-subshell overvoltage ratio (between

1.02 and 6 � 103). The average RMS deviation between the

measured Lα x-ray cross sections and the cross sections

calculated from the Bote et al. formulae (and needed atomic

data) was 10.6%, while the average deviation was �7.3 %.

The overall average RMS deviation between the measured

and calculated cross sections was 10.9% and the overall R

average deviation was �2.5%. This degree of agreement

between measured and calculated ionization and x-ray pro-

duction cross section is believed to be very satisfactory given

the uncertainties discussed in Sec. 5. It is not surprising that

there were larger deviations between measured L- and M-

subshell ionization cross sections and the corresponding cal-

culated values than for K-shell cross sections since there are

additional uncertainties associated with the needed atomic

data,1 as discussed in Sec. 4.

Although we specify that the overvoltage should be greater

than 1.02 for reliable use of the Bote et al. formulae, we add

that the incident energy should also be a minimum of 50 eV

larger than the threshold energy for ionization. This extra

restriction is added in order to avoid effects due to post-

collision interactions in free atoms or molecules and to so-

called final-state or screening effects in solids.

Our sets of selected ionization and x-ray production cross

sections were judged to be “superior” data. A variety of

measurement methods were used to acquire these data, as

indicated in Table 16.With attention to the possible sources of

uncertainty identified in Sec. 5, high-quality cross-section

measurements can be made with these methods.

Finally, we made comparisons of ionization cross sections

from the analytical formulae of Gryzinski, Casnati et al.,

Hombourger, and Jakoby et al. with those from the Bote

et al. formulae. These comparisons were made with K-shell,
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L3-subshell, and M5-subshell ionization cross sections for

selected elements and for incident energies close to the

ionization threshold to 1 GeV. We found that the Casnati

et al. and Hombourger formulae gave cross sections for

K-shell and L3-subshell ionization that agreed satisfactorily

with corresponding cross sections from the Bote et al.

formulae; there were larger deviations, however, for the

M5-subshell cross sections. The Gryzinski and Jakoby et al.

formulae provided much poorer estimates of ionization cross

sections than the Casnati et al. and Hombourger formulae.

TheDWBA theory described in Sec. 2 has been employed to

generate an extensive database of cross sections for ionization

of the K shell and the L and M subshells of all the elements

from hydrogen (Z ¼ 1) to einsteinium (Z ¼ 99) by impact of

electrons and positrons with kinetic energies up to 1GeV. This

TABLE 9. Selected sets ofmeasuredL-shell ionization cross sections that were included in the evaluation of experimental data. Also shown are theRMS andR values

for each data set that were calculated from Eq. (138)

Element Shell Data points Key Reference RMS (%) R (%)

Ag L 3 Ho79 Genz et al.134 14.4 �14.4
Ag L 3 Ge82 Genz et al.141 10.4 �6.1
Ag L 4 Re86 Reusch et al.142 24.9 22.6

Sn L 3 Is77 Ishii et al.131 16.6 7.5

Sn L 3 Re86 Reusch et al.142 5.0 �3.8
Sn L 4 Ho79 Hoffmann et al.134 20.8 18.4

Xe L3 7 Hi81 Hippler et al.204 16.7 �11.7
Xe L3 22 Hi83 Hippler et al.207 12.1 �10.6
Sm L 3 Ho79 Hoffmann et al.134 18.5 �1.8
Sm L 4 Re86 Reusch et al.142 31.8 30.5

Ta L 3 Ho79 Hoffmann et al.134 2.8 �2.5
Ta L 4 Re86 Reusch et al.142 16.4 �16.0
Pb L 3 Is77 Ishii et al.131 9.2 �7.5
Pb L 3 Ho79 Hoffmann et al.134 15.9 �15.8
Bi L 3 Is77 Ishii et al.131 6.5 �1.0
Bi L 3 Ho79 Hoffmann et al.134 15.4 �15.4
U L 1 Is77 Ishii et al.131 17.0 �17.0
U L 3 Ho79 Hoffmann et al.134 18.5 �7.7

TABLE 10. Average values of RMS and R for each selected element, RMS and

R, from the measurements of L-subshell ionization cross sections shown in

Table 9

Element Shell Data points RMS (%) R (%)

Ag L 10 17.4 2.9

Sn L 10 14.8 8.4

Xe L3 20 13.6 �10.9
Sm L 7 26.1 16.6

Ta L 7 10.5 �10.3
Pb L 6 15.5 �11.7
Bi L 6 11.0 �8.2
U L 4 10.6 �10.0
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database is handled by a graphical interface which allows the

display and the generation of tables of cross sections for

ionization, and for x-ray and Auger emission. The latter are

obtained by using atomic transition probabilities from the

EADL (Ref. 1) as described in Sec. 4.3. This handy tool

provides one of the fundamental parameters required for

quantification in EPMA and AES.
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Appendix: Calculations of Ionization Cross
Sections from the Bote Formulae

Wegive guidance here on the calculation of ionization cross

sections from the Bote et al. formulae,31 Eqs. (87) and (88).

These cross sections depend on the overvoltage U, the ratio of

the incident electron energy to the BEof the shell or subshell of

interest, as well as on parameter values specific to the parti-

cular element and shell.31
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FIG. 54. (Color online) Percentage deviationΔi of experimental values ofM-shell ionization cross sections from calculated values using the Bote et al. formulae, as a
function of electron energy for Au, Pb, and Bi.

10
0

10
1

10
2

10
3

10
4

10
5

10
6

U
M

-100

-75

-50

-25

0

25

50

75

100

D
if

fe
re

nc
e 

fr
om

 B
ot

e 
(%

)

M-shell

FIG. 55. (Color online) Plot of percentage deviations between measured M-

shell ionization cross sections and the corresponding cross sections calculated

from the Bote et al. predictive formulae as a function of UM on a logarithmic

scale.

CROSS SECTIONS FOR INNER-SHELL IONIZATION BY ELECTRON IMPACT 013102-91

J. Phys. Chem. Ref. Data, Vol. 43, No. 1, 2014



The BE is usually defined as the minimum energy required

to remove an electron in a particular shell or subshell of an

atom or molecule to a free or unbound state. For a solid, the

electron of interest is removed to infinity, i.e., a large distance

from the solid. For atoms andmolecules, BEs are conveniently

measuredwith respect to the vacuum level (i.e., the potential at

a large distance from the atom or molecule), while for solids

BEs are convenientlymeasuredwith respect to the Fermi level.

In principle, itmight be thought that BEs for a solid plus awork

function should be the same as the corresponding BE for an

atom or molecule, but this simple relationship breaks down

due to a number of additional considerations.

The BE definitions given here have an important qualifier,

namely that all other electrons in the atom,molecule, or solid are

assumed to remain in their original states. It is well known,

however, that removalofoneelectron fromanatom,molecule, or

solid will cause relaxation of other orbitals.278 X-ray photoelec-

tron spectroscopy (XPS) is a commonmethod for the determina-

tion of BEs. The act of photoionization in XPS generally causes

so-called electron shake-up and shake-off in isolated atoms and

molecules (i.e., excitation of a valence electron to unoccupied

discrete states or to the continuum). For solids, one sees so-called

satellite lines due to discrete excitations from the valence band to

TABLE 11. Selected sets ofmeasured totalM-shell ionization cross sections that were included in the evaluation of experimental data. Also shown are theRMS andR

values for each selected data set that were calculated from Eq. (138)

Element Shell Data points Key Reference RMS (%) R (%)

Au M 3 Ho79 Hoffmann et al.134 24.3 �24.3
Au M 7 Pa80b Pálinkás and Schlenk222 37.6 �37.1
Pb M 2 Is77 Ishii et al.131 25.2 �25.1
Pb M 3 Ho79 Hoffmann et al.134 13.6 �13.4
Pb M 7 Pa80b Pálinkás and Schlenk222 26.3 25.0

Bi M 2 Is77 Ishii et al.131 21.7 �21.6
Bi M 3 Ho79 Hoffmann et al.134 14.1 �14.1
Bi M 7 Pa80b Pálinkás and Schlenk222 14.8 13.3

TABLE 12.Averagevalues ofRMS andR for each selected element,RMS andR,

using themeasurements ofM-shell ionization cross sections shown in Table 11

Element Shell Data points RMS (%) R (%)

Au M 10 33.6 18.7

Pb M 12 22.9 7.1

Bi M 12 15.8 0.6

TABLE 13. Selected sets of measured L-shell x-ray production cross sections included in the evaluation of experimental data. Also shown are the RMS and R values

for each selected data set that were calculated from Eq. (138)

Element Shell Data points Key Reference RMS (%) R (%)

Gd Lα 1 Pa75 Park et al.129 5.2 �5.2
Gd Lα 18 Wu10 Wu et al.185 19.8 �17.2
Er Lα 1 Pa75 Park et al.129 10.4 �10.4
Er Lα 4 Ri78 Ricz132 1.8 0.1

Yb Lα 1 Pa75 Park et al.129 13.5 �13.5
Yb Lα 4 Sc77 Schlenk et al.213 1.8 0.1

W Lα 14 Ca02 Campos et al.161 10.5 �9.9
W Lα 17 Ya04 Yang et al.189 16.7 �14.1
W Lα 19 Wu10 Wu et al.185 13.1 �12.3
Pt Lα 1 Ca02 Campos et al.161 8.9 �12.3
Pt Lα 13 Pa75 Park et al.129 8.2 �7.6
Au Lα 4 Sc77 Schlenk et al.213 3.7 �2.6
Au Lα 7 Pa80a Pálinkás and Schlenk138 3.6 �0.2
Au Lα 9 Sh81 Shima et al.140 4.4 �3.5
Au Lα 12 Ca02 Campos et al.161 18.6 �6.7
Au Lα 12 Wu04 Wu et al.179 6.0 �1.9
Pb Lα 4 Pa75 Park et al.129 3.6 1.0

Pb Lα 1 Sc77 Schlenk et al.213 7.8 �7.8
Pb Lα 7 Pa80a Pálinkás and Schlenk138 5.9 �1.9
Pb Lα 17 Wu07 Wu et al.183 14.7 �14.4
Bi Lα 1 Pa75 Park et al.129 2.8 �2.8
Bi Lα 4 Ri78 Ricz et al.132 1.0 �0.1
Bi Lα 7 Pa80a Pálinkás and Schlenk138 4.1 0.7

Bi Lα 15 Wu10c Wu et al.186 8.2 �6.8
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FIG. 56. (Color online) Percentage deviation Δi of experimental values of Lα x-ray production cross sections cross sections from calculated values using the Bote
et al. formulae together with relaxation parameters extracted from the EADL as a function of electron energy for Gd, Er, Yb, W, Pt, and Au.
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some unfilled states or to intrinsic collective excitations (plas-

mons). The XPS lines of conductors also become asymmetrical

due to the intrinsic excitation of electron-hole pairs. There are

both “chemical shifts” of photoelectron lines for an atom in

different chemical states in a molecule or solid and “surface or

interface” shifts of photoelectron lines for an atom in a surface or

interface atomic layer compared to its bulk. The simple one-

electron picture on which the BE definitions are based breaks

down for some atoms and shells. Strong many-electron effects

are observed in 4s, 4p-like holes inCd toGd and5s, 5p-like holes

in Bi to Pu due to so-called giant Coster-Kronig fluctuations and

decays.279

Finally, the work function of a solid is a surface property,

and different crystal faces of the same solid generally have

different work functions. The work functions also vary with

adsorption ofmolecules on the surface, andwith reactions such

as oxidation. Work functions typically vary between 2 and

6 eV, and it is reasonable to assume an average value of 4 eV

when comparing BEs of atoms and solids; nevertheless, BE

differences of up to 2 eV could occur due to work-function

variations among different solids. While we have commented

here on the determination of BEs by XPS, similar effects need

to be considered with other methods for the determination of

BEs (e.g., x-ray absorption spectroscopy and electron energy-

loss spectroscopy).

We now comment on three useful compilations of BEs. The

first of these is the 1967 compilation of Bearden and Burr.280

At least oneBE formost elementswas determined byXPS, and

other BEs were calculated from BE differences obtained from

x-ray emission and absorption spectra. Many if not most of the

XPS measurements at that time had been made in instruments

that did not have ultrahigh vacua. As a result, many of the

“elemental” samples were probably oxidized or had other

surface compounds and impurity layers. These “chemical”

effects could lead to shifts or errors of several eV ormore in the

published BEs.

A second comprehensive table of BEs for atoms is included

in a 1975 book by Carlson.64 This compilation is based mainly

on the work of Lotz281 who lists BEs for free atoms. The latter

work is based in large part on the Bearden and Burr tabulation

(with work-function additions for solids to refer the BEs to the

vacuum level, and some smoothing).
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TABLE 14. Average values of RMS and R for each selected element, RMS and

R, using themeasurements of L-shell x-ray production cross sections shown in

Table 13

Element Line Data points RMS (%) R (%)

Gd Lα 19 19.1 �16.6
Er Lα 5 3.5 �1.9
Yb Lα 5 4.8 �2.6
W Lα 50 13.6 �12.2
Pt Lα 14 8.2 �7.7
Au Lα 44 8.5 0.3

Pb Lα 29 10.8 �9.1
Bi Lα 27 5.9 �3.7
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the degree of agreement between measured Lα x-ray production cross sections and the corresponding cross sections from the Bote et al. predictive formulae. The
error bars indicate one-standard-deviation limits.
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TABLE 16. Summary of methods used for the measurement of (a) K-, (b) L-, and (c) M-shell ionization cross sections and for the measurement of (d) Lα x-ray
production cross sections, as listed in Tables 2–5, respectively.Methods includemeasurements of x-ray yields (X), Auger yields (A), and EELS spectra (E) with self-
supporting thin films (T), thin films on substrates (TS), thick substrates (S), and gases (G).We show the number of data sets for each type of cross section, the number
of data sets with superior data (as judged with our evaluation criteria), and the percentage of data sets with superior data

Cross section X,T X,TS X,G X,S A,G E,T

(a) K-shell ionization

Number of data sets 151 42 16 1 9 8

Number of data sets with superior data 80 23 10 1 9 7

Percentage of superior data sets (%) 53 55 63 100 100 88

(b) L-shell ionization

Number of data sets 32 1 4 4 8 0

Number of data sets with superior data 16 0 2 0 0 –

Percentage of superior data sets (%) 50 0 50 0 0 –

(c) M-shell ionization

Number of data sets 9 0 0 0 1 3

Number of data sets with superior data 8 – – – 0 0

Percentage of superior data sets (%) 89 – – – 0 0

(d) Lα x-ray production

Number of data sets 25 24 2 0 – –

Number of data sets with superior data 15 9 0 – – –

Percentage of superior data sets (%) 60 38 0 – – –

TABLE 15. Summary of hRMSi and hRi values found in the evaluation ofK-, L-, andM-shell ionization cross sections and of Lα x-ray production cross sections from
the selected sources with superior data. Information is also given on the number of elements in each evaluation, the total number of data points (e.g., measured cross
sections considered), the range of atomic numbers, and the range of overvoltage ratios

Cross section No. element Data points Z range U range hRMSi (%) hRi (%)

K-shell ionization 26 1032 6 to 83 1.02 to 2 � 105 10.3 �1.8
L-shell ionization 8 70 47 to 92 1.02 to 6 � 105 15.0 �3.1
M-shell ionization 3 34 79 to 83 23 to 1 � 105 23.5 8.2

Lα x-ray production 8 193 64 to 83 1.02 to 6 � 103 10.6 �7.3

TABLE 18. Values of RMS and R determined using Eq. (138) with differences of L3-subshell ionization cross sections calculated using the formulae of Gryzinski,

Casnati et al., Hombourger, and Jakoby et al. from the cross sections obtained with the Bote et al. formulae for the indicated elements

Gryzinski Casnati Hombourger Jakoby

Element Shell RMS(%) R(%) RMS(%) R(%) RMS(%) R(%) RMS(%) R(%)

Si L3 42.0 �38.1 11.2 �0.6 12.5 �6.9 117.3 �51.8
Fe L3 45.1 �42.7 16.1 �12.4 20.3 �17.8 58.9 �44.3
Y L3 40.3 �37.4 11.8 �7.1 15.7 �12.8 48.9 �41.0
Ag L3 37.2 �34.1 9.7 �3.4 12.8 �9.3 44.5 �40.0
Xe L3 35.1 �31.6 8.8 �0.7 11.0 �6.7 41.4 �37.3
Gd L3 33.2 �29.2 8.3 1.5 9.5 �4.6 37.3 �34.8
Ta L3 28.4 �23.5 8.9 2.8 9.5 �3.3 33.8 �32.7
Bi L3 27.7 �22.5 8.2 3.3 8.7 �2.9 7.9 0.5

TABLE 17. Values ofRMS andR determined usingEq. (138)with differences ofK-shell ionization cross sections calculated using the formulae ofGryzinski, Casnati

et al., Hombourger, and Jakoby et al. from the cross sections obtained with the Bote et al. formulae for the indicated elements

Gryzinski Casnati Hombourger Jakoby

Element Shell RMS(%) R(%) RMS(%) R(%) RMS(%) R(%) RMS(%) R(%)

N K 32.2 �29.3 11.0 4.8 8.9 �1.6 42.8 28.2

Si K 36.3 �32.6 8.4 0.5 9.8 �5.7 29.4 24.2

Fe K 33.6 �29.0 7.5 1.7 8.2 �4.5 15.2 12.6

Y K 27.5 �21.7 9.5 4.4 7.6 �2.0 6.3 0.5

Ag K 27.7 �21.6 11.7 3.7 9.8 �2.7 9.5 �2.9
La K 28.0 �21.9 14.9 2.7 12.8 �3.7 13.6 �5.3
Ho K 28.8 �22.9 18.4 1.5 15.9 �5.1 19.6 �4.8
Au K 29.8 �24.4 22.4 �0.3 19.4 �6.9 25.8 0.6
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FIG. 60. (Color online) Percentage deviationsΔi betweenK-shell ionization cross sections calculated using different analytical formulae (as indicated in the legends)
and values calculated from the Bote et al. formulae as a function of electron energy for N, Si, Fe, Y, Ag, La, Ho, and Au.
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FIG. 61. (Color online) Percentage deviations Δi between L3-subshell ionization cross sections calculated using different analytical formulae (as indicated in the
legends) and values calculated from the Bote et al. formulae as a function of electron energy for Si, Fe, Y, Ag, Xe, Gd, Ta, and Bi.
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The thirdBE compilationwasmade byWilliams.282While

this compilation is not as complete as those of the other two

compilations, it contains more recent BE measurements

made by XPS. In addition, many (though not all) of the BEs

in theWilliams compilation are based onXPSmeasurements

with samples prepared in ultrahigh vacua. We therefore

expect that these BEs to be generally more reliable than

those in the Bearden and Burr tabulation (and the derivative

Lotz and Carlson tabulations). We also note that calibration

reference data andBE-calibration procedures forXPS instru-

ments did not become available until around the 1990s.

Refined BEs for some 50 elemental solids have been pub-

lished by Powell.283

Comparisons of BEs in the Carlson and Williams compila-

tions show that a largemajority of the BE differences were less

than�3 eV.Differences of thismagnitude could reasonably be

expected on account of chemical shifts for somemeasurements

(due to some early measurements probably being made on

oxidized samples), uncertainties of the work-function data, or

to inadequate calibrations of the BE scale for some measure-

ments.When larger differences occur, these can be resolved in

most cases by further comparisons with BEs for many atoms,

molecules, and solids in the NIST XPS Database.284 We note,

however, thatmost BEs in this database weremeasured inXPS

instruments with Al Kα x-ray sources. As a result, the BEs are
typically less than about 1.4 keV.
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FIG. 62. (Color online) Percentage deviations Δi between M5-subshell ionization cross sections calculated using different analytical formulae (as indicated in the
legends) and values calculated from the Bote et al. formulae as a function of electron energy for Y, Ag, La, Ho, Au, and Bi.
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We recommend that ionization cross sections for atoms

and molecules be calculated with BEs from the Carlson

compilation while similar calculations for solids should be

made with BEs from the Williams tabulation. If the desired

BEs are not listed in the latter tabulation, BEs from the

Carlson compilation can be used (but with a reduction by

the average work-function correction of 4 eV). Use can also

be made of BEs for atoms, molecules, and solids in the NIST

XPS Database. Small differences of BEs from the different

sources (e.g., less than	3 eV) will generally have negligible
effects on calculated cross sections except for BEs less than

about 500 eV and incident energies close to the ionization

threshold (e.g, U < 3) where the cross sections vary rapidly

with energy.
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