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DESIGNS FOR THE CALIBRATION OF STANDARDS OF MASS
J. M. Cameron, M. C. Croarkin, R. C. Raybold
Office of Measurement Séervices

Institute for Basic Standards
National Bureau of Standards

This report presents a collection of designs for the intercomparison
of sets of weights for use in precision calibration of standards of
mass. These include a number of previously unpublished designs which
have an additional weight in each set to serve as the check standard for
monitoring the performance of the weighing process. Also included are
the classical designs of Benoit and Hayford. The complete least squares
analysis is presented in integer form (i.e., with a common division) for
the most widely used designs; and for the others, the standard deviations
are given for various weight combinations when used as an ascending or
as a descending series. Designs for sets of nominally equal objects,
the 22 .. .2121. . . series, the binary sequences, the 52 21 1
series, and the 5 3 2 1 1 and some miscellaneous series are given.

Key Words: Design of experiments, least squares, mass calibration,
statistical design, weighing design

INTRQDUCTION

Calibration of a set of weights consists of assigning values for
the unknown weights in terms of the known mass of one or more standards,
For high precision work, this involves the use of the balance as a
comparator which measures the difference between two objects (or two
groups of objects) which must have nominally the same mass because of
the small "on-scale" range of the comparator. In deriving units which
are subdivisions of the basic unit or multiples thereof, a variety of
different weighing sets have been used because of convenience or other
practical considerations, A typical sct is the 5 3 2 1 series which

bridges the range from 10 to 1. In this paper, designs are presented
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for sets of weights of the same nominal size, for the most common
subdivisions currently in use, and for a miscellaneous group. included
for completeness. 1In most cases, the designs provide fof a check
standard, treated as an additional unknown weight, to be used for
monitoring the performance of the measuring process.

Precision weighing is usually done by some form of transposition
weighing on a two~pan balance and by substitutionvmethoaé on a one=pan
balance. Matters relating to weighing procedures are discussed in
[8, 9]. For the purposes‘of this report, it will be assumed that a
well behaved comparator is available and that measurements of differences
in the mass of two objects or groups of objects are corrected for air
buoyancy effects and other environmental or procedural factors. It is
further assumed that the measurements are uncorrelated in the statistical
sense and all are of equal precision. (These latter two assumptions
are non-trivial and special care has to be taken to insure their
validity so that the random error component of the uncertainty is

properly evaluated,)

NEED FOR A CHECK‘STANDARD

In a calibration laboratory, it is necessary to have checks on the
measurement proceés to provide assurance that thé process measures what
it was intended to measure and that it does so with a nearly constant
precision [10], A direct check on the limiting mean of the measurement
process.is provided if a known weight is cadlibrated regularly as if it
were an unknown test weight. TIf the value obtained for the weight
differs from its accepted value by an amount larger than can be

accounted for by the imprecision of measurement, then the process
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would be regarded as being out of control. One is saying that if he
cannot calibrate his own weight correctly, he can have little confidence
;n the values for the calibration of unknown weights derived from the
same data.

There is another equally important reason for routine calibration
of the same weight--the results on it provide the true measure of the
variability of the process. In the course of a year the weighings would
have been done under diverse weighing conditions and, hence, the sequence
of values would reflect the actual variability of the process--variability
which méy not be reflected in the internal ayreement of one series of
measurements,

If an unknown test weight was repeatedly measured, one would expect
variability similar to that shown by the check standard. If one has a
single measurement on an unknown, it would be like a random selection
from the sequence. From the sequence of values on the check standard,
one can establish limits to the variability of the process and, because
of the equivalence in the method of measurements for both the standard
and the unknown, one can legitimately transfer the properties of this
sequence to the unknowns.

To establish that the measurement process is in control requires also

that the measurements be internally consistent within the limits of

random error. If more weighings are made than there are unknowns, then
there will be a "closure" error because the values for the observations

calculated from "best" values for the weights will differ from that

actually observed. The standard deviation computed from these deviations
can be tested against the long-run value of this process parameter.

3



In summary then, the schedule of measurements for.calibratipn
should include provision for a check standard and also for within-run
1redundancy. The decision as to which one of a number of possible
schedules or designs to use for intercomparison of a set of weights
depends on items such as the variance associated with individual weights
or combinations thereof. The least squares analysis from which the
values for the weights and their variances are calculated is presented

in the next section.



LEAST SQUARES ANALYSIS

We begin then with a set of n observations, y;, Yor « o o ¥,
involving k objects whose values, Bl' ﬁzv .. Bk are to be determined.
The set of observations can be represented by the equations for their

expected values, E(y.),

E(gl)== xllBl + XIZBZ . .. xlksk (L)
Ely,) = leBl + x2262 . . XZkBk
E(y ) = ,-xnlB-l + xn282 e xn,kSk

or in matrix form E(y) = XB where the element, X540 of the X matrix
igs 0 if the weight is absent, and 1 or -1 depending on the direction
of the comparison., In this note we shall adopt thé convention of
using just the signs so that, for example, all possible comparisons

(ignoring direction) of 4 nominally egual objects will have the

representation
Bl 52‘_ B3 B4
¥ - =] 1 -1 0 o |
+ - 1 o -1 0
+ - 1 0 0 -1
+ - 0 1 -1 0
+ - 0 1 0o -1
+ - 0 0 1 -1




Ih the least squares analysis one forms the normal equations
X'XB = X'y

where the entries in X'X are merely the sums of squares and sums ¢

cross products of the columns of X. 1In the above case, one gets

3 -1 -1T§=- r"yl+y2+y3'1
e | =7, + v, + g
- P i Yy T tyg
R 3 | v5 - vs < v |
n A a7 2

where B is the column wvector with elements Bl’ 82, 63, 84, the caret
being used to denote the fact that the values are functions of the
observations, and not the sought-after values, B.
It can easily be verified in this casé that the system of
equations is not of full rank (e.g., the column totals are zero) and
this is a property of all designs wherce only differencces are measured.
In mass calibration, one has one or more standards whose value can be
taken as known and these provide the restraint on the system needed to
give a unigue set of answers. Usually these involve a starting kilogram
or a unique summation such as 5 + 3 +'2 which has been determined in a
previous series or is the initial unit value for an ascending series
such as the 1, 2, 3, 5 series. One can write the restraint* in the form
:lBl +rB, ..+ B o=m (2}
and use the method of Lagrangian multipliers (with multipliers 2)) to

minimize the function

*In all cases treated here a single restraint is sufficient. See
Zelen {12] and Goldman and Zelen [6] for a discussion of the general
case,



. . 2 )
= i . F e s . - 3
® = I(deviations)® + zk(rlBl rkBk m) {3)

The normal equations now contain an additional "unknown,” namely A and

written out in full are as follows:

z 2% + Tx.x. B Ix. X% @ + x. A= Ix ¥y (4)
*1*1 Xp¥gPg o s s 2R T Ry 1
z
i e o . + A =
szxlﬁl + szgz szxkgk rzk szy
A ) 2 ) )
ZxkxlBl + Zxkxzﬁ2 e s s Zxk@k +_rkl = Egky
rlgl + rzsz .« . e rkék =m
where
g, = ]
%55 T e
n
2x ¥y = Iy
or in matrix notation
X'X r é. =Xy (5)
rt o A n

@ = c h X'y - cx! h v {6)
A | n' o) m h'x! o}l lnm
' =
where r (rlr2 . o . rk).

To facilitate computation it is convenient to have the values,

A ~ )

B, written out as linear functions of the y's and m, i.e., B = [CX', h][y].
n

This leads to a set of multipliers of the cbservations of the form '



W >

=910Y) F oY, ¢ e s Gy, YRR M

A
= + ¢ . o e + h m
Bk 9G¥y T Gyp¥y + ¢ o G ¥, + DT
These multipliers, gij and hi' are given in Appendix B in transposed
form for some of the designs, The matrix C is important because the
variances and covariances of the estimates are given by
Ry A ~
. 2 . 2
Variance (B,)=C,.0°, Covariance (B, ) = C, .0 (8)
(8,)=C, 0%, e (B;s By) = Cy
The quantity, 07, is the variance (sguare of the long run value of the
standard deviation) associated with the process. In a set of n obser-

vations on k items and r = 1 restraints one has n ~k + r =n » k + 1

degrees of freedom for a standard deviation, s, formed by

2 o1 ‘ot 2 ‘
S TITx+1 Z(devmtl,ons)i (9)
i : = - . + " e
(dev1atlon)i Yy (xilsl xizﬁz ‘ xikBk)

One can write these deviations as a function of the observations by
noting that the predicted values are just XB and the deviations are
thus

dev =y - 8 =y - X[CX',hl [z].= y - [Xcx',0] [ﬁ] (10)

it

[I-XCX'ly

which can be written as

devl = dllyl + d12y2 . .o dlnYn (11)

.
-

.

devn = dnlyl * dn2y2 T dnnyn



The array of coefficients, dij' is given in Appendix B for some of the designs

Weights are often used in combination and one needs to know the

standard deviation for the various sums. For a sum of two items, Bi
A
and Bj, one has
Fay ~ ~ Kol ~ ~
r(B. + B.) = vVar(B.) + Var(B.) + 2Cov(B., B.)
Va. (Bl Bj) Bl B] i’ 3
and for a linear combination

Lenfosnf LB (12)

Variance (L)} = L'clo?

where &' = (2., &

17 %y e - lk), C comes from the inverse of

the matrix of normal equations [see eguation (6)}. 7In Appendix A each
design has a list of the factors Di for computing the standard devia-
%®

tions for all usual weight combinations, L, where Variance(L,) = D
. i i

DESIGNS FOR WEIGHING

The criteria for good weighing designs depend to some extent on
the use intended for the resulting values. For example, if the
weights are to be used independently of each other, then one would
want the standard deviation [G/E;; from formula (8)] for the value for
each unknown weight to be the minimum possible. 1If the weights are to
be used in combination, then one wants the variance of all appropriate
linear functions to be as small as possible.

Further, the desirability of a design depends somewhat on the
restraint being used. In some cases, one's judgment of a design
changes depending on whether one starts with a summation as known (e.g.,
5 + 3 + 2) and works down, or with a unit as known and works up (e.g.,

by use of a 1, 2, 3, 5 series). For a given number of measurements
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only a finite set of possible designs exist for a series and only
occasionally is one of these designs uniformly and undeniably "best".,

The designs are grouped into categories in Appendix A: A, Designs
for Nominally Equal Grouvs, B, Designs for the 2 2 . . . 11 ., . . Series,
c. The 5, 3, 2, 1 and 5, 2, 2, 1 Series, D. Binary and Miscellaneous Seriefk,
and E. Designs for Direct Reading. The two most widely known'cdllections
of weighing designs are those of Hayford {7] and Benoit [1] which, although
they do not make provision for a check standard, are listed in this
appendix. In Appendix B the complete analysis is given for five of the
most commonly used designs. Por the others, the complete analysis is on
file with the authors, and the factors for computing the standard
deviations for different weight combinations are given in Appendix A.

A. DESIGNS FOR NOMINALLY -EQUAL GRCUPS

A.1 All distinct intercomparisons. If k weights are to be inter-

compared by measuring the difference between weights of the k(k -~ 1)/2
distinct pairings, then a general analysis can be written out .as a functich
of the number of weights that are regarded as known and used as the
restraint. The inverse of the normal equations with the sum of the

first m of the k weights taken as known is as follows:

~1 1
kI-J -J = e— .
I 1 ol oot 0 k% (13)
~J KI-J 0 0 mI+J K%
3! 0 of k3* k! 0
where ' = (1, 1, . . . 1) and J is a matrix of all ones and the

matrices on the diagonal are of dimension mxm, (k-m)x(k-m), and Ixl.

Thus the standard deviation of the value for weights within the
restraint is c/qgé? and for the unknowns, O %ﬁ%n The standard
deviation of a sum of h unknowns is oV Elﬁai_ﬂl .
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The Ei are given by

m
s 0% B ox
B, = == = S 4 = . . . .
81 X mk m for weights within restraint
x (14)
T T,
2 i, mFli K
T e o —— $+ — .
Bi k Tk n for unknown weights

where Ti is the sum of the y values invlving Bi in the positive sense
‘minus the sum of y values involving Bi in the negative sense (e.g., if
Ely) = Bi - Bﬁ' then y would be added to T; but subtracted from Tj)’ and
K is the value of the restraint (?B = X).

The standard deviation s ie given by

2 _ -2 2:
s = O 0Ty {Zdev?}
2 2 ZT:
TER e R e (13)

Designs for which a linear drift with time is balanced out are also
included (see [4] for details of the analysis).

A.2 Subsets of all distinct intercomparisons. For large k (say

k > 6) the number of possiﬁle pairings ‘becomes large enough that the
time involved in completing the measurements leads to a degradation of
the precision as environmental changes, operator, fatigue, etc., become
important. For that reason, subsets of the k(k-1)/2 pairings are used
to form the design.

In gome of the designs the sum of all weights ie taken as the
restraint.. This is appropriate when the design is used to monitor
within group behavior., 1In others, there is an implied grouping into

two classes the sum for one of which is taken as the restraint.
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A.3 Designs involving grouping Qf_weights. When differences

between groups of two or more weights are measured, a reduction in

the variance of the wvalues can be achieved in comparison with an equal
number of differences between single weights. However, for large k

the problems of identifying and handling the groupings may outweigh

the possible gain in efficiency. Bose and Cameron {2, 3} have tabulated
all designs up to k = 13 and give methods of construction for k 5_50,
for the special case of designs balanced so that all weights appear
equally often with each other on the same pan and a similar property
holds for their occurrence in opposite pans. Partially balanced

designs have been developed by Suryanarayana and Chakravarti [5, 11].

BR. DESIGNS FOR THE 2 2 . . . 1 11 . . . SERTES

When weights of nominal size 1 and 2 are involved, the construction
and analysis of the designs does not possess the simplicity and
symmetry of the case of all equal weights. The designs given under
Section B in Appendix A are a listing of those in common use. It is
not known how close they are to an "optimum" design.

¢. THE 5,3,2,1 aND 5,2,2,1 SERIES

The most commonly used sequences for weight sets are the 5,3,2,1
and the 5,2,2,1. These series permit one to achieve nominal wvalues from
one to ten and are the basic series for calibrating weight sets from
1 kilogram down to one milligram. The designs with the check standard
[C2, C1l0] are the ones used for all the calibrations of such series
at the National Bureau of Standards, and the complete analysis for
eaéh of these two designs is given in Appendix B. A complete example
from mass calibration at NBS is given for the 5,3,2,1,1,1 series on page 14,
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D. BINARY AND_MISCELLANEOUS SERIES

Binary series used for pound sets and some other miscellaneous
series used at NBS are included for completeness.

E. DESIGNS FOR DIRECT READING WITH CONSTANT LOAD

When a single pan balance is used as a direct reading device, the
time required to complete a set of measurements can be greatly reduced,
often with a significant reduction in the variance.associéted with the
measurements. To eliminate the effects of a linear drift in the
measurements, the set of weighings are repeated in reverse order, e.g.,
a,B,c,b,D,C,B,A for the four nominally equal weights A, B, C, and D.
The designs are, of course, applicable for groups of weights which are
nominally equal as shown in the tables for the 5,2,2,1 series.

An example is given of the use of these direct reading designs in

mass calibration .on page 17.

TREND ELIMINATION

When responses are time dependent due to temperature and atmospheric
changes, proper ordering can make the values for the weights independent
of any drift effect. The designs A.1.3, A.2.5, A.2.2, A.2.4, E.1, and
E.2 have this property. If one wishes to use the trend eliminating
property of the design (they are valid as given, of course), then one
can account for a drift effect of the form . . . =3A, -2A, =-A, 0, A,

20, 30 . , . if n is odd or by . , . -5A, -3A, =A, A, 3A, 5A . . . if

n is even. This will not change the computations for the weights or
their variances. However, the degrees of freedom are reduced by one

and the deviations.will be different. BAn example of this usage is
Design E.1 given in Tables 9 and 10, See [4] for details of the analysis,
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EXAMPLE OF CALIBRATION DESIGN IN MASS CALIBRATION

As an example of the calibration process employed in the mass
laboratory at NBS, consider six weights (50, 30, 20, 10, 10 and 10 grams)
which are to be calibrated using Design C.2. The complete analysis for
this design is given in ‘Table 5 in Appendix B.

The sum of the 50, 30 and 20 gram weights, estimated from a previous
series, forms the restraint, and one of the 10 gram weights is an NBS
standard.

If the calibration is done as a double substitution weighing on a
one pan balance, the given observations after converting the balance

readings to milligrams are:

¥, = .370
y, © -.499
y; = -.074
Yy = ~.079
-95 = ,395
y6 = ,395
Yq = -.454
yg = 405
Y_9 = 495
le = .095
Y = .490

The restraint given is m = 0.862
Denote the value of the correction to nominal size of the weights

50, 30, 20, 10, 10 and 10 grams by Bl, . e . 66 respectively. Using

14



the multipliers given under "Parameter Values,"

the least squares estimates of the Bi's as functions of the observations

are:

él = 5%5 {100(y +y +y oty + 60y, - 20(y ty tygt
Yot¥yotyyy) + 460m} = .395

§2 = 5—;-5 {-68(y1+y2+y3+y4) - 4y * ‘_124(y6+y7+y_8)
60(ygty, *yy,) + 276m} = .254

63 = 920 {‘326Y1+Y2+Y3+Y4) = 56y, - 104{y ty +y,) +
80(ygty, oty ) + 184m} = .213

§4 = 3%3 {119Yl+4Y2'111Y3+4Y4—108y5+128y6 - 102(y +yg) -
125(yg+y; o) - 10v,,+ 92m} = .069

B, - §§5 {-111y +119y, + 4y +y,) - 108y, - lo2y, + 128y, -
102y, - ;25y9 - 10y, - lZSyll + 92m} = ~,357

§6 = 5%3 f4yl-llly2+1l9y3+4y4-108y5-102(y6+y75 + 128y8 -

10y, - 125(y,,ty ) + 92m} = .070

~ ~

Note that Bl, Bz and B. necessarily sum to m.

3
The deviations or differences between the observed and calculated
values can be computed using the multipliers given under "Deviations" in

lable 5. For example, the deviatlion corresponding to ¥y is given by

S - - - -
dev; = 753 {98y1 17(y,ty,) - 40y, =~ 24y. - 38y, +

54y, + Blygtyg) + 3ly,, - 15y,,} = .0l6
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Similarly, dev, = =-.001

dev3v= -.003
dev4 = ~,007
dev5 = =,005
devé = =.002
dev7 = ,001
devB = .007
dev9 = ~-,006
devlo= .021
devll= -.010

The standard deviation for this calibration is

1 11
s={= I dev?
; i

5
}
6 i=1

= ,013

and would be used as an estimate of the process standard deviation if
that were not already established.

From the "Inverse" of normal equations we can compute the variance

for each estimate or linear combination in terms of the process

standard deviation O, For example,

50 2
920 ¢
82 2
920 °©
64 2
920 °

v(ﬁl) =

vE,)
v, =
V(Bliﬁz) = 5%5 {50 + 82 - 34 - 34}0% = é%%ﬁz
The usual correction for buoyancy has not been applied to these data
for the purpose of this example'since all the weights have the same

density with the exception of the check standard.
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EXAMPIE CF DIFECT BEADING DESIGH

It order to eliminate time derendency in a mass searies, a schadule
was dewveloped as in Table 10 in Appendix B which balances out the arif:
affest. In this example, the corvecticns to four kilogram weights are
to- be compdted vsing n = B gkgervations, Zince n is even, the drift
can be represented by ~74, -5A, =34, A, A, 3A, BA, TA., In addition te
four parametsry valuesz, Bl' Bz' EB and 64, for the weights and A Eor
drift, a walue for the tare weight T is computed., 7T alwaye appears
negatively in the desiqn because a direct reading iz actually the 2if-

ference between the unknown weight and the tare weight in the halanece,

The worrouilon Loy Lhie Lhided welghl 4y faken a5 KDown, hakely @ o= Ll MO,
and assuming for the purpose of this example, that any efZects dus to
tomperature or air density are negligible, the ohservations are:
= 96,112

¥, = 44,697

¥, = 3B,B55
v, = 44,150
[ = E
y= = 44.150
v, = 36.6B5
1

y. = 44,778
g = 39.207

Using the multipliers given under "Parameter Values" in

Table My the least =quarss estinetes of the perameters are given Lbyv:

17



==kl Qo k] o A
e ) b2

-

[=z

Associated variances in torms of

as follows:

Fhv, - v, - ¥ + v,y 4 m = 12 2060

1 o

2['_{2 - 1"?3 ¥ + }'?} T om = 17_97135

m = 11.%060

Flyy Pyy vy - ¥l +mo= 17,3860

L - - -

2y =¥+ m = ~36.7G40

EEE "r‘yl Eryz .31,.-3 " Yg F ¥y~ 3},6 - 5},? + T}.Sj = .coEw

the process standard devistion 0 are

TiBy) = ot
V(B = o
v{ES} -0
V(B = o
vidy = grﬂ
vik) = T%E at

The deviationz qr Ailfferences hetwoern the obgervad and calculated

values can be computed usirg the multincliers undas "Mewiaticono

Taixle 10,

devl

alnliariy,

For exemple,

I

_ I -
Teg 0ty ~ vy * ¥,

!

cev

dew

der

in

- ¥g) * 2y, -yl o+ Tive - yqi} = .00l

-.006
- 30

L7

1a



fey_ = =007

5
ﬂev6 = =, MG
dF_-'«.f,ji = 006
devs = =, 001

The standard deviatior s for this experiment iz

1 8 7
5 = {3 T dev, I = 009
i=1

srnd would be used in an ¥P-test to verify that this run had a standard

geviation consistent with the process standard deviation J.



APPENDIX 1

LIST OF DESICHZ

2. 2egiguns for Hominally Egqual Groups

2.1 All Disi:lpct Inmtercomparisons

A R Ke=13 n=3:
*2.1.2. k=4 n=5

L _ {Camaron-Hailes)
A.1.3. k=4 n==5 Trand Rlimimatson
n,. 1.4, k = & no= 10

{Camaron—Haileg)
1.5, k== = 10 . ;

A 1= meand Elimination
a.1.4, k=6 a =15

L.2 BSubsets of All Distinct Intercomoariszons

a.2,.1 k=¢ n= 5

L2,z k=686 n= 12 Trend Elimination
B.2.32 k=7 n = 1d

A.2.d k=7 n = 14 Trand Elimination
B.2.5 k=8 n =5

A.2.9 k=4 no= 12

2.7 k=28 n=15

L.2.B k=28 n =14 Trend Elimination
ALZ.9 k=19 n =12

E,2,10 k = L0 n =10

L4l k=10 n=1=2

A.Z.1Z h o= 1o n = 13

*Cotple—e analysis for 1,1,1,1 design given in Tableg 1 and 2
in Acpondix b,

240



4.3 Desigrs Involving Grouping of Weighta, « = np. of waights

in each group.

A.31 k=5 n = 1A v =3 {Bose-Camcron)
A.3.2 k=68 n=15% v =32 {Booe-Camaron)
3.3.3 k=17 n=>7 v o= 3 (Bose-Camercon)
A.3.d =1 n=7 v =4 (Bose—Camnercn)
A,3.5 E =2 n =14 v = 2 (Base-Cameron}
B.3.b k=9 no= 9 v =4 (Bose=Camerun})
2.3.7 k=12 nw=12 v=23 (Bose-Camaron}

B. 2¢2; o o o, 1,1, . . ., Dasigns

o.l 2,1,1,1 o— L o= g

B,2 2,1,1,1,1 © =5 gpo=13
*B,3 2,2,1,1 t=4 n=§

B.4 2,2,1.%.1 k=&  wmoeln
B.5 2,2,1,1,2,1 k=6 n =15
B.6 2;2,1,1,1,1,1 k=7 n=lb

‘3.7 2,2,1,1,1,1,1,1 k=8 n = 16

2.8  2,2,2,1,1,1 X =6 0 = 12
B.O 2,2,2,1,1,1 k=6 n=15
BE.I0  2,2,2,1,1,1,1 ke 3  ono=12

Rl 2,2,2,2,1,1

=
It
In
hn}
I
1=
-

*Conplete analvsis fer 2,2,1,1 dasign is given in Tables 2 and 4
in Appendix B,
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o, 5,3,2,1 and E,3,2,1 Series

o, 1 5,3,2,1,1
+2,2 5,3,2,1,1,1
2,3 5,3,2,2,1,-
2.4 5,3,2,2,1,1
=5 5,5,3,2,1,1
C.6 5,5,3,2,1,1,%
c.7 5,2,1,1,1

c.d 5,2,2,1,1

£,9 5,2,2,1,1

*¥*2,10 5,2,2,1,1,1

k

L

wn

ah

N, Birary and Miscellansous Series

D.1 4,2,2,1,1
D.2 4,2,2,1,1
o, 3 4,2,2,1,1
o4 §,2,2,1,1,1
5,5 4,4,2,1,1
D.6 4,4,2,2,1,1

1,7 4,4,2,2,1,1,1

L

I

1l

1

8

11

143

.

143

(Hay foxrd)

(Hayford)
Mayford:

iEoncit)

[(Benoit)

[(Banonit}

¥Complete analysis For 5,3,2,1,1,1 design in Tables 5 arnd 6 in Aprendix B.

F+rlomplete mnolvmic foxr BE,0,%,1, 1,1 dcpiyn in Tablee 7 apd @ in Appondin =2.



C.A 4,3,2,1,1 k=275 n==8 {Hayford)

0.9 4,2,2,1,1 k=25 n=2=4 {Benoit)

0.1ad 10,4,3,2,1,1 k=& n=10 (Hzyford)
D11 14,58,2,1,1,1 k=a n =4 (Hayford)
D,12 io,k,z2,2,1,1 k== n=48 [Havfoxrd)
D.l13 14,5,3,2,1,1 =05 n = 10 {Hayford)
0,14 £,4,3,2,1 =25 nw= 7 (Fayford)
D.15  10,5,4,3,2,1 K=6 r =10 (layfoxra)
o1& 5,5,4,3,2,) k=as r =5 (llayfors)

Dy 1D,6,5%,4,3,2,1 k=7 n=12 {Hayford}

E., Direcgt Readings

* =1 4 nominally egqual weights Trand eliminaticn

n.2 2,2,1,1 Trend alimination

*Complete analysis Zar direect reading design 1,1.1,1 iz giver in Tables 9
and 10 in Appendix B.



UsSkEsS OF THE DESLGNS

Desoription of Designs

Bach design lists k, the mumber of weights; n, the nuatber of
measuremantsy; and 4.7., khe degrees of fresdeom associzated with the
standard deviation.

Tha identificaticn cr nominal size of cach weignt Ei iz given next
ten the heading "“Obsarvaticrs."™ ¥(1), ¥{2), . . . deactes the neasurements
where + indicates the weight iz present positivaly, and - indicates the
waight is present negatiwvelwy,

For example, Derign A.1.1 involwves three equal weights, I used as
a starting design for 2 1 kg to I mg ge=, The tnres weoights would be
kilograms, and the first cbearvation Y (1} would e the difference hetween
the first and second Xilograms.

IWR TeSTralnte are Listed although othors ake poasible.  Usually
"Restrzint A" is appropriate for descsnding scrics invelving, for
example, 5 + 3 + I which would he calibrated as a "Ter" weight in the
highes serisc inwvelwing B0, 33; 20, 10. Por ogwending ooiices, “HReslralut
E" iz wewally a =zirgle unit weight,

In the ca=e of three egual weightsz, Restrairnt A takes the swn o
two kilegrame as kamwma Restraint B takeas the sirgle thied weight ac kho
refarence ztardard,

"Factors for Zomputing Standard Deviations" give the multipliers needed
to caloulate the standard deviatians of linesr comblhations nof +he weighta.

"WI" identifices the total weisht combination or load Li where

L. = & L,1,. Ei =0aorl

24



The next two columns undey Restxairts 4 snd B list the farctors D; where
; is calculated so that

_ _ 2 2
varlance{Li] = Di (o

Thea romaintng caluwms, ander the nemiraT sdires nfF Fhe waighte, chowr dha
actuzl weights involved in the combinatieon=, i.e, a + indicarces Li =1

and a hlank indicates Ei = {.

Selection of the Appropriate Deeign

The selection o the aswropriste design is usually dictated by the
set of weights to be calibrated and the reference standards one has
available, There is occasioenally some flexibility as, for example, if
cne were working up from 1 Kg to 100 kg frem a single reScrence kilogram.
If gither the 1,1,1,1,2 Series (Desiom §.2) or the 1,1,1,2,7 Series
{Desiqn E.4) were usable one would make the decision on tke basis of the
standard dewiation of 5, the 5 kg summation. In deasign B.2 the factor
for computing the standard deviaticn is L.6733, wieraas in B.4 it is
2.1999, [Even if one conpares the two standard deviations on an exual
mmber of observation basis {n = 13 vg, n = 1) ocna would bBave 1.6733 e,
1.2215 { = 2.180% ¥10/13)], The advantage cleavly s with design B.2
because in the next series, X5, 5, 5, 5, 10, the uncertainty assesiakted
with the starting standsrd TS5 iz snaller.

When fhe standard deviation for the weight combirations of intarest
{computed using the standard deviatiorn associated with #he measurcment
Procesg) exceeds the tolerancs Jiven by the requirements, then -one has

Lo conzider the feasikility of repeating a design *o reduce the standard

1 1 _
deviation factors by :E'_ lor ;;n if n repetitions are made).
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ADPENDIY R

LIET OQF TRBELES

Table Heights Design Reetraint
1 1,1,1,1 a.l.z2 Sum Two of two weights
2 1,1,1,1 - One woight
3 2,2,1,1 B.3 gam Feour of first two weights
4 2,2,1,1 B.3 One weight
5 S,3,2.1,1,1 c.2 Sum Ten of first three welghts
f o,3,2,.1,1,1 c.2 e welght
7 5,2,2,1,1,1 C.Lu S 'en 0 tikFEt TOoUY Weidnts
8 B,2.2,1,1,1 C.10 One waight
3 1,1,1,1 Direct reading E.1 sum Two of two weights
14 1,1,1,1 Direct reading B.1l one weight
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