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Askey scheme

Orthogonal polynomials

m Gabor Szegé, “Orthogonal Polynomials” (1959)

m A polynomial is an expression of finite length constructed from
variables and constants, i.e.,

pu(2) = co + crz + c22° + c3zt 4+ cp”

= An orthogonal (orthonormal) set of polynomials {p,(z)} is
defined by the relations

b
/ P (2)pn(2)w(z)dx = 6y -

m Askey scheme — a way of organizing orthogonal polynomials of
hypergeometric type into a hierarchy
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Askey scheme

ASKEY SCHEME
OF
HYPERGEOMETRIC
ORTHOGONAL POLYNOMIALS
o Wison R a0
35(3) ‘C‘mnw ‘ ‘ Dual Hahn ‘ 3F(3)
dual Hahn
2R(2) ’ Metmer ‘ ’ Tacobi ‘ Pmd? ‘ ’ Meixner ‘ ‘memhmlk 2R (2)
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Askey scheme

Classical continuous orthogonal polynomials

Orthog. polynomial | Symbol w(x) (a,b)

Wilson W, ‘F(“+”>F(bﬂ’;ﬂgfaf;““’)”d*”) | (0,00)

Cts. dual Hahn Sn |[Fetimrotimreria * | (g o)
Continuous Hahn Dn IT(a + iz)T(b + iz)|? (—00,00)
Meixner-Pollaczek ji) e6=mz |D(X + iz)[? (—00, 00)

Jacobi PP (1—2)%(1 + )8 (—1,1)

Laguerre Ly, e Tz (0, 00)
Hermite H, e @ (—00,00)
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Askey scheme
Factorials and generalized hypergeometric series

Euler’'s gamma function and factorial for non-negative integers

I'(z) := / t*“le7'dt, Rez>0, T(2)I(1—2)=
0

™

sin(mz)
I'n)=(m-1), neNy=0,1,2,...
Pochhammer symbol: the rising factorial in the complex plane
(@)p:=(a)(a+1)...(a+n—-1), (a)o:=1, a€C
I'(a+n)
(@) = —~—,
I'(a)
Generalized hypergeometric series

A i) = X el

ey

ag —-Ny=0,-1,-2,...
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Askey scheme

Example: Definition of the (continuous) Wilson polynomials

No symmetry in the parameters

Wy (2% a,b, ¢, d)
_ —n,n+a+b+c+d—-1a+ir,a—ixr
_(a+b)n(a+c)n(a+d)n4F3( a+b,a+catd 71>

Symmetry in the parameters

Wa(e% 0,b, ¢, d) = S 2nb z‘(si);;;); i) (d ~ iz)

7 —n,2ix—n,2’x—%n—i—l,a—i—im,b—i—im,c—i—iw,d—i—im .
X )
e im—%ml—n—a—l—ix,l—n—b—i—im,l—n—c—i—ix,l—n—d—i—ix
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Askey-Wilson g-Racah

g-Askey scheme

SCHEME
OF
BASIC HYPERGEOMETRIC
ORTHOGONAL POLYNOMIALS

Continuous
dual g-Hahn

Continucus Bi
5 g Hibn Dual ¢-Hahn
g-Hahn g-Jacobi

Al-Salam g-Meixner Continuous Big Little . Quantum Affine Dual
. . ' X ¢-Meixner ¢-Krawtchouk
Chihara Pollaczek g-Jacobi g-Laguerre g-Jacobi g-Rrawichouk g-Krawtchouk | | g-Krawtchouk
\\\/ // NG ‘
Continuous Continuons Little Béskal er Al-Salam Al-Salam
x - g-Laguerre g-Bessel g-Charl o ot
big g-Hermite | | g-Laguerre q-Laguerre Carlitz1 Carlitz I
ol e /Dlscmts y
g-Hermite Wigert g-Hermite [ g-Hermite IT
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g-Askey scheme

g-calculus

g-Pochhammer symbol

(a;q)n:=(1—a)(1l—aq)...(1— aq"_l), (a;q)p :=1
Notation

(a1, ar;@)n = (a1;@Qn - - - (ar; Pn
Basic hypergeometric series

¢ (al,...,ar'q Z> :i (al,...,ar;q)n <(_1)nq(g)>l+571‘zn
by, b)) T 2 (b

o o oy @ Gl

o0
at,. .. as+1 (at,...,a541;q)n 2"
+1¢( ) E
TN biyeensbs = (b, 05500 (G0)n
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Connection relations and generating functions

Connection relations and coefficients

P (2) =3 canle; HPP) (@)
k=0

What are the ¢, ;? This is a problem in orthogonal polynomials. In
general, one can compute connection relations by using orthogonality

b
/ P (@) PS (@) w(x)de = di()dk -

Therefore
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Connection relations and generating functions
Generating functions

:E y P & Z cn -T)

Examples:
m Hermite polynomials
[e.e]
1
exp(2zp — p*) = > | —p" Ha(x)
n=0

m Gegenbauer polynomials
TLCI/
(14 p? —2px)¥ Z 2

m Jacobi polynomials

2°tR™1(1 - p+R) (1 +p+R)P =) p"P*(a),

n=0
where R = /1 + p? — 2pz.
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Connection relations and generating functions

Ex: Laguerre polynomial connection rel. via generating fn.

Definition (orthogonal, monic):

n k
@ () = § (P Dok (=2)
L _Z D

Generating function

(1—p)! —B-1 zp o\ _ B—a — (8)
— (1 —p) ex =(1-p) E Ly (z)
(T—p) 17 p(/)—l) S

ZZ_)' P = (1-p)f = —(a_-,mjpj
k=0 j= J:

[en]
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Connection relations and generating functions

Example: Laguerre polynomial (cont.)

Connection relation (1 free parameter)

L) = Y enilas B) L (@),
k=0
where ( 9
a— B)n_
Cn k(0 B) = Tk)'k
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Generalized expansions

Generalizations of generating function families

Generalized hypergeometric orthogonal polynomials
m Laguerre polynomials

m Jacobi, Gegenbauer, Chebyshev and Legendre polynomials

Wilson polynomials

m Continuous Hahn polynomials

m Continuous dual Hahn polynomials
]

Meixner-Pollaczek polynomials

Basic hypergeometric orthogonal polynomials
Al-Salam-Carlitz Il
big/little g-Jacobi polynomials (ongoing)

m g-ultraspherical
/Rogers polynomials

m g-Laguerre polynomials Stieltjes-Wigert polynomials (ongoing)

m big g-Laguerre Askey-Wilson (ongoing)
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Generalized expansions

Example: Al-Salam-Carlitz Il generating function

Definition (orthogonal, monic):
- n
Vi) = (e Daon(* i L), a<o

Connection relation (1 free parameter)

k=0
where
BRI (P a B; @)n k(6T @)

nil e B) = (4 9k

Generating function:

1

(@p; q)oo 1¢>1< ,q,) z%qnn, Vi (z; )

Howard Cohl (NIST) Generalized expansions April 15, 2014 15 / 56



Generalized expansions

Example: Al-Salam-Carlitz Il (cont.)

Therefore:

0 n(n—1)

(@p; @)oo 1¢1<5p;q,p) I

—= (G Dn

Xiﬁn—qu(k—n)(qk—n—i-la/ﬁ; Oni(@™ k+1. L q)k V( )( )
— (@ ) g

Reverse the order of summation and let n+—n + &k

= oV (@, q)
= (@D

(@p; q)oo 1¢1(a 14, P)

1— n/ﬂ’ ) ( n+1. q)kq(n-‘rk)(n-i-k—l)pn

y Z ﬂn —nk(

n—=0 (Qa q)n+k
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Generalized expansions

Example: Al-Salam-Carlitz Il (cont.)

Using the properties of g-Pochhammer symbols:
(@; Dnvk = (a;@)nlag”, @)k,

(aq™™ @)n = (q/a; @)n(—a)"q¢ ™ (), a0,
one obtains after cancellation

k(k— 1)V(ﬁ)(

)iq@(g, ¢)n(—apg®)"

(@ Dn

(@p; @)oo 1¢1<@ 10, p ) Zp "

therefore with o, 3 < 0, one has

(ap; @)oo 1¢1< 14 P) Zp i (ﬁ)( )1</>1(ﬁ(/)a;q,oépqn)

TL

n=0
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Generalized expansions

Classical expansions for orthogonal polynomials

Gegenbauer generating function (1874)

'I‘LCI/
(14 p? —2px Z’O

Legendre generating function (1783)

1 o0
_— = PPy (x
V14 p?—2pz HZ:O )

Heine's reciprocal square root identity (1881)

1 V2 & 1 ifn=0
= ndn— Th(z), n ‘= g ’
Vz—z m ;GQ 1/2(2)Tn() ¢ {2 ifn=1,2,3,...

1 1l 1+ p?
o —W\/ﬁZGnin/2< 5 )Tn(l')

2px n=0
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Generalized expansions

Classical Gauss hypergeometric orthogonal polynomials

= Jacobi polynomials, o, 3 > —1, P\*? . C — C, defined as

(a+ 1)y -n,n+a+B+1 1,
2l ;
i a+1 2

PP (z) .=

1
/ PP ()PP () (1 — 2)*(1 + z)Pdx
-1
2D (a+n+ DI(B+n+1)

= 1 9m,n

Cn+a+pf+ D (a+B+n+1)n

= Gegenbauer polynomials, p € (—1,00) \ {0}, C : C — C, defined
as

2 —n,n+2u 1—z
cu(z) = By HLloE)

QM)n —1/2,u—1/2
—lPT(L# /2,n—1/2)
2
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Generalized expansions

Classical Gauss hypergeometric orthogonal polynomials

= Legendre polynomials:
Pu(2) = Cy/%(2)
m Chebyshev polynomials of the 1st kind:
T, (cos 0) = cos(nbh)

1
Th(z) = — lim ni i

CH
o fm — —Cn(2)

m Chebyshev polynomials of the 2nd kind:
Un(2) = Cy(2)
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Generalized expansions

Special functions: associated Legendre functions

m Ferrers function of the first kind: P, : (-1,1) — C
(associated Legendre function of the first kind on the cut)

1 [142]"? 1-z
PN = F — 1 1 _ .
I/(x) F(l—,u) _1—1‘_ 2 1( v, v+ 13 s 9 )
m Legendre function of the first kind: P} : C\ (—o0,1] — C
1 [z41]*? 1— 2
V(Z) F(].—/,L) _Z—l_ 2 1( v,v+ 1 3 92 )
m Legendre function of the second kind, Q) : C\ (-0, 1] — C
_ /mE™T (v + p+ 1) (22 — 1)H/2

2 HT (v 4 3)zvHutl

v+pu+2 v+p+1 31
F . .
X 2 1( 9 ) 5 aV+2’Z2

Qy(2) :
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Generalized expansions

The alg. functions /1 + p? — 2px, \/z — x from geometry

The distance between two points x,x’ € R% in a polyspherical
coordinate system on R? is given by

|Ix — x| = \/7’2+r’2 — 2r7r' cos 7y, (1)
/
where r = ||x||, v’ = [|x/||, and cosy = — . If you define
. rT
r< = i Ar, 7'}, then you can rewrite (1) as

2
||x—x’||:r>\/1+(r—<) —2r—<cos7,
> >

: r
or with p:= — and & := cos~y we have

>
|x = x| = r>/14 p? — 2pz,

where p € (0,1). The other option is:

) . 1 1 1+ p?
|x — X'|| = V2rr'y/z — x, where =3 p—l—; = % € (1,00)
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Generalized expansions

Szeg6 transformation

1+ p?
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Generalized expansions

Expansion of an analytic function in orthogonal polynomials

Theorem (Szegd): Let the weight function w(z) on [—1,1] have a
geometric mean, and let {p,(z)} be the associated orthonormal
systems of polynomials. Let f be an analytic function on [—1,1] and
let

f(x) = Z fnpn(x) (2)
n=0
and

1
fo = / f@pu(@u()ds

be its orthogonal polynomial expansion. Let £ be the largest ellipse
with foci at £1 in the interior of which f is regular. Then the
orthogonal polynomial expansion (2) is convergent with the sum f(z)
in the interior of £ and divergent in the exterior of £. The convergence
is uniform on every closed set lying in the interior of the ellipse.
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Generalized expansions
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Generalized expansions

Obtaining generalizations: Gegenbauer generating function

Gegenbauer generating function:

n=0
Connection relation:
Cl(z) = = Lnfj( +n—ory Wk o o)
s R+ Dy o2l
Gegenbauer expansion:
1 2,u+% F(M)ein(ufll+%) €9 yop—1
= = n+w@Q - 1(2)Ch(z 3
(z=2)"  /AD@)(x2-1)3" "1 nz:%( P} 0

Implies Chebyshev 1st kind expansion (see Cohl & Dominici (2011)):

1 9 eiﬂ(%ﬂ/) o b
EEEE \/;r(y)(z2 — 151 ;E”Qn— ()T (),
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Generalized expansions

Jacobi generalizations of Gegenbauer generating function

Gegenbauer—Jacobi generating function:

pU b
041)—2m: §:p G

Jacobi connection relation (2 free parameters) Ismail (2005)

ﬂ) chk a 677a ( )7

, (et b+ gntat+ B+ (v +o4+k+1)
Cn,k(aaﬁa775) T (n_k)ll"(fy_i_5+2k+ 1)
< —n+kntk+atf+ly+k+1
X 3Fy

at+k+1,7+06+2k+2
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Generalized expansions

Jacobi generalization of Gegenbauer generating function

Let o, > —1, z € C\ (=00, 1] — C, on any ellipse with foci at +1 and x
in the interior of that ellipse. Then

1 (=1t (z 4+ )AL
(z—z)¥ go+B+1—v
o
2n+a+ B+ D0+ B+n+ D)n (at1=1,8+1-1) , 1 p(a.d)
9. P 9
XZ; Fla+n+ 1B +n+1) Qi (2) P, (x)
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Generalized expansions
Jacobi function of the second kind

Jacobi function of the 2nd kind Q{™? : C\ (=0, 1] — C defined by

Q@B () = 208 Mo+ v+ DI(B+7+1)
K (a+ 8427+ 2)(z — 1)2trtl(z +1)8

< o F y+La+y+1 2
I a4+ B+2y+2 127

where a+v,8+ v ¢ —N.

Lemma. Let n € No, p€ C\ {—3,-2,-5,...}, v € C\ —Ny,
z € C\ (—o00,1],

0 im(pu—v i
Q(H_V'F%,H—V-F%)( ) . 2#7var (N +n+ %) e (p=v+3) QV—,u—
n+v—1 - F(l/ + n)(z2 _ 1)(;;—1/)/24—1/4 ntp—

(2).

D[ N[ =
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Generalized expansions
Tom Koornwinder mention

The above expansion is consistent with the Jacobi binomial expansion
given in Koekoek & Koekoek (2007), namely for n € Ny,

(z — )" = (=1)"2"nIT(a + 3 + 1)

n

(2k+a+ B8+ 1)(a+ B+ Dk j(—a—n—1,—F—n-1),_\ p(a5)
P : P
XZ T(a+B+n+k+2) "k (@B (@)

=0

The consistency is established through the formula

pla-n-t-p-n—1) ) _ (~)™T(a+ B +n+k+2)
20484241 (n — ) T(a+ k+ DI(B+k+1)

><(Z - 1)a+n+1(z + 1)ﬁ+n+1 Q oz_—;n—;l ﬁ+n+1)(z)
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Generalized expansions

Jacobi polynomials: P“? . C — C

DLMF (18.12.3) generating function

1 Lﬁﬂ’ atf+2 2p(1 + )
arpri2tl ? 2 2
(1+p) B+1 (L+p)

B <p<12+x>)6/2 e E2 (1 R ,,)

_Z 0“"/3"'1" pP(eB) (),

Ismail (2005) (4.3.2) generating functlon

(a+B8+1)(1+p) 7 ( CErR —"+g+3 —2p(1 — x))

2 — N Y
(1 — p)otht+2 at+l 7 (1-p)?

_ ( 2 )a/2 (a+500+ 1)F({}3$p)1“(a+1)13ﬁil (I;Rp)

p(1 —x) )
:T;)(Qn-l-a-kﬂ-l-l)w p PP (),
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Generalized expansions

Generalized expansions for Jacobi polynomials

Letm e Ny, a, > -1,z €[-1,1],pe{z€ C:|z| <1} \(-1,0]. Then

1+2)P2 s (ﬂ)

Ra+m-+1 a+m R

p~etD/2 2 nta+ B+ D) (a+B+n+1)(atB+m+1)y,

~ 2PR(1 - pym = LB+n+1)
x pmof=am=l (#) PB) (g),
—p
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Generalized expansions

Generalized expansions for Jacobi polynomials

Theorem

LetaeC,vy, >—-1,pe{zeC:lz| <1} \(-1,0], x € [-1,1]. Then
(14 x)75/2 ps 1+p
(14 p? — 2px)(°‘+1)/2 @ /1 + 0% —2px

B v+ 06+1)
- 20/2T(B + 1)(1 — p)a—7p(r+1)/2

=~ (2k+7+ B+ 1)(y+ B+ Vi (a+ B+ 1)
X% (B+ D

—y—B-2k—1 (1 +p B
XPV_A/QB (rp P]SY )(Zlﬁ)
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Generalized expansions

(1+2z)™ B/2

pA

(1 + p? — 2pz)(tD)/2 Fa

1+p
1+ p2 —2pz

T(y+8+1)

= BRT(G+ 1)1 - pyo—r1p0 D2
Theorem 1 in Cohl & MacKenzie (2013) JCA and Theorem 4 in Cohl, MacKenzie & Volkmer (2013) JMAA

B+

Z Cn+r+8+1)(y+B8+1a (&+ﬂ+1)2nP i B-2n-1

(12 o

Py

z—x

Heine (1851) Heine's formula

72 24 1)Qu(2) Pa(2)

Z PO (a

1+p2- 2pz =

Gegenbauer (1874) generating function

Z €nQn—1/2(2)Tn(2)

Helne (1881)

™~

(22— 1)1-/2 &
~ e =Dr(y) £
(13) in Cohl (2013) ITSF

Z<2n+ 1@ (2) Pa(a)

o0

!

1 \/E(Zz _ 1)—v/2+1/4
(z—ay  Vr emv-1/271())
x Z E,‘ani/i T(z)
n=0

(3.10) in Cohl & Dominici (2011) PRA

1 2““/21’(;1)5” u—1/2) 4172
T A hE Q) /
(7.2) in Durand, Flshbane & Simmons (1976) 1 2H1/2D () etr (v +1/2)
\ \, (z—a)  JaD)(2 - 1)w-w2-173
o
i — 71/2 0
1 (z—l)“(er1)”§:(2n+a+/i+1)1“(a+d+n+l) ! o) ()P 2) XD (n+ mQy 152 Chi(x)
-z 20+8 Tla+1+n)l(B+1+n) n 5
=0 Theorem 2.1 in Cohl (2013) ITSF
(9.2.1) in Szegt (1959) /
L _ 1)atl-v BH1—v 4
1 _ (E= ‘(zjr 1)8+1 (2n+a+d+1)F(a#/»/3+n+1)(V)"Q(,,rl:ly_ﬁﬂ,y)(Z)Psmg)(z)
(z —x)¥ 20+f+1-v = Ta@+n+1)I(B+n+1) e
Theorem 1 in Cohl (2013) SIGMA
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Expansions for Jacobi polynomials
Other Jacobi generating functions

Connection relation (1 free parameter)

B+ 1n
(Y+B8+1D(v+B+2)n

Plf) () =

"yt B+ 2+ 1)y + B+ i (n+ B+ o+ D@ = Vnek or8)
szzo B+De(n+vy+8+2)(n—k) P ().

Generating function for Jacobi polynomials: DLMF (18.12.1)

Z p" PP (g

R(L+R—p) (1+R+p)” =

where R := /1 + p2 — 2pz.
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Expansions for Jacobi polynomials

Generalized expansions for Jacobi polynomials

Theorem

LetaeC,vy, >—-1,pe{zeC:|z| <1}, x € [-1,1]. Then
20+h

R(1+R—p)*(1+R+p)’

1 & @ty B+ D+ B+ () (=52

e (Oé—i-ﬂ-i-l)k ('y+,g+2>k ('y+,g+3)k

B+k+l,a+B+2k+1,a—
><3F2< ! p év’ﬁ)( )-

a+ﬂ+k+L7+ﬂ+2k+2’p
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Expansions for Jacobi polynomials

Generalized expansions for Jacobi polynomials

LetaecC,vy, >-1,pe{zeC:|z| <1}, x € [-1,1]. Then

(= x)p)m (= x)p)m T (VT =)p) 15 (V2T +)0)
1

(y+B+ 1T (a+ )T(B+1)
© (2k+y+B+1)(v+B+ 1k <a+§+1)k (a+ﬁ+2>k

2

o (0t Ve (B+ D la+ 0+ 1) (22222) (22483}

X

2k+a+ 0+ 1,a— i k p(1:08)
X2F3(a+6+k+1,7+ﬁ+2k+2,a+k+1’p)ppk (z)
-y P Pl ().

—(a+1+n)(B+1+n) "
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Expansions for Jacobi polynomials

Gegenbauer polynomials: C# : C — C

Generating function from (9.8.32) of Koekoek, Lesky & Swarttouw
(2010)

AN2a—A 1-—R-— AN2a—A 1-R
o Iy . ;—p o Iy . ;—+p
04+§ 2 Oé‘i‘g 2
Fz(a—l—%)

T T olj2-a

pl/2 pl/2-
a//\o‘lﬂ(\/l—i-p —pr—i-p) a//\fél/2 <\/1+p2—2px—p>

_OO )‘)nna
—ZQQ 71,/ G

n=0

(1 - x2)1/4—a/2p1/2—a
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Expansions for Jacobi polynomials

Generalized expansions for Gegenbauer polynomials

Leta,p € C, v e (—5,0)\ {0}, pe{z€C:|z| <1}, z € [-1,1].
Then

(1 . x2)1/4—/,L/2

1/2 1/2—
><PM/O[/11/2 (,/1+p2—2pm+p) Pu/—ozfl/Z <\/1+p2_2pa:—p>
21/2—#

_ = (@aCu— ) (Wn ineyy
“ T2 2 G Tt nt 12

a—l—n a+n+1 2 a+n 2 a+n+1
= = H—vipEn
Xofs 2utn 2utntl ptntsg M+n+ 10" | Cu(@).
b=, A, 2, ,2V+1+n
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Expansions for Jacobi polynomials

Associated Legendre function, Ferrers functions, and

Gegenbauer polynomials

If n € No, then through DLMF (14.3.22)

207120 ()l
- VT (2u +n)
and from DLMF (14.3.21), one has

pYER )

n+p—1/2 (22 - 1)#/2—1/4 C#(Z)a

1/2—p 207121 (p)nl _2\u/2-1/4 fp
n+u—1/2(l‘) - ﬁF(Qu—i—n)u T ) Cn(x)
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Expansions for Jacobi polynomials
Gegenbauer expansions

For specific values can be this nice expansion

TL 2 n
C(R +p)CH(R - p) = 3 Z “*m) FO(z),

n §)n "

and from the above generalized result we have

2 i I/ TL m)n

—m+4n —m+n+1 2 +m+n 2 +m+n+1
F 2 ’ a = N e Y U O} 9 "CV( )
X 6l'5 P PLn(T),
2 2 1 M+n+ M—l—n-‘r
poen Zutntl B2 2 v+1+n

which reduces to above formula when v = .
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Expansions in Wilson polynomials
Wilson polynomials

W (z% a,b,¢,d) := (a + b)n(a+ c)n(a+d),
—n,n+a+b+c+d—-1a+ix,a—ix
><4F3 ;1 0
a+ba+ca+d

Connection relation with one free parameter for the Wilson
polynomials

2. B - n! 9.
Wn(x,a,b,c,d)—kzzo—k!(n_k)!wk(x,a,b,c,h)
(Otatbrotd=Di(@d=Moilhta+bloplbtateos
k+b+o)t (k+a+btcth—1)p2k+a+b+c+h)
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Expansions in Wilson polynomials

Generalized generating function for Wilson polynomials

Theorem

Letpe{ze€C:|z| <1}, 2 € (0,00), Ra,Rb,Re, Rd,Rh > 0 and
non-real parameters a, b, c,d, h occurring in conjugate pairs. Then

a+iz, b+ix c—izr,d—1ix
F ip | ok ;
21< atb ,0>21< ctd P)

:i (k+ta+b+c+d—1)
= (ktat+b+cth—1k(a+b)(ct+dik!

7 d—h,2k+a+b+c+d—1, k+a+c, k+b+c
% :
s k+a+b+c+d—1,2k+a+b+c+h,k:+c+d’p

X pk Wi (a:2; a, b, c, h) .
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Expansions in Wilson polynomials

Generalized generating function for Wilson polynomials

Let pe C, |p| <1, z € (0,00), and a,b, c,d, h complex parameters with

positive real parts, non-real parameters occurring in conjugate pairs among
a,b,c,d and a,b,c,h. Then

(1 . p) l1—a—b—c—d

fa+b+c+d—1),3(a+b+c+d),a+iz,a—iz 4p
><4F3 ) 2
a+ba+ca+d (1-p)

_i (k+a+bt+c+td—1pla+db+c+d—1);

Za(k+ta+b+cth— 1o+ bla+ crlat dkl”

%k +a+b+ctd—1,d—hk+b+c .
X?’FQ( % +atbtcthatdtk ’p)Wk(x’“’b’c’h)
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Expansions in continuous dual Hahn polynomials

Continuous dual Hahn polynomials

2. . —n,a+1r,a —iT
Sn(a:,a,b,c).(a—l—b)n(a—i-c)ngFg( a4 bate ,1),

where a, b, c > 0, except for possibly a pair of complex conjugates with
positive real parts. Connection coefficient for the continuous dual
Hahn polynomials with two free parameters.

Lemma

Let x € (0,00), and a,b,c, f,g € C with positive real parts and non-real
values appearing in conjugate pairs among a,b,c and a, f,g. Then

S, (2% a,b,¢)= Zk" k:-l—a-l—b)n k(k+a+ c)n_rSk(2?;a, f,9)

o F k—n,k-l—a-l—f,k-l—a-l—g.l
352 k+a+bk+at+ec ')
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Expansions in continuous dual Hahn polynomials

Generalized gen. fn. for continuous dual-Hahn polynomials

Let p € C with |p| < 1, z € (0,00) and a,b, c,d, f > 0 except for possibly
pairs of complex conjugates with positive real parts among a, b, c and
a,d, f. Then

_ N—dtiz a+iz,b+ir
(1-p) 2F1( atb P

ZSkx adf) JF) (b—f,k—l—a%—d;p)'

(a+b) k+a+0b

Theorem

Let p e C, z € (0,00), and a,b, c,d > 0 except for possibly a pair of
complex conjugates with positive real parts among a,b,c and a,b,d. Then

+ix,a —ix = pFSk(2?;a,b,d) c—d
4 F a ) . — F . .
e 2( at+batc’ p) kzzo(a—i-b)k(a—i-c)kkll Nk+atc’?
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Expansions in Meixner-Pollaczek

Connection relation for Meixner-Pollaczek polynomials

If A\ >0 and ¢ € (0,7), then the Meixner-Pollaczek polynomials are
orthogonal

20, = ] Y
N (2; ¢) := (n) Z”‘ﬁﬁ“( n’Q)\;m;l—eQ"f’).

Connection relation with one free parameter:

Let A > 0,¢,¢ € (0,7). Then

N () Ny ) N .
P 9) = kZO (n—k)! £ sin® gsin™ (v — 6) P (33 ).
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Expansions in Meixner-Pollaczek

Expansions for Meixner-Pollaczek polynomials

Let \>0,¢,0€ (0,7), z € R, and p € C such that

|pl(sin ¢ + | sin(y) — ¢)|) < sin¢).
Then

(1 . eiqbp)—)\—i—ia:(l . e—iqb )—)\—iw

p
_ (1, -9 _”ipw(x.w)%

P Sin?/} e~ k ) P
where
psin ¢

P = g — psm($—9)’

etc. for continuous Hahn polynomials
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Expansions in Rogers polynomials
Some results for ¢-Pochhammer symbols

(@; Qngr = (a;9)n(aq"; @)k,
(a;q)2n = (a,aq; ¢*)n,
(ag™";q)n = (a'g; q)n(—a)”q*"*(g), a#0,

(@O,
aq”; q)n,
a;q)n( 4" @n

(ag";q)k =

—

(a2; q2)n = (a7 —a; Q)ny

(—a?;¢*)n = (ia, —ia; q)n.
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Expansions in Rogers polynomials

The g-ultraspherical /Rogers polynomials

Definition (orthogonal) for |3| < 1

(8% @)nBB~"2 q ", 32", B2, /2
Cn(w; Blq) := WM?’ < Bq\/2. — 5, —Bg\/? $d, q)
(8% q)n B3 e ¢ ", B, B>
- R < @o 0!
(8; @)ne™ "B .
= W2¢1 ( ﬂ_lql_" 14,98 le 20) )

where z = cosf.
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Expansions in Rogers polynomials

Let x € [-1,1], B € (=1,1)\ {0}, ¢ € (0,1). Then

1 . 1 . 1 . 1 1 .
3¢ 20 — —B2e ¥, _Bzgze* .
201 p (/O;q) rq,e 0t | 2oy p qu ;q, et
Bq? Bq2

1 & (8,—B, —Ba%; @)nl(l — yg)t"
>

; Co(370)
=723 (8% Baz,q7; @n e
crody( B PTiBI)E, ~i(Ba) (B3, —i(Be
n—|—1 ﬁqn/2 ﬂqn/Q ﬂq (n+1)/ 5(1 (n+1)/2 (ﬁ n+§)§7
(ﬁqn+ )2, —i(Bg" )2, z(ﬁq”+3/2)2 —i(Bq" )2

(ﬁanr ) (ﬂq'ﬂ+3/2) (ﬂq”+3/2) ;q77t2)
0o (_ﬁa —ﬁq 1 q )n .
nz:% (8%, 84"/2;q)n (; Blg)t
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Expansions in Rogers polynomials

Letz € [-1,1], B € (—1,1)\ {0}, g € (0,1). Then

(7€t @)oo ( 75,83 i >
TR 3¢2 34, € t
o0 82,9t

1 = (8,7:¢)n(1
Z(ﬂVQ)(

174 (Bavign

><6<Z55<

7

Cn(x;7]q)

B/, 84" (va*)2, —(1g") nt1)3, _(yqntl)z

> (wq
Bq™?, —Bq?, B +D/2)

/2, ygntt

(g
— B 1/

x; Blg)t"

etc. for g-ultraspherical /Rogers polynomials.
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Expansions in g-Laguerre polynomials

The g-Laguerre polynomials

Definition (orthogonal) a > —1

*iq -
L) (z;.q) = W 101 ( qqa+1 1, —q’”o‘“x)
b n
1 . —x
=@ 201 ( 1 0 ,q7qn+a+1>-
bl n
Connection relation
L (z;q)
qn(a_ﬁ) n . n—j . - _
=G =V 32 (@4 @) (P @)y L (25.)
I n ]:0
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Expansions in g-Laguerre polynomials

Generalized generating function for ¢-Laguerre

Let o« > —1. Then

1 _
y 4, — t okl
e 091 ( gott 14 T )

i (g @A tyn L) (x; q) ( g°=5,0 )
— 2P1 )

;3 q,t
(*t15q)y gttt
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Expansions in g-Laguerre polynomials

Generalized generating function for g-Laguerre (cont.)

Let o« > —1. Then

(t;9)o0 002 ( qa; L0 —qo‘“xt)

® (—tgeByng(3) P a—p
= Z 4 )Oé+1 q) ( q) 1¢1 ( qg—i-n—i-l ’q7qnt)

Z a+1 L(a) (z; )"

etc. for g-Laguerre and etc. for little ¢g-Laguerre.
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Final Remarks

Final Remarks & see publications

m Definite integrals from orthogonality for the basic case
m Discrete hypergeometric orthogonal polynomials
m Big/little ¢-Jacobi, continuous ¢-Jacobi, Askey-Wilson

m “On a generalization of the generating function for Gegenbauer polynomials,” H. S.
Cohl, 2013, Integral Transforms and Special Functions, 24, 10, 807-816, 10 pp.

m “Generalizations and specializations of generating functions for Jacobi, Gegenbauer,
Chebyshev and Legendre polynomials with definite integrals,” H. S. Cohl and
Connor MacKenzie, 2013, Journal of Classical Analysis, 3, 1, 17-33, 17 pp.

m “Fourier, Gegenbauer and Jacobi expansions for a power-law fundamental solution
of the polyharmonic equation and polyspherical addition theorems,” H. S. Cohl,
2013, Symmetry, Integrability and Geometry: Methods and Applications, 9, 042,
26 pp.

m “Generalizations of generating functions for hypergeometric orthogonal polynomials
with definite integrals,” H. S. Cohl, Connor MacKenzie, and H. Volkmer, 2013,
Journal of Mathematical Analysis and Applications, 407, 2, 211-225, 15 pp.

m “Generalized generating functions for higher continuous orthogonal polynomials in
the Askey scheme,” M. A. Baeder, H. S. Cohl, H. Volkmer (submitted).
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