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Abstract: We present a technique for characterizing and modeling random vector network analyzer 
measurement errors. These errors manifest themselves as random changes or drift of vector network 
analyzer calibration coefficients. We model a change of calibration coefficients as a set of small 
electrically lumped perturbations occurring at different locations in the vector network analyzer. We  
then use measurements of a highly reflective offset termination to determine electrical parameters 
and locations of these perturbations. Our technique is the first step toward developing a statistical 
description of random vector network analyzer measurement errors and accounting for them in the 
measurement uncertainty analysis. 

I. Introduction 
We present a technique for characterizing and modeling random vector network analyzer (VNA) 

measurement errors. These errors manifest themselves as random changes of the VNA’s calibration coefficients 
and are caused primarily by temperature and humidity drift, cable flexure, imperfect connector repeatability, 
noise and power-level fluctuations [1].  Our technique provides a useful tool for characterizing these changes. It 
is also the first step toward developing a statistical description of these changes and accounting for them in the 
VNA measurement uncertainty analysis.  

We model the change of the calibration coefficients as a set of small electrically lumped perturbations 
occurring at different distances from the reference plane. We describe each of these perturbations with a lumped-
element equivalent circuit, as proposed in [2]. However, we extend the approach of  [2], which was intended 
only for describing imperfect connector repeatability, by also identifying the perturbations that occur away from 
the reference plane. In this way we can account for changes of the electrical parameters of the VNA taking place 
inside the cables, connectors and the VNA itself.  

We characterize the change of the calibration coefficients using a highly reflective offset termination (e.g., 
offset short or offset open), as proposed in [2]. We compare repeated measurements of the termination, taken as 
the calibration coefficients change. From the difference of those measurements we determine parameters that 
model perturbations responsible for the change (i.e., locations of the perturbations and their electrical 
parameters).  We propose a new approach for identifying these parameters that is based on a linear least-squares 
estimation technique and iterative analysis. Finally, we verify our technique with experimental results. 

The main application of our technique is in development of a statistical description for random changes of 
the VNA’s calibration coefficients. Here, we use an example of cable flexure to illustrate. When our technique is 
used an offset termination is connected to the cable and measured multiple times. Before each measurement, the 
cable is placed in a new and randomly chosen position and then parameters of the electrical model describing the 
measured change of the calibration coefficients are identified. A statistical description for the variation of these 
parameters is then developed, forming a statistical model for the changes of the calibration coefficients due to 
cable flexure.  In a similar way, changes due to drift and imperfect connector repeatability can also be 
statistically characterized. 

The approach for the statistical characterization of random changes of the VNA’s calibration coefficients 
that we suggest differs from the typical approach based on the multivariate analysis of variance [3]. In the typical 
approach one performs repeated VNA calibrations and then identifies statistically independent mechanisms that 
contribute to the random changes of the calibration coefficients. Each of these components is then characterized 
with a covariance matrix describing the uncertainty of the calibration coefficients due to this component. 

The advantage of the multivariate analysis of variance is that it delivers a complete and rigorous description 
of random measurements errors. However, due to the large number of measurements required, it is difficult to 
implement in practice. This is also a purely statistical approach, and provides no insight into the physics of the 
errors. 

The approach we pursue is easier to implement in practice. It requires only a single reflection-coefficient 
measurement to characterize the change of the calibration coefficients, making it easier to independently analyze 
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changes due to different error mechanisms. However, this approach is approximate, since our model puts 
restrictions on the electrical character of the change of the calibration coefficients we can capture. At the same 
time, though, we can gain a better understanding of the physical mechanisms underlying the observed changes.  

II. Theory 
Our technique for characterizing and modeling changes in the calibration coefficients of the VNA relies on 

the “error-box” representation of VNA errors [4]. This representation uses electrical two-ports, commonly 
referred to as error-boxes, to describe the electrical behavior of each of the VNA’s ports (i.e., cables, couplers 
and receivers). For VNAs with more than one port, this representation is augmented with additional terms 
accounting for the cross-talk between the ports and errors introduced by the switch that connects the source to 
the ports. These terms are usually small, and we neglect them in our analysis.  

As the error-box description is identical for each port, we can develop our technique by focusing on a single 
port. We propose a model for error-box changes and then analyze how these changes affect corrected VNA 
measurements. Then, we develop a procedure for identifying the parameters of the model. The procedure is 
based on reflection-coefficient measurements of a highly reflective offset termination. 

A.  Model for error-box changes  
We base our model for error-box changes on the assumption that the 

error-box itself can be modeled as a set of electrically lumped discontinuities 
connected with transmission-line sections. Therefore, we postulate that a 
small change of the error-box parameters can be represented by a set of 
lumped-element perturbations that occur at different fixed locations in the 
VNA.  The circuit in Figure 1 models a single perturbation and consists of 
small perturbations of the shunt capacitance δC, series inductance δL, series 
resistance δR, and characteristic impedance δZ0. Perturbations δC, δL, and δZ0 are frequency independent. The 
resistance perturbation δR  is a sum of two components: a frequency-independent change of the DC resistance, 
δRDC, and a change of the skin-depth resistance δRRF =δRRF,0(f / f0)1/2, where δRRF,0 is the skin depth resistance at 
the reference frequency f0.  The circuit in Figure 1 can describe several different types of perturbations. For 
example, the shunt capacitance and the series resistance and inductance can model small length changes of a 
transmission-line section. These same elements can also model small changes of the electrical parameters of 
discontinuities. The transformer can model small changes of transmission-line characteristic impedance. 

In the following, we analyze how these small perturbations affect corrected VNA measurements. We first 
consider a single perturbation that occurs at some arbitrary location inside the VNA and is described with the 
equivalent circuit shown in Figure 1. We analyze the de-embedding procedure and determine a resulting change 
of a corrected VNA measurement. Finally, we consider all of the perturbations and  determine the overall error in 
corrected VNA measurements. 

 Consider a calibrated one-port VNA with an error box described by a transmission matrix T. After some 
period the VNA error-box parameters change to a new transmission matrix T/. We assume that the change is due 
to a small perturbation that has occurred at some location inside the error-box. We describe the perturbation with 
a transmission matrix ∆Tn (scattering matrix ∆Sn), where n is the index of the perturbation. For small 
perturbations of δC, δL, δR, and δZ0  we can write approximately 
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where εR1,n, εR2,n and εT,n are small numbers. The numbers εR1,n, εR2,n and εT,n are, to first order, linear 
combinations of  ωδC, ωδL, δR  and δZ0.  

In order to express T/ using ∆Tn, we split the error box T into two parts. We describe the part between the 
raw measurement plane and the plane, where the perturbation in Figure 1 is located, with a matrix T1. The 
remaining part of the error box is represented by a matrix T2. Thus we can write T=T1T2 and T/=T1∆TnT2.  

We represent the error in corrected VNA measurements due to the perturbation ∆Tn by cascading a 
transmission matrix ∆Te,n with the error-box transmission matrix T. Thus, we can write the matrix ∆Te,n as 
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In order to expand (2) we make use of the assumption, made earlier, that the error-box can be seen as a set of 
electrically lumped discontinuities connected with transmission-line sections. Hence, we can write approximately 

2 2,
1

n

i
i=

= ∏T T ,  
( )

( )
,

,

l
, 1,

2,
2, ,

1

1

n i

n i

j
T i R i

i j l
R i T i

e

e

β

β

δ δ

δ δ

− −
 ≈
 − + 

T ,                                         (3) 

where δR1,i, δR2,i and δT,i are small numbers, β is the propagation constant, ln,i is the physical length of the i-th 
section, i is the index of the section. By inserting (3) into (2) and considering only first-order terms we obtain 

Figure 1. Equivalent circuit 
for a single perturbation of 

error-box parameters. 
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where ln= ln,1+…+ ln,M is the distance of the perturbation from the reference plane. Finally, since we assumed that 
the perturbations are small, we can neglect multiple reflections and write the overall error as the linear 
combination 
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where N+1 is the number of perturbations. We assume that l0=0, which corresponds to a perturbation at the 
reference plane.  

Expression (5) describes the overall error in corrected VNA measurements due to small perturbations 
occurring inside the VNA error box. It shows that, to first order, this error depends only on the electrical 
parameters of the perturbations and their distances from the reference plane, and is independent of the calibration 
coefficients. Moreover, the transmission terms of the matrix ∆Te do not depend on the distance of the 
perturbation from the reference plane, whereas the reflection terms are multiplied only by an additional phase-
shift term corresponding  to the round trip of the signal between the reference and perturbation planes. 

B. Determination of model parameters 
We determine parameters of the model for VNA error-box changes using reflection-coefficient measurements 

of a highly reflective offset termination. We  perform two different corrected measurements Γ1 and Γ2 of the 
termination. The difference between the measurements results from the change of VNA error-box parameters.  
Therefore, we use Γ1 and the coefficient of the matrix ∆Te to approximate Γ2. From that, we determine the 
locations and electrical parameters of the perturbations that underlie the change of VNA error-box parameters.   

The relationship between Γ2, Γ1 and ∆Te corresponds to the transformation of  Γ1 through the transmission 
matrix ∆Te. Therefore, we can write the approximation Γ2,m of the reflection coefficient Γ2 as 
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Relationship (6) is a non linear function of the perturbation locations (i.e., ln, for n=1,…, N) and their electrical 
parameters (i.e., δC, δL, δR, and δZ0). However, if we consider only first-order terms, we can write (6) 
approximately as a linear function of perturbation electrical parameters δC, δL, δR, and δZ0 

For given Γ1, Γ2 and set of frequencies, we find the locations of the perturbations and their electrical 
parameters by minimizing the mean-square error between the approximation Γ2,m and the measurement Γ2. We 
need to proceed iteratively because of the nonlinear dependency of Γ2,m on the locations ln, for n=1,…, N of the 
perturbations. We begin with estimates of these locations. We obtain these estimates either from the knowledge 
of the VNA’s design, or analysis of ∆Γ= Γ2−Γ1 in the time domain. At each iteration, we first calculate the 
electrical parameters of the perturbations by means of a linear least-squares technique. Then, we refine the 
location estimates. To this end we fix the perturbation parameters, linearize the dependency of Γ2,m on ln for 
n=1,…, N, and determine the location corrections with a linear least-squares technique. We continue the 
procedure until the mean-square error becomes smaller than a prescribed convergence threshold.  

III.    Experiments 
We verified our method for characterizing VNA random errors with measurements of VNA drift. We 

calibrated a two-port VNA equipped with a 1.85 mm coaxial connector up to 67 GHz. One of the VNA ports had 
no cable attached to it and we used this port for our measurements. We performed corrected measurements of a 
5.1 mm long offset short over a period of time.  We measured the short immediately after the calibration and 
then after 1 hour and 3.5 hours. The short was not disconnected between measurements.  

  The measured relative change of reflection coefficient is shown in Figure 2 along with results from the 
model. The real and imaginary parts of ∆Γ/Γ1 correspond to changes in magnitude and phase, respectively.  The 
slope and variation of the measured imaginary part of ∆Γ/Γ1 are modeled very accurately. The real part of  ∆Γ/Γ1 
is modeled less accurately. However, in both cases the real part of ∆Γ/Γ1 is much smaller than the imaginary part 
of  ∆Γ/Γ1.  This indicates that the drift is caused primarily by reactive effects, such as changes in cable length. 
We also see in Figure 2 that the imaginary part of ∆Γ/Γ1 and the ripples in both the real and imaginary part are 
larger after 3.5 hours than after 1 hour. This  indicates that the drift increases with time. 
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We modeled the measurement results with seven perturbations. We used the same locations of the 
perturbations for both measurements. We 
estimated these locations from a time-domain 
representation of the difference between the 
measured reflection coefficients, and then 
refined them in the modeling procedure. Both 
sets of values are presented in Table 1.  Our 
initial estimates from the time-domain analysis 
are close to optimized values.  

For each perturbation we 
determined parameters of the 
equivalent circuit in Figure 1. 
One of these parameters is the 
difference between the 
normalized inductance 
δl = δL/Zref and the normalized capacitance δc = δCZref, where Zref  is the reference impedance. We show this 
parameter in Table 2.  This parameter attains its largest value at the distance d = 66.18 mm from the reference 
plane. This distance corresponds to a ripple period of ∆f = c/(2d) ≈ 2.2 GHz, where c is the speed of light in air. 
This agrees very well with the period observed in the measurements in Figure 2. We also see that for all 
perturbations, except the furthest one, the absolute value of the difference δl−δc is larger after 3.5 hours than 
after 1 hour. This confirms the observation that the drift increases with time. 

IV. Conclusions 
In this work, we presented an approach for characterizing and modeling random VNA measurement errors. 

Our approach is based on a model consisting of multiple lumped-element perturbations located at different fixed 
distances from the reference plane. Parameters of the model are identified by means of standard linear 
techniques, based on only a single measurement of a highly reflective offset termination. The use of a single 
measurement to characterize the change of VNA electrical parameters simplifies the characterization of the 
statistical properties of random VNA measurement errors due to drift, cable flexure, or imperfect connector 
repeatability. We demonstrated our approach by characterizing and modeling the drift of VNA electrical 
parameters over a period of time. Our model was able to accurately reproduce the measurements. 
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Table 1. Locations of the perturbation: initial estimates 
and final values after modeling. 

 l1[mm] l2[mm] l3[mm] l4[mm] l5[mm] l6[mm] 
Estimated 5.00 30.00 62.00 65.00 67.00 329.00 
Modeled 5.21 30.68 62.37 65.54 66.18 328.60 

Table 2. Selected perturbation parameters. 
  δL/Zref −δCZref [10-15/Hz] 
Location [mm] 0 5.21 30.68 62.37 65.54 66.18 328.60 

After 1 hr 0.036 0.481 -0.263 0.697 -0.900 2.344 0.097 
After 3.5 hrs 0.196 0.696 -0.583 1.431 -2.010 4.863 0.072 

Figure 2. Drift of corrected VNA measurements of a 5.1 mm offset short (a) after 1 hr and 
(b) after 3.5 hrs; measurement (thick blue line) and model (thin red line). 
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