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ABSTRACT

Reference is made to some of the more important contributions that have
teen made to the subject of precise measurements of electrical resistance. The
gensitivity of bridges when used with the modern high-sensitivity moving-coil
galvanometer is discussed rather fully. Special consideration is given to the meth-
ods and apparatus used and t¢ the procedures followed in the National Bureau
:of Standards in those comparisons in which the precision desired is of the order of
‘'t part in 2 million. L : : T
" "The more important faciors limiting the precision of the comparisons, such as
load coefficients, terminals, and contacts, thermoelectromotive forees, insulation,
and the optical system of the galvanometer, are discussed rather fully. A meth-
od of analysis of networks sontaining both linear and nonlinear fonr-terminal eon-
Juctors is given, and the theoretical basis for the experimental proeedure used in
determining the effect of slight defects in the insulation is pointed out. This is
followed by a brief discussion of Ohm’s law from the standpoint of precisé resist-
-gnce measurements and by a’brief diseussion of units o? resistance. Finally,
reference is made to more than 106 publieations having 8 more or less direct bear-
ing on the subject of resistance ecomvarisons.
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1.:sNTRODUCTION

QOver a period of many: yéars information pertinent to the compart-
sons. of the resistances of precision standard resistors has been accu-
mulsting in this Bureau. " paper presents in & connected form the
more important parts of this informatiotiinet adequately explained in
previous publications, ,

Ppresent:

The peper is intended ta:pr ; )

1. For those having a general interest in electrical measurements, 8
somewhat comprehensive jon of the Wheatstone bridge method
and of the Thomson bridge method, and & brief description of the
apparatus used and procedures followed in this Buresu in making
resistance comparisons to a:precision of 1-part in 1 million,

2, For those making precise resistance comparisons, a discussion of
various factors having a be on the precision of such comparisons.

To serve this twofold p e the work of others previous to 1910
is reviewed briefly, and in review it is pointed out that the con-
clusions reached by Heaviside, Maxwell, and others were based 0T
assumptions which do notconform to present conditions. Funds-
mentels are considerzd in ths earlier parts of the paper, and these are
explained rather fully, whilg highly technical discussions are, for the
most part, placed in sppendices. The manner of presentation makes
it possible for those whose interest is only general to familiarize them-
selves with some of the fundamentals of precision resistance compan-
sons without reading more than approximateiy the first third of the
paper, and for those who may be interested -nly in some perticulaf
phase of the problem, such as thermoelectromotive forces or the
anslyses of networks, to findireadily (by réeferring to the index st the
end of the paper) what is given on the subject. ’
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II. REVIEW OF EARLIER WORK

The first measurements, by a null method, of what later was

ognized as a definite property of a conduetor, called the resistance,
e - made by Becquerel [3].' Using a differential galvanometer, he
ﬂgfained the first definite proof of the relation between the resistance;:
'f -th, and cross section of wires. His results were published in 1826.
Lo a5 in the same year that Ohm [66] published his most important

per, though it has hitherto been generally considered that Ohm’s:
AW is of & somewhat later origin.. In 1833 Christie [12], who was not
familiar with the work of Ohm, described an arrangement of wirds
which later became known as the Wheatstone bridge. With this
connection he verified the results obtained by Becquerel and salso
determined the relative conductivities of a number of metals. As the
significance of Ohm’s work was not understood until later, Christie
was in the position of having devised one of the best methods:of
measuring resistance before the. concept of resistance had become
definitely established.

In 1843 Wheatstone {117, 118] presented a paper before the Royal
Society of London, in which he defined resistance and referred :to
ugtandard of resistance” and “resistance coils.”

In 1862 Thomson [94] published a paper in which he described wnat
e called & ““New Electrodynamic Balance for the resistances of s
pars and wires.” This later.became known as the. Thomson brid
the Thomson double bridge, the Kelvin bridge, and the Kelvin double
pridge. Thomson seems to have been the first to attempt measure-
ments of the highest precision attainable with the apparatus-then
available and the first to have even an approximate understanding i
the factors limiting the precision of measurement.

Since then the sensitivity of bridges has been a subject of much di§-
cussion. Of the more important of the earlier contributions, menta
should be made of a paper by Schwendler [79] published in 1866, of:&
paper by Heaviside [32] published in 1873, a paper by T. Gray {26]
published in 1881, and the second and third editions [58] of Maxwell’s
Electricity and Magnetism, 1892. The conclusions given in these
publications were based on an assumption that the battery used was
not capable of supplying all of the power desired. Obviously, this
assumption would seldom be valid at the present time. Furthermore,
no account was taken of thé. electromotive force developed by:fhe.
relative motion of the winding and magnet of the galvanom :
This constitutes another reason why the conclusions given are.hot
applicable in case & modern high-sensitivity moving-coil galvanormeter
is used. However, not all of the earlier writers on this subject were
of the opinion that the then available sources of electric power con-
stituted a limiting factor in.the attainable sensitivity, since as edily.
as 1862 Thomson, in the paper to which reference has been made,.
said ““I shall conclude by remarking that the sensibility of the method
which has been explained, as well as of Wheatstone’s balance, is
limited solely by the heating effect of the current used for testing.”
In 1889 Paalzow and Rubens {68], in connection with a study of bolom-
eters, made a rather thorough investigation of the effects of heating
by the current in a Wheatstone bridge, but their conclusions are rict

! Figures in brackets indicate literature references at the end of this paper.
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directly applicable to resistance measurements. In 1892 Guye [28],
in & further study of bolometers, pointed out that the effect of hesting
by the test current is proportional to the temperature coefficient of
the material from which a bridge arm is constructed, proportional to
the square of the current in it, and inversely proportional to its facili-
ties for dissipating heat. He also pointed out that by making all, or
pairs, of the bridge arms aliko in all respeets, the cffcets of heating by
the test current could be almost completely compensated, unless the
power dissipation in the bridge arms were unusually large.

In 1893 Glazebrook [23] gave the results.of a series of measurements
of standard resistors, using different testcurrents.  He found the
resistance of 10-ohm standard resistors incressed perceptibly as the
test current was increased from 0.05 to 0.15 ampere, but he concluded
that since the increase in resistance was proportional to the square of
the ﬁest current, the effect of the smaller test current was extremely
small. :

In 1895 this was again pointed out by Schuster [78], who evidently
was not familiar with the work of Thomson, though he was familiar
with that of Quye. Schuster’s conclusion. was that “The highest
percentage accuracy with which a given resistance can be measured
18 directly proportional to the square root of the maximum electric
work which can be done on it without overheating.” In 1906 Jaeger
{40] and Smith {82, 83, 84}, independently; and more recently Von
Stemmwehr [86], discussed the subject from: the:same point of view.
Nevertheless, thé conclusions of Heaviside, Gray, and Maxwell still

ers:st. e Y .

p,.ﬁe effect of the electromotive force developed by the relative mo-
tion of the winding and magnet of the galvanometer is less sbvious.
However, it has been taken mto consideration by Jaeger [40f and by
Von Steinwehr [86], both of whom give a différent formula for the
. sensitivity of the Wheatstone bridge (also the Thomson bridge),
sceording to the use of & moving-magnet galvanometer or a suitably
- damped moving-coil galvanometer.

III. SENSITIVITY OF BRIDGES
1. DAMPING OF GALVANOMETERS

In the modern high-sensitivity moving-coil galvanometer the eleciru-
motive force generated in the galvanometer during the time the de-
flection is changing at its maximum rate may be of the same order of
magnitude as the impressed electromotive force, Therefore, during
this time it has & marked effect on the current and consequently on the
motion of the coil.  What is observed is a damping of the motion of the
eoil, and, emong other factors, this depends upon the resistance of the
compiete galvanometer circuit, that 1s, the resistance to an electro-
motive force in the galvanometer branch of the bridge. If this T¢-
sistance is much less than that which results in critical damping, tbe
movement of the coil toward any new equilibrium pesition is V€Y
sloggish. If, on the other hand, this resistance is congiderably moré
than thet which results in critical damping, the coil eontinues o7
some iime to oscillate about any new equiligrium position. Neithel
condition is conducive to rapid nor accurate measurements. 1°
obtain & satisfactory performance, either a magnetic shunt of 2%
suxiliary resistance is used for adjusting the damping. As the 183
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.« more convenient and is more zenerally used, it only will be con-
.idered in deriving expressions for che sensitivity. However, is should
i‘,‘ pointed oub that in general somewhat higher sensitivities may be
;{;mined by the use of an adjustable shunt on the magnet of the
gglvanometer. L. : .

®"1t is convenient %o think of the resistance to an electromotive force
in the galvanometer branch as consisting of two parts, namely, the
resistance of the galvanometer and the resistance external to the gal-
vanometer. In case the resistance of the bridge between its galva-
pometer terminals, with the galvanometer branch open, is less than
the external vedistance which gives a desired damping the anxiliary
resistance, U, is connected in sertes with the galvanometer, as shown
in figure 1, and adjusted so as to give the desired damping. In case
the Tesistance of the bridge be-
tween the galvanometer ter-
minals is so high as to give in-
sufficient damping, the auxiliary
resistance is placed in parallel
with the bridge and galvano-
meter, and so adjusted as to give
the desired dsmping. Some
prefer to have the damping
critical in all cases. However,
measurements can be made
somewhat more quickly when
the damping is approximately
two-thirds eritical, which results Ficure 1.—Circuit diagram of unbalanced
in an “overshoot’ of 6 percent. Wheatsione bridge.

Also in some cases the sensitiv-  Here X, ¥, 4, and B represent values of the resis-
ity is higher with the damping {)a;xlxac:s c:; the four arms for which the bridge would be
jess than ecritical, while in ’ _
others it is higher with critical damping. Consequently, it is not
desirable to use the same damping in l:ﬁ cases, I(:l[owever, to avoid
undue complications, it will be assumed, for the present, that the
auxiliary resistance will be so adjusted as to give tﬁe same damping
in all cases, and this will be referred to as the specified damping,

2. WHEATSTONE BRIDGE .

In what follows, the arms of the Wheatstone bridge will be desig-
nated X, Y, A, and B. When the bridge is balanced, the resistances
of the arms will also be designated X, ¥, 4, and B. To indicate
that & reduction of the resistance of the X arm by an amount AX
would establish a balance of the bridge, the resistances of all arms of
the bridge will be designated as shown in figure 1.

Therefore,
X/Y=A/B. (1)
With the galvanometer branch open, let

E =the potential drop from «a to d,

E.=the potential drop from a to b,

E,=the potential drop from a to ¢, and

E,=the difference between the potential of 5 and c.
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Obviously then
o BX+8X)

“X-AX+Y @
' E4
Ea=mi and (3)
B s EXTAX) | EA "

XFax+y* 45B
Since the direction of X, taken as positivs is immatcrial, to avoid
complications in what follows the F sige will be taken as positive,
and the 4 sign will be taken as negativs. Then, since from eq !
it follows that
. « 5
A+B X+Y “
oq 4 takes the form

_ EX[ 11AX/X ‘&
2 en fuvysen IU“I] or °

_ EX AX |/ AX -
Ep—m[(l +A;—Y/X}(I “mﬁm\m}z——et{‘,)—— 13' (¢}

{ the bridge is nearly balanced, second- agci higher-order terms may
3 neglected, in which case eq 7 reduces tc

E,=EYAX{X 43" (8)

Letting dX represent the proportional .giecrease in the resistance
of the X arm, which would establish & balence of the bridge,

dX=AX|X. @
Consequently, _ o
E,~=EXYIX/(X+T). a0

Since the potential difference which would: appear across & break
were a branch of a network opened, may ks considered as an electro-
motive force acting in that branch, E, may be considered as an elec-
tromotive force in the gelvanemeter cireuit. .
_Now let D be the change (in scale divisions) of the deflection of
the galvanometer resulting from unit change of the electromotive
force in the galvanometer circuit when the resistance V7 connecte
in series with the galvanometer is that which gives the specifie
damping. Hereafter D will be referred to as the sensitivity uf the
gslvanometer. Alsc let W be the resistance of the bridge betweel
ite galvanometer terminals, b and ¢ of figure 1, with the ga}vanqn}et'?;
branch open. The cese in which W is Jess than ¥ will be consideréc
firss. Then U is placed in series with the gelvanometer, as shown 3P
figure 1, and so adjusted that ' '

ULW=V.

Consider that the zero of ihe galvanometer scale 1s &t &n end ?}f z; i
scale, that @ is the scele reading with the battery branch ol cod
bridge open, that ¢ is the scale reading with the hattery connects
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< shown in figure 1, thas 4, is the scale reading with the leads to
the bautery interchanged, and that the galvanometer is so connected
tjhatv with 4.X posiiive, &, >@>@,. Then from eq 10 it follows that

Q—Y=DEXYdX|/(X+Y)?, (11}

and @—Q=—DEXYdX/(X+Y)". (12)
Subtracting eq 12 {rom eq i1 eliminates @ and gives

dRQ=2DEXYdX|(X+ Y. 13)

where dQ(=Q :—@ ) is the change in the deffection of the galvanom-
eter following a reversal of the connections to the battery.

Now let S represent the combined sensitivity of the bridge and
galva.nometer, that is, define S by the equation

S=dQ/dX. a4
Then it follows from eq 13 and 14 that
S=2DEXY[(X+Y) (15)
Since from eq 1 it follows that
XY/(X+Y)*—AB/(A+B)?, (16)
another expression for the sansitivity is
S=2 DEAB/(A+B)". an

However, if the resistanes W of the bridge between its galvanometer
terminals is greater than t#e resistance V, which gives the specified
damping of the galvanometer, the resistaner U is placed in parallel
with the galvanometer and adjusted so that

UWHT+W)=V. (18)

From eq 10 it follows that with breaks in both the U/ and galvanometer
branches the potential drop across each of the breaks

E,=EXYdX/(X+Y). (19)

With the galvanometer branch only open, the current in the U/ branch
is Byu/(U+W), while the potential -drop gcross the break in the
salvanometer branch, F,, iz U times this current, or E,, U/(U+W)

Therefore, since U/(U+W)=V/W.

E=EX7dXVIW(X+Y). (19a)

That is, the effect of the resistance in parallel with the galvanometer
(in parallel with the bridge, if considered from the standpoint of the
electromotive force developed in the galvanometer coil as a result of
its motion), when of such value as to give the specified damping of
the galvanometer, is a reduction of the electromotive force in the
galvanometer circuit, and consequently of the combined sensitivity
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of the bridge and galvanometer by the ratio of V to W [101]. There
fore, instead of the relations given by eq 15 and 17,

XYv
S=2DE m, (200)
and
ABV SN
S=2DE ALBW (200}

With reference to these equations it should be noted: (1) That
although they are first-order approximations, for the purpose at
hand they may be considered as exact, and it 1s immaterial whether
the potential drop across the bridge is measured with the galvanom-
eter branch (and its parallel branch) open or closed. (2) That if
they are to apply with the resistance used in adjusting the damping
of the galvanometer either in series or in parallel with the galvanom-
eter, in all cases in which the ratio of V to W is greater than one
it is to be taken as one.

In what follows, the relative positions of the battery and galvanom-
eter shown in figure 1 (and fig. 2) will be considered as their normal
positions. With the position of the galvanometer and battery and
their respective rheostats interchanged,

S8=2De (7%7 (21a)
and
S=2De %%V—EW. (216)

Here ¢ is the potential difference between branch points b and ¢,
which now are the battery terminals of the bridge.

Except for limitations imposed by the heat developed in the bridge
arms by the test current, eq 20 and 21 are in convenient form for use.
However, if E (or €) exceeds a certain magnitude, the heating in the
bridge will result in a change of the resistance of one or more of the
bridge arms by an amount in excess of that permissible or in excess of
that corresponding to the precision sought in the measurement.
There is, therefore, a fairly definite upper limit to the sensitivity
which may be used in any particular case. This will be referred to
as the permissible sensitivity. The permissible sensitivity depends
on the sensitivity of the galvanometer to an electromotive force 1n 8
cireuit giving the specified demping, the resistance externsl to the
galvanometer which gives the specified damping, the relative magnl-
tudes of the bridge arms, the resistance of the bridge between 1ts
galvanometer terminals (factors whichk have been considered abGVEJ;
the precision sought in the measurement, and the load coefficients o1
the bridge arms. o

The load coefficient of & conductor will be defined as the ratic 01
the proportionsl change in its resistence to the power dissipated 11 1t
It would be logical herefore (o develop formulas for the sensivity
of bridges based explicitly on the power dissipated iz each bridge 870
However, there is some advantage in using either the current 48] ¢
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B anT:

the potential drop in each bridge arm, and here the potential drop
il be used. How these factors, especially the precision desired in
;vhe measurement aad the load coefficients, limit the permissibie
censitivity may be ssen by considering the following example.
~.§E§Ume that
: D =10 millimeters per microvolt,

V=15 ohms,

X =10 ohms,

Y=5 ohins,

A=50 ohmg, and

B=25 ohms.
yssume that the bridge is to be balanced to 1 part in a million
and that investigation of the load coefficients has shown that a change
of 1 part in a million occurs )

in X when E,, the potential drop in X, is 0.75 volt,

in Y when E,, the potential drop in ¥, is 0.75 volt,

in A when E,, the potential drop in 4, is 2 volts, and

in B when E,, the potential drop in B, is 1.5 volts.

Obviously, if the resistance of X is to be calculated from values
gssigned to A, B, and Y, the potential drop in none of the four re-
sistances can be permitted to exceed the value just stated, and pref-
erubly it should net oxecced two-thirds this value. In the absenco
of known compensating effects, it will be assumed that the maximum
ormissible sensitivity is obtained when the potential drop in the
gridge is as high as possible, without that in any arm of the bridge
being higher than two-thirds that which resulte in a proportional
change 1n the resistance equal to the precision sought in the
measurement.

With the battery and galvanometer in their normal positions, it is
readily seen that W=20 ohms, also that as E is increased E, is the first
to reach the maximum permissible value and that E,=EX/(X+7Y).
Therefore, eq 20a may be written

S=2DE, (levm @2)

and taking E, =0.5 volt gives

S=‘2><10><10°><.5><5><15
15X20

That is, the change in deflection of the galvanometer following s
reversal of the connections to the battery is 2.5 mm per part per million
lack of balance of the bridge.

With the positions of the battery and galvanometer interchanged,
it is readily seen that Wisless than V; that, as ¢ is increased, E, is the
first to reach the maximum permissible value; and that E,=eB/(B+ Y).
Therefore, eq 215 may be written

=2.5X10°. (22a)

S=2DE, @;—% (23)

Taking E,=1 volt and V/W=1 gives

g 2X10X10°X1X5X1
- 30

=3.3 X 108, ' (23a)
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gr. g defiection of 3.3 mm per part per million lack of balance of the
ridge.

It will thus be seen that either arrangement of battery and gal-
vanometer gives a permissible sensitivity more than ample for- estab-
lishing balances of the bridge to 1 part per million, and that there is
not much choice between the two.

If the bridge were to be balanced to 1 part in 4 million, the per-
missible potential drop in each bridge arm, and consequently the
permissible sensitivity, would be only half as large, while the precision
sought is higher by a factor of 4. Consequently, the permissible
residual deflection of the galvanometer could be only one-eighth of
what it might equally well be in making a balance to 1 part in a miilion.
On the other hand, if the load coeflicients were smaller by a factor
of 4, the permissible potential drops would be higher by a factor of 2,
end consequently the permissible sensitivity would be higher Ly &
factor of 2. :

Returning now to a general consideration of the sensitivity-of the
Wheatstone bridge, it should be noted that with the battery and
galvanometer in their normal positions, :

E=E(X+Y)X=E,(X+Y)[Y=E,(A+B)|A=E/(A4+B}iB, (24
and with the positions of the battery and galvanometer interchanged,
e=E(A+X)/X=E,B+Y)[Y=E,(A+X)/A=Ey(B+Y)/B, {29)
Therefore, it foilows from eq 20 and 24 that

Ty -
S= 2DEzm—Y——)‘W1 (A«GZ}
" XV .
S= 2DE,ZY_—F—?—)T~» (269)
- BV
S=2D Eamy @ 6a)
and AV
and from eq 21 and 25 that _
S=2DE. AV @72
- A+ X)W -
- BV (974)
S—?DEymy 279
, XV R
S§=2D Eam; (2 ia)
anda ¥V
—_ _______/_.___ . 75
S-"DEb(B%Y)W" (275

Now, if it is understood that E,, E,, E, and E, each represents t2€
meximum permissible potential dropin X, in ¥, in A4, and in 32_?}%’3}1
of eq 26 and each of eq 27, in general, gives & different sensiti¥ity-
Heowever, that cne of eq 26 which gives the lowest sensitivity B17%°
the maximum permissible sensitivity with the battery and gadve®-

nometer in their normal positions; while that one of eq 27 which g17%*
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owest sensitivity gives the maximumy permissibie sensitivity with
\e positions of the baitery and galvansmeter interchanged. "Fhis

atement concerning the maximum permissibie sersitivity is based

“n the assumption that the resistance of one arm of the bridge s to
3e calculated fro‘m kno%vnlvahies of e resiss nees of the other arms.
{ater it will be shown tzat measurements may be made in such a way
45 to largely eliminate the effect of heating by the test current in one
or more of the bridge arms, and that the effect of heating in all bridge
arms, if Dot excsssive, may be determined experimentally and au
appropriate correction applied. Im either case, a somewhat higher
sensitivity may be permissible. v
"1y will be noted that by keeping the galvancmeter branch closed
and reversing the zonnections to the battery, the permissible sensitivity
is twice that which would be obtained by first clesing the battery
pranch and then the galvanometer branch. In addition this elimi-
nates the effects of thermoelectromotive forces and leakage from power
circuits, insefar ss these remain constant over 2 time corresponding
to a few periods of the galvanometer. Furthermore, s few reversals
of connections to the batisry, at intervals corresponding approximatel
to the period of the gslvanometer, with the zalvsnometer branc
closed eliminate ‘he effect of gradual drifts sad hysteresis in the
salvanometer deflections. This is of great importaxnce, since usually
in measuremente <f the highest precision, adjustments mnst be carried
to 2 point at whizh the changes in the deflection: of the galvanometer
resulting from a fack of perfect balance of the bridge are much less
than the changes in the deflection resulting from distarbing influences.

% THOMSON BRIDGE

Referring to figure 2, a material simplification in the analysis may
be brought about by usiag Kennelly’s [48] A to ¥ transformation, that

C—‘.
R E0Y

AW j -

VIR i
MWW

Figune 2.—Cucuil diagram of unbal- Fieore 3.—Cirvwit diugram shown in

anced Thomson bridge. figure 2, with the delia connected resis-
tances, a, 8, e=id L, veplaced by the eguiv-
5 i ; &, By ’ ¢ -
Ezﬁl‘:}g'si};’ gﬁf’f; ;‘V%‘?Cg gﬁg’g&-’g;ﬁfgﬁ%ﬁ alent star-commected resistances, X', V7,
balanced. and Z'.

is, by considering the three A connected eonductors, L, «, and 8, as
replaced by three ¥ connected condueters, X’, ¥’, and Z’, &s is
shown in figure 3.
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This is the same s the Wheatstone bridge, except that there is a
resistance X' in series with X, 7 in series with Y, snd 2’ in series
with the galvanometer.

The procedure followed in deriving #q 26 and 27 then leads to

' »,.\ %
S=2DF, gff) e (282
X430V .
S—2DEyry +(X,i, ) Py @8y)
S=2DEgipn AB;/ (28a)
and N
S=2D Bzt ﬁ; - (288)

if the positions of the battery and galvenometers are as shown in
figure 2, and ’
S=2DE, -~ AV

ATEXT W

| BY .
S§=2D E,m)—“v (29y)

S—2DE a%tg : §’H (29a)

(F+Y)7
BIYFTTW

(29z)

and

S=2DE} s B (299

if the fflatwe positises of the battery acd galvanoms”ser are inter-
change

W zth reference to the differences betwesn eq 26 and 28 and eq 27
and 29, it should be pointed out that for tze Y-—connected conductors
to be eqmv&lent to the A-connected conductors it is nscessary that

’=LC!/(L—,~ a+t £,
=LB[/(L+atf, (30)
Z'=afl(L+a+ g

In sll cases, X’ and Y are each less than L, snd usuaily L is very
small in comparison with A4-X and B+ 7. Conquuem;w there are
relatively few cases in whick X' and. Y’ way not be smitted from
eq 28x and 20y, which then become identical Wxth eq ¥Tx and 27y
In few if any cases l“ the permissible se , d by the
power dz:szpaueu in 4 orB. Therefore t
condusions from either eq 28a or eq :

and

245, The Tn(!:_h()" u'”d"e

method, with the positions of the battery and zalvanmzeter inter-

Lharrrea 1s not used in the comparison-of p
However, the Thomson bridge method rusy
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hen there ars advantages in inferchanging the
aivancmeter and battery.

rence 0 eq 28z and 28y, which apply when the battery
meter sre 1n their normal positions (see figs. 2 and 9), as
hed by the procedure to be deseribed later,
w ~Y") approaches Y/(X+7) and (X+X")/(X+
' ¥-+Y"; approaches X/(X+Y). Equations 28 may, therefore, be
wonsidered to be the same as eq 26. However, with the battery and
sqlvanomster in their normal positions and with A, B, X, and ¥ the
Zame in both the Thomson bridge and the Wheatstone bridge, W is
iugher in the Thomson hridge than in the Wheatstone hridge. In

: T
- T4

<he compsrisons of precision standard resistors made in this Bureau by
the Thomson bridze method, this is of no consequence, since W is
less than V. Under these conditions, the sensitivity of the Thomson
pridge is the same as that of the Wheatstone bridge. o

It is improbable that a case might arise in which the power dissipated
in the a 27 or the 8 arm of the bridge would limit the permissible
sensitivity, whether the positions of the battery and galvanometer are
pormal cx interchanged. Therefore, no equation containing the
potential rop in a or in 8 is given. :

IV. LOAD COEFFICIENTS

Referere has already been made to load coefficients defined as the
ratio of t&e proportional increase in the resistance to the power dis-
sipated.  This definition requires some amplification, since, in all cases,
time and the medium swrounding the resistor are involved. In the
following discussion it will be assumed that the resistors are immersed
in oil of low viscosity and that this oil is kept in fairly rapid circula-
tion. Feztunately, most precision resistors come to an approximate
temperature equilibrium with the oil in a fairly short time, usually
less than 1 minute. With resistors of the type developed in this

Bureau about 30 vears ago.[76], which are sealed in cases containing
oil, the change in resistance is rapid at the start of the measuring

current, later is very gradual. These resistors apparently have
two therrzal-time constants, one of about 30 seconds and one of about
30 minutes. Stated in another way, the difference in temperature
between the resistance element and the oil in the sealed container
becomes nearly constant in a minute, while the difference in tempera-
ture betwzen the oil in the container and the oil of the bath becomes
nearly comstant in an hour. : The load coefficients stated for standards
of this type apply when the current has been passing from 1 to 2
minutes, the time nsually required for making a measurement.

From what has just been said it might be assumed that load co-
efficients are proportional to temperature coefficients and inversely
proportional to the facilities provided for dissipating heat. Experi-
ence shows that, in general, this is so only if the design is such that
the heating by the test current results in no marked mechanical
strain. Consequently, in ‘measuring load coefficients it may be
better, when possible, to use & procedure such that this assumption
is reduced from a first to & second or third order of importance.

As an Hustration of this point consider that it is desired to deter-
mine the load coefficient of a 1-ohm standard. In that case the
procedurs might be as follows:
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(1) From among the available i5.1- and 0.01-ohm standards select
from each denomination one of e better from the standpoint of
facilities for dissipating heat and low temperature coefficient.

(2.) Inspect these two standards and make an estimate of their
relative facilities for dissipating heat.

(3.) From the estimate of their relative facilities for dissipating heat
and their known temperature cosfficients make an estimate of the
ratio of the load cosflicient of the #.Gi-chm standard to the load co-
efficient of the 0.1-ohm standard, aac designate this ratio k.

(4) Place the ©.1-ohm standar¢ in the X arm and the 0.0l-ohm
standard in the Y arm of a bridgs, and balance the bridge by ad-
justments of the A arm, first with 0.1-watt and then with 0.5-watt
power dissipation in the 0.1 ohm-standard. Assuming that the power
dissipated in the 4 and B arms of the bridge has no appreciable
effect on their resistances, the load coefficient of the 0.1-ohuu standard
(that is, the change in the resistance of the 0.1-ohm standard result-
ing from the dissipation of 1 watt in it) is taken as 2} times the pro-
port‘,;gna.l increase 8 the resistance of the A arm divided by (1—
0.1 &), :

(5) Place this 0.1-ohm standard in the ¥ arm of the bridge and a
1-ohm standard in the X arm, and bsalance the bridge first with one
and then another potential drop across the bridge.. The load co-
efficient of the 1-ohm standard is teken as equal to the proportional
increase in the resissance of the A srim of the bridge divided by the
increase in power dissipation in the 1-chm standard plus 0.1, the load
coefficient of the {.i-ohm standard as determined in {4). It will be
noted that the result obtained invalves the initial estimate of the
load coefficients .of the 0.01-chm standard relative to that of the
0.1-ohm standardte the extent of only 1 percent. The value thus
obtained for the loagd coefficient of the 1-ohm standards may, there-
fore, be presumed f0 be somewhal wore precise than the'value oblained
for-the ]%ad coefficieat of the 0.1-ohsa standard. :

Load coeflicients of standards of kigher nominsl velues may be
determined as outlined above, but for standards of the'lowest nominal
value used a differszit procedure is reguired. If among these there
are two standards of such construction that it may be assumed that
the temperature rises for equal pows=r dissipations are’equal and that
the temperature inegaalities cause }ittls or no mechanical strain, and
if these two standards have markediy different resistance-temperature
coefficients, their load coefficients meay be determined from their
resistance-temperature coefficients and the differencs of their load
coefficients obtained by direct compsrison. ' L

TS 0@ OLe Or IMore spaitusiv
of the same nominal value
arisons, whether or not their

Haviog determed’ the load coed
resistors, the load cseffcients of o
are readily determinsd by direct com;
performsances are normal.

Tavesiigation of. wire standard resis;
nische Reichsanstalt design having w
46 cm? has shown that the propors
resulting from the4issipation of 1 w
ssme as the propertional chemge in their resisignce resulting from
increasing the temperature of the oil bath 1° C. It mey be concluded
therefore that the $emperature rise of the resistance material above
the temperature of the oil is about *° < per watt power dissipetiob.

ors of the Phrsikslisch-Tech-
nding areas of approximately
:at change in their resistance
in their windings is about the
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i that for she sesled standard

i b zome basis it has been conel ard
-osistors ieveloped in this Bureau about 1907 and the double-walled
}{,—pe eonstructed prior to 1930 (89 the temperature rise is also about
: wabt power dissipation. ¥or standard resisiors of lower
ions in which the resistance material is in the form of sheets,
‘he temperature rise per watt dissipation is less. For those of the
physikatisch-Technische Reichsanstait design, of the smaller size, the
n te Tise is about 0.2° C for the 0.01 ohm, 0.4° C for the 0.001
ohm, ang 0.3° C for the 0.0001 ohm per watt dissipation.

Sinee wrost of the temperature coefficients are less than 20 parts per
milon, =rors resultivg from heatits will, in general, be less than
j pert iz 2 million if the potential drops are limited tc the following
values: » ’

9.1Z volt for 1-ohm,
.£ volt for 10-ohm,
.3 volts for 100-ohm,
5.olts for 1,000-o0hm,
15. wolts for 10,000-ohm,
0.62 volt for 0.1-ohm,
.35 volt for 0.01-ohm,
G975 volt for 0.001-ohm, and
325 volt for 0.0001-ohm standard resistors.

The temperature rtises, and comsequently the losd coefficients,
depend #n the viscosity and other factors affecting the circulation of
the oil, tze design of the standards, and their temperatare coefficients,
so there nust of necessity be large variations. Howeves, the potential

" drops staded above are about the maxima permiséfple in measurements
to I pa®t per million, unless the losd coefficients ars known to be
a,bnorma»!’?:ly low, or a procedure is followed for eliminating the error

which cthierwise would result from tie heating by the%est current.
In rovéine testing the &chedule of potential drops given above is

followed approximately in the compsarisons of resistors having nominal
values ¢f 1 ohm and less. In the comparisons of resistors having
nominal values of 10 ohms and mere the potential drops used are
much less than those given in the schedule. In spscial cases the
criterior: used for the maximum permissible potential #rops, without
an application of a corréction for the heating, is a wery small but
definitels noticeable change in the balance of the bridge on increasing
the potemtial drop across the bridge by a factor of 2.

- ¥ there is occasion to use larger petential drops, if there is reason to
suspect ~ne or more abnormally largs load coefficients, or if the load
- coefficient of one or more of the kridge arms is not known ta the
aceuracy necessary for obtaining the desired precision, 2 valid correc-
tion for :he effect of the heating may be obtained by balancing the
bridge #rst with what is oresumed to be a suitable wotential drop
2CTOSS bridge and seccnd with a somewhat larger potential drop
bridge. If the second potential drop is twice the first, the
he temperature rise in each arm of the bridge will be 4 times
with the first potential drep. Consequently, :f the balances
ished by adjustments of the A arm (or A &nd « arms) of
» and the value taken for A is four-thirds the first minus
the second, a correction is applied for the efivcts of heating
t current in all arms of the bridge.

3—40—38
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V. GALVANOMETER USED WITH NBS PRECISION
BRIDGE

The galvanometer which has been and still is being used in most of
the precision resistance measurcments made in the National Bureau of
Standards was designed and constructed especially for the purpose
sbout 1914 {116]. It has an adjustable shunt on the magnet, all-
copper circuit, and taut suspensions with the center of gravity of the
moving system slightly off the axis of rotation. This latter feature
makes 1t possible by tilting to adjust the period, T, over a range from
about 5 to about 15 seconds. In cases in which really high sensitivity
is desired the performance seems to be most satisfactory with & period
of about 10 seconds. The shunt of the magnet is so adjusted that with
a period of 10 seconds the external resistance giving critical damping
is 35 ohms. This adjustment anee made is seldom changed as the
shunt is not readily accessible. The galvanometer is used with a
scale distance of 1.5 m. With critical damping the operating con-
stants then are

T=10 seconds,
D=30 mm/uv,
V=35 ohms,

or with two-thirds critical damping, which results in a 6 percent
overshoot and gives about the maximum speed of operation with the
10 second period, the operating constants are

T=10 seconds,

D=20 mm/uv,

V=60 ohms.

It may be of interest to see what the permissible sensitivity is in
the comparison of 10-ohm standards when the A and B arms of the
bridge are each 25 ohms, the battery is in the normal position, and
the galvanometer is used critically damped. In this case the re-
sistance, W, of the bridge between galvanometer terminals is 17k
ohms. With E, or E,=0.5 volt, it follows from eq 26, or 26, that
S§=2X30X.5X10/20=15 mm per part per million lack of balance
of the bridge. This is not only much higher than is needed but 18
higher than it is desirable to use. In some cases, however, the per-
missible sensitivity is none too high, and in a very few ‘cases it is not

uite sufficient for the establishment of balances to 1 part per million.
n these the potential drop may be increased to the point at which
errors resulting from hesting (cslculated from & knowledge of the
load coefficients of .the particular standards used) and from lack of
sensitivity are gpproximately egual, or even beyond this point, an
then a correction for the heating is determined and applied. In 8
very few cases there would be an advantage in using a galvanometer
of higher sensitivity. However, for & considerable part of the measure-
ments the galvanometer iz adjusted so as to have a period of from 0
to 8 seconds. “Then both the sensitivity and the external resistance
giving a specified desmping are lsss than with the 14-second period.

VI. NBS PRECISION ERIDGE

The bridge pow in use in the comp
rs was designed and con

arisons of presision standarc
parts of the bridge arms and the

= e £1
in this Buresu in 1818, Ab
uble resistor used in reguiatins

resist

ust,
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immerzed in oil.
ating the test current &
loeas

ad cuiside t}
1 -
eakage Iz

Qprees

mostatically ednirolied

¢ a temperature of 25° C, and during the time the apparatus is in
» the oil'is kept in vigorous circulation. Dwuring the summer the
rmal dew point is occasionally very nearly 25° C. To prevent the

condensaticn of moisture in the oil bath and to maigtamngood, insula-

ton of the battery, gal&_*anqmeser,’ and osher parts of the circui}

outside the oil bath, the air of the laboratery is dried by refrigeration.
The more lmportant resistance sections of the bridge are- of the

Jouble-walled sealed type developed jointiy with others [98] of the

Bureau's staff. The cases contain no

oil. since the use of oil in permanenily

20 20 45
cealed resistors has long been con- AV
;fgered inadvisable. To obtain low f:—j i
load coefficients the cases were made g =
considerably larger than those first = =
described, and the resistance wirs was c{’ j % f
selected on the basis of low tempera- o

Q i

ture coefficient. The primary of a  xi050 xo0  m
well-insulated variable mutual mduc- yigynn 4.—The part of the .. arm of
tor is connected in series with one of = ke KBS precision bridge which is
the battery leads, and its secondary af_»’j'usﬁézble in steps of 9.0U01 ohgt
is connected in series with one of Z’;Q ’y)? ’g,’:g; fr;zom gi;:ﬁ’ﬁg;:lg
the galvanometer leads. This in- 2233 shme.

ductor (not shown in fig. 5) serves to

balance the electromotive force induced in the galvanometer circuis
on reversing the test current.? The A-arm of the bridge is of the
adjustable direct-reading type, such as is discussed in a recent pub-
lication [63} of this Bureau. It consists of five resistance sections,
three of which are adjustable by means of dial switches.. These
three sections are shown in figure 4. With sach of the dial switches
set at its mid-position, the current in each shunt is one-tenth of that
in the section shunted, and the sum of the resistances of the three

* The lack of an inductive bzlznce manifests itself as ballistie defieetion of the galvenomster; following a
reversal of the test current. II this ballistic deflection is large, it limits, sornewhat, the orecision of the
tesistive balance, - However, t2ere is 8 more important reason why the ballistic deflections should be kept
small. Most sensitive galvancmeters when deflected alternately in sne and then in the other direction,
by equal amounts, have their rest points shifted slightly in the direction of the last deflection. For the
galvanometer used with the NBS precision bridge, if the rest point is observed after a defiection in ons
direction and again after an squal deflection in the opposite direction, the difference between the two
observed rest points is from I to 2 percent of the amplitude of th:e deflections. 1f. therafore. SyStamatic
errors from (hils source be insiznificant, inductive b ees must be such that the bailistie
deflections are less than 50 ¢ change in deflection resulting 1 lack of resistive balences ecrrespond-
ing to the precisicn scught in comparisons. :

In the comparisons of stané resistors of the usual construetio;
0.1 to 100 ohms, psually this comdition is realized without a spect
and without speeial precant 2n the part of the observer. Howe
of the hridge have low resistarczs of different nominal values (such
if 3 high precision'is desived, = means for compensating the effect
stants and of mutual inductaz o between different parts of the br
resistors in the X and Y arms he bridge are of the usual bifilar
different nominal values (suec. r example, as 10,000 and 1,700 s}, and if a high precision
provision stould be made for wompensating the effect of the distributed capacitances. The eflects of self
and mutual inductances st distributed capacitances may he compensated by 8 matuz!l inductor
having ore of its windings ted in a galvanometer lead and ths other winding connecied in a batiery
lead between the. current-ri ng switeh and a curren: termina!l of the bridge, provided the inductance
is adjustable over  uitablerszze of positive and negative values,

having resistances in the:range from
device for making induetive balances
¥, if the resistors in the X and Y arms
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:ranece sections of the
witches change the
ectively by 0.0001,
ach dial switch are
ted sections desiz-
in parallel, with the
{ the B arm of the

figure 3, are i )
n of the A arm, and any section
differences in the readings of the dis! switches correspond
in the ratio of A to B in parts per million of the nominal
A 0 B. When the three shunted sectizns are conuected in
 the 50-ohm secticn and the 900-chm section, differsneces in
of the dial switches correspond to cifferences in the ratio
parts in 10 miilicn of the nominal zatic of 4 to B. ' In
all cases the A arm has its neminal resistance waen the reading of the
Jial switches is approximately 5555. ) o o
The dizi switches may be rotated indefinitely in either direction,
«hile the -omplete range of adjustment is covered by a rotation of
than 120°. T%e brushes, three #n number for esch
“witch, a=z of the multiple-leaf type, such as arz used by Otto Wolfl.
They are mounted on what amounts to the fzet of a rigid tripod,
and the fontact pressure is supplied by three coiled steel springs.
i ment largely eliminates rocking ¢f the brushes as:the
iated and gives g nearly constant pr:

sssure of the switches
o contact blocks, With the switch in any position, one of
the brush«z vests on an insulated segment and th= circuit is through the
other twe hrushes in series.

The dixi awitches are of gooa quality and operate under oil. Pre-
sumably, thsrefore, variation of the resistance of the contacts of each

dial switch never exceeds ¢:001 ohm. Since the resistance of each

~ s

shunt is 10 simes the resistarce of the section shunted, a variation of
0.001 ohm in each of the four dial switches in the same direction
results in a variation of #ie combined resistance of sections.and
chunts of ©.004/121 ohm. This is 1 part in 2 million in case 4 is
nominallz zither 25 or 100 ohms, and 1 part iz 30 million in case 4
inally 1,000 ohms. However, the prabable effects of the
. of the resistances of the dial switches are approximately
smaller than this.

azm (see fig. 5) has resistance sectionz of 16%, 25, 50, 100,
and 1,008 chms, most of whizh may be used singly or in combinations.
Therefors, 5 number of values for the ratios of A to B may be had,
suchas1t01,2t01,4t01,10%01,1t02, 1404, and others seldom
used. Eamch of these ratios may be varied by changing the readings
witches of the 4 arm, and for the mmost part the range of
from 0.5 percent helow to 0.5 percent above the nominal

The B “

ments are such that differences in th: readings of the. dial
in excess of 500, correspond to diffzrences in the ratin of
within 1 part in & million of the no:ainal ratio providing
ze readings differs by more than 500 from that for which A
nal value. In exceptional cases cciTections must be ap-
¢ readings to give differences accurats to 1 part in a million

no one of
has 1ts n
plied to &
of the ra

8 arms (see fig. 5) are similar to the A and B arms, except
stance of corresponding sections is half as large, the @ arm
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does not have a 450-ghm section corresponding to the 900-ohrn. sectior
of the A arm, and the 8 arm does not have a 500-ohm sectiocn cor-
re:pondmw to the 1 ,000-0hm section of the 4 arm. The dial switches
of 4 and o arms are mechanicaily connecied so as to always have the
same reading,
A general view of the bridge removed from the oil is shown ir
ficure 6. A general view of tue bridge and oil bath is shown in
fizure 7. Two features of the cil bath which should be menticued are
the means emploved for :ecurl-_w & reasonably uniform temperature
throughout the bath and of I:,amtalmnc' the desired temperature.
The oil bath has & false bottom support ed about 3 cm above the true
bottom of the bath and extending to within about 1 em of the side
walls, which are of nickel-plated copper. Near the center of the false
bottom there is an opening about 8 cm in diameter, and the circulat-
ing propeller is L cated beneath this opening and concentric with it.
The circulation of the oil in the central part of the bath is dowmward.
through this opezing, outward between the false and true beoitoms.
upward next to the 31de walL tonear t,he surface of the oil, and inward oz
and under the oll surface. The rate of L,:E circulaiion is &pPFUX"' dbt“\
3 liters per seconcd, so that the volume of oil passing through
tral opening in'1 minute is approximate elv the same as the volame of
oil contained in tk2 bath. The heat for maintaining the tempe
is <upp=zed by smsil carbon- filament lam mps located slightly above and
neer the opening in the false bottom. By means of radxatlon 3 part
of the heat develoned in the lamp filaments is distributed through the
oil almost n’*ztan,,v. That part of the radistion from the lamyp fila-
ments absorbed i and near the lamp b\hbs is carried quickly o the
side walls of the bath and surface of the oll, the parts from which: heat
is being lost by radiation and air convection.

VII. BRIDCE EQUATIONS

In the usual discussion of the Wheatstone bridge it is assumesd that
if X represents the unknown resistance, its magnitude is to be calcu-
lated from the equution

X=YA/B (32)

That is, 1t is assumad that magnitodes of Y, 4, and B are each kzow™
to an accuracy at jeast as high as that ez:oecued for X, or that rither
the magnitude of ¥ or A and the ratio of AtoBor Y to B are k

to this accuracy. In measurementis of the type under considerz
neither of these assumptions can, in general, be made. It is thersfore
necesssry to use some procedure whick & voids the uso of thess &s-
sumpuHons.

1, SUBSTITUTION METEGD

If & number of nomipaliy egu
10 bem —r&:’_:'ad snd mhL :eﬂ

eti%&‘"%s X, X X, X, etc. are
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the nominal value of 4, and «, is

for which A=4,,

o
+

4
4%7§=§*ini1"‘% I — 2 ) f
b ,
X:=JT§A4’\1 +a,—a,) }
& 533
Y 29
Xp=p A, (1+85—0,)

|
Y ..
X;"_—'.?—Am (14as—a,) .

stC.
I sresent the nominal value of X and of YA,/B, and
LY. sent the amounts in proportional parts by which
v Y, and B exeeed their nomimal values, eq 33 may be written in
the form ‘
NQA+zy=N({1+p (Q+ae—a,)/(148). ' 34)
Expanding eq 34 and neglecting 3d and higher-order terms gives
z=y-+(@—a,) —b-+yla—a,) —bla—a,) +b62—by. (35)

Letting z represant that part of eq 35 which, for the series of measure-
ments, i a consiant, and, for the present, leaving out of consideration
the second-or term {y—b)(a—a,) gives

x1=a1+2

T2=ds+z N
. (38)

3=tz

Ty=a4+2

Since X, and X, are known, x, and 2, are known. Furthermore, all
o’s will be read from the bridge. Therefore, z may be determined from
the second or fourth of eq 36, or what is better, from both of these
equations and the mean value used. Substituting the mean value of
zin each of eq 38 gives a value for each of the «’s and consequently
for Xy, Xy, X, Xy, ete. i terms of the unit in which values of X, and
X, are expressed. ,

To see to what extent the values thus found are in error as a result
of the approximations invelved in eq 36, it is necessary to consider
the second-order term (y—b)(a—a,) of eq 35, the magnitudes of
i1 Ta, T3, Ty, ebe. and what constitutes nominal values of each of the
bridge arms. It was intended that resistances of the sections of the
A arm be so proportioned that differences of readings of the dials
equal differences in resistance in parts per million of the resistance the
A arm has whea the reading of the diasls:is 5555. This resistance
{instead of 23, 150, or 1,000 ohms, depending on what sections are
used and the wav they are connected) should be taken as the nominal
value of A. The appropriate multiple of the unit used is taken as the
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nominal value of the X’s, and nominal values of B and Y are so
chosen that
-Bn/ I7n=‘4n/]-§c-
As a result ¢ the way in which the eq 36 are used z includes all of
: scept the part equal to {(y—b)la— (ay-+ay)/2], while
the nominal vaiue chosen for A makes

y—b=5555—a-+z, approximately. (37)

Therefore (3355—a+1z) [a—(a,+e.) 2] may be taken as the
eITOr 1N Or & ection term for any one of eq 36. From the dats
obtained in a ssries of measurements it is therefore possible to deter-
mine, almost at = glance, the correction which, if significant, should be
applied to one «r more of eq 36. The first factor in this correction
term is a constaxt for the series of measurements and depends upon the
relative departuces of ¥ and B from their nominal values. By a
selection of the siandard resistor to be used in the ¥ arm, usually 1t is
possible to maks this factor less than 0.02 percent. If the first factor
1s less than 0.03 percent and the resistance of no one of the standard
resisvors substitsited one after the other in the X arm differs from the
mean of X, and &; by more than (.05 percent, in no case will the error
or correction terin exceed I part in 10 million.

Returning now 1o a further consideration of the sensitivity of hridges.
the substitution: methbod not only obviates the requirement of an
accurate knowledge of the resistances of the 4, B, and ¥ arm: of the
bridge, but, for most part, eliminates the effects of heating by the
test current in these arms.  Therefore, if the battery and galvanometer
see in their no positions, it is permissible to use in the Y arm &
i having & higher nominal value than those being
tely in the X arm and thus realize 2 somewhat
higher permissikis sensitivity, as may be seen by reference to eq 262
i, on the other zand, the positions of the battery and galvanometer
sre interchanged, the use in the ¥ arm of a standard of lower nominal
value than thoss Heing substituted in the X arm gives a higher per-
missible sensitivity only in case W is larger than V, as may be seen by
reference to eq 2 Furthermore, it is not the load coefficients of the
resistors being emupared, but their differences or spread which limits
the permissible peiential drop in these resistors.

Equation 36, zad others which follow under the heading “Bridge
Equuitons,” are spplicable if the Wheatstone bridge method is used.
They are also applicable if the Thomson bridge method is used, pro-
vided the adjustrent is made in the manner which will be desenbed
later (or its equirslent), and provided further that the resistamce of
the poteatinl leusd which then constitutes a part of the A arm of the
bridge is not so luige but that differences in readings of the dials may
be taken as differsnces in the ratio of A to B in parts per million of 1t¢
nominal value. z; is the resistance of this lead, including the ad-
justable rheostut esistance is takew into
account by the : 3% ihe

[
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3355 —atzlle— (@ +ay) /2.

L iz

iy equal change in a, a,, an:i a, may be made by
erent ;;!ﬂndard' resistor for use in the Y arm of

the s€l
<he bridge.

2. INTERCHANGE METHCD

equal resistances, X, and X, are to be compared,
\he bridge may be balanced by an adjustment 67 the 4 arm, first with
\ in the X arm and X, in the ¥ arm and then with X, in the X arm
ind . in the Y arma.  This gives two relations, which may be written
as follows:

If two nominalis

X=X a—a). (@)

T=X B+ m—a). (29)

From eq 38 and 30 it follows that

X=X TF o=t (=) a4 (1= a)? (40)

11, therefore, conditions are such that the second-order terms under
the radical and tersaz of the order of {#;—a,)® may be neglected,

Xo=2X 14 (g2—0,)/2]. 41

If, in addition, X,

has so nearly its nominal vslue that z,(z.—a,}/2
may be neglected,

$2=$1+(f12‘f‘111),/2, (42)

where z, and z, ars the departures of X; and X, from their nominal
values.
3. KNOWN RATIO METHOD

of two resistances, X, and X;, whose nominal
orsuch as 2, 3, 5, or 10, different procedures may
f these only in special cases. The following s
almost universally anplicable and most frequently used in this Bureau.

The ratio of the bridge is set nominally equal to the ratio of the
resistances of the twn standards, which are placsd one in the X arm
and the other in the ¥ arm. Then, i X, is known and it is placed in
the ¥ arm of the briize,

X=RX;(1+a—a.), (43)

where R is the nomizal ratio of X to Xj, a, is the reading of the dials
of the A arm of the hridge, and a, is the reading (as yet undetermined)
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of the dials of the 4 arm, for which the ratio of A to B has the nomins
ratio of X, to X;. From eq 43 it follows that

z,=72,-+a;—a,, approximately, 44

where z, and z, are the departures of X; and X, from their nomins
values.

" If, however, X, is knewn and it is placed in the X arm of the bridgs

T =0+ a;—Q. 45

If A./B differs from the nominal ratio of X, to X, (or X, to X)) by less
than 3 parts in 10,000, and X, and X differ from their nominal valute
by less than 3 parts in 10, OOO the approzimations are not likely so
exceed 1 part in 10 million, The procedurss followed in determining
a, will be considered in the next section.

VIII. ESTABLISHMENT OF KNOWN RATIOS

The principle underlying one of the proc Jdures followed in finding
the reading of the A arm (that is, a. of eq 43) of the bndge for whick
the ratio of 4 to Bis accurately an imteger mey be illustrated as follows.
If there are at hand n standards or coils heving nearly equal values.
M, M,, M,, etc., and S is their resistance when conbected in series.

S—-“:M;":‘"Mz"}'Mg‘;'e,C (4'6l
Also, if P is their resistanice when connected in parallel,

LSS S VR S 7)

p*’Mi‘i’Zi[z'{"zs{a'*'e‘h». (4 ‘

Now, let M be their mean resistance and m,, ma, m;, ete. be the depar-
tures of each in proportional parts from the mean of all. Then

=M1-+~m+1+mg+14m,+ete.) (48)

and
1 1 1 1
P My M) M Fmg o

(49)

Assuming that the resistances of the standards or coils are so pearly
equal that the third and higher powers of 7 may be neglec ued ex-
pansion by the binomisl theorem of the terms 1/(1-4my), 1/(1-+)
1/(14my), ete. in eq 49 gives

1 1 . . oy N /5
Pzﬁ((l —m,+mf Rl —metm i  — b m i Lete ). {50)

Since by definition m,—+m -~ m,—-e12. equals 7-70,

S=nM, @
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malre ‘than a few, or even 1 pard in 10,000, in which case Im?in would
he not more thall 1 partin 10 raillion or 1 partin 100 millior, so usually
ept/n may be neglected. However, the conductors used in making
The series and parailel connections will in general have resistances
which cannot be neglected. o )

Presumably Lord Rayleigh was the st to use the same coils con-
qected alternately in parallel and in series [72] in bugdz;;g up from
anit standards.  Steps of 4, 9, 16, 25, ete. are readily obtained simply
by changing the connections of the appropriate numbers of coils of
s‘ppro_g@ateiy equal resistances from parallel to series. Unfp{tx;-
nately, the square root of 10 is not an infeger, so a step of 10, which is
most frequently needed, cannot be obteined directly in this way.

In this Dureau an auxiliary apparstus constructed in 1912 is used
for finding the reading of the dial switches of the A arm of the bridge
for which the ratio of 4 to B is accurately 10 to 1. The circuit of
‘his apparatus is shown in figure
x., Itwillbe observed that there
sTe seven resigtance sections, six
of 150 ohms each, and one of 50
ohms, all comnected in series.
Two amalgamated copper links €
not shown in the figure serve
to connect either group of three
of the 150-ohm secticns in
parallel. Also other amalga-
mated copper links are provided Fievas &—Circust diagram of the auziliary
for use in determining the rela~  apparaius used for deiermining the reading
tive resistances of the sections. of the dial swilches of the NBS precision

h ist f the links ar bridge, for which the ratio of the resistance
The resistances of the UnKs are 43¢ 4 arm to the resistence of the B arm

relatively low and definite and 45 7020 1.
the arrangement is such that the
resistance of each link, including two salgamated contacts and the
appropriate portion of each of two tcrminal blocks may readily be
measured. In the appendix on terminals and contacts, it will be
shown that the effect of the resistances of parts of terminal blocks not
included as parts of links or as parts of resistance sections is negligibly
small.  All other conpectors are so arranged that the effect of their
resistance is eliminatad in the procedurs followed in the use of the
apparatus. E

When this apparatus is placed in the bridge with a galvanometer
connection made at 7. it constitutes the X and ¥ arms of the bridge,
With the three sections on the righit connected in parallel and all
other sections in series, the ratio of the recistancs of the series sections
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to.the resistancs of the parallel sections, theai is, the ratio of X to Y
very nearly 10 to 1. With 4 set at a nominal value of 100 ohms
B szt at a nominal value of 10 cohins, and with no part of the auxiliery
appsratus in the A or B arms, the bridge is balanced by an adjust-
went of the A4 wrin and the reading of the diul switches recorded.
Then with the hattery leads transferred te the points T and €, the
bridge is again balanced by an adjustmernt of the A arm and the
reading of the disl switches recorded.

In the first belance, the resistance of ths conmection between the
normal junction of the X and A arms and the point 7 is in the X arm.
while in the second balance this resistance is in the A

jaean

4 arm. Likewise,
in the first balsnce the resistance betweer the pormal junction of
= point @ is in the Y arm, while in the second it isin
the B arm. Since the ratio of A to X and 5 to Y is 1 to 5, one-sixth
of the difference between the two readings [111) of the dial switches
applied to the first in the direction which moves it tewards the second
eorrects for the crror which otherwise would result frem the rosistances
of the end connectors of the auxiliary apparstus. Now the auxiliary
apparatus is turned through 180°, the parallel zonnectsrs are transferred
to what is now the right side, and the galvanometer connection i
g’, s0 as to agein plece the 50-chm cectior in the X arm o
-the bridge. Then two additional balances <f the bridge are estab-
lished and weighted as just desecribed, giving & second reading of the
‘dial switches, corrected for the effect of tha resistances of the end
connsctors. Taking the mean of these two readings corrects for the
difference in the mean resistance of the thrse sections on the right
and the three sections on the left, as shown in figure 8. It is therefore
the reading of the dial switches for which the ratio of 4 to B is accu-
rately 10 to 1, excepting a correction to sccount for the lack of strictly
propar adjustment of the 50-ohm section and a further correction to
‘account for the resistances of the paralleling connestors. The first
of these is —0.1, the amount expressed in prosortions! parts by which
tha vasistance of she 50-ohm section excesds the mean resistance O'é
the other six sections taken: three at & time in paralle!, and corrected
for the resistances of the paralleling connecsions, while the second
is +8/9 the mean resistance of the paralleling connections expresse
i i sots of 50 ohms. These corrections (which amount
5 in 1 million and are easily determined to 1 part
prlied to the mean of the two readings, referred 10
above, give the reading a, of eq 43, 44, and 45, corresponding to 8
ratio of A to B egusl to 10 to 1, with a probable error not in excess
of 1 part in 3 milion. However, to obtain this precision requires
intercolation from: galvanometer 'deflections, since the apparafl®
reads direcily onlv to 1 part in 1 millicn. The reading of the dig!
switches of the 4 srm of the bridge for which the ratio of A4 to B1*
10 to 1 must be known to a high accuraey, since (starting with 1-obm
standsrds, which sre used in meintaining the unit) soy error im this
reading enters omce in the evaluation of the 10-ohm standerds, twit®
in-the evaluation of the 100-chm standerds, thrse times ip the evalus’
iion of the arde. sod four times ] lustion ¢
the 1C It &lse enters

‘mede at o
mage at g
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m for whieh the

ard resistors having the same nominal value (pref-
) are used.
1z balanced by an adjustment of the A arm with
the three standard resistors placed one after the other in the
the other t¥o being in the X arm.

T aro, . : .
! 4. The mean of the three readings of the A arm, after a correction

= &ppﬁed_to ACCOunt fi;r the resistance of connectors, is taken as the
reading of the A arm for which the ratio of the resistance of the 4
arm to the resistance of the Barmis 2 to 1. ) .

A similar procedure is followed in determining the reading of the
A arm for which the ratio of 4 to Bis3t02, 3t01,21%03,1to03,
1 to 2, or involves other small integers.

IX. ADJUSTMENTS OF THOMSON BRIDGE

A simplified diagram of the bridee circuit when the Thomson bridge
method 1s used, is shown in figure 9. Here, z; represents one of the

g X L v g
2 AMAR AN - —
to Ba MW WA o Ba
C_%§X1 xz Y2 §§Y!
) =
A ;
A G B
E _ n

FieTrE 9.—Circuit dizgram of the Thomson bridge arranged for explanction of the
procedure iL‘;)l.lcm;ed in establishing balances of the bridge 1n such a way as i make
4/B=X/Y.

potential terminals of X, the potential lead, and a rheostat ccntinu-
ously adjustable through a range of about 0.01 ohm; y, repsesents
one of the potentizl terminals of Y, the potential lead, and a resist-
ance which for the purpose at hand may be considered as fixed,
though actually it is adjustable in steps; zp is similar to z;; and 7, is
simiar to ;. L and O represent connectors of rather low resiztance,
which may be opensad or closed at will.

The adjustments sre carried out as follows:

(1) With the coznector L closed and the connector O open, the
direct-reading arms. A4 and « are so adjusted as to give a bales
the bridge., This makes

Atz X

S-—'= approximately. (54)
T H £

&
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(2) With the connectors = and O boh closed, the bridge is ba/anced
by an adjustment of ;. These two stments make
un_ X apﬁrsxi:qately. (55
n Y .

(3) With the connectors i and 0 bath open, the bridge is balancec
by an adjustment of 2, [74]. This makes

Xigpta Az (554,
Y+y.+8 B—u
(4) With L closed and O spen, the bridge is again balanced by ar
adjustment of the direct-resding arms which, as stated above, are
mechanically connected so always read the same.
These four adjustments give

X4 (56

usually to the precision desived or attainable. The process is raalls
one og sucgessive approxirr tions, but the observer
judge from the magnitude of the changz in the read
making the fourth &d]ustme nt and the known pre
the various adjustments, if the adjustmentz need be
tion 56 is the same as the Wheatstone bridge equ
in making & series of measursments, the data recor
lations are the same as though the Wheatstone brmge method had
been used. That is, only tha readings of the dials for each ¢f the
final balances of the brldge are recorded. en these ase st thstituted in
the appropriate equation 36, 42, 44, or 4

Since z;/A and 3,/B seldom excped 0. OO while in ¢ he finsl ad;
ment z; is in series with 4 end ¥, is in series with 2, the pre
required in the second adjustzaent may be two or those order\ E wer
then that sought in the messurement. Furthermos
required in the third adjustmesnt need not be high, and m ma,ny cases
this adjustment may be omitied. An important feature of the pro-
cedure 1s that the adjustmenk result in making X/¥ = A/B, whether
or not the four-terminal condeetors, X anc Y, are linear.

The simplicity of the adjustznents resul more from h having ﬁutab?v
designed and well-constructe apparatus than from the procedus
followed, which differs only in & miner detail from thay descr

Jaeger and Diesselhorst [45]. Procedur res for determining the cor-
rection terms [P} of the Thomson bridge equation or fae makmf these
of those who

terms negligibly small have keen dzscuswe br seversd
have had occasion to use the Thomson b ridge method.

X. PRECISION AND ACCURACY

The expected precision of
reslized on account of slight
one of the resistances bmg o
varying thermosleciromoiive
obteined depends fo & large ¢
the ebserver. To be proper;
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nd COI‘I‘&LJ
bevween that

in sach of eight

4 .'Lher in internat mz‘m ohres ® or sn b s\;mae ohmb; m an
~chin one order of the precision to which two or more
al resistances c¢an be compared (if within the range con-
r guite to the precision to which an 0.0001-ohm standard
pared with a 10,000-ohm standard (provided a sufficient
=mermed;aae step:, is used). It might seem, therefore,
cision considered here is umeces<arﬂy high. Hmvever
ecisicn of the resistance measurements is a factor conmbutmo
nat t the accuracy to which units of resistance may be reali zed
is an i gortanf factor in selecting the particular standard resistors
.4 in maintaining & unit of resistance. For ]advmo the relative
aoality of st andard resistors, & precision of 1 part in 1 million is really
o oded, and it is a great convenience that for the most part this s
3-' adily obtained. As an indication of a limited need for a somewhat
, rher precision, it may be pointed out that the resistance of each of a
fe.rlv large zroup of 1-ohm standard resistors (of the double-walled
rpe constru’cted by Thomas in 1933) is remaining so constant relative
tw (beu‘ mesn resistance that only by making the comparisons t0 2
srecision of about 1 partin 10 million can the changes occurring during
é ‘ow montis be detected.
200ve discussions ‘& stated precision represents twice the
robable error of a single measurement. The precision is estimated
me the extent of the agreement of results on repetitions of the
megsurement under different eonditions, or the consistency of results
ghtained in case more than the minimum required number of measure-
ments is made.

“ For ex ple, if five 1-ohmm standards are to be intercompared,
they may Ge substituted one after another in the same arm of the
bridge. The five balances of the bridge thus obtained give data from
g""»u‘h the resistance of each standard may be calculated in terms of

o resistance of any one or the mean resistance of any two or more.
R pemtmm of these measurements under conditions giving different
distributions of the systematic errors furnish data for determining the
probable error of a single measurement by the substitution method,
that is, the probable error of each of the five results obtained from five
balances of the bridge.

The sames five standards may be compared by interchange between
the X and ¥ arms of the bridge in all possible combinations. The
data obtain d from the 20 balances of the bridge then serve in calcu-
lating the resistance of each standard in terms of the resistance of any
¢ne or the mean resistance of any two or more, the probable error in
the results and the probable error in a single measurement by the
rerchange method. If all balances of the bridge were equally
,mble the probable error in the results obtained from the 20 balances

f the brides would be smaller than that obtained from five balances

5 Here by
specified
of resistan

2ant 8 anit of resistance realized by the use of 3 column of mercury
zished from the unit of resistance of this country or the mesn of the
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of the bridge; also the probable error of a single measurement by the
interchange method would be smaller than by the substitution method.
In the course of time many sets of measurements are made and
repeated, so fairly definite estimates may be made of the precision
obtained in individuel measuremerts under various conditions. In
repetitions of measurements after one or more days, the agreement
of results occasionally is not as good as would be expected from the
estimated precision of the measurements. In such cases, extending
the measurements over longer periods of time usually leads to the
conclusion that changes in the standard resistors are mainly responsi-
ble for the lack of agreement of results, Consequently, thers is little
increase in the accuracy of the measurements other than the detection
of a possible error in recording a bridge reading, by making more thar
the minimum required number of balances of the bridge. T herefore,
in comparing a number of standard resistors, usually this is done by
the substitution method, making the minimum required number of
balances of the bridge, and then repeating this series of measurements
one or more days later, under conditions giving different readings of
the A arm of the bridge. In case the results obtained from the two
series of messurements are gs consistent as should have been expected.
mesans of the values thus obtained are taken as the results of the
measurements. In case of a lack of a reasonable agreement in the
results, further measurements are made to determine the cause and
to remedy the difficulty should it be found to be a defect in the meas-
uring apparsatus instead of changes in the resistance of one or more ¢f
the standard resistors used in the series of measurements.  In cer-
" tificates for standard resistors, usually the stated accuracy:of the
values given is determined not by the precision of the measurements
bat by the uncertainty of the values in international ohms of the
standard resistors used in maintaining units of resistance and the
estimated changes with time of the resistances of the standard resistors
being certified. More frequently than otherwise, the stated accu-
racy is 0.005 percent.

XI. APPEHDICES

In the above discussion a numbs
passed over with little or no cons
be considered somewhat in detail uz ng
Contacts; Thermoelectromotive Forces; Insulation; Optical System:
Methods of Analyses; Ohm’s Law; and Units of Resistance; whut
othgrs will be found discussed in publications to which reference 1%
made.

» of important points have beel
tion. Some of these}';;li n0Y§
r the headings: Termirals snd

APPENDIX 1. TERMINALS AND CONTACTS
(a) STANDARD RESISTORS

For the resisiance of a conductor to be dsf
that the current siways enfer and leave ¢
alwsye the s e or an-eqiivalent distril
iween the particular ¢
g or defining the resistance.
between the

wancard resis

nite, one of seversl requirements I:
conduetor in sueh & way as:bo V¢
the s  hat psIt

rve o

fneer throug

drop cennot alwaye be taker between exact slent QWY
tentisl surfgees. It will therefore be of in ne gre DHCEE
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i ential from 2 %0 [ ;
will be designated the resistance (1234).
1s and 1 and 3 as potential ter

antering on 1 aand leaving cn 4.
In gase 2 and 4 are used as cur-
1s, the resistance may be defined
o of a drop in pote from 1 to 3 to fhe current entering on 2 and
z 4. This will be designated the resisiance (2134). - :
will thus be seen that & £ayr-terminal conductor has as many four-terminal
apees as there are permufations of four aumbers. However, only y of
. these resistances are independent of each other,
2 3 and the relatinns between all are rather simple.
Since there many resistances, it is a con-
‘venience to divide them into groups and to attach
distinetive names %o these groups. The four
Cequal resistances (1234), (2143), (4321}, and
(8412) will Le valled the direct resistance. The
‘four equal resistances (1432), (4123), (2341}, and
{3214) will be called the cross resistance,
- four equal resistances (1243), (2134), (3421
(4312) will be called the diagonsl resi
. When defined ia {his way, Lhe direct re
minus the cross resistance equals the di
~ resistance, as was pointed out in a previous paper
hermore, any one af the 12 remsining four-terminal:resista i
Leuai in maguitude but opposite in sign to ther the direct, the oross,
iiagonal resistance. . : :
It is also a convenienee to ddivide four-ter
ith the relative maznitudes of th
ps. Conduetors for which the er

ja)

2

inal eonductors into groups 2 ac-
resistances and attach names to
resigtance is less than a mi¥onth
near,® and all others will be called

iations in the curren} and potential distribution on ferminals are to affect
i i less than 1 part in 2 million, the terminais must
he so designed that the sum =f the following pofential ratios will be lesz than
3.000 001, With 1 and 4 used as current te als, (1) the potential diff
petween any two points on # to the potential difference between 2 and 3; (2)
the potential difference betw any two points on 3 to the potentiai difference
petween 2 and 3, and with & and 3, used as current terminals; (3) the potential
diference between any two psints on 1 to the potential difference between 1 and
1- and (&) the potential differsnce between any two points on 4 fo the potential
difference between 1 and 4. This condition is generally realized in standard
resistors designed for precise measurements, but is seldom realized in standard
resistors gned for use with large currents. In many cases ‘the resi
depends upon the manner of “mnecting the current leads to the current te
to the extent of 0.01 percent, &nd in excepti
The resistance of .a two-terminal resistor m
sential d to the current, talken between tw
i i e terminals of the resistor and tially in the conductors
current enters and leaves the resistor. From an experimental ztand-
better to defize the resistance of a two-terminal resistor as the differ-

2

equipotential surfaces lyin

resistor.

i Tt shouid be noied that the distinetion made here between a Iinear and nonlinear eonduetor does nat
involve a proportionality and lsek of proportionality of the sotential drop to the ouirrent,

242883—40——9
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what is meant by this statement and to show that the resistan
so defined is vot s erctlv a cocastant, let it be assumed that there is at hand a she
copper rod : cm in diameter and hax ing e end surfaces which are am
1 of this rod is 12 be measured. Also let it be ass

To Hustrs

mated and that the resistal U
that tnﬂre are &t hand two sets of eylindricel copper terminal blocks having Dis
amalgamat f end surfaces, the dxameter oz one set of blocks being 1 em and ¢-
i Each terminal block has a flexit

‘1) the copper rod is placed beives
the terminal tlocks having the smaller digmers
-terminal cozductor thus constituted is mweas
d, the amalgamated surfaces of terminal bloeks ar
esistance of the four-terminal conductor thus con
the latter measured value is subtracted from

e is obtained for the resistance, as defined, of
il i be slightly higher than that va}'

copper rod.
may be ¢alc
Now, if this
dlarwt@r a stil higher value 1l be obmmm for the resistance of the copper T
provided the exntacts between the rod and isrminals are equally good in the try
cases, and provided also that when terminal ‘wlocL< are placed together, the con
tact is such as to give a substantially uniform current density over the contac
area. In the first case, one 9_rxalgamated contact is included in the meaaureﬂ
resistance. In the Qecond cage, there is in addition a nonuniformity of curren:
density in the vicinity of the COD\»ﬁ.Ct/S, whick in effect increases the measured
resistance,
Obvmudv th

,erefore,‘tbe resistance of a t.wo-terminal standard resistor depen;li

For example, when & Lwo-te**m al Rba.ndard re:*:tor is placed in an &rm of & W hea‘
stone bridge, the bridge arm, which is a four-terminal conductor, consists of t
standard and th= end connecto It u‘ne terminals of the standard and of the e'l(f
connectors are svnalgamated, the end connectors consist of two amalgamated sur-
fages or meTeury cups and two erminal blocks of the bridge. With end connector:
of the usual tyg vizg deep mercury cups, the resistance of the bmdz&
arm may depend on the amount of the mercury in the cup and the position of th
verminals of the standard in the cup to the extent of a few mierohms This diff
culty is obvisted to a considerable degree by the use of plane amalgamate
surfaces, instead of mereury cu

What is-of more xmporfance sn the form of the contact surfaces is the gradua
accumulation of copper amalgar. in the solid phase on the terminals of standsn
resistors and on end connectors or contact bloc’z:s. Cases have been observed i
which the removal of the amslgam in the solid phase has resulted in a lowerin
of the resistance by more than 1T microhms (though a definite reason for so larg
s change has nct been found), Even when the amalgamated surfaces of me
terminals of the standard resistor and of the terminsl blocks with which it ma ¥
be used are apparant tly in good coundition, the resistance may be expected to depenc
on the resistances of the amalgarmated contacts and the distribution of the eurrent
density in their vicirity to the exzfent of a few microhms.

(b) TERMIRAL BLOCKS OF BRIDGE

The maore mpﬁ'”tam termma} tlocks of the NBS precision bridge and ail e
mital blocks of ¢ used in establishing known resistance
ratios have four o .

A diagram of & main terminal block of the bridge which is used when the 4
arm is 25 or 100 obzns isshown in zure 11 (8), ‘The block is constructed of coppe’:
and terminsiz 1, 2, 4, and 6 are eopper wires soldered in holes drilled in the u_;cen
side of the bieek. T _mina1 Jisa i su*‘ar’e {nota mer'-uﬂ' cupt
and terminal™5 is &
respect to the oth
both are used at &
of the A arm
bridge, when this

uLE‘j may i




a b c
F16URE 11.—A #main lerminal block of the NBS precision bridge.

e six terminals of the terminal block, b shows ihe three terminals used with the Wheatstone
hod, and ¢ shows the three terminals used with the Thomson bridge meszhod.

e serving as termipal 3. However, as used, the connection is distributed

vhai uniformly over the central portion of vhe surface, so probable values lie

range from —0.1 {0 0.1 microhm. Therefore, since the lowest resistance
n the 4 arm is 25 ehms and the lowest resistance used in the B arm is 10

changes in the current distribution resuiting from a change from one bridge

2 alces

d to anothor and from variaiions in contachts on the amalgamated surl
he ratio of 4 to B enly a few parts in 180 millicn.

contribution of these terminal blocks to the resistances z; and y; when the
on_bridge method is_used is of no consequence, since adjustments make
i(B+y) =(A/By={X/Y). In additicn %o the resistance of an amal-
d surface, these terminal blocks contribute apyuruxiinaiely 1 microbm to
sistance of the X arm and Y arm of the bridge when the Wheatstone bridge
wod is used. However, if a precision of 1 part in 1 million is expected, the
esiztances of the X and ¥ arms must be 10 ohms or more, or the econductors must
be of the four-terminal type. When the conductors are of the four-terminal type,
sll conneeting conductors can be changed from one to another of two adjatent
of the bridge [111]}, and this makes it possible to apply a sorrection to account
e resistances of connectors, including amalgamated contacts.

(c) TERMINAL BLOCKS OF AUXILIARY APPARATUS

the previous discussion of the auxiliary apparatus, used in determining the
ag of the dial switehes of the 4 arm of the bridge for which the ratio of 4 to
10 to 1, very little was said concerning corrections to account for the effect
resistances of the ferminal biocks. This matier will now be considered in

h of these termiral blecks s a four-terminal conductor and consequently
vo independent four-terminal resistances. One of the end terminal blocks
>wn in elevation in figure 12 and in plan in figure 8. Here termipal 3 is an
amated surface on which a copper link rests when the three resistance
ns adjacent to the terminal block are connected in parallel, terminal 4 is a
. of one of the 150-chm resistance sections, terminal 2 is a small mMeTeury cup

tich i3 used as a potential {(or eurrent) terminal in measuring the resistance of
the paralleling eonnection, that is, of the copper link, the two amalgamated con-
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tacts and a portion Gf ach of two terminal
current or potential terminal, both when the
adjacent to it are connected in series and
Termiinal 1 serves in cnnn ting the apparatus into the bridge. b the para.
conuecbion two-thirds of the current is through tenninal 3, voe-thizd. of the
rent is through terminal 4, and all of the current is through terminal 2 or termina.
In measuring the resistance of the parallel connection, &ll of the currem
through terminal 3 and all through terminal 1 or terminal 2. With the ser:
connection, all the current is through termina! 1 or terminal 2, and all throu:
terminal 4. X

One of the terminel blocks to which two 130-ohm sections are conneected .
shown in elevation in figure 13 and in plan in figure 8. Here terminal 3 is ¢
amalgamated surface on which a copper link rests when the resistance sectic:
terminating in the block are connecied in parallel, and 2 is a small mercury co
used as = terminal in messuring the resistance of the paralleling eonnecti

cks. Terminal 2 is also used &
nhree 150-chm resistance secti:
en they are connected in paral

150 50

el v e

. ) Figure 18.—A lerminal block of auzil
FIGURE L2.—An end terminal block of wary apperatus 1o which twe 150-0kM
auziliary apparaius. reswstance sections are connecled.

Terminal blocks of this type are also used with three different current distributions.

Consequently, the effects of the four-termiral resistances of these termina!
blocks are more complicated than the effests of the fonr-terminal resistances O
the main terminal blocks of the bridge, in which it was necessary to consider onl¥
nwo eurrent distributions in ezch bioek.

In the uwse of the auxiliary spparatus, v\nat is of most 1mportance is the ratio
of the four-terminal resistances of each of the two groups of three 150-obm Ie
sistance sections when connecied in series, Ry, o their four-terminal resistance®
w hen connected in parallel, E,. The effect of slight inequalities in the resistances

f the 150-chm sections of eacn group has zlready been discussed, and here it will
be assumad that this effect is too small to require consideration. Since the problem
is complicated, only the results which have been obtained will be given here.

while the analysis will be given in the ap*)e,tazx on methods of analyses.  With
the notation shown in figure the ratio

R.B,=9{1—4[L;+L,+ (1234),— (1432 45,4

(1437, ,— (12 ,.-~<12:34)4—<1432
Also the resistance of termina!l 1 of termins! t:ﬁoch a, that is, the ‘ouren
from I to 2 of @ to the eu ngon I of a apd s°3v ng on lofe
will b° de»‘jgnafcﬂé r,hc resis Tai, d . <
(1432; t
by T,vm-un
series conneriion.
in the use of €he appar
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of current in each of the four-terminal D;oc’»‘< involved. The resistances of @
other group of three 130-ohm sections in scries is obtaired in the same ws
The addition of the resistances (254‘,3,;25, and (Z24445:24) to the resista
(542424547), the measured resistance of the 50-ohm section, gives the resistar:
(4424234 3}, that is, the resistance of the 50-chm section with what may be et
sidered gs the normal distribution of current in the its terminal blocks, d and ¢
The result of these measurements may be expressed in the form

: 18Rs =l+a. 3t

Ry i Ryse ) Risu | Riav | Ruw | Rus

Here a is the amount, expressed in proport-ior.g'z parts, by which the resistancec
the 50-ohm section exceeds the resistance of the six 150-ohm sections in seris
divided by 18, with what may be considered as the normsl eurrent distributic
in all terrinal blocks. As has previously beer pointed out, —a/10 is & correctio:
which must be applied in the use of the apparatus.

In the design of these terminal blocks and in the selections of values for th:
resistances of sechonsA an effort was made to make the effects of the differer
current distributions in the terminal blocks negligibly small. The exfent u
which this aim was realized may be seen from the relations stated above and the
fact that measurements of the four-terminal resistances of the terminal blocks
give values for each ranging from about —0.5 to 0.5 microhm, depending
mainly on the part of the amalgamated surface serving as terminal 3. However.
in use, ezch connection is distributed somewhat uniformly over the entire ama
gam&ted surface, and under these conditions it is hardly probable that any o
the four-terminal resistances lie outside the 1 range from —C 3 to --0.3 mlcrohmy
Presumably, therefore, changes in current distribution in terminal blocks anc
system: errors in the determination of the resistances of psral eling comeo'
tions of the suxiliarv apparatus contribute not more than 1 part in 50 millior
to the uncertainty of the reading Gf the A arm of the bridge, for which the ratic
of Ate Bis 1010 1.

Consequently, measurements of the relative values of the resistance sections
and of the parelleling connections of the auxﬂi&ry spparatus may. be made with
anv conneciion found convenient, provided only that each resistance section and
each paralieiing connection is considered as a four-terminal conductor.

What is of more importance than the resistances of the terminal blocks is the
resistance of the amslzamated contacts included in the paralleling connections.
Each of these contacts has & surfsce on the terminal block sad another surface
on the connecting link. The surfaces of the ferminal blocks He substantially in
the same plane, and each has an area of approximatelv 1.25 cm?, The under side
of each connecting link is & plane, and the dxmensmns are such that when tw0
terminal blocks are connected by a link, the entire contact areas of each of the
two termins! blocks are effective. A few weeks, at most, previous to the use of
the apparstus, the surfaces of terminal blocks and connecting links are poiished
with fine emery paper backed by a piece of plate gia..s or other plane surface
having an area of not less than 300 om’ until the copper may be scen distinotly,
indicating the removal of practically all of the accumulated copper amalgam in
the solid phase. The suriaces are then reamalgamated, using the sodivm-
amalgam process. In placing links on the terminal blocks, they are moved back
and forth parallel fo the &ma}gwna{ed surfaces until thev slide freely indicafing
the removal! from between the surfaces of any loose solid copper-amalgam OF
other solid material. With these precautions, a link mav be removed and re:
placed by spother of the same dimensions without chmgmz the resistance of
the paralleling connection by more than a few tenths of a mierohm. In addition,
the measured resistance of each pa,ml el connector is in agreement with the value
estimsated from the divencions and ‘he resistivity of copper. The liberal deat
of these coniacts, the mssibilirv f removing the copper-smalgam ir
phease without zmp&:ruz the mech anw 16t and Y8
in their use resulf in & very much r)erter 3
eonta 18 between standard resistors and
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If, for example, terminal 1 of X were connected to the 4 arm of the brids
terminal 2 were used as & connection to the batt and other connectious wen
as shown in figure 18, the adjustment would estabiish the relation

A __the diagonal resistanes of X e
B~ the direcl resistance of Y - W

The conductors, X and ¥, might be connected into the bridge in such a way ths:
the adjustment would make the ratio of 4 to B egusl to any one of several rat!
of a four-terminal resistance of one, to a four-terminal resistance of the ot
Finally, it should be noted that whether the Thomson bridge method, the po
tiometer method, the Matthiessen and Hockin bridge method, or the Kohlras
differential galvanometer method is used the same value will be found for
ratio of a four-terminal resistance of X to a {our-terminal resistance of Y, provide:
proper adjustments are made in each case and egualiprecisions are attained it
these sdjustments.

APPENDIX 2. THERMOELECTROMOTIVE FORCES

In measurements to & precision of 1 part in 1 millian, the potential drops in th:
ridge arms resulting from the test current must be balanced in many cases <
0.01 microvolt and in exceptional cases to 0.001 mierovolt. However, condition:
under which the measurements must be made are such that unless careful cor-
sideration were given to the thermoelectromotive forces they would often amount
to & few or even several microvolts and change rather rapidly. As pointed ou
above, keeping the galvanometer circuit closed and judging the balance of ti:
bridge from the changes in the deflection of the galvanometer following reversai
of the test current eliminate the effect of the thermocelectromotive forces insofs:
as these remasin constant during time intervals carresponding to a few periods ¢
the galvanometer. While it is very desirable that the thermoelectromotive force:
be kept constant, experience shows that a thermoslectromotive foree which is
changing slowly and at & fairly uniform rate does not preciude accurate balances
of the bridge by a skillful observer. The principal means used for steadying the
thermoelectromotive forees, most of which also reduce their magnitudes, are
mentioned in the following numbered paragraphs:

1, Bridge arms, terminal blocks, the rheostat used in regulating the damping
of the galvanometer, and & part of the leads between the bridge and galvapom-
eter are placed under oil which is kept at very nearly a uniform temperature
throughout by vigorous eirculsation,

2, The galvanometer iz mounted on an inside wall, where it is fairly free from
erratic changes in femperature,

3. A tight metal case completely surrounds the galvanometer, except that thers
is & glass window of sufficient size to permit of a view of the coil and a reflection
of a light beam from the mirror. )

4. The coil, coil termirals, suspensions, and terminals of the galvanometer, and
the leads between galvanometer and connections in the ofl bath are of coppen
but the necossary connections botween them arc soldered. .

5. That part of the galvanometer circuit outside the oil bath is thermoeleetri-
cally balenced insofar as this is practicable, N

6. Most of the soldered connections outside the oil bath sre thermaslly shunted,
at least to some extent. .

7. Thermal resistances are msade high in parts of the cireuit in which this is 83
sdvantage. .

8. Al soldered connections are protected from direct exposure to the geperd
circulstion of the air of the laboratory. B i

8. Soldered connections outside both the galvsnometer case and the oil bath
are kept to & minimum number. R

10. Boldered conpections outside the oil bath are msade with the copper paris 88
nearly in direet contact se is practicsble over aress 2 tc or larger than i8¢
eross section of the somductors end with only s sufient emount of solder €
produce & good thermsi soniact.

1. Abropt changes iv the thermal cepaeity per nnit’
vicinity of pussible sources of charging thermoeieciro,
&8 gresti sr extent se if praocticable

12. Masses of musterial havin T
the vicinity of more probable sources of changing therm
Yhe purpase of reducing the rate of change of the temperature,

ength of eondanetor io tﬂ?
ive force mre gvoided W




Resistance Comparisons 267

1

alances of the bridge
es the heat developes

ate o the oil
he contacis

I

hes. o
with the dial sw five o fhe

]

Are 1 hes
) ai s ©3. | -
ngg thermoelectric balances and thermal shunts are nct generally used else-

whEres a

n explanation of sach may be in order.
{2) THERMOELECTRIC BALANCES

1f a complete electrie cireuit is made up in part from one kind of metal and in

ot from another kind of metal, there must be at least two and in any case an

*, pumber of junctions between dissimilar metals. Tha$ is, the junctions oceur
,‘""enaiﬁ, When these junctions are at different temperatures usually there is a
:’ﬁf';;mo;lectromotive foree in the circuit. However, it is not necessary thai‘;ﬁ all
hoactions be a$ the same temperature to avoid & thermoeleciromotive force. The
inermoelectromotive foree would be zero if the two junctions constituting one palr
:ﬁ“,,e st one temperature, the two junctions constituting another pair wers ab
,‘s;;i-her semperature, ete. This is the end sought in making j;hermct_axectnc
Lalances. In the simaplest cace a thermoelectrie balanee consistz in making the
caro junctions of a pair of similar construction and of placing these two junctions
. such relative positions that both will be exposed o very nearly the same
;:-ubient temperature. More generally, a thermoelectric balance counsists of con-
sgructions and arrangemenis of parts such that some type of symmetry both
from the thermal and from the thermoclcetris poinis of view is realized for two or
more of several junciions in an electric circuit. For a circuid to be thermoelectri-

liv balanced, each junction between dissimilar metals must be taken info
wgéideration, . . R

For the purpose of Mustrating a method of realizing a thermoeleciric balance,
consider & soldered connection between two copper wires of the same size which
are exposed to air currenis of varying temperature. The connection is made
similar in the two directions parallel to the cireuit. The conductor is supported
irom opposite walls of the laboratory, and the connection is placed at some dis-
tanee from either support. Consequently, air currents heat and ccol the wires
on oppusite sides of the connection at very ncerly the same rate, and keep them at
sery nearly the same temperature. Therefore, the two junctions, solder to copper
and copper to solder, always assume very nearly ihe same temperaiure, so both
the magnitude and the rate of change of the thermoelectromotive force are very
«mall. In this case, one of the junctions is balanced against the other.
“For tlie purposc of illustrating another method of rcalizing a thermoeloctirie
helance, consider two sections of & cireuit in each of which there is a soldered
connection between a copper wire 1 mimn in diameter, and a copper wire 0.5 mm
in diameter. The two soldered connections are made similar and so located
with respect to each other that in case of a changing temperature, the rate of
heat transfer from a larger to a smaller wire is the same through one as through
the other of the soldered connections. As a consequence, the difference in tem-
verature of two junctions, copper to solder and solder to copper, of one connee-
tion, is very nearly the same as that of the other connection. Therefore, the two
soldered eonnections, each constituting a thermocouple, develop very nearly the
same electromotive forve. Furtlier more the arrangement is made such that in
ease of a current in the eircuit, this current is from the larger to the smaller wire
through one of the soldered connections, and from the smaller to the larger wire
through the other connection. Therefore, the electromotive force developed in
one of the soldered cornections is in opposition to that developed in the other.
n this case, one of the thermocouples is balanced agaiust the olher.

(b) THERMAL SHUNTS

A thermal shuni consists of an electrically insulated or insulating heat con-
ductor which serves to equalize the temperature of two sections of a eircuit
between which there are possible sources of thermoelectromotive force. As an
illustration, consider a soldered connection between a relatively large and a rela-
tively small insulated copper wire that is exposed to air currents of varying tem-
perature. Only sufficient insulation is removed from the ends of the wires to
narmit. of solderin whieh the smaller wire ir wrapped a few times around

rit. of 1; a
e hd SEIASE,
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the larger wire, and this portion thoroughly irepregnated with shellae. Then
although air currents may heat and cool the smaler wire more rapidly than the
larger, the beat transfer between the two is mairly through the electrical insuls-
tion. 'The result is a material reduction in the =mperature diference and raw
of change of the temperature difference betweer the two junetions, copper te
solder and solder to copper, and consequently, a material reduetion in the thermo-
electromotive foree and its rate of change.

Thermoelectric balances and thermal shunts constitute two of the simpler
and more generally applicable of the effective means of reducing troubles from
thermoelectromotive forces. Furthermore, each may be made to supplement
the other and sundry means employed for this purpose, such as a thermal shield
the circulation of air in an enclosed space, the blocking of air ecurrents, ete.

With the arrangement used and procedure followed in establishing balances
of the bridge, thermoelectromotive forces seldom constitute a limiting factor on
the precision of measurement, even when there is forced cireulation of the air
from the general heating system at a temperature 10°C above the temperature
of the bridge and 15°C above the general temperature of the laboratory or from
the refrigerating system at a temperature 15°C below the temperature of the
bridge and laboratory. Only in exceptional cases is it necessary to place tem-
porarily an obstruetion to the normal circulation of the air in the vicinity of the
galvanometer, the terminals of standard resistors, or the connectors extending
above the surface of the oil.

The maintenance of sufficiently good insulstion eonstitutes a troublesome factor,
especially in the measurement of higher resistances. Referring to figure 1, it will
be seen that the batlery and galvanometer leads are at different potentiais. Con-
sequently, at least a small part of the current supplied by the battery passes
through the insulaticn between them, and as a result each arm of the bridge is
shunted by & resisianee of the order of the resistance of the insulation between s
battery lead and & galvanometer lead. In case the resistance of one arm of the
bridge is 10,000 ohmns, the resistance of the insulation between the battery lead
and the galvanometer Jead connected to it must be in excess of the 10 ohms, or
be compenseted in some way, such for example, as by the use of a substitution
method, if the error from this source is to be less than 1 part in & million. Resist-
ances of the insulation between the battery and galvanometer leads in excess of
10 ohms are not readily reslized, and having been realized, it is not safe to assume
that they are being maintained unlees certain precautions are toaken, and then
only in case occasional checks justify the assumption. Usually it is assumed that
a Wagner branch [86, 97} if properly designed and properly used, constitutes an
effective means of avoiding errors which otherwise might result from slightly
defective insulation. Originally, the bridge was equipped with a Wagner branch,
but it was removed for ressons, the more important of which will be discussed
later under the heading “Wagner branches.” Sinee the removal of the Wagner
branch, efforts have been made to maintajn the resistance of the insulation be-
tween the batiery branch and the galvanometer branch sufficiently high that the
leakages between these branches do not consiitute a limiting fsetor in the
precision of messurement. However, if the insulation were to be suﬁiciemi}:
good to obviate errors which might arise as 8 result of passage of leskage current
from direet current power cireuits through the bridge, its resistances would have
¢ be two or possibly three orders higher. While errors from this source areé
eliminated for the most part by the reversal of the coanections to the battery used
with the bridge. and this is the regnlar preciice followed in halaneing the bridge.
s grounded metal guard is piaced under all mechanical supports of the bridge, the
battery and iis leads, and the galvanometer and ite Jeads, This is 5 very
mesans of isolating the bridge from power cireuits
ting the insulation of batiers and galvanometer le:
sed in regulating the tempe
asr alternating eurrent ¢l
The means emplio;
of the laboratory is dried by re
point well below the tamperaty
cmenie are
dry all
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the damaping of the ga'va.m‘"esw are
zalvan ometer leads have bub few supports and these are
anometer case is supported on amber posis, and the
ilated from the case. {8) The battery is supported on
e batiery leads are well insulated.
~ce of the insulation of the battery and its leads, the
or regma’t’ the tést current, the ammeter-voltmeter, keys, ste., gen-
S *om two to four orders lower than the resistance of the insulation of the
meter and g alvanometer leads. It should be noted that it is not neces-
v thbs the ,nsulamm of both the battery branch and the galvanometer branch
ar :ionally good. Nevertheless, when the humidity is very low, the insula-
entire bridge circuif is so good that there may be trouble from electro-
i To avoid slecirostatic effects arising from the stirring of the oil,
ting propeiler is electrically connected to the guard, and the beld driv-
eulating propeiler is located beneath the metal tank containing the oil
: ricns of the remaining sontees of electrostatic effects arise
from mgz—cmen%s of observer. In case these moverments cause trouble, the
JSZ'd is :,emporarﬂy extended under the observer so he becomes a part of i,
{‘h observer I8 thoroughly insulated from the floor, or a galvanometer lead is
connected 0 the galvanometer case. Should slight defects in the insulation be
suspected, in any case, their presence or absence may be confirmed easily. TIf
?;gcent hutb not very serious, usually itisa ssmpne matter to carry out the measure-
Taent in such manner a3 o avoid an error from this cause.

(a) THEORY IN CASE OF DEFECTIVE INSULATION

The ¢:
=

rection for the effect of slightly defective insulation will be designated
f. Then, following the notation used in the paper, the Wheatstone bridge
equation may be written

X=Tallta—at]) 62)

1z cases in which the resistances of the battery leads and galvanometer leads are

i+ small in comparison with the resistances of the bridge arms, as is usually
med in discussions of this subject, figure 17 represents the bridge circuit with
suficient =xachness for the purpose at hand. Here g, 3, ¢, and d represent branch
points of the bridge: e represents the guard extendmg under all mechanical
g\jppor‘tk of the apparatus; and m, n, o, and represent the resistances of the
insulatico between leads, or branch points of the bridge and the guard:-- For this
0mew ideal arrahjement, if the bridge is balanced, the relation befween
4,B X, Y, mmn,o0,andpis

XA+ Ymp/F) _A(1+Bmn/F) (63
YA Xop/F)~ BA+ Ano/F)’ )

F=mno+nop-+opm-+pmn. (64)

63 is readily obtained by the use of Rosens [77] star-polygon transforma-
put in the fcrm of eq 62, and if F is sufficiently large relative to Ypm,
. and Ano, that terms divided by the second and higher power of #
may be neglected,

=—}§-1.[1—1-a——a,,+(Xop+ Bmn— Ano— Ymp)/Fl (65)
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Therefore, %o a first order azproximation,

e Xop+Bmn— Ano—¥mp
*7 mno-+nop+msp+mnp

(66

Equation 68 shows the effect of slight defects in the insulation and the relatior
between these defects necessary for them to compensate each other. However
it is of iittle use in the solut of the particzisr problem at hand, since, in genersl,
m, n, ¢, anc p will not be krwvwn. Furthermore, it is not sufficiently general tobe
applicable in all cases.
Frecuently a resistance
potential drop across the b
battery and in one or both

iz placed in one or both battery leads to reduce the
e 1o & value less than the electromotive force of the
ranometer leads or in parallel with the galvanometer

By o

FIGURE I7.~—Wheatstone brig,

. - eireutt arranged to show the cffeci of slighily defectivt
insulation of the

tery leads and of the galvanemeter leads.

P

to adjust ths damping of galvanometer. Also msjor parts of the leakage
through or cver insulating :caterial may be distributed near the battery ard
gaivancineter. When this is the case, resistances in the leads make slight defects
in the isulation more serious.

{b). PROCEDUR:
For suoh a bridge circuit as

a first-crder &pproximation,
be the yrodust of two factos

iN CASE OF DEFECTIVE INSULATION

wr in fig. 18 or the simpler one (shown in fig. 17), f¢

correction term, f, of eq 62 may be considered t¢
One of these, which will be designated J, com-

prises t¢-0 of more resistance ratios involvirg only the resistances of bridge arms,
galvapometer leads, and leaksae paths between galvanometer leads and the guard.

The oth:2, which will be desk
branch point & (or branch pc
Following the Hotation usss

sted K, 15 the potential drop from the guard to the
¢) divided by the potentisl drop from a 1o é.
above and replscing f by the produet of J and K,

LA, &
F=Y=2[l+a—e,+J K] (67)
B
With brsuch point ¢ connect
) (68}
80
=1 [tk
X= j18 *
With brameh point d conpested to the guard,
oo
80
71
¢ Te baes of prsis. B

) + discussion giver h¥re will be explained o the sppendis or methode of aravst
expedient.
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. i 1 i follows that
5 69 and 71 5 IoW tna
From €4 B ’ .
PSR Pt 8 i)

and 72, of 71 and 72, it follows foas
A L . - oo
X=YF 1+ @Y +aD/(X+T) —al 7%

v manner it may be shown that if balances of the bridge are made with
g j,.il’peoﬁ;ts b and ¢ alternately conneected to the gusrd
pradid

=21+ G4 +aD/(A+ D —al 74)

torring to €q 73 or eq 74, it will be szen that by making two balances of
,ﬂﬁif;gg;ginstegd of t»hg usual one, the effect of skight defects in the insu-
!““?o; of battery and galvanometer
1:\ qu is taken into aeeount. For eq
:33@{ 74 0 give results accurate to
‘ psrt in 1 million, g,—a3 OF G— &,
: it lie in the range 0.001 to —0.001. b
?rqwe‘;er, these two equations are in-
d';}endent of each other, so usuaily
one o the other will be applicable.
4 should be pointed out that the
sitnation is somewhat more compli- a

eated than would appear from the \%’

above discussion or an imspection of ‘§‘x‘
agure 18. For reasons whieh are %@a 3

=

stated on page 239, the balance of the 3
wridee is judged from changes in the c

deflection of the galvanometer rfol-
lowing reversals of eonnections %o
the leads of the battery. These re-
versals are made at points at some
distances from the battery terminals.
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As a consequence, the direction of N = .
the potential gradient in the insula- *= 2
cion may be reversed in some and not SN2
in ochers of the leakage paths, so the = 2

correction term may be different in {4 It Al
the two cases. Conseguently, when ) ) L

eq 73 or 74 is used an appropriate FiGURE 18.— Wheatsione bridge circuil with
procedure should be followed in es- leakage paths between batlery leads and the
tablishing the extra balances of the guard, and beiween the galvanometer leads
bridge. and the guard,

(c) TEST OF INSULATION

However, what is desired is not an evaluation of a correction term but an
assurance that it is so small that it may be neglected without reducing the precision
of the measurements. Keeping in mind the relations given above, it is a simple
matter to more or less definitely locate defeets in the insulation if these defects
are really serious, although it may or may not be a simple matter to remedy the
difficulty. Sinee the insnlation of the galvarcmeter, galvanometer leads and rheo-~
stats used in regulating the damping of the zzivanometers is generally much better
than the insulation of the battery, battery izads, switches, and rheostats used in
adjusting the current through the bridge, th= insulation may be tested by making
K of eq 67 have first a positive and then egative value somewhat larger than
the value it can possibly have as the bridgze is used, and noting the resulting
changes, if any, in the balances of the bridge.

The value X naturally assumes presumably will never lie outside the range from
plus to minus the electromotive foree of the battery, supplying the test current,
divided by the potential drop from @ to d. Usually, therefore, an appropriate

[s+]
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change in K may be made by connecting an auxiliary battery (having an electrir
motive force of about one order higher than the eleetromotive force of the battery
supplying the test current) between the guard and branch point a (or d) and they
reversing connections to this auxiliary battery. This should be done with the
reversing switch in the battery branch of the bridge in one position and then
repeated with the reversing switch in the other position, the battery branch being
closed in both eases.

Of the locations not so far considered, at which slightly defective insulatiop
might introduce errors, the more probable Is in the auxiliary apparatus used if
finding the reading of the dial switches of the A arm of the bridge for which the
ratio of A to Bis 10. At the time this apparatus was constructed the importance
of providing a means of testing the insulation was not appreciated. For example,
should the resistance of the insulation between one of the end terminal biocks and
one of the central terminal blocks be ag low as 10% ohms, the reading obtained
would correspond to a ratio differing from 10 by about 2 parts in 1 million. How-
ever, checks by a number of standard resistors singly and then in series have not
indicated any significant error from this source.

1t should be pointed out that when nominslly equal resistances are being eols~
pared, either by substitution one after another in the same arm of the bridge or
by interchange between arms, errors which otherwise would result from slightly
defective insulation are automatically eliminated to the extent that the shunting
effects remain constant during a series of measuremerts. Also, that as the appa-
ratus is used, leakages within the A and B arms of the bridge are automatically
taken into secount to the extent that they remain constant during a series
measurements. R

In general, leakages within resistance standards have the effeet of lowering
their resistances, rather than lmiting the precision of the messurements.
exceptions! eases in which the conduction through the insulation is suffcient to
rosult in noticeable electrolytie pcularig,s‘tion the usual procision of measurement
cannot be obtained, ) X

Tt has been assumed that direct leakage from any part of the bridge eircuit to
points within X or Y is negligible, Also that direct leakage between battery an
gzlvanometer leads is negligible. The bridge is kept under oil of good quality.
and the battsry and galvancmeter leads are brought out, so that there is litfie
possibility of & current from one to the other except through bridge arms or b¥
way of the guard. So presumably these assumptions are justifiable.

(d) WAGNER BRANCHRS

It wss mentioned that originally the bridge was equipped with a Wagn®
branch. Ususally when a Wagner branch is used with a Wheatstone or other
four-arm bridge, it is attached as shown in figure 19. Here W, and Wy rep}"esené
the arms of the Wagner branch. The bridge and the Wagner branch are adjuste
by suceessive spproximations, First, the bridge is adjusted with the key kv 0P
so that there is no current in the galvanometer, Second, with the galvanomey?l'
connected between branch point b (or ¢) and the guard or with the galxrano}ne‘léé
in its normal position, and the key, k., closed, $he Wagner branch is so adjust®!
that there is no current through the galvanometer. This second adjustmer{ﬁs_;
it involves any marked changes in the ratio of W, to W, disturbs the first adjust-
ment to some extent. Therefore, the first adjustment is repeated and this &%
turbs the second adjustment slightly, ete. IHowever, suceessive adjus.tments "e
quire smaller and smaller changes, and after the changes become insigmﬁcanty"w
galvanometer branch is at the potential of the guard. Then there is no )ealg&i;
current through the leakage path, g, or any arm of the bridge. Therefore, sifi¢
thero ie no current through the galvanometer, the Wheoantstone bridge equation
gives the relation between X, Y, 4, and B. inal

If this adjustment were valid with the key %; against the -+ battery term}nen
block and the key, ks, against the — battery terminal bloek, the relation betwe
the resistaneces would be as follows:

Wi+ Wofg) X 4 (9
5 Y
However, with this adjustment the galvanometer branch will not be st the poter

tial of the guard with both keys b, snd kb agsinst |- battery torminal blocksi,r 5;5’
shown in figure 18, or with k; against & —, end k; against a 4+ baitery termin
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plock. More specifically, when a switeh, such a8 is shown in figure 19, is used in
versing the current through the bridge and this awitch is located between the
geridge and a leakage path between a battery lead.and the guard, no adjustment
n be made such that the galvanometer branch will be af the potential of the
ard for all permutations of the settings of the'keys ki, %, and k.. If then there
gua Jeakage path from a galvanometer lead to the guard, no adjusiment can be
de such that there is no current through the galvanometer with the current
shrough the bridge alternately in one and then in the other direction, when the
soy ks IS OPED and also whea the key k. is closed.
*otwithstanding this difficulty it is possible, in some cases only, o make an
adjustment such that the relation between X, Y, A, and B is that given by the

E
TieUrs 19.—A Wagner branch connected in parallel with the battery branch of a
Wheaistone bridge. ey e / :

Weand W retptesent the atms of the Wagner branch, and 2 and g represent leaksge paths between
he bridge circuit and the guard. €

Wheatstone bridge equation. Adjustments of the bridge and of the Wagner
pranch are made by successive approximations, judging balances by changes in-
the deflection of the galvanometer following reversals of the test current.” In
adjusting the bridge, the key k. is left open, while in adjusting the Wagner
branch, it is kept closed. When proper adjustments have been realized there
may be a fairly large current through the galvanometer with the key %., open and
a different fairly large eurrent through the galvanometer with the key %, closed.
However, the magnitudes and directions of these currents are independent of the
direction of the current through the bridge.

The situation is not nearly so complicated if the Wagner branch is attached to
braneh points b and ¢ of the bridge, as is shown in figure 20. With this arrange-
ment adjustment by successive approximations leads to a condition such that
there is no eurrent through the galvanometer with any possible combination of
the settings of the keys ki, ki, kv, and k,. While this adjustment does not
bring the galvanometer to the potential of the guard or prevent aleakage between
a galvanometer lead and the guard, it nevertheless leads to the relation between
X, Y, A, and B given by the Wheatstone bridge equation. :

This discussion of the Wagner branch is by no means comprehensive. It
should however serve to show that an attachment of a8 Wagner branch to the
NBS precision bridge would not counstitute a simple and convenient mesans of
obviating the need of good insulation.
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Ficure 20.—A Wagner branch cannecle’é in paraliel wiih the galvanometer branch
: of a Wheaisione bridge

Here the arrows indicate the direction of the leakuge current in each branch of the network when the
potential of all bridge arms is higher than the potentis! of the gnard.

APPENDIX 4. OPTICAL SYSTEMS OF GALVANCOMETERS

While balances of the bridge are being established, the deflection of the gal
vanometer is ever changing, so it requires the concentrated atteniion of the
observer. Watching the deflection and separating those componeuts of the
defiestion resulting from a lack of balance of the bridge from those resulting from
other causes constitute the most fatiguing part of a series of measurements. AS
fatigue is a factor affecting the precision of a series of measurements the optics!
system should be as suitable for the purpose as can be obtained without excessive
refinements. What constitutes the best obtainable optical system depends ob
the skill of the available optician, personal preference, and physiological factors.

(a) DESCRIPTION OF OPTICAL SYSTEM

In the system used in the precision measurements of resistance made in this
Bureau an image of a line source of light is focused on & ground-glass scale-
The scale is placed at a distance of about 1.5 m in front of the -galvanometer
mirror and is adjustable in height so as t0 accommodate it to different observers
while standing. The graduations and ground surface are on the observer’s side
of the scale, which is & matter of very considerable importance, since it serves 10
almost completely eliminate direct reflections from the seale.

The light source is & 35-w straight filament lamp with a ecylindrical bulb.
However, it is operated far below normal intensity for reasons which will be e%-
plained presently. The lamp is enclosed in & cylindrical metal ease with opel
ings at the top and bottom for ventilation and an opening on the side which ¢88
be so adjusted as to exclude from the light beam refiected from the galvanometer
mirror, images resulting from reflections within the lamp bulb. The galvapom~
cter mirror is 1 om in diemoter and about 0.5 mm in thickness. The quslity
of the mirror and galvanometer window is such that practically theoretical
resolving power is realized. .

All direct illuraination back of the ground-glass seale is avoided. Copse;

ucntly, the only marked conérasts arise from the graduations and the image &
the light source. The grinding is rather Sne but not so fine but that both ¢
graduations and the image are seen distinetly when viewed ab an angle of 8
much s 20° with respect to the normal to the scale. This permits the use &
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does not require that the observer keep his head in a very definitely
eggﬂsii?cﬁ), .The graduations are fine, distinet, black lines with l-mm

spacing and scale are supported from a eide wall and theé ceiling, both of
'I-‘hf ;1%:1 rgasonry. Also the galvanometer is supported from a side wall. Con-
whic atly mechanical vibrations of the scale and image are seldom iroublesome.
“%2% the lamp operated abt normal intensity, the image appears rather wide
' ccessively bright. Therefore, the power supplied to the lamp is reduced

ot below the point at which, on dull days and with the window shades
the diffraction fringes do not contribute to the apparent width of the image
opeit. " suitable contrast is obtained. As the outside illumination changes the
i tensity of the light source is not changed but occasionally one or more of the
i8] dow shades are closed or the lights of the laboratory turned on. The general
: nminati"n is so adjusted that the contrast between the graduations snd ground
gl:SS is approximately the same as the contrast between the ground glass and

mef eéases in which the combined sensitivity of the bridge and galvanometer are
rely sufficient for obtaining the desired precision, repetitions of series of meas-
baements show that an exceptionally skillful observer can so nearly balance the
ur,d o that that component of the electromotive force resulting from the lack of
bnlmg:ce of the bridge does not exceed 0.001 microvolt. Since the sensitivity of
Efje galvanometer then would be 30 mm/microvolt, it follows that 0.001 micro-
olt corresponds to changes in the deflection of 0.06 mm, following reversals of
:he direction of the test current. To associate a change in the defiection that is
nly slightly larger than this with a change in the direction of the test current
?whﬂe the deflection is changing gradually as a result of one or more of several
eauses, abruptly on reversals of the test current because of a lack of 3 perfect
inductive balance, and erratically as a result of one or more of several possible
causes); requires that the deflection be observed continuously while the test
current is reversed several times, at intervals corresponding  approximately to
the pericd of the galvanometer. However, a balance of the bridge to 0.001
microvolt can be made only when the thermoelectromotive forces are remaining
reasonably constant, the induetances of the bridge are reasonably well balanced,
Jocal and microseismic vibrations are not troublesoms, electromotive forces
induced by changes of the magnetic field in the laboratory are not troublesome,
and conditions otherwise are favorable.

(5) QUALITY OF OPTICAL SYSTEMS AND SENSITIVITY OF BRIDGES

Sinee the optical system of the galvénometer is the last of the factors affecting
the sensitivity of bridges to be disgussed at this time, it is in order to give an
illustration of how a consideraiion of most of these factors leads to a fairly definite
conclusion. For this purpose let the reader assume that he has the problem of
comparing & number of 10-ohm standard resistors, that he has af hand a bridge
suitable for the purpose, and that he has prepared & specification for a galvanom-
eter, but before purchasing a galvanometer wishes to know if the specification is
sadequate and satisfactory for the realization of a precision of 1 part in 1 million
in the comparisons. L

Let it be assumed that: )

1. The period of the galvanometer is to be 7 seconds.

2. The galvanometer is to be eritically damped with an exfernal resistance of

ohms.

603_ The sensitivity of the galvanometer is to be sneh thaf with 1 mierovolt, in
the circuit giving crifical damping, the deflection is five scale divisions, with the
distance between the mirror and scale that which is to be used.

4. The optical system of the galvanometer is to be of such quality that a change
of the deflection of 0.1 scale division is readily detectable. i

5. It is estimatéd that loeal disturhances will eause random change in the
apparent equilibrium position of the galvanometer of not more than 0.1 scale
division during time intervals of 7 seconds: .

6. The resistance between the galvanometer terminals of the bridge is 60 ohms.

7. The comparisong are to be made by substituting the 10-chm standard
resistors suceessively in the X arm of the bridge.

8. A 10-ohm standard resistor is to be placed in the Y arm of the bridge and is
not to be disturbed during the series of measurements.

9. Balances of the bridge are to be checked by a single observation of the change
in the deflection of the galvanometer following a reversal of the test current, with
no provision for establishing inductive balances.

242883—40——10
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10. The divergence of the load coefficienis of the series of 10-ohm standay
resistors, to be compared, is 10 parts in 1 million per watt dissipation. '

As previously pointed out (eq 26z), the change in the deflection of the galvanon
eter following & reversal of the test current iz

2D E, YI(X+7),

provided, as according to 2 and 6, the specified damping is realized without the
use of a shunt. Here E,, the potential drop in the X arm, is not assumed tok
known but is to be determined from the data given above. Since the sensitivity
of the galvanometer, D, is five seale divisions per microvolt and X and Y ar
equal, the change in the deflection of the galvanometer resuliing from 1 partis
1 million lack of balance of the bridge is five &, scale divisions, provided E
is expressed in volts.

From 1, 2, 4, 5, and 9 it follows that the bridge may be out of balance nearly by
an amount corresponding to a change of the deflection of the galvanometer of 0.
scale division without being detected. Cousequently, the minimum discernible

2

]

Limiting Faclors—proportional

/

o

]

o

2 | 3 . ) E] & .
Potentia! drop in X-arm ~—voits
Praone 21.-—Sonsitivity of bridge and galvansmotar {an fusirative problem).

Curve 4 shows minimum discernible Jack of balanoce of the bridge; eurve B, effect of besting; 8nd
curve C, sum of factors limiting the sensitivity. '

lack of balance of the bridge may be taken as 1 in 25 million &,. Plotting the
minimum diseernible lack of balance of the bridge as ordinates and E, as abscissas
gives curve A of figure 21. :

From 7 and 10, since the resistatce in the X arms is 10 chms, it follows that for
the series of mesasurements the divergence of the effects of heating is E# X 10°%.
Plotting E.f as ordinates and E, as abscissas gives curve B.  Adding the ordinates
of curves A B gives eurve C, the sum of the various {actors lmiting the
sensitivity., 7311 be observed that the maximum of what may be cslled the
effective sensitivity is 2.2 in 16 million, or about 1 irn 4% millicn, and that this
sensitivity is obtained with a potential drop of approximastely 0.27 volt in the
X arm of the bridge. Obviously this sensitivity is somewhat more shan thab
required for a precision of 1 part in 1 million. X

fn this analysis it has been assumed tha$ the combined effect of the various
factors limiting the effective sensitivity is obtained by the addition of thell
individual effects, that is, the analysiz is based on the worst, not the probab_le>
of the sssumed conditions. It may be coneluded, therefore, that a galvanometer
having the nperating characteristics specified would be suitable for obtainilg
the desired precision in the series of measurements, and inssmuch as there woul
be no dificulty in obtaining a galvanowmster having these opersting sonstantds
it may be concluded that the specification is satisfactory.
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APPENDIX 5, METHODS OF ANALYSES (THREE EXPEDIENTS)

: d of Kirehhoff’s laws or Maxwell’s ““mesh cu;rents" simpler expedients
tea used in this paper in the solution of network problems., ¥For the most
gavo b are so obvious or so well known that no expianation need be given, or
part theseis made to publications in which they are discussed. However, three
ﬁ‘e’cnee edients used deserve special mention. The first of these consists in the
e e!g?o n of a battery in place of a resistance in which there is a current, the
gubstibane o ts in the substitution of a very high resistance and bagtery of very
weﬂ”d c?ﬂ-omotive torece in place of a low (or zero) resistance and battery of low
b elec tive force, while the third consists in a separation and synthesis of the
t%eémm? the independent resistances of a nonlinear four-terminal conductor.
ects occomplished by the substitution of first four, then five, and finally another
This 18 ir conductors in place of the nonlinear four-terminal conductor. These
ve 3‘.€e§0ns present no experimental difficulties, sinece they are made not in an
i.u?‘-‘uz’l %ircuit but in a diagram representing the circuit or merely in a mental
ot
;ictrur&
@ CLASSICAL FORM OF SOLUTION OF UNBALANCED WHEATSTONE BRIDGE

Before considering any one of these three expedients a few of the many possible
jons for the electromotive force or current in the galvanometer eircuit of
“presgaimced Wheatstone bridge will be stated, for the purpose of comparison
*ggncorrespondmg expressions, one of which will be derived by {le use of the
wi and another by the use of the second of these expedients,
The expression given by Maxwell and others, and which will be referred to as
the suglassical solution,” is

£,BAX
I’_RG(A+B+X+AX+Y)+R(A+X+AX)(B+Y)+ {76}
+GA+B (X FaX+ 1)+ XV(A+B)+ ABX+aX+TY)+AXY(A+B).

Hore I, is the current in the galvanometer branch and G is the resistance of the
a}vs,nfameter branch. The significance of the other characters are as explained
in connection with figure 1.
It has been shown in this paper (eq 6) that

__BX[_14+AX/X ]
b e Rew v veiaky @n
from which it follows [30, 71, 88, 108} that
2 4 B LTS 12 Sy
L=xrrliFax+n L JB~ 9

where B, is the resistance t0 an electromotive force in the galvanometer braneh,
that is, the resistance of the galvanometer branch plus the resistance of the
bridge between its galvanometer terminals with the galvanomneter branch open
and the battery branch closed.

(b) FIRST EXPEDIENT (HYPCTHETICAL BATTERY OF ZERO RESISTANCE)

For a battery having no resistance to be equivalent to a resistance in which
there is & current, the electromative force of the hattery must be equal to minus
the product of the current and resistance. As simple illustrations of the applica-
tion of this expedient, consider the circuit shown in figure 1. Here the current
distribution in the bridge arms and galvanometer branch may be considered to
depend on the potential drop from @ to d, regardless of how this potential drop
is produced. We are therefore at liberty to consider that the poiential drop is
produced in any way which suits our convenience. One of the ways in which the
potential drop might be produced would be by replacing the resistance, R, in
the battery branch in which there is & current, f, by a second battery having no
resistance and an electromotive force equal to —RI, or by replacing the entire
battery branch by a battery having no resistance and an electromotive force
Ei=E,—RI. If this were done, the potential drop from a to d would not change
on opening the galvanometer branch. The potential drop across the break in
the galvanometer branch is given by eq 6, if K, is substituted for E. Another
simplification accomplished by this expedient is that from the standpoint of the
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resistance to an electromotive foree in the galvanometer branch, branch puwe
a and d are connected by a conductor of zero resistance. Consequently, &
expression for the resistance to an electromotive force in the galvanometer brang
cau be written from an inspection of figure 1, and I8

4B | (X+AX)Y

S-S Ewy ey
Consequently,
' _ EBX[ 1+aX)X. } AB | (X+AX)
Le=x5yliTaxix+p ! //(G+A+B‘+X+A'X Ty, 0@

This equation or its equivalent was communicated to me orally by Leo Belr
without an analytical proof. However, his original analysis was the same s
that given here. .

This expedient, in some cases, is helpful in the solution of complicated networ
problems as well as simpler problems, such as that just considered. As &
ilustration, consider the bridge circuit
= shown in figure 1¥ and consider thai

the bridge is balanced. Hypothet:

eally, the battery, battery leads, and

) :{[\‘ VWA leakage paths between the guard ant
)

battery, and guard and battery lead
may be replaced by two or wmoe
batteries{each having the approprist
% . electromotive foree) connected #
s (G) shown in figure 22, or otherwist
= without changing the current or po
E e tential relative to the guard at &1y
=z point in the bridge arms, galvanon:
ster leads, and leakage paths be
tween the guard and galvanomelel
leads.

A Obviously, if B'=EX}(X+7Y), 10
B J_ - current is drawn from the battery

whose electromotive foree is B and

-{H‘ = = the usual Wheatstone bridge equatio?

L E gives the relation between X, Y, 4

W ?ntd R,b gowgvglz', i’?’ g‘znsraé f%ev::_?ﬁ

Frours 22.—The battery, battery leads, and 18tion between &, Y, 4, ana b W™

leakege paths (belween baliery leads and depart from the Wheatstone P/”dgf

the guard only) shown in figure 18 replaced relation proportionally to (E IE?..‘,

by two baiteries. (X/(X+ YY), while the proportionalitl

_ factor depends upon the relative ¢

sistances of the bridge arms, leakage paths from the galvandmeter leads to he

guard, and sections of the galvanometer leads. By deliberately changifié

(B'|E)—(X[(X+7)) first to one and then to another known value and noting the

resulting changes in the balance of the bridge, both the initial value of (E'/E)~

(X/(X+Y)) and the proportionality factor may be found. This is the basis ¢
the discussion given in the appendix on insulstion.

(¢) SRCOND EXPEDIENT (HYPOTHETICAL BATTERY OF HIGH ELECTROMO’NVK
’ FORCE AND HIGE RESISTANCE)

For a high resistance and battery of high electromotive force to be equi\'ﬁl"“‘“‘:
to a low (or zero) resistance and battery of low electromotive foree, it is NeSEs”
sary thst the high electromotive force minus the product of the high resists?®
and current be equal to the low electromotive foree minus the product of the 1%
resistance and current, and that the current be the sarme in the twe cases. | 3:‘3
simple iliustration of the application of this expedient, ronsider again the G!TG?‘;
shown in figure 1. Here the current distribution in the bridge arms and g8MY ﬁ‘,
nometer branch may be considered as dependent on the current in the b‘ﬁit‘f‘&
branch regardless of how this current is produced. We are therefore at 1ib® ¢
to consider that the current is produced in any way which suits our sen‘veﬂieﬂco‘:

One of the waye in which the eurrent [ in the battery branch might be p}'hc
duced would be by increasing the resistance B indefinitely and ipereasing ¥
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: ce B sufficiently to give this current. If this were done the
ﬁecsrom"g;g gorl;.nch could be opened without changing the current I in the
galvan"n;r;nch‘ Furthermore, from the standpoint of an slectromotive force
pattery OI% . ometer branch, the resistance of the battery branch would  be
in the gaconsefi“em’ly’ an expression for' the resistance to an electromotive
{nfinite: the éaivanometer sranch could be written from an inspection of figure
fored ’%h the galvanometer branch open it is readily seen that the current in
1 W e A+ R/(X+AX+Y+ALB) and in the Aarm is I(X +4X+ {
CAX+Y+AEB). These_currents multiplied by the resistances (X-+a
' 4 give the potential drop {rom ¢ to b and from a to ¢, while the difference be-
nd - fhese Two potential drops is the electromotive force appearing in the galva-
nr,el' cireuit when the galvanometer branch is closed. With the galvanometer
emmeh closed it is readily seen that the resistance to an electromotive force in the
branch ¢ O branch is G+ (X +AaX+ A)(Y+B)/(X+AX+Y+A4+B). Conse-
1vanoss e current in the galvanometer branch

q’ucntl.", z
I (X+EAX)(A+B —AX+AX+ NINX+aX+ Y+ A+B)

I=="" G+ (X+AXF+ A (Yt B/(X+aXF Y+ A+ B) (80)
which reduce2 to
IBAX . 1)
L=GAFBr X FAX+ V)T (AFXFAX) (BT D)

This is an equation given without proof by Jaeger [39]. )
Equations 76, 77, 78, 79, and 81, are exact, and two or more of them might
applied to the same bridge at the same time. That is, each of these equations

s & different form of the solution of the same problem. To reduce them to a

common form, eq 76 for example, would require a determination of the relation

petween B, By I , and Es, and of an expression for R, in terms of G, X+4X, ¥,

A, B, and R. A comparison of the derivation of eq 76 either by the method

used by Heaviside or by the method used by Maxwell with that used in deriving
79 and that used in deriving eq 81 would serve to show the relative simplieity

;? the methods used here.

(&) THIRD EXPEDIENT (SEPARATION AND SYNTHESIS OF THE EFFECTS OF THE
SIX INDEPENDENT RESISTANCES OF A FOUR-TERMINAL CONDUCTOR) .

Before considering the separation aud synthesis of the effects of the independent
resistances of a nonlinear four-terminal conductor, it is important to know the
pumber and nature of these resistances and the purpose of the separation and
gynthesis. In the appendix on terminals and contacts it was pointed out that a
four-terminal conductor has but two independent four-terminal resistances.
These are the direct resistance and the cross resistance, whicl here will be desig-
nated D and C. The remaining independent resistances are the terminal resist-
ances, which are of the three-terminal type. Theseare

Ry=(1124)=(1142) = (4211)=(2411)

RB,=(2231)=(2213) = (1322) = (3122) (82)

R;=(3342) =(3324) = (2433) = (4233) and

R,==(4431)=(4413) = (1344) = (3144).
(See appendix on terminals and contacts for notation)
The purpose of the separation and synthesis of the effects of these six resistances
is to obtain analytical solutions of complicated networks composed of linear con-
ductors and nonlinear four-terminal conductors. Normally, little or nothing
would be gained by separating the effect either individually or collectively of
the terminal resistances of the four-terminal conductors from the effect of the
resistances of the linear conductors connected to the terminals. Therefore the
only separations whieh will be considered are (a) of the effect of the direct resist-
ances from the combined effect of the cross resistances, the terminal resistances,
and the resistances of the linear conductors; and (b) of the effect of the cross
resistances from the combined effect of the direct resistances, the terminal resist-
ances, and the resistances of the linear conductors. Sinee the solution must
contain the combined effect of the terminal resistances and the resistances of
linear conductors, in general it is necessary to determine three effects. These
three effects may be determined by considering (1) that each nonlinear four-
terminal conductor, constituting a part of a network, has four linear resistances
arranged as shown in figure 28 (a), (2) that each nonlinear four-terminal conductor
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has five linear resistances arranged as shown in figure 23 (b), and (3) that exi
noniinear four-terminal conductor has five linear resistances arranged as shovi
in ﬁg&xre 23 (e).

‘When in the analysis of a network problem any of the well-known procedws
is followed in the treatment of the linear conductors, the first consideration give
& partial solution which is complete, except that it contains neither the effectd
the direct resistances nor the effect of the cross resistances of the nonlinear fou
terminal conductors. The second eonsideration gives a partial solution which
complete, except that it does not contain the effect of the cross resistances of th
nonlinear four-terminal c¢onductors. The third consideration gives a parts
solution whieh is complete, except that it does not contain the effect of the dire
resistances of the nonlinear four-terminal conductors.

The second partial solution minus the first partial solution gives the effect ¢
the direct resistances, that is, the separation (a); while the third partial solutio
minus the first partial solution gives the effect of the eross resistances, that is, th
separation (b). The addition of the effect of the direct resistances and the effec
of the cross resistances to the combined effect of the terminal resistances an
resistances of linear conductors constitutes a synthesis of these three effects, ant
eonsequently gives a complete solution of the network problem. Obviously, iht
complete solution may be obtained by the addition of the second and third, ant

2 3
3 RA R,
G
R R
s .
a /b ) i C”{\f.

Fi6URE 23.—Hypothetical arrangements of linear resistances for separating the effect
of the direct resistance and the effect of the cross resisiance from the effect of the
terminal resistances af a nonlinear four-lerminal conductor,

@, four linear resistances equivalent to the four terminal resistances of & nonlinear four-terminal copducton
, five linear resistances equivalent to the direct resistance and the four termina!l resistances of & nonlines!

four-terminal conductor; ¢, ive linear resisiances equivalent fo the cross resistance and the four termid
resistances of s nonlinear fonr-termingl eonductor.
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artial solutions contains the effect of the direct resistances or of the cross resist:
ances as additive terms only, that is, if the separation (a) or the separation ()
oceurs more or less automatically, the transfer of the additive terms occurrid®
in one of these partial solutions to the other of these partial solutions gives the
complete solution, so the first partial solution is not reguired. In cases in Whlcl}
the combined resistances of terminals of the nonlinear four-terminal conductors
and linear conductors connected to the terminals are sufficiently high relative ¥
the four-terminal resistances of the nonlinear four-terminal eohductors that ‘ﬁf“
order approximations of the effects of the four-terminal resistanses are sufficient
the effect of the direct resistances can always be obtained as additive terms 12
the second partial solution, and the effect of the cross resistances can always be
obtained as additive terms in the third partial solution.

To show how this method of analysis works out in practice, consider that thre
linear conductors having resistances of 0.43, 1, and 1.37 ohms respectively: 5’19
connected to a nonlinear four-terminal conductor, @, as shown in figure 24 (&
that the six independent resistances of-¢ are

d
O

o n

R;=.07 ohm,
R,;=.13 ohm,
Ry=.05 ohm,
Ry=.03 ohm,
D =.08 ohm, and
C =.03 ohm,

and that the problem is to find first the potential drop from M to § with 1 smPer
in the circuit snd second the resistance of that part of the circuit included betwee p
M and N. To more definitely visualize these problems, it may be assume eéy
Q eonsists of & circular piece of sheet metal to which terminal posts are soldered-
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B Wﬂwﬁ
rst partial solution is obtained from the arrangement of linear conductora
The £ 4 (b). For this arrangement the resistance between M and the junetion
igﬁ%“reR and R, (see fig. 23, 8) is (.5X1.5)/2, or .3750 ohm. Therefore,
Ry fy S ent is 1 ampere, the potential drop from M to 3, By=.3750 volt,
ote the cond partial solgletiou is obtained from {he arrangement of linear conduc-
Thsigim in figure 24 (c). If Z, represents the potential drop from M to 3 for
Lors

Ah\m

|
VWYL

A»W(Dh
VVVYY -t

FIGURE 24.—A simple network conlaining one nonlinear four-terminal conductor.

g, s complete circuit in which @ represents the nonlinear four-terminal conductor; b, a circuit showing the
terminal resistances of @ as linear resistances; ¢, s circuit showing the termjnai resistances and the direct
resistance of @ as linear resistances; and 4, a circuit showing the terminal resistances and the cross resist-
snce of Q as linear resistances.

this arrangement, obviously, B, is then larger than E; by 0.08 volt, so E;=.4550

volt.
The third partial solution is obtained from the arrangement shown in figure
24 (d). If E; represents the potential drop from M to 3 for this arrangement,
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it is readily seen that the current in the upper branch is (.43-+.07)/(.434- .07+ .03+
.18+ 1.37)=.2463 ampere. This current multiplied by 1.5, the resistance o
the upper branch between M, and junction of R,, C, and R, (see fig. 23, ¢) gives
F,==.3095 volt. Therefore, the potential drop from M 10 3 of the actual circuly
E=E;+ E;— E;=.4495 volt.

Since in the second partial solution the effect of the direct resistance of Q sp
peared as an additive term, namely 0.08 volt, the first partial solution might haw
been omitted and the completelsolution obtained by transferring this additive
terlxtxlx 1o the third partial solubion. This would have given B==Ih -+ .08= 448
volt.

Considering now the second problem and letting r, 7 and r; be the resistances
of that part of the circuit between M and N for the arrangements shown in figures
23 b, ¢, and d, it will be seen that the effect of the direct resistance, which is 0.08
ohm, will appear in the solution for 7, as an additive term with a coefficient o
unity. Therefore, it i8 not necessary to solve for r; or r3.

Referring to figure 23 (d), it is readily seen that

_ (1.37-4-.134-.03) (.43+.07) _
=17+ .155.03F.40 1 .07 +.034-1=1.4069 ohms.

Adding to this the resistance contributed by the direct resistance of @, namely
.08 ohm, gives for the resistance of that part of -the actual circuit between ¥
and N of figure}23 (a) .

r=1,4069+.08=1.4869 ohms.

The values stated for the six independent resistances of the nonlinear fou~
terminal conduetor, @, may be realized by the use of eight linear conductor®
ving the resistances and arrangen:iem
ghown in figure 25. If therefore these eight
linear conductors are substituted for ibe
nonlinear four-terminal conductor, b€
problems just considered become problems
in linesr networks, and the solutions gives
msay be checked by well-known methods.
A somewhat more complicated problem
is & determination of the effects of the three
different current distributions in each
the four terminal blocks involved in chang
ing three resistance coils from a series to &
parallel connection and in measuring the
resistances of the paralleling connections
A sclution of this problem would serve to
2'a give a better idea as to how the method ¢
- i analysis under consideration works out i
Freure 25,—Eight linear conduclors practice, and at the same time give 8%
80 arranged and having such resist- answer to & question thabfrequently arise®
ances as to be equivalent to the non- in connection with precise.resistance co®”
linear four-terminel conductor, Q, of parisons. , i
JSgure €4 (0}, Referring to figure 14, the problem
L to find the ratio of the four-fermit
resistance of the three 150-ohm resistance sections with the paralleling conpecto
L; and L; rernoved to their four-terminal resistance with these connectors
shown, using in each case terminals 1 and 2 of terminal block @ and terminals !
and 2 of terminal block ¢ as the four terminals. The resistances of the paralielinf
connections I; and L, are t6 be measured as four-terminal conductors. 27
the measurement of Ly, Ly is removed and terminals 1 and 2 of terminal block
¢ and terminals 1 and 2 of terminal block b are used as the four terminals. In th?
measurement of the resistance of Ly, L; is removed and terminals 1 and 2 ©
terininal Lluck ¢ snd terminals 1 aod 2 of terminal block ¢ are used as the fou7
It will be assumed that all conductors are linear except the terminal blo¢ Z
a, b, ¢, and d; snd that each of these is a nonlinear four-terminal conductor. AS’-he
from what is obvious, the problem resolves itself into & determination of §
effects of the direct and cross resistances of the termiual blecks z, b, ¢, and “be
With reference to the terminal resistances of the terminal blocks, i “.”nme
seen by reference to figure 14 that R; of each terminal block ig included in os
meagurement of I or Ly, By of terminal blocks a and d are outside the resistan®
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s deration, By of terminal blocks ¢'and d fnay be eonsidered as s part
1 esistance section, aud in each case Ry may be considered a8 a part
hm resistance section. Consequently, mone of the terminal resistances
¢ the terminal blocks need appear explicitlyin the analyses of the problem,
any o ore, the effects of the direet resistances and of the eross resistances of
F“ﬁhern}nal blocks must be small relative to the effects of the 150-0hm resistance
the termiIREL D * is no need of making the first partial solution.
Wcmnfaermg that the terminal blocks are replaced by linear conductors repre-
~mlthe direct resistances of the terminal blocks gives the arrangement shown
senting e‘ 26 (a), and considering that the terminal blocks are replaced by linear
in rt ors representing the cross resistances gives the arrangement shown in
g‘;ﬂc% (b). Therefore, the second partial solution may be obtained from a

3 3
2 \)q f/ 2

1 DoY[X]o [-D

| 4 4 ]
g 43 <F
1 4 4 .
5 LKD)
2 / \ 2

3 3
a
|GURE 96.— Two arrangements of limear resisy Jour determining the the cffect

of three different current distributions in each of the four nonlinear four-ierminal
biocks shown 1m figure 13.

consideration of the arrangement shown in figure 26(a), and the third partial
golution may be obtained from a eogexderat-ion of the arrangement shown in
figure 26 (b). Here D,, Dy, D, 8nd Dy represent the direct resistances and
C., Cy, Ce, 80d Cg represent the cross resistances of the terminal blocks, 4, b, ¢,

and d.

4
ITR‘]Z—_—_the four-terminal resistance of the entire combination with the series
connection, excepting that part contributed by the cross resistances
C., Cs Co, 80nd"Cy of the terminal blocks. :
{R,};=the four-terminal resistance of the entire combination with the parallel
: connection, excepting that part contributed by the cross resistances.
{X,]; and [XiJ;=the resistances of the paralleling connections, excepting that
part contributed by the cross resistances.
{R.];=the four-terminal resistance of the entire combination with the series con-
nection, excepting that part contributed by the direct resistances,
D,, Dy, D, and Da.
(R,=the four-terminal resistance of the entire combination with the paraliel
connection, excepting that part contributed by the direet resistances.
[(X;}; and [Xj}s=the resistances of the paralleling connections, excepting that
: part contributed by the direct resistances.

L, and Ly=the four-terminsa} resistances of the paralleling connections.

R,=the four-terminal resistance of the entire combination with
the series connection, and : C .

R,=the four-terminal resistance of the entire combination with
the parallel connection.
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Referring to figure 26(a), it is readily seen that

[R::=480-+ Do+ Dy+- D+ Dg, (83)

[Ry)e=50+ (9D, +4 [X 1L+ Dy + D.+4 [X:1+9DJ)/9, (84)

[Xi}e=Ly— Dy~ Dy, and (85

[Xah=L;—D.~Dq. (86)
From eq 83 it follows that

[R.]e=450 [1+ (Dy+ Dy+ D+ Dy) /450, (87
and from eq 84, 83, and 86 it follows that

[Ru}e=50 {1+ (4L,+4L,+ 8D, —3Dy— 3D+ 5Dy) [450]. (88)
Referring to figure 26 (b), it is easily seen that

{R,};=450, (89

{Rpls=50+ (4 (X1} +4 [X,}—6C,—6Cy)/9 (0;

[Xik="4+4 C,+C5, and 91

[Xokh=La+ Ce+Ca. (82
¥rom eq 89, 90, 91, and 92 it follows that

{R,}y=450, and )

[Roli= 50+ (414 +4L,— 20,440+ 4C.—2C) (9. (94

Transferring the additive terms of eg/88 which contain the direct resistances %
eg 94 gives -

Ry=50 (14 (4L, +-4L,+5D,—2C,~3Dy+4C,—3D.+4C.+
5 Dg—2Cy) [450]. (98)

Transferring the additive terms of eq 87 which contain the direct resistances %
eq 93 gives

R,=450 [1+ (D,+ Dy+ Do+ D) [450] (95)
From eq 95 and 96 it follows

R.jB,=911—4(Ls+ Ly+ D,— Co/2—Dy+ Cy— Do+ Ce+ Dy —
Caf2)/450], (97

which is eg 57 in the appendix on terminals and contacis.

It is readily seen that the resistance Ry, of terminal bloek a is higher by 2Cd/3
and the resistance R;, of terminal block d is higher by 2C,./3 with the par&ue"
connection than with the series connection. In fact, this is the zeason why e
and C; appear in eq 90.

Obviously the effects of the different current distribufions in each.of the four-
terminal terminal blocks depend on their four-terminal resistances. Further
more, by design or adjustment, these four-terminal resistances may be made
exceedingly small.  As an illustration of a design having exceedingly small four”
terminal resistances consider an equilateral tetrahedron, using the apices as b
terminals.  Also, by design, it is possible to make the four-terminal resistance®
definite to almost any extent desired. In eases in which the four-terminal resis i
ances are sufficiently small to be neglected, and are equally definite, s monlined’
four-terminal conductfor may be considered as equivalent to four linesr €0Z°
ductors connected in star. .

In the solution of network problems, it is frequently possible to select for the
independent varighle any one of two or more quantities which are dependent 0%
each other. Making different selections leads to different forms. Then;
making approximstions, still other forms are obtained of the solution. As 2D
illustration of exact expressions for the current in the galvanometer branch of a8
unbalanced bridge consider %6,,78, 79, and 81. The second of these involvgg
the drop in potential across the bridge with the galvanometer branck open, b h
third the drop in potential: across the bridge with the galvanometer bran®
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R
) 1 the current through the bridge; while the frst, that is the
easeids th‘gijglu?giution, involves the electromotive force in the battery branch.
o us cm&é of these involves the resistance of the battery branch in a rather com-
esegol‘;av as does also the classical solution. The=~fore, if only these four
1:)1%"3‘?“'3 ﬂaf)l,e it is conceivable that cases might arise in which it would be more
were 878 t to use either the third or the fourth rather than the second or the
cODV?mf?orm of solution. In many cases approximate solutions may be cbtained
classics uch more convenient to use than any of the forms of exact solutions,

jp forms gm all the accuracy required.

yet givie
APPENDIX 6. CHM'S LAW

b 'ﬁork of Ohm contributed materially to our concepts of current, electro-
T.? force, and potential difference; originated our concepts of resistance and
ﬁ!ﬂf“t‘:;iw, gave the generally used relation between current, electromotive
’*‘3‘“’”3 "esistance; and led to the formulas used in expressing the resistances of
{ rc%"nations of conductors in terms of their individual resistances and to various
;nd thesrems pertaining to the distribution of current in systems of con-
lﬁ‘% rs. However, more than 50 years before Ohm published his more important
due ‘;s * Cavendish very probably had concepts of the quantities now called
pape 1ial difference, current, resistanee, and of the property now called resistivity. .
ﬁtﬁgermore, from experiments with electrolytic conductors he reached the con-
jon that the current is proportional fo the first power of the potential difference.
ehusion ¢ 1825, 1826, and 1827, Ohm published a number of papers in which he
described measturements of the electric conductance of metal wires, drew some
e-’;gm conclusions from his experimental dats, and made an analysis of the
!éctric circuit. These papers led to those general ideas and relations which
Q&ken collectively may be considered to be Ohm’s law. From the standpoint of
; istance comparisons, the most important of these general ideas is that the
';;smee of & conduetor is independent of the curreni in if, while the more
{mpormt of these relations are the equations used in expressing the resistances of .
eombinations of conduetors in terms of the resistuuvces of the individual mnductorg.
The various conclusions reached by Ohm were not accepted unless or until
verified by others. However, by 1843, when Wheatstone published an important-
per, they were more or less generally accepted. Yet the feeling persisted that
more accurate measurements would show Ohm’s law to be merely an approxima-
top. In the early 1870°s it was thought that definite departures from the law
pad been found. Accordingly, the British Association appointed a committee
to investigate and report on the matter. Mazwell was the chairman of this
committee, and Sresumably he devised the methods of test, but the measurements
were made by Chrystal. A conclusion reached from an analysis of the experi-
mental data obtained in the tests and reported by Maxwell in 1876 was that
«1f a conductor of iron, platinum or German silver one square centimeter in cross
section has a resistance of ohie ohm for infinitely small currents ifs resistance when
acted upon by an electrémotive force of one volt (provided the temperature is
kept the same) is not altered by so much as 1/10%2 part.’”” These tests have usually
been considered as proof that Ohm’s law is exact, at least to the extent likely to
be significant in electrical measurements. Nevertheless, the subject is deserving
of some discussion. : )
An expression for the potential drop between the terminals of a standard
resistor (in which there is & current) that presumably is more exact than that

generally used is
e=RI+z+y+sz, (98)

e=the potential drop between the potential leads of the standard resistor,

R=the direct resistance of the standard resistor,

I=the component of the current under the control of the operator and
which enters and leaves the standard resistor through the current
terminals, ° i

z= R4, where ¢ is the current not under the control of the operator,

y=the component of the potential difference having its origin in the
standard resistor and potential leads and which is not caused by the
current I, and .

z=the component of the potential drop in the standard resistor and
potential leads caused by changes in the magnetic field.

where
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Letting E=that component of the potential drop caused by the current, I,
it follows from eq 98 that

E=RI. (99)

Pertinent 8uestions concerning the application of these and other equation
based on Ohm’s law, to standard resistors and resistance coils under norms
conditions of use are: .

1. To what extent’is R independent of I?

2. To what extent is eq 99 reliable?

3. To what extent are the formulag used in expressing the resistance of com
biﬁa{éogs of conduetors in terms of the resistances of the individual conducton
reliable

4. To what extent can E be separated from e?

Question 1.—A precision method of determining the extent to which R i
independent of I consists in the use of a bridge (either Wheatstone or Thomson;
and cbserving the changes in balance with changes in the magnitude of the test
current and the changes in balance with the time following the establishment of
reversal of the test current. The procedure followed in establishing balance
must be such as to give a separation of K and &. Questions 2 and 3 are nol
involved. -

Obviously only relative effects of the test carrent upon the resistances of the
conductors constituting the arms of the bridge can.be determined in this way.
Therefore, & quantitative conclusion as to the effect. upon some particular standard
resisfor can be reached only after a number of observations have been made, an
this conclusion must involve some assumption such as that the effect for a selecte
group of standard resistors is, on the average, zero, except to the extent thaf
eauses are found and the effects of these causes are taken into consideration.

In the normal use of standard resistors the test current causes the resistance
material {0 assume a temperature above that of the surrounding medium.
results in what may be considered as fhe normal change in the resistance of ¥h¢
conduetor corresponding to the difference in temperature. In addition, the differ-
ence in termperature between the resistance material and its mechanical suppo™
may eause strains in the conduetor, and if so, these strains result in a further
change in the resistance. These changes in resistance are at least approximately
proporiional to the square of the current snd reach their full magnitude on)¥
after the current has been maintained & sufficient time for the difference in tem-
perasure to become substantially cobstant.® These will be referred to as the
primary effests of the current upon the resistance. A procedure for determining
and applying a correction for the primary effects of the test current has beed
considered under the heading “Loag Coefficients.” ) ,

In addition, the current affects the resistance, in some cases at any rate,
other ways. When & number of standard resistors are substituted one after
another in the X arm of the bridge and balances are established by the procedur
outlined above, it not infrequently happens that the precision sttainable for thest
balances 1s lesg with some of the standards than with others, al tbgugh all may have
low femperature coefficients and equal facilities for dissipating the heat deve)pped
by the test current. In eases in which the precision sttainable ip establishing &
balance of the bridge is well below the average, it not infrequentf}( happens, thst
the resistance of the resistor under investigation is low immediatély following &
reversal of the test current and then increases more or less gradually attaining 2
practically constant value in & time ranging from a few seconds to & minute O
more. It happens less frequenily that the resistance changes in an irregular w8y
and does not come to & practically constant value. R

A comparison of the performance characteristics with the detaile of eonstruc
tion, properties of the materials used in the construction, insulation resistanc®
ete., frequently give a definite clue as to the cause of the changes in resistanC%
In some cases it appears that following a change in the current the Peltier effech
especislly st junctions between copper ang the resistance material, causes a 10
inerease and a local decrease in the temperature, which results in a thermoeleci’®
motive force. This cleetromotive foroe, aftor it rcaches a constant value, is PFOE
portional to the eurrent and reverses sign following a reversal of the direction ©
the current. In other ceses, it appears that an appreciable part of the cl}“’e’é
passes through the insulation, and that this pari decresses for a time (relative ¥

¢ It is conceivable (in cases in which the conductor is not rigidly su(ﬁpcrteé) that the forees resulting frgg
electromagnetic eotion might produce straing of sufficient magnitude to csuse perceptible changes 12 £
resistages. H 55, these changes would eppear almost instantly following s change in the meagnitude ¢
ourren
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1y following the establishment or reversal of the test current. .In
e totsl 0“(3,,2?; )it sppears that there is s gradual mechanical ylelding of the
gtill other materisl under the stresses caused by the temperature difference be-
ipsulating resistance material and its mechaniesl support. In such cases the
‘g@go H t% o test current upox}c the resistance may be larger at the end of 15 seconds
ol -of a lnonger time. .
¢nan ab ﬂ-‘;ei;ngsistance %esulting from the test current, whether or not the way
h’?‘?gihey are brought about is known, and provided they are not proportional
whied uare of the current, will be referred to as the secondary effects of the
the =d on the resistance. There are many possible causes of secondary effects,
ar) not possible in all cases to obtain as complete information concerning them
desired. : . .
a8 nﬁ,gf i%rrelation of the secondary effects with details of construction of
E"W;esigtm makos it possible to predict with some degree of certainty their
wAD itudes in others in which they are too small to be observed. For relatively
mafgmgismnce coils and standard resistors under normal conditions of use Is it
few reble that the secondary eflects of the current upon the resistance amount o
"rob?mn 1 in 100 million. On the other hand, for relatively few standard resistors
‘ 'tn resistances in the range from 0.0001 to 106,000 ohms, if of the precision
ha ¥’ ﬁnd of good quality, are the secondary effects of the normally used test
type 8GO xéess of 1in 100,000, o )
our esiion 2.—It appears that the first precise measurements having a direct
Qw;ng on the relation between a change in current from one steady value to
gother stesdy value and the resulting )
:haﬂse in potential drop were made by
A. Wolff of this Bureau. A a meet-
[ng of the American Association for the
f wancement of Science in the summer
of 1899 he presented & paper -entitled
uEXperimental Test of the Accuracy of
Qkm's Law.” Unfortunately, no further
record of this investigation has been
found either in the form of a published
er or uupublished notes or data. .
" circuit used was essentially that
shown in figure 97. Here ¢, Ty, %3, and
7, represent the four arms of a balanced
Wheatstone bridge. This bridge consti-
tutes the X arm of & second Wheststone o ]
bridge, the other arms of which aré FieumB 27.—Wolff’s circuil for lesiing
designated Y, 4, and B. This bridge is the accuracy of Ohm’s law.
also balanced. Dr. Wolff refers to’ the
brigge wbglsle arms axl')a _3e§gnage%f;, ozl,; zg_,ta:sd z,b a;dthe ;li;:ﬁilif.ryg)ggdge; the other
i e as £ main Driage, an te] GUY & bridge 2 bridge.
briﬂ%is method was tried about 1920 [105], when it gave promise of reasonably
gatisfactory results, though some difficulties were encountered. These difficulties

were, for the most part,.pbwated‘ by replacing the battery of the auxiliary bridge
by & source of slternating current and omitting a provision for balancing the
suxiliary bridge. Standard resistors having nominal values of 10 ohms were used
23 the Zy, %2, T3, and z, arms of the auxiliary bridge and the Y arm of the main
bridge. The direct eurrent in the Y arm was adjusted to a value somewhat larger
than that regularly used in testing 10-ohm standard resistors and the alternating .
current in the supply branch of the auxiliary bridge was adjusted to & root mean
square value equal to approzimately twico the valuo of the direct ‘current in the
}aann of the main bridge. .o

Since i, T3, 23, and @, were approximately equal in resistance very little 6f the
alternating current passes through the A4, B, and Y arms, or through the battery
or galvanometer branch of the main bridge. Presumably, therefore, the alternat-
ing current had no appreciable effect_except in %y, %, T, and Z,, the arms of the
auxiliary bridge. Following the usual procedure in balancing the main bridge,
the precision of the balances was about 1 part in 10 milljon. On opening the
connection to the source of the alternating current, the balance was changed by
an amount not perceptibly different from that eorresponding to the change in
resistance of the series parallel combination of zi, #;, 23, and z; resulting from the
reduced power dissipation.
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A conelusion to be drawn from this experiment, for standard resistors suche
were used and currents having values over a limited range, including values ne
mally used in testing such standards, is thet part of the potential drop caused¥
the current is equal to the product of the resistanee and current to an extents
least somewhat beyond that to which the resistance may be considered as iné
pendent of the current. It appears that if apparatus were designed especial;
for the purpose and the most suitable resistance wire cbtainable were used, &
method might be expected to yield a precision of a few parts in 100 million.

Question 3.—The test made by Chrystal, using “the first method which occurni;
to the Committee,” might have given directly an answer as to the reliability ¢
one of the formulas used in expressing the resistance of a combination of condu
tors in terms of the resistances of the individual conductors. In this method fiv:
resistance coils of equal resistance are compared with each other, four in a 2-and?,
series-parallel combination. According to Ohm’s law, the resistance of each cii-
is the same as the resistance of the other four in the series-parallel combination
and on the average this would be true, even if there were slight differences in tht
resistances of the five coils. However, the quality of the resistors used by Chrysts
was not sufficiently good fo permit of measurements to what now would be cor
sidered a high accuracy.

An insignificant modification of the method consists in the comparison of th
resistances of four standard resistors (of nominally equal resistance) with eac
other and with the four in the series-parallel eombination, by alternate substitt
tiofi in the same arm of & Wheatstone bridge. - In s test made about 1920 [108}
using 10-ohm standsrd resistors of good guslity, this method gave reasonahly
satisfectory results, when eorrections were applied to take into account the effecté
of the resistances of ferminals and contacts, but not sufficiently satisfactory to ¢
eonsidered as a definite answer as to the relisbility of one of the formulas used it
expressing the resistance of & combination of econduetors in ferms of their ind
vidual resistances. However, there seems to be no direst or indirect experiments
evidence (such as that given in the’answer to question 2) not in conformity with
the supposition thet the resistances of combinations of conductors, as expresged
in terms of their individual resistances, sre reliable to the extent that the resist
ances of the individual conductors are definite. But to realize this accuracy it
may be necessary to take into aceount not only the resistances of connectors but
also the effects of the different current distributions in terminal blocks or the
different current distributions through or over the surface of the insulation.

Question 4.~—The extent to which the potential drop E resulting from the eur
rent [ and the actual potential drop e can be seperated may be judged by de
liberately introducing into a bridge circnit a disturbing electromotive force and
noting the resulting change iz the balance and precision of the balance. In cases
in whick the disturbing electromotive foree amounts to only a few mierovolt®
and is reasonably constant or is only two or three orders higher and alternating
at frequencies of power distribufion systems (or higher) neifher the balance no’
the precision of the balance is affected by amounts corresponding to as much &
0.01 microvolt. This question hes been discussed more fully in appendis 2
Thermoelectromotive Forces. ' .

This brief discussion of Ohm’s law has been limited mainly to guestions arising

in precision resistance comparisons. It represents an attempt %o coordinate 018
of several classes of information obtained more or less incidentally in the desigh:
construction; and testing of standerd resistors, bridgoes, potentiometers, ote.

APPENDIX 7. UNITS OF RESISTANCE

A comprehensive discussion of units of resistance is not pertinent to the subfedj
of this paper. However, some reference should be made here to the unit no¥
known as the NBS International Ohm and the relations between this unit &0
some of the other urits now being used or whose use is contemplated, L

The International Conference at London in 1908 established an Internation®
Committes on Electrical Units and Stapdards to formulate a plan for and direct
such work as may be necessary in connection with maintenance of standard®

xing of values—intercomparison of standards and to complete the work of the
conference. This Intersiational Committee met in Washington in the spring o
1910, and one of its deeisions was “to accept /for the present) as the Internations
ohm the mesn of the units of the Physikalisch-Technische Reichsapstalt and th€
National Physical Laboratory” which had been realized in these laboratorie
from the so-called mercury ohm.
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ol
dard resistors from Germany, France, and England wers compared with
d resistors of the United States from time to time during a period of about
M&Dd” Volnes were then assigned to all the standard resistors used in the inter-
ee isons in terms of the new unit. In assigning the new valucs, it was as-
camps‘rthat. the mean value of one of the standard resistors from the National
sumel 2al Laboratory during the time of the intercomparisons was the same as the
poysicd ously assigned in the National Physical Laboratory, and that the
value gf the values of the resistances of the two standard resistors from the
mefn,kazgsch-’rechnische Reichsanstalt during the time of the intercomparion was
Physt me as the mean of the values previously assigned in the Physikalisch-
tne ; £tiache Reichsanstalt. Equal weights were given to the previously assigned
Tee Bi}“. she National Physical Laboratory and the mean of the previously as-
",al“ed values in the Physikalisch-Techuische Reichsanstalt.
"g}‘fﬁuowing the assignment of new values to the standard resistors of this Bureau
d in the intercomparison, they were intercompared either directly or indi-
eﬂ,, with many other standard resistors of this Bureau. From time to time
r‘-"céé then, selected groups (usually of 20 or more) i-ohm standard resistors have
gl n intercompared, and on the basis of relative changes and previons good per-
"cemances a group of 10 standards has been selected from the larger group. In
!"’i ning new values to all the standard resistors of the larger group and to others,
f‘"’hﬁs peen sssuthed that the mean resistance of the group of 10 had not changed
it e the previous similar intercomparison. This in general is the procedure by
mgich the unit established in 1910 has been maintained in this Burean. .
WO m 1010 to 1029 only standard resistors of the sealed type developed by
Rosa [76] were included in the groups of 10. A total of 20 different standards
pave been jncluded in the groups of 10, while 3 of these 20 have been inocluded
in every group of 10. From 1932 to 1938 only standards of the smaller double-
walled type [39] were included in the groups of 10. More recently, only standards
‘of the larger double-walled type constructed by Thomas in 1933 have been in-
cluded in the groups of 14. L . . Rk .

The unit established in 1910 and maintained in this Bureau in the way described

shove has been referred to by different names. The name now being used is the
NBS International Ohm. . L ) .
""Obviously, & unit of resistance maintained in this way changes with time to
the extent of the proportional decrease {or increase) of the resistances of the
gtandard resistors used in its maintenance. Therefore, it is not to be presumed
that the NBS International Ohm has-femained constant during the fime since
its establishment. To obtain information on this point various investigalions
have been made in this Bureau. Most of those since 1927 have been made by
Thomas. In addition, groups of’ standard resistors have been sent abroad for
measurements of their resistances in other uational 1aburatories, and standards of
other national laboratories have been measured in this Bureau. More recently
ihese international intercomiparisons have been made at the International Bureau
of Weights and Measures. Comparisons of the values found for the resistances
of the same standard resistors in different national laboratories have given the
relations between the units of resistance of the different countries. From infor-
mation as to the manner in which the units of the different countries were estab-
lished and have been maintained, the results of the infernational intercomparisons
and the investigations made in this Bureau, it may be concluded that the probable
change in the NBS International Ohm during the 30 years since its establishment
has been less than 30 parts in 1 million. Since the standard resistors now being
used in this Bureau in the maintenance of the units are fully one order better
than those formerly used for this gurpose, it is reasonable to presume that the
present rate of change of the NBS International Ohm is less than 1 part in 1
million per year. :

The relation between the N BS International Ohm, the mean international ohm,
and the units of resistance of other countries is given in table 1, which contains
data taken from the 1983, 1935, and 1937 reports of the International Committee
of Weights and Measures (Comité International des Poids et Mesures, Procés-
Verbaux des S8ances) and Comptes Rendus, page 24, volume 209, 1939. -
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Tasne 1.—Unils of resistance of various couniries, as determined from comparison
of standards at the International Bureau of Weights and Measures!

[Expressed as departures in microhms from the Mean International Ohimn]}

Unit of— - Third compari-{ Fourth com- | Fifth compari- Sktb compart
nit of— son, November|parison, Mareh| son, December | son, February
1933 1635 1936 1939

[ Ty s 123 1) +10.6 +06.8 +6.6 +8.1

United St8e8 .- -woo oo —8.4 5.5 —3.7 iy
Francs = +7.3 +60.5
0.0 |0 +0.9 X
—5.2 3.6 -39 iy
—-3% —11.2 —~10.6 ~144
+0.5 +10.6
0.0 0.4 fos

o ;1 In this table a plus sign signifies that the unit of the country was larger than the Mean Internations
m.

The Mean International Ohm was defined as the mean of the unils of sleclricsl
resistance, in 1935, of Germany, United States, Great Britian, Japan, and Russia.
After this mean was obtained, it was taken by France as the new French unit
and by Russia as the new Russian unit. The data given in the table are based
on the assumption that units of resistance are being maintained with equal
fidelity in each of the six countries.

The unit of the United States is the unit of resistance referred to above as the
NBS International Ohm. Therefore, in the early part of 1939,

1 NBS International Ohm=0.929 997 Mean International Ohm.

From messurements made in this Bureau by Wenner, Thomas, Cooter, and
Kotter, the results of which were reported to the International Bureau of Weighis
and Messures in December 1838, -

1 NBS International Obhm==1.000 485 absolute ohm.

From measurements msde in this Bureau by Curtis, Moon, and Sparks, the
results of which were reported to the International‘Bureau of Weights and Meas
ures in December 19388,

1 NBS International Ohm=1.000 484 absclute ohm. In each ease the ur-
certainties in the measurements were estimated o be 2 parts in 100,000.

In 1987 the International Committee on Weights and Measures adopted pre
visionally the relation

1 Mea Iulernational Ohm=1.000 48 sbsoluie ohm.

From this relation and the data given in table 1, it follows that provisionally

1 NBS International Ohm==1.000 477 absolute chm

as of February 1939.
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