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PREFACE - .  
This is t h e  second in a series of Technical Notes (910- ) e n t i t l e d  "Self- 

Study Manual 'on Optical Radiation Measurements." 
f i f t h  chapters of t h a t  Manual. 
published i n  Technical Note 910-3 (June 1977), t h i s  completes t h e  f i r s t  six 
chapters of Pa r t  I-Concepts. 

It contains t h e  fourth and 
Along with Chapter 6, which has already been 

There may be confusion about a gap in  the numbering of t h e  appendices. 
There were two appendices + TN 910-1 and, when TN 910-3 went t o  press  i n  
June 1977, we were planning th ree  more f o r  t h i s  issue,  so w e  designated those i n  
TN 910-3 as numbers 6 and 7. However, t h e  t h i r d  appendix f o r  t h i s  i s sue  w a s  to 
have been on "Apertures, Stops, Pupils,  Windows, and Baffles i n  Radiometry," and 
it developed t h a t  t h i s  t op ic  had more ramifications,  not d i r e c t l y  per ta ining t o  
chapters 4 and 5 ,  t h a t  should be developed in  greater  d e t a i l .  Accordingly, i n  
order not t o  delay fu r the r  t h e  publication of these chapters and t o  provide 
s t i l l  broader and more adequate coverage of t h e  theory of s tops in r e l a t i o n  t o  
radiometry, it was  decided t o  leave out t h e  appendix and revise and expand the  
material f a r  a separate Ghapter in the  near future.  So there is 710 Append& 5. 

For background information on the  whole project  and on the  plans f o r  t h e  
"Self-Study Manual" (SSM) , w e  reproduce here (immediately following) the  Preface 
t o  the  f i r s t  issue,  Technical Note 910-1, of March 1976. Although t h e  exact 
d e t a i l s  of t h e  out l ine and plans f o r  the individual chapters are still  develop- 
ing, our pr incipal  aims and ove ra l l  plans a re  s t i l l  as set f o r t h  i n  tha t  Preface. 

Here, in Chapter 4, w e  are primarily concerned with developing t h e  rest of 
t he  important concepts r e l a t i n g  t o  the  d i s t r ibu t ion  of o p t i c a l  radiat ion with 
respect t o  the  s p a t i a l  parameters of posit ion and direct ion and t h e  spec t r a l  
parameter (wavelength, frequency y, o r  wave number). All of the  important 
radiometric quan t i t i e s  r e l a t i n g  t o  these parameters are defined and discussed, 
and are related t o  the  radiance o r  spec t r a l  radiance and the  f l u x  o r  s p e c t r a l  
flux. Important interrelat ionships  a r e  a l so  explored t o  c l a r i f y  t h e  s i g n i f i -  
cance of the d i f f e ren t  quan t i t i e s  and t h e  d i s t inc t ions  between them. 

In Chapter 5 w e  treat t h e  measurement equation, t he  hear t  of our approach 
t o  the  problems of radiometric measurements. The basic  ideas are f i r s t  in- 
troduced by deriving t h e  measurement equation f o r  each of t h ree  simple i l lus- '  
rrative examples. This is followed by a more general discussion based on t h e  
points  developed in t h e  sample problems. 
presented f o r  s e t t i n g  up and solving any measurement equation with respect t o  t h e  
s p a t i a l  and spec t r a l  parameters. 
parameters (polar izat ion and time o r  frequency 
environmental parameters w i l l  be developed i n  fu tu re  chapters. 
equation provides the  bas i s  f o r  a systematic approach t o  t h e  d i f f i c u l t  multi- 
dimensional problems of radiometric measurements. Such an approach i s  an a i d  
f o r  planning and carrying out  the measurements and the analysis of t he  r e su l t i ng  
data  and f o r  preventing possible neglect of s ign i f i can t  parameters t h a t  a f f e c t  
those resul ts .  

A systematic step-by-step approach is  

Considerations involving t h e  other r ad ia t ion  
f) and t h e  instrumental and 

The measurement 

We are g ra t e fu l  t o  many fo r  valuable comments and criticisms, received both 
informally a s  w e l l  as in  formal reviews, concerning a l l  phases of t h e  SSM. 
connection with t h i s  Technical Note, w e  are pa r t i cu la r ly  indebted t o  W. L. Wolfe 
and F. 0. Bartell f o r  informal reviews of portions of t he  t e x t  of Chapter 4 ,  t o  
L. V. Spencer f o r  h i s  he lp fu l  criticisms and discussion of Chapter 4 ,  and t o  
A. T. Hattenburg and J. B. Shumaker fo r  valuable discussions and coments on all 
phases of t h e  project.  M r s .  Betty Castle has done an outstanding job of typing 
another d i f f i c u l t  t e x t ,  including t h e  e f f ec t ive  layout of t e x t  and f igures .  And 
again, w e  achowledge H. J. Zoranski's ab l e  ass is tance with t h e  preparation of 
t he  figures.  

I n  

We continue t o  earnest ly  s o l i c i t  your "feedback"--positive o r  negative. W e  
realize that most of you are probably waiting f o r  t h e  applications chapters and 
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- .  
w e ' l l  try t o  complete same of them as soon as possible. 
ever, are you finding these f i r s t  chapters on basic  concepts useful helpful 
i n  your work? Are they c l ea r  and complete enough? 
encies o r  ambiguities i n  them, o r  between them and other material? 
been useful f o r  indoctrination of new employees or f o r  Solving pa r t i cu la r  prob- 
lems? 

In the  meanthe, how- 

Bave you found any inconsist- 
fIave they 

Please l e t  us hear from YOU. Have you suggestions f o r  improving them? 

Fred E. Nicodemus, Editor 

Henry J. Kostkowski, Chief, 
Optical Radiation Section 

PREFACE t o  NBS TN 910-1 

This is the initial publication of a new series of Technical Notes (910) e n t i t l e d  
"Self-study Manual on Optical  Radiation Measurements." It contains t h e  f i r s t  three chapters 
of t h i s  Manual, Additional chapters w i l l  be published, s imilar ly ,  as they are completed. 
The Manual is being wri t ten by the Optical Radiation Section of NBS. I n  addition t o  writ ing 
some of the chapters, themselves, Fred E. Nicodemus is t h e  Editor of the Manual and Henry J. 
Kostkowslci, Chief of t h e  Section, heads the overall  project .  

I n  recent years, t he  economic and soc ia l  impact of radiometric measurements (including 
photometric measurements) has increased significantly.  Such measurements are required i n  the 
manufacture of cameras, color W ' s ,  copying machines, and sol id-s ta te  lamps (LED's). 
v i o l e t  radiat ion is being used extensively f o r  the polymerization of i n d u s t r i a l  coatings, and 
regulatory agencies are concerned with i ts  e f f ec t s  on t he  eyes and skin of workers. 
o the r  hand, phototherapy is usually the preferred method f o r  t h e  treatment of jaundice i n  the 
newborn. Considerable a t t en t ion  is being given t o  the  widespread u t i l i z a t i o n  of solar energy. 
These are j u s t  a few examples of present day applications of op t i ca l  radiat ion.  
these applications would benefi t  from simple measurements of one t o  a few per cent uncertain- 
t y  and, i n  same cases, such accuracies are ahnost essent ia l .  But t h i s  is r a re ly  possible. 
Measurements by d i f f e ren t  instruments o r  techniques conmtonly disagree by 10% t o  50%, and 
resolving these discrepancies is timeconsuming and costly.  

U l t r a -  

On t he  

Most of 

There are two major reasons f o r  t he  large discrepancies t h a t  occur. One is  t h a t  op t i ca l  
rad ia t ion  is one of t he  most d i f f i c u l t  physical quan t i t i e s  t o  measure accurately. 
power varies with t h e  r ad ia t ion  parameters of posit ion,  direct ion,  wavelength, time, and 
polar izat ion.  
parameters and with a number of environmental and instrumental parameters, as w e l l .  
the accurate measurement of op t i ca l  radiation is a d i f f i c u l t  multi-dimensional problem. 
second reason is tha t ,  i n  addition t o  t h i s  inherent d i f f i c u l t y ,  there  are few measurement 
experts  available.  
not been trained t o  do so. 
reference material tha t  can be used f o r  self-study is  only p a r t i a l l y  available,  i s  scattered 
throughout t he  l i t e r a t u r e ,  and i s  generally inadequate. Our purpose i n  preparing t h i s  Self-  
Study Manual is t o  make t h a t  information readily accessible i n a n e  place and i n  systematic, 
understandable f om. 

Radiant 

The responsivity of most radiometers also, va r i e s  with these same radiat ion 
Thus, 

The 

Most of the people wanting to make o p t i c a l  radiat ion measurements have 
Few schools have had programs in t h i s  area and t u t o r i a l  and 

The i d e a  of producing such a manual at NBS w a s  developed by one of us (IUK) in the 
latter p a r t  of 1973. 
e d i t o r  (FEN) was appointed. 
approach and format while wri t ing and rewriting several d r a f t s  of t he  f i r s t  few chapters. 
These are pa r t i cu la r ly  important because they w i l l  seme as a model f o r  t he  rest of t he  
Manual. 
with a questionnaire, for comment and criticism t o  some 200 individuals representing vir tu-  
a l l y  every technical area interested in the Manual. 
widely in the react ions and suggestions expressed. 
key individuals,  including most of the Section s t a f f  , par t i cu la r ly  those t h a t  W i l l  be writing 
some of the later chapters. 
th i s  feedback has provided valuable guidance f o r  t h e  f i n a l  decisions about objectives,  con- 
t e n t ,  s t y l e ,  level of presentation, etc. 

D e t a i l e d  planning got under way in the s-er of 1974 when a full-time 
The two of us worked together f o r  about one year developing an 

During t h i s  period, a d r a f t  text f o r  the f i r s t  four chapters was dis t r ibuted,  along 

About 50 r ep l i e s  were received, varying 
Detailed discussions were a l so  held with 

In s p i t e  of the very wide range of opinions encountered, a l l  of 
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~ .In par t i cu la r ,  w e  have been able  t o  a r r i v e  a t  a c lear  solut ion t o  d i f f i c u l t  questions 
about the l eve l  of presentation. 
enough time and e f f o r t ,  we should be ab le  t o  present the  subject so t h a t  readers  with the 
equivalent of j u s t  elementary college mathematics and science could e a s i l y  follow it. 
conviction w a s  based on our experience of success i n  explaining the  s u b t l e t i e s  of radiometric 
measurements t o  technicians at  tha t  level. What w e  f a i l e d  t o  consider, however, was  t h a t ,  in 
making 'such explanations t o  individuals we always were able t o  relate what we sa id  t o  the 
pa r t i cu la r  background and immediate problem of the  individual.  That's j u s t  not possible  in a 
text intended f o r  broad use by workers i n  astronomy, mechanical heat-transfer engineering, 
illumination engineering, photometry, meteorology, photo-biology and photo-chemistry, o p t i c a l  
pyrometry, remote sensing, military inf ra red  appl icat ions,  e tc .  To dea l  d i r e c t l y  and explic- 
i t l y  with each individual ' s  problems i n  a cook-book approach would requi re  an impossibly 
la rge  and unwieldy text. 
unavoidably require  more knowledge and f ami l i a r i t y  with science and mathematics, at the. leve1 
of a bachelor's degree in some branch of science or  engineering, or the  equivalent in other  
t ra in ing  and experience. 

Both of us s t a r t e d  out with the firm conviction t h a t ,  wi th  

That 

So w e  must f a l l  back on general pr inciples  which immediately and 

I n  its present form, tke Manual is a d e f i n i t i v e  t u t o r i a l  treatment of the  subject  t h a t  

The Manual does a o t  contain W l i c i t l y  programmed learning s t eps  as t h a t  phrase 
is complete enough f o r  s e l f  ,bnstruction, This is what i s  meant by the  phrase "self-study" i n  
the t i t l e .  
sometimes denotes. I n  addi t ion,  through de ta i led ,  ye t  concise, chapter summaries, the Manual 
is designed t o  seme also as a convenient-and au thor i ta t ive  reference source. 
famil iar  with a top ic  should turn  immediately t o  the  summary at the  end of the  appropriate  
chapter. 
want t o  read f o r  more de t a i l s .  

Those already 

They can determine from tha t  s u " ~  what, i f  any, of the  body of t he  chapter they 

The bas ic  approach and foca l  point of the  treatment i n  t h i s  Manual is the measurement 
equation. We believe tha t  every measurement problem should be addressed with an equation 
r e l a t i n g  the quantity desired t o  the data  obtained through a detai led charac te r iza t ion  of t h e  
instruments used and the rad ia t ion  f i e l d  observed, i n  terms of a l l  of the  relevant param- 
eters. The la t ter  always include the  rad ia t ion  parameters, as w e l l  as environmental and 
instrumental parameters, as previously pointed out. 
develop the  basic concepts and cha rac t e r i s t i c s  required so t ha t  the reader w i l l  b e  able  t o  
use t h i s  measurement-equation approach. It is our be l ie f  tha t  t h i s  is the only way tha t  
uncer ta in t ies  i n  the measurement of op t i ca l  rad ia t ion  can generally be l imited t o  one, o r  a t  
most a few, per cent. 

The objective of the  Manual is t o  

Currently, t he  Manual deals  only with the  classical radiometry of incoherent radiat ion.  
The bas ic  quant i ta t ive  r e l a t ions  f o r  the propagation of energy by coherent rad ia t ion  (e.g., 
l a se r  beams) are j u s t  being worked out [1,2,3,4],l Without t ha t  bas ic  theory, a completely 
sa t i s f ac to ry  general  treatment of the measurement of coherent (including p a r t i a l l y  coherent) 
op t i ca l  rad ia t ion  is not possible. Accordingly, i n  s p i t e  of the  urgent need f o r  improved 
measurements of laser radiat ion,  w e  won't attempt t o  dea l  with it now. 
uation w i l l  be changed before the current e f f o r t  has been completed and a supplement on laser 
measurements can be added. 

Possibly t h i s  sit- 

As s ta ted  above, we f i r s t  hoped t o  prepare t h i s  Manual on a more elementary l e v e l  but  
found that it was impossible t o  avoid making use of both d i f f e r e n t i a l  and i n t e g r a l  calculus  
of more than one var iable .  
mathematics, we go back t o  f i r s t  p r inc ip les  each time a mathematical concept o r  procedure 
beyond those of simple algebra o r  trigonometry is introduced. 
t i ona l  l i g h t  on the  physical and geometrical re la t ionships  involved. Where it seems inap- 
propriate  t o  do t h i s  i n  the  text, w e  cover such mathematical considerations in appendices. 
It is a l so  assumed that the  reader has had an introductory college course i n  physics,  or t he  
equivalent. 

However, t o  help those t h a t  might be a b i t  "rusty"  with such 

This should a l s o  throw addi- 

lFigures in brackets ind ica te  l i t e r a t u r e  references l i s t e d  a t  the end of t h i s  Technical Note. 
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- * The Manual is being organized in to  three  Parts, as follows: 

P a r t  I. Concepts 

Step by s t e p  build up of the measurement equation i n  terms of the  rad ia t ion  parameters, 
the propert ies  and charac te r i s t ics  of sources, op t ica l  paths,  and receivers ,  and the  environ- 
mental and instrumental parameters. Useful quant i t ies  are defined and discussed and their 
relevance t o  various applications in many different fields (photometry, heat-transfer engi- 
neering, astronomy, photo-biology, e tc . )  is indicated. However, discussions of ac tua l  
devices and measurement s i tua t ions  in t h i s  P a r t  are mainly f o r  purposes of i l l u s t r a t i n g  
concepts and basic  principles.  

P a r t  11. Instrumentation 

Descriptions, propert ies ,  and other  per t inent  data concerning typ ica l  instruments, 
devices,  and components involved i n  c m o n  measurement s i t ua t ions .  
deal ing with sources, detectors ,  f i l t e r s ,  atmospheric paths, choppers (and other types of 
o p t i c a l  moduLators), prisms, gratings,  polar izers ,  radiometers, photometers, spectroradiom- 
eters, spectrophotometers, e tc .  

Included is material 

Parr 111. Applications 

Measurement techniques for  achieving a desired level o f ,  or  improving, the accuracy of 
a measurement. 
mental parameters with discussion of t h e i r  e f f ec t s  and how t o  dea l  with them. 
w e  dea l  with real measurements i n  the  real world. The examples w i l l  a l so  be drawn from the 
widest possible  var ie ty  of areas of appl icat ion in il lumination engineering, rad ia t ive  heat 
t r ans fe r ,  mi l i ta ry  infrared devices, remote sensing, meteorology, astronomy, photo-chemistry 
and photo-biology, e tc .  

Included w i l l  be a very wide var ie ty  of examples of environmental and instru-  
This is where 

Individual chapter headings have been assigned only t o  the  f i r s t  f i v e  chapters: 

Chapter 1. Introduction 

Chapter 2. Distr ibut ion of Optical Radiation with respect  t o  Posi t ion and 
Direction - Radiance 

Chapter 3. Spectral  Distr ibut ion of Optical Radiation 

Chapter 4. Optical Radiation Measurements - a Measurement Equation 

Chapter 5 .  More on the Distr ibut ion of Op t i ca l  Radiation with respect t o  
Posit ion and Direction 

Other subjects  de f in i t e ly  planned f o r  P a r t  I are,thermal radiat ion,  photometry, d i s t r ibu t ion  
with respect  t o  time, polar izat ion,  d i f f rac t ion ,  and detector '  concepts. It is not our 
i n t en t ion ,  however, t o  t r y  t o  complete a l l  of P a r t  I before gQing on t o  Par t s  XI and 111. 
f a c t ,  because we  r ea l i ze  tha t  a grea t  many readers are probably most in te res ted  i n  the  
material on applications t o  appear i n  P a r t  111, we w i l l  try t o  complete and publish some 
chap te r s  in  Parts 11 and I11 j u s t  as soon as adequate preparation has been made i n  the 
earlier chapters of Part I. 
the t r a d i t i o n a l  treatment, we feel tha t  unnecessary confusion and misunderstanding can be 
avoided i f  at least the first nine chapters of Par t  I are published first and so are avai l -  
ab l e  t o  readers of later chapters. 

In 

However, because our approach t o  radiometry d i f f e r s  so much from 

Final ly ,  we i nv i t e  the reader t o  submit comments, c r i t i c i sms ,  and suggestions f o r  
improving fu tu re  chapters i n  t h i s  Manual. 
and problems from as widely d i f fe ren t  areas of appl icat ion as possible.  

In par t icu lar ,  w e  welcome i l l u s t r a t i v e  examples 

As previously s ta ted ,  we are indebted t o  a great many individuals  f o r  invaluable "feed- 
back" that has helped us t o  put t h i s  text together more e f fec t ive ly .  Notable are the inputs 
and encouragement from the  Council on Optical Radiation Measurements (CORM), especial ly  the 
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COW Coordinators, Richard J. Becherer, John Eby, Franc Grum, Alton R. Karoli ,  Edward S. 
Steeb, and Robert B. Watson, and the Editor of EZectro-Optical Systems Design, Robert D. 
Comptan. In addi t ion,  f o r  e d i t o r i a l  assistance, we are g ra t e fu l  t o  Donald A. McSparron, 
Joseph C. Richmond, and John B. Shumaker, and pa r t i cu la r ly  t o  Albert T. Hattenburg. ’ 

W e  are especial ly  g ra t e fu l  t o  Mrs. B e t t y  C a s t l e  f o r  t he  s k i l l f u l  and conscientious 
e f fo r t  that produced the excel lent  typing of t h i s  d i f f i c u l t  text. 
Henry J. Zoranski f o r  h i s  capable help with the  f igures .  

W e  a l s o  want t o  thank 

Fred E. Nicodemus, Edi tor  

Henry J. Kostkowski, Chief, 
Optical  Radiation Section 

March 1976 
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SELF-STUDY MANUAL on OPTICAL RADIATION MEASUREMENTS 

P a r t  I. Concepts 

This is the  second in a series of Technical Notes (910-1 e n t i t l e d  
"Self-Study Manual on Optical Radiation Measurements ." It contains the 
fourth and f i f t h  chapters of t h i s  Manual. Additional chapters w i l l  
continue to be  published, s imi la r ly ,  as they are completed. The Manual 
is a comprehensive t u t o r i a l  treatment of the  measurement of incoherent 
rad ia t ion  t h a t  is  complete enough f o r  s e l f  instruct ion.  Detailed chapter 
summaries make i t  also a convenient au thor i ta t ive  reference source. 

The following radiomFric  quant i t ies  are defined and discussed i n  
Chapter 4: rad ian t  energy, radiant  exposure, radiant f luence,  rad ian t  
density,  rad ian t  *tensity,  radiant  f l ux  (surf ace) density,  i r rad iance ,  
radiant  exitance, tad ian t  fluence rate, radiant  s t e r i s en t ,  as w e l l  as 
spec t ra l  rad ian t  q e r g y ,  and thg other  corresponding spectral quant i t ies .  
In pa r t i cu la r ,  each quantity is felated t o  the quant i t ies  previously 
introduced in Chapters 1-3: 
corresponding spec t r a l  quant i t ies .  
the d i f f e ren t  quan t i t i e s  are a l so  presented, par t icu lar ly  where they 
help t o  c l a r i f y  t h e i r  s ignif icance and the  d is t inc t ions  between them. 
Treatment of one o f .  t he  most important in te r re la t ionships ,  t he  inverse- 
square l a w ,  also covers commonly used approximations involving ac tua l  
(extended) sources and receivers.  

radiant  f l ux  o r  power, radiance, and the 
Important in te r re la t ionships  between 

The measurement equation, central t o  our approach t o  a l l  of radiom- 
etry, is introduced in Chapter 5 through three i l l u s t r a t i v e  measurement 
problems: a spectral-radiancccnnparison measurement; a spectral- i r ra-  
diance measurement near a la rge  source; and an i r radiance measurement 
with a wide-band radiometer. 
measurements is b r i e f l y  discussed. A general  discussion of the meas-  
urement equation summarizes and enlarges on the  points brought out by 
the examples. 
t ion  is presented and the  l imi ta t ions  of the  measurement equation de- 
veloped in this chapter are, summarized. 

Key Words: 
photometry; radiometry; spectroradiometry. 

Normalization of spec t ra l ly  broad-band 

A set of orderly s t eps  f o r  solving the  measurement equa- 

Measurement equation; op t i ca l  radiat ion measurement ; 

Chapter 4. More on the  Distr ibut ion of Optical  Radiation with Respect t o  Pos i t ion  
and Direct ion 

by Fred E. Nicodemus 

In t h i s  CHAPTER. 

t ab le  4-1 (a s l i g h t l y  revised version of t ab le  81-3 in Appendix 1 [ 5 ] ) .  In Chapter 2 '[SI, 
we concentrated only on' t he  concept of radiance as the  basic  s p a t i a l  d i s t r ibu t ion  of 
radiant  f lux  with respect  t o  both posit ion and d i rec t ion  and in Chapter 3 [51 we s imi l a r ly  
considered only spec t r a l  radiance. Now w e  treat all of the other  s p a t i a l  d i s t r ibu t ions  of 

f lux,  and of energy (time-integrated f lux) .  Included is radiant  sterisent, a quant i ty  f o r  
characterizing d i s t r ibu ted  volume sources. In every case the quantity is defined i n  terms 
of radiance o r  is e x p l i c i t l y  related t o  the radiance. In te r re la t ionships  between the  dif-  

fe ren t  quant i t ies  are a l s o  given t o  c l a r i f y  t h e i r  meaning and s ignif icance and t o  help t o  

W e  introduce a l l  of the remaining radiometric quant i t ies  l i s t e d  i n  

dis t inguish between them. 

square law which gives the  i r radiance element a t  a given distance from a source element 

A par t icu lar ly  important in te r re la t ionship  i s  t he  inverse- 

1 



(point) of horn radiant in tens i ty ,  

mations to the inverse-square l a w ,  applied to actual  (extended) sources and receivers ,  are 
discussed. 

T'he probierns involved in the  use of connon approxi- 

IC Chapter 1 (on p .  7 of IS]>, we sa id ,  "It cannot be too strongly emphasized - - - ' 
r:wr w i ~ y t h i ~ g  said here about the fundarnentds of rad ione tw,  even though stared i n  
terms Of w a t t s ,  appl ies  equally t o  6 i z  forms of op t ica l  radiation measurements. For  

example, the measurement of Il luninaticm, f o r  application t o  v is ion  needs, involves all. of 
tke fundamentals, not j u s t  those discussed i n  the chapter on photometry." 
more explicit .  Compare tables  4-1, 4-2, and 4-3 (previously t ab le s  A I - 3 ,  -4, and -6 i n  

Appendix 1 IS]). 
each entry i n  tab le  4-1. The main difference is apparent in the units or unit-dimensions. 

k%ereVeK watts f w ]  appear  in t ab l e  4-1, they a re  replaced by lumens rim] in t ab le  4-2 and 

by quanta per second {q-s-'] in table 4-3.  

u n i t s  t h a t  a r e  also comonly used f o r  the photometric quant i t ies .  
beccruse t k p  are e m c ~ i y  $he sme,  the  defining relations kn the t h i rd  co1um-i of table  4-1 

a r e  n o t  repeated i n  the other  two tables .  The symbols, too,  are the  same except tha t ,  
when i t  is necessary t o  dis t inguish between then, the subscr ipt  e map be used f o r  t h e  

radiometric quant i t ies ,  v for  the photometric quant i t ies ,  and p f o r  t he  photon-flux 
quan t i t i e s ,  as indicated by the alternate s p b o l s  i n  the second ~ 0 1 ~ n m  of each table .  
Ordinarily9 when the context makes it c lear  which quant i t ies  a r e  being used, the subscripts 
nap be omitted. Also, when, as in t h i s  chapter, we want t o  emphasize the  conzaon gemerri- 

cal relacionships  tha t  apply equally t o  aL1, the quantity sqmbo~s a r e  also used without 
subscr ipts .  

We can now be 

Kote t h a t  i n  both table  4-2 and 4-3 there  is an entry corresponding to 

I n  addition, rab le  4-2 gives 501x1~: equivalent 
For l ack  of space and 

We wil l  present the mater ia l  i n  this chapter i n  term o f  the  r a d i m e t r i c  
quan t i t i e s ,  With unit-dimasfons in of w a t t s ,  but cZL c." th gen;?etFLcaz'L P i ? k E i ~ 3 ? -  

shtps m e  scpz'lZ_u q ~ p ? i c & ~ ~ t e  zc piza$;n?ietric mi ;;iZocon-,Cuz i p c ~ t < z i e s .  
necessary to. replace each term, q u a n t i t y  spanbol, and unit-dimension with the  corresponding 

one fron the  appropriate tab le  to show this e x p l i c i t l y  i n  each case. 

It is only 

Manq- readers may use only a f e w  of the quantities i n  these t ab le s  and those of 
interest t o  them may change from t h e  t o  t h e .  Accordingly, they may prefer  t o  t u r n  

d i r e c t l y  to Chapter 5 ,  where we first introduce the Geasurment equation and deal  w i t h  t h e  

concepts r e l a t ing  d i rec t ly  t o  the  measurement of some radiometric quantities, 
they encounter  ne^ quant i t ies  here of i n  t he i r  reading elsfi-here, they can return to the 

per t inen t  parts of this chapter where each one i s  defined and discussed in s m e  deta i l .  
To f i n d  the chgpter uhere each quantity i s  defined, see the  numbers in parentheses i n  the 

first c a l m  of  t ab le  4-1. 

Then, as 

"SIMPLE" SPATIAL H I S X B L T T O N S  (uirh RESPECT t o  POSITION of DIRECTIOX') 

ljatil now, we have analyzed a l l  s p a t i a l  relations comecred w i t h  the  propagation of o?t ical  
r a d i a t i o n  in terns of the basic  spat ia l -dis t r ibut ion funcrian, namely radiance (as a fzcc-  

t ion  oi rap position and di rec t ioc) .  

Sum& other simpler s p a t i a l  d i s t r ibu t ions  i n  comoil use K i t h  spec ia l  names, These axe 61s- 

tribG:tians w i t h  respect  t o  pos i t io r :  only ( f l u s  per u z f t  area) and .ibith respect to Sirecrion 

However, a glance at ta'sle 4-1 shovs t h a t  there are 

L 









only ( f lux per uni t  s o l i d  mgle), ra ther  than with respect t o  both at once. 
these flsi.mpler" quan t i t i e s  are presented a d  discussed f i r s t ,  before taking up t h e  more 

general t rea taent  of radiance. Bowever, w e  have del iberately reversed the usual order 

because i t  has beer! our experience tha t  the apparent s implici ty  can be n i s l e a d i e g .  Lack 

of  a t t en t ion  t o  t h e  simultaneous var ia t ion  of ray-radiance with respect  t o  both pasirion 

arid di rec t ion  in actual beams of radiat ion can often lead to error. For cons is ten t ly  

accurate measurement r e s u l t s ,  the sound approach is t o  look a t  every s i tua t ion  first in 

tems of ray-radiances, 
direction d o n e ,  should be used only when i t  i s  tben clear, fram the  a n a l y s i s  in  terms of 
ray-radiances, that its use is appropriate and w i l l  not introduce any unacceptable approx- 

imations or er rors ,  That &mlysis can of ten be very b r i e f ,  but every s i tua t ion  should be 
considered f i r s t  in this way. 

Customarily, 

A simpler d i s t r ibu t ion  function, with respect t o  pos i t ion  or 

f 

In subsequent sec t ions  we ' l l  take up each of these "simple" d is t r ibu t ions ,  in turn, 
but, Bere, w e ' l l  f i r s t  review those presentations b r i e f ly  t o  put them in to  perspective.  
This m e a n s  t h a t  w e ' l l  be usipg some o f  the  terms before they are f u l l y  defined and dis- 

cussed in detail. For that reasan, it may be worthwhile t o  reread t h i s  sect ion after 
going through the rest of the  chapter, t o  more fu l ly  appreciate the s ignif icance o f  the  
intercomparisons between the  d i f fe ren t  quant i t ies .  

We take up f i r s t  the d is t r ibu t ion  of f lux  wtth respect t o  posi t ion only, i n  t he  form 
of flux per unit area as a function o f  position. 

dist inguish them, we refer t o  ope as a "directed-surface d is t r ibu t ion"  and the  other  as an 

"ommi-directional-sur€ace dis t r ibu t ion ,  " An example of the  f i r s t  would be the quantity 
measured by a p h e  detec tor  responding t o  incident radiat ion from the hemisphere above 
i t ;  the second would be that measured by a spherical  detector responding equally to inc i -  

dent rad ia t ion  from dl direc t ions  over a full sphere surratndirrg it. 

The f i r s t ,  the  directed-surface d is t r ibu t ion ,  is &Led by t he  CIE-ZEC 161 t he  

Here we f i n d  two poss fb i l i r i e s ,  To 

"radiant flux (surface) d e n s i t e  (at a point o f  a surface) . * I  

"irradiance" [ for  incident  radiant  €lux (surface) density] and "radiant exitarzce" [for 

exitent-leavfag the  surface-radiant f lux  (surface) densi ty] .  However, they have no 

nomenclature at  dtl f o r  t h e  second, the  omni-directional-surface dis t r ibu t ion .  It i s  used 
primarily by photobiologists and photochemists, nuclear physicists and engineers, aad 
others, '  many o f  whom r e f e r  t o  it as the  "fluence rate." 

They a lso  use the term 

Both kinds o f  surface-area 

lNuclear scientists general ly  use the t e n  "energy current density'* fo r  the directed- 

surface d i s t r ibu t ion  that we call "radiant f l u x  (surface) density" and they use "flux 
density" or "energy flux density" f o r  the  omni-directional-surface dis t r ibu t ion  that w e  

call "radiant fluence rate" [ 71 However, "fluence rate" i s  also given as an acceptable 

atemate for the latrer [ 8 , 9 ] ,  SD OUT choice of that term does not create any direct 
conflict. With respect  to the tem "f1-a density", however, there is an unfortunate,  bu t  

unavoidable, ambiguity i n  the ex is t ing  literature chat even the  unit-dhensions won't 

lfnctncte continued 03 page 8') 
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resolve because both the  CIE-IEC {fj] "flux ( E U K ~ ~ C ~ )  density" and the  nuclear f 7 , 8 , 9 ]  

"flux density" {or "fluence rate") are measured  in uni t s  of propagated quantity per  u n i t  

1 or  [W*m 1. All we can do is to warn tha t  when a time per u n i t  area,  e.g. 1J-s 

nuclear s c i e n t i s t  designarcs a quantity as a "flux densityst he probably nreans an onmi- 
directional-surface d is t r ibu t ion  tha t  w e  call "fluence rate" ra ther  than the directed- 

surface distribution that we call "f lux (surface) d e n s i t y "  and which he w i l l  m5rc likely 

ca l1"cur ren t  density". The only way we h o w  ta ver i fy  t h i s ,  in the absence of e x p l i c i t  

def in i t ions ,  i s  through relat ionships  that nzay be given bemeen each quantity and other 
radiometric quant i t ies ,  That's one o f  the  important reasons for presenting such in te r -  
re la t ionships  between the d i f fe ren t  radiometric quant i t ies  in considerable d e t a i l  in t h i s  

-2 -1 *m-2 

chapter * 

d i s t r ibu t ion  a re  measured in units of w a t t s  per square meter [ U * I ~ ' - ~ J .  

and i n  tab les  4-1 and -2, we've used t h e  descr ip t ive  phrases "directed-surface" and "omni- 

directional-surface" t o  emphasize the  d i s t inc t ion  between these two forms of f lux  d is t r ibu-  
t ion  with respect  t o  posit ion.  Hereafter, and  in table 4-3, we use the less cumbersome 
terms "fIwl (surface) density" and "'fluenee rate", without the descr ipt ive phrases except 

where they mag be introduced f o r  emphasis. 
however, because the  term "density" alone more of ten  r e fe r s  t o  a vafume concentration. 

Up t o  t h i s  point ,  

The parenthet ical  term "surface" is retained, 

The radiant  flux (surface) density is the flux per unit area through a surface-area 
element of f ixed oricmtatiun, from (or to )  a l l  (or  any> di rec t ions  within the hemisphere 
on one s ide  of it. The radiant fluence rate is the flux per un i t  cross-sectional area 
i n c i d e n t  on a spherical  volume element (which has the same cross-sectional surface area 

in a l l  d i rec t ions  lying within a complete sphere centered on the voltme element). 
flux (surface) density i s  the appropriate quantity to relate to a reference surface that  
intersects a rad ia t ion  beam, such as the  (imaginary) plane surface across each one of a 
p a i r  of beam-defining apertures. Si tuat ions involving the flueece rate are those where 
rad ia t ian  is incident throughout a l a rge  so l id  angle (up t o  a complete sphere) d t k o u t  a 

b e d e f i n i n g  aperture  a t  the receiver. An example would be a small am~unt of matter 
suspended in space where i t  is exposed t o  i r r ad ia t ion  from BL1 sides, such as a microbe fn 
an i r rad ia ted  transparent cul ture  medim 5r a small volume eL;Lement a t  a point in the 
lasing gas oE 821 "opt ical ly  pumped" laser. 

The 

Note t h a t  flux (surface) density may refer either t o  incident radiat ion (irradiance) 
or exitent rad ia t ion  (ex i tace) -e i ther  receiver  o r  saurce. Fluence rate,  mi the other  
hand, ~ V Q I V S  only incident radiation--a receiver  quantity. €€xitent ( W i t t e d  or scat- 
catrered) rad ia t ion  frorn a volume source, nor referred t o  a reference surface,  w i l l  be 

t rea ted  later when we rake up radiant sterisent. 1 

The last of these "shimple" dis t r ibu t ions ,  the dis t r ibu t ion  af radiant f l u  with 
respect to di rec t ion  only, in the f o m  o f  exitent flux per unit solid angle as a func t ion  

of d i rec t ion ,  fi contrast  t o  fluence r a t e ,  involves only exi ten t  radiation; i t  is a souzcr 

e 



quantity.  
shorrly,  i t  i s n ' t  very usefu l  except when the source can be t rea ted  as a "point" source; 
i.e., &en the source is f a r  enough away so that the  i r radiance i t  produces on an element 

of receiving surface i s  inversely proportional t o  the square of i t s  distance frm that 
receiver element. This d i r ec t ioaa l  d i s t r ibu t ion  of radiant  flux is cal led the  "radiant 

inteesitp (of a source in a given direction) '* by the  CIE-IEC [6], and they use that term 

consis tent ly  f o r  j u s t  t he   OR^ q u a n t i t y .  
use the term "intensi ty"  in a var ie ty  of ways, resu l t ing  in widespread a n h i p i t y  and 

confusion. 

deas iry .  

spnonym of radiance, although many of them add the modifier "specifictf  so t ha t  t hey  speak 
af the  "specif ic  in tens i ty"  o f  f lux  per  ynir area and so l id  angle. 

avoid t h i s  unfortunate situation in the existing l i t e r a t u r e ,  so here i s  m e  place where 
it 's par t icu lar ly  important to pay close attention t o  the units (unit-dimensions) given-- 
€or ,my quantity called " i n t e n s i t y . "  In th i s  Manual, we consis tent ly  follow the  CIE-IEC 

[ 6 ]  and speak of " intensi ty"  only when w e  man f lux  per  unit Solid angle i n ,  e.g., watts 

per steradian [W*sr 1. 

We also discuss in some d e t a i l  the considerations governing the  va l id  appl ica t ion  of 

the  quantity called radiant i n t e n s i t y ,  the  circumstances under uhich a real source may be 
t rea ted  usefully as a "point source"; %.e., one where the i r radiance produced by i t  on a 

d i s t an t  element o f  a rece iver  obeys the inversesquare  l a w .  This analysis  Js i n  terms o f  

radiance and throughput1 and it a l s o  introduces the  engineering "configuration factors"  
that are closely r e l a t ed  t o  the concepts o f  throughput and projected so l id  angle2. The 

re lat ionships  between configuration fac tors  and throughputs and  projected solid angles are 
developed in Appendix 3. 
fac tors  t ha t  are avai lab le  csn be used t o  conveniently evaluate the throughputs and/or 

projected so l id  angles f o r  a great  many beam configurations, between sources and receivers, 

cwered by those published tab les .  

DIRECTEI)-SCBFACE DISTXIBUTIONS: WLGNT FLUX (SURFACE) DEh'SITY; IRRADMCE;  RADIAST 
EXITANCE. 

is j u s t  the  amount of flux per un i t  area flowing through ( i n t o  or out of)  a sur face ,  

regardless of the o r i en ta t ion  of t he  rays along which the  energy is propagating. 
example, in determining the required s i z e  f o r  a black surface t o  d i s s ipa t e  a ce r t a in  

amount of power (f lux)  by radiat ion,  an important quantity i s  the amount o f  flux per u n i t  

area, the number of w a t t s  per square meter [W*m 1, that the  surface emits. For another 

example, the f lux  frm a very d i s t an t  radiat ion source is a h s t  always u n i f o d y  d i s t r ib -  

While i t  is  defined €OK any source, including extended sources as we'll see 

Unfortunately, hmever ,  there  are many o the r s  who 

For example, m y  physicis ts  use the term "intensity" f o r  the  f lux  (surface)  
Others, par t i cu la r ly  as t rophysicis ts  and meteorologists, use t he  term; as a 

There's j u s t  no way t o  

. 
-1 

With these re lat ionships ,  the extensive tab les  of configurat ion 

There are a number o f  prac t i ca l  s i t ua t ions  where the quantity of  s igni f icance  

For 

-2 

uted in rays of equal radiance over m y  small plane receiving-surface area tha t  intersects 
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a narrow perrim of the beam frarcl that  SQurCe. 

or f l a x  is directly proportional t o  the receiving area; i t  is  the product o f  that: plane 

area and the  incident f l u x  (surface) d e n s i t y  or i r radiance,  which we w i l l  now define. 

Accordingly, the amount o f  received power 

I n  order to examine the  distribution of rad ia t ion  w i t h  respect t o  position, consider 
a photocell ly ing  on a bench o r  desk below two long tubular f luorescent  c e i l i n g  lamps, as 
illustrated in figure 4.1, The radiation (light) from the  lamps reaches the  photocel.1 

through a circular  hole in a f l a t  opaque baffle,  placed on top of the phot~ce2.1 so that 
i t s  center poin t  P is just above the center of the photocell, Baffles with holes of 
d i f fe ren t  areas .4A [m ] are used, always centered at P and all small enaugh so that  

a l l  of the flux through them reaches the sensit ive surface of the photocell .  
f ~ m  the phorocell is then a measure of the f l u x  A@ [W] through the h o l e  from both lamps. 

2 

The output 

1 A M P  LAMP 

I '  f *P A A  

PHOTOCELL 

Frgure 4 . 1 .  Experiment t o  develap the CQnCept of irradiance, 



I n  fact, w e ' l l  assme tha t  the photocell has  an ideal response t ha t  is the same for a 

given amount of  incident f l u x  A #  reaching its sens i t ive  surface at any point and from 
any direct ion.  As Lit is  reducedtd, by u s i n g  smaller ;tzd s.nrdller holes  in t h e  b a f f l e ,  t h e  

f lux A + ,  as measured  by the photocell  output,  a l s o  decreases, while rhe quotient tr3/'iift 

approaches a constant. 

area L A  becomes vanishingly.smd.1, can also be described as the quotient of the element 
uf f l r t r  d+(x,y) through a surface element dA(x,y) containing the  point x,y by the  
area dA of t he  element, and i s  called the f l u x  (surface) densi ty  (at a point  o f  a 

surface) 1 

That l imi t ing  value,  toward which the  quotient converges as t he  

5 

The or ien ta t ion  of the raps passing through dA need not be specif ied.  They lray be 

concentrated in a mall so l id  angle, as parr of a well-collimated beam (e.g., t h a t  from a 
very d i s t an t  source, such as a s t a r )  or, a t  the other -creme, they laay be  spread more or 
less evenly over the complete bemisphere of direct'ims above 
f i e l d  of radiat ion,  In the more general case, i f  dh i s  an element of a curved surface, 

the hemisphere i s  that above the t a n g a r  plane that contains 

dA in a widely d i f f u s e  

dA. 

In order t o  cover a l l  p o s s i b i l i t i e s  when ray direct ions are confined t o  the  hmisphere 
03. one s ide ,  only, of a surface element, w e  also take account of the sense in which propa- 

gation occurs along a ray. 
is  away from the surface. As we'll see when we take up thermal radiat ion,  we are sme- 

tines concerned w i t h  simultaneous prapagation jn both senses., incident and exitent,  d o n g  

each ray direct ion,  as well as with the  net energy transfer given by the  difference between 

them. Z t  is this  ne t  value t h a t  i s  measured by most detectors. 'his can be a p a r t i c u h r f y  
important consideration in hear-transfer configurations near rhermal equilibrium where 
each of two suxfaces a t  near ly  the same temperature may -it s u b s t a n t i d l y  taward the 

other  but where there  is l i t t l e  ur no net exchange o f  energy between them. 

It i s  incident  when it  i s  toward the  surface; exi ten t  when it 

If the sense o f  propagation along all raps is toward a surface element dA (from one 

side of &A), the incident radiant  flux (surface) density W is usually designated as 

the i r radiance,  with the symbol E , ( E , )  [ 6 ] .  Similarly,  for propagation away frm dA, 

the  etrirent radiant  f lux  (surface) density FJ leaving the surface (on one side) is usually 
designated a5 the  radiant exitanee, with the symbol M,(N,) [6]. 

Ir, previous chapters IS] we pointed out  zhar radiance and spec t r a l  radiance, being 

derivarives, are  quotients of vanishingly mall quantities that,  due to liairing noise  

levels ic all measuring equipment, can never, even in principle,  be measured exactly, 
Hare S ~ K ~ O U S ~ ~ ,  reduction of the quan t i t i e s  involved reaches a point where the basic 



assumptiom of the  geonetrical-optics oodel of ray ~~~~~~a~~~~ are no loager v a l i d .  
sitme is true with respect ta flux (surface) density, including exitance and irradiance, 

and with respect to all of the other distributions treated in t h i s  chapter. 
use of calcuIus, based on the assumption of an underlying continuous distribution o f  

infinire resolution provides u s e f u l  results that agree well u i t h  experimental measure- 

ments as long as ve are careful not !XI try to apply those results outside the domain of 
geometrical optics, 

The 

Eiweves, our 

In Chapter 2 [SI, w e  defined the radiance at the point x,y on a reference surface 
in the direction a,$ of an intersecting ray through that po in t  (through the surface 

elmeat dA at that point-see figure 4-21  as 

From t h i s  d e f i n i n g  equation for radiance, we were also able to  m i t e  the expression for 

the elemenr c f  flux associated with a ray o f  radiance L(x,y,6,4)  as 

Accordingly, the tota l  flux through the surface element &A a t  the point x,y i s  

( 2 . 2 4 )  

( 4 , 2 )  

uhere the llimits o f  integration for f ( i n  tbe range 0 - n/2  [rad]) and Q (in the 
range 0 - 2n [rad]) include 611 raps of the beam of interest that pass through dA at 

x,y. The flux (surface) density {irradiance or radiant exitance, depending on vhezhet 
propagation is tuward or away from dA or? the side in question) through the surface 

element dA at the point x,y i s  then 

where, again, the limits of integration include a l l  of those rays of the beam t h a t  pass 
rhrough dir at  the paint x,y.  In particular, i f  the bean  f i l l s  the entire h a s p h e r e  

above the element dfi (above the tangent plane contaiziing dA), this becmes 



4 
0 

Y 

Figure 4.2. Geometry of ray-surface intersection ( fo r  the d e f i ~ i r i o n  

of radiance). (This figure previously appeared as 

figur’e 2 .7  [SI.) 
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( 4  4 a )  

Here, 1, 
angle. Of c o u ~ s e ,  E ( x , y )  (Irradiance) or M{x,y) Cexitance) can always be substituted 

for U ( x , y )  fflux (surface) density), in eqs. ( 4 . 4 )  and ( 4 . 4 a )  or elsewhere, whenever it 
is  appropriate to be more explicit about whether propagation i s  respectively toward or 

away from the surface elanent dA. 

denotes integration aver a f u l l  hemisphere of 2r fsx] w i t h  respect to s o l i d  

Although, as we have pointed ou t ,  f l u x  (surface) density (including irradiance and 
e x i t a c e )  is not a directional quantity, i t  i s  useful to recognize the directionality of 
fhe etmenr;  of flux (surface) density by relating i t  to the f l u  element (radiance rimes 

throughput elmeer) associated with a s b g l e  ray in the direction 
area element dA at  rhe point x,g (see figure 4 . 2 ) :  

through the surface- 

where the throughput element (eq. ( 2 . 2 8 )  [ 5 1  1 is 

so that 

&&, of course, dEfx,y,0,$) or dM(x,y,@,@) m y  replace dk'{x,y,@,+) to designate, 

explicitly, the sense of propagation (toward or away from dA) along the rap in the 
direction 8,$ through dA ar the point x , y .  ,This a l s o  provides an alternate deriva- 
t i o n  of eq. ( 4 , 4 ) ,  the last two lines of which fo l low directly from eq. (4.71, since 

14 
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The r e l a t i o n s h i p  bemeen radiance and flux 

(surface) density across any in te rsec t ing  reference surface, is greatly simplified for a3 
iso-radiazme’ bean? in h i c h  the  value of radiance is the  same f o r  d l  rags. 

corrstant that may be brought outside the integral in eq. ( t . 4 )  and the f l u x  (surface) 

density through a surface element dA a t  any point x , y  becomes 

Then L is a 

It i s  the  product of the constant radiance 
ieq. (2.311 [SI), where LU is the  solid angle f i l l e d  by the  rays of the be= t ha t  inter- 

sect a t  the point x,y where the  quantity i s  evaluated. fn particular, when all rays 
into, o r  from, the  full hemis$here above an is-radiance surface element o r  plane surface 
are included in the beam, 7 

L and the projected s5 l id  angle iI z 1 cosB-dw 
w 

since the projected so l id  angle of a full.  k d s p b e r e  is r [srl {see eq. (A2-15) i n  
Appendix 2 I S ] ) .  

Iso-radiance beams and their properties are very important in radiometry (including 
photometry). It is obvious f rom the  foregoing t h a t  analysis  is grea t ly  simplified when 
bo-radiance tmditions ex is t .  Even when all rays are not of exactly the  same radiance 

but are only approximately S O ,  rhe use o f  an average value as though it  were everpuhere 
the same provides approximite results that are useful  for  radny pu~pose~.. Bowever, this 

has led to such ddespread  treatment of almost all problems irt terms of source-surface 
radiant exitance and receiver  irradiance, par t icu lar ly  in  the fields of heat-transfer and 
i l lumination engineering, t ha t  the directional d i s t r ibu t ion  of ra&iance is too eas i l  

overlooked in s i tua t ions  where it is, in f a c t ,  s ign i f icant .  Accordingly, we reemphasize 
tha t  the sou,nd approach fs always to aaalyze a s i tua t ion  first in term5 o f  the radiance of 

individual rags and i t s  spatial dis t r ibu t ion  and to employ one a€ the “siatpler“ dis t r ibu-  
t ions,  in terms of position or direction alone, only a f t e r  chat analysis has shown clearly 

tha t  t h i s  can be done without unacceptable approximation or error. 

lIso-radianre, ra ther  than lambertian, because, strictly, a lambertian surface is one t h a t  
i s  isotropic [the same radiance in all directions--at feast vithia the beam of interest) 

at each point, although it rnighr be non-uniform (varying from poin t  t o  point)  If it i s  
non-tmifom, a second surface cutting the  beam a t  a distance from the first  w i l l  no longer 

be l d e r t i a n .  The raps crossing at any one point of the S ~ C Q I I ~  surface will come frou 
d i f fe ren t  points  o f  the original surface, so the radiance of a point on the second surface 

is no longer isotropic. h iso-radiance surface o r  bean is both uniform and l a b e r t i a n ;  I t  

has the same radiance everytinere and i n  all directions s c  that  every surface ci;:ting the 

bean any41ere is lmber t i an  (within the bea t ) .  
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Figure 4 . 3 .  A smll sphere of radius Lr and cross section 
7 

ba = r-CAr>’, centered at the p o i n t  x , y , z  

(or P , @ , B ) *  
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defined by eq. (t. I) are seen, by eq. ( 4 , 4 ) ,  t o  depend on the o t i en ta t lon  of t he  reference- 
surface element dA. Accordingly, they are not scalar ffeld quantities, since they do n o t  

have a unique value at each point.  

fiand, involves no reference surface; i t  does have a unique value a t  each point In space, 
ding it a scalar f i e l d  quantity.  The fluence rate, as we c a l l  i t ,  is defined v i t h  ref- 

erence t o  the cross-sectional area da o f  a spherical  volume element (which i s  the same in 

all direct ions)  ra ther  than the  area dA of a surface element of f ixed or ien ta t ion .  
soatetimes i t  is cal led,  instead, the "'scalar irradiance." 

. - - _  .. __ -- ~- - - - - - 
The anni-dizeetional-surface d i s t r ibu t ion ,  on the other 

I n  order t o  analyze t h e  concept of "i-directional-surface d i s t r i b u t i o n  or Eluence 

br v i t h  its rate by means o f  a "thought experiment," consider a small sphere of radius  

center at the point x r y , z  in space? as g h m  in f igure 4 . 3 .  The area of the c i r cu la r  
plane surface through x,y,z perpendicular t o  any incident ray,  i . e + ,  the area of t h e  

c i r cu la r  cross-section of the  sphere, i s  t h m  

(4.11) a = n*(Ar) 2 2  [m 1. 

W e  also postulate tha t ,  in same way, we can determfne the total E l a x  A #  IWl incident on 
the  sphere from all direct ions.  (This might be approximated by replacing t he  sphere with 

an ideal  black spherical receiver and making calorimetric measurements based on i t s  termper- 

azure his tory ,  e tc . )  Then, if we keep the center of the  sphere f ixed at x,y,z a d  

reduce the cross-sectional area &a by reducing the radius O r ,  the  fluence fate at the 
point x,y,z is defined as the l imi t ,  as ba approaches zero,  of the  quotient 99Jta: 

(4 .12)  

where 

-2 Ft(x,y,z) EM-m is the  f luace  rate a t  the point x,y,z;l and 

d@(x,y,z) [W] is the f lux  or power incident an a spherical  volume 
2 element, of cross-section da [m I ,  centered at the point x,y,z. 

No l j n i t t l t i o n  i s  placed on the direction of a r r i v a l  o f  the incident radiant flux ti#= 

"either the GIE-IEC f6] nor the ANSI flO,ll] has e i ther  a term of a symbol for t h i s  

quantity,  or f o r  the r e l a t ed  quantity,  fluence. After choosing the symbol f f o r  fluence 

[ l 2 ]  which w e  discuss l a te r  in this chapter, we preferred to avoid an addi t iona l  sy~bol, as 
used elsewhere [SI, for  fluence rate by adopting 
presently, t he  fluenee rate i s  the  t h e  derivat ive of the fluence at the same p o i n t .  In 

this %nualp we employ the notation X E crX!dp f o r  any radiometric q u a n t i t y  X aad the 

following radiation parameters p : position, direction, any spectral paraneter it;avel;ength, 

Ft [ E  dE/dt ]  since, as we k i l l  see 

P 

wave number, frequency L, etc.), OT time OZ- frequency f C C  L - 
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It may be incident frm any di rec t ion  ut.lich, unless explicitly l h i t e d  in a partkuhr 

case, includes the e n t i r e  sphere of d i rec t ions  surrounding the p o i n t  x , y , z ,  a f u l l  4~-fsr] 

so l id  angle. 

Next, let's consider the contribution to the fluence rate, deffsed ig eq. (4.121, by 

the incident element of flux d@(x,y,z,B,$) 

Ltx,y,z,B,Q) through the point x,y,z from the direction e , + .  That element of flux is 

given by {see eq. ( 2 . 2 4 )  [ 5 ] )  

associated w i t h  a single rayt of radiance 

&ere ea is the angle between the ray and the normal to da. But da is the circular 

intersection of the spherical volume element vlth a plane through x,jr,z 
the ray, so that Ea = 0 and cosea = 1 for every inc ident  ray and eq. ( 4 . U )  becomes 

perpendfcular to 

of fluence rate is then 

and the total f l u a c e  rate at the po in t  
h c i d e n t  fluenre rate: 

x ,y , z  is the integral mer all such elements o f  

(4 * 16) 

where the limits of integration fo r  8 and I$ include a l l  raps i n c i d e n t  on the elementary 

spherical vofrrme at x , p , z .  fn particular, if the incident radiation comes Erw a l l  
surroundhg directions, the s o l i d  angle o I s  a full sphere of 4 x  Isr3 and this becomes 



As was stated earlier, t h i s  is  a sca l a r  f i e l d  quantity, since i t  has a unique value at 

each point x , y , z  Fn space, By canfrast ,  the incident radiant flux (surface) density or 

irradiance is, from eq. (&.&a), 

The latter, as we have sa id ,  does not have a unique value at  a p o h t  x,y,z in space. 
Instead, the value o f  W(x,y) Fn eq. (4.17) depends on the orientation o f  the  reference 
surface a t  the poia t  x,y; i.e., on the d i rec t ion  of the normdl t o  the e lement  dA at x,y 

which determines the value of 8 ,  and hence of COSB, f o r  each hc5dent  ray.I 

The in tegra ls  in eqs. (4,15a) and (4.17) d i f f e r  in two important respects :  (1) the 

f i r s t  does not contain the obliquity factor cose, which appears as a weighting f ac to r  

that varies with surface orientation in the second; (2) the f i r s t  integral i s  token Over a 
solid angle that may extend t o  the f u l l  sphere of 41: [sr] whfle the second m y  extend, at 

"Um, oalp t o  the  hemisphere of 2s [sr] ca j u s t  me side of the reference-surface 
element (of the tangent plane c o n t a w  the element dA). 

s 

Conversely, we can n i t e  expressions f o r  radiance, in terms of radiant flux (surface) 
density md in lews of fluence rate, from eqs. ( 4 . 7 )  and (4.25), Kespective1y. Tttey are 

and 

( 4  13) 

Note, par t icu lar ly ,  t h a t  eq. (4.19) is an expression for the radiance in a g5ven d i rec t ion  
at a point fn space tha t  does not involve any reference surface. While t h l s  is  appealing 
to che theoret ic ian,  we dan ' t  feel that it is of strong prac t ica l  s ignif icance in ccmnec- 

t ion wLth op t i ca l  r ad ia t ion  measurements since such measurements ahost invariably involve 

an instrument with a defined be=, or throughput, involving a reference surface fowed by 
the (imaginary) plane across  the receiving aperture  or entrance pupil (and the s o l i d  angle 
subtended a t  each point across that aperture or pupil  by the entrance window, the f f e ld  

I N o t e  that, in the rare cases wttere w e  d i r e c t l y  compare the incident flux (surface) densi ty  
W(x,y) or i r radiance E(x,y) and the fluence rate Ft(x,gr,z) at  the same poin t ,  the 
coordinates x,y h eq* (4.17) are posi t ion coordinates cm the reference surface while 

x,yIz in eq. (4.16) are coordinates i n  space. The x,y coordhates  of the comon p o i a t  

can be the same is. both equations only if the reference surface i s  a plane surface.  

by appropriate transformation (translittion and rotation) che or ig ins  and axes of both 

coordinate s y s t e m  can be brought i n t o  coincidence. 

Then, 

19 



so l id  angle).I 
purposes, is in terms of a refexence surface,  as in eq. (2 .141  [ 5 1  {repeated j u s t  before 
eq. f 4 . 2 f ,  above). 

Accordingly, t he  appropriate def in i t ion  and creameat of radiant&, for our 

Qn the other hand, there  cer ta in ly  are occasions &en a d i s t r ibu t ion  Q €  incident 
radiant flux with respect t o  posit ion i s  mre appropriately o r  meaningfully given i n  terms 

of fluence rate rather than irradiance [incident radiant  f l u x  (surface) density]. Accord- 

ingly, we need t o  c lear ly  es tab l i sh  the relationship between these two quant i t ies ,  both 
given i n  [W-m 1. We subs t i tu te  E f o r  W i9 eq. (4.17), since we are concerned only 
with incident radiat ion,  and compare i t  d i r ec t ly  with eq. (4.16).  
son, we recognize t h a t  the ray-direction coordrinates 6 * $  

oriented f b e d  axes but that cos9 i n  eq. (4.17) is the  cosine of the angle between the 

ray d i rec t ion  e,$ and the n o d  t o  the receiving surface element &Ar upon which it is 

to distinguish it from the direct ion coordinate 
clear that the element of fluence rate at a point 

-2 

In making this cmpazi- 
may be referred to a r b i t r a r i l y  

T’ 
incident.  Accordingly, w e ’ l l  designate the polar angle from the normal t o  dAr a5 E 

8 referred t o  the fixed axe5. Then i t  is 

x,y on same reference surface i s  

(4.20) 

h e r e  dEn i s  the normal irradiance and i s  equal t o  the irradiance element dE o d y  when 

cosBr = 1, L e .  when br 5 0 (when the r a y  direct ion e,+ coincides with the normal t o  

a , ) .  Thus the  element of fluence r a t e  a t  a point is  equal to the  normal i r radiance a t  
that point, defined as the irradiance an a surface element at Char point divided by the 
cosine of the angle between the incident rap and the normal t o  the surface element. Only 
the e h e n t s  of fluence ra te  and irradiance,  associated v i t h  individual  rays (elements of 

throughput) can be d i r ec t ly  re la ted in t h i s  way. 

i r radiance at a point cannot be d i r ec t ly  converted €ran me t o  the other.  

both are needed‘, they are most e a s i l y  obtained from the incident radiance dis t r ibu t ion  a d  

eps. (4.16a) and (4,171. But t h i s  seems unlikely; ordinar i ly  only one or the other r * i l l  be 

useful or signkficant.  

The integrated t o t a l  fluence rate and 

If values for 

Dfscussim of i l l u s t r a t i v e  examples involving radiant  f lux  (surface) derrsity and 
f 

radiant  f luenee rate i s  deferred unt i l  the concept of radiant  intensity has been presented. 

Then the examples win help t o  clarify a l l  three of these cbncepts and their in te r re la t ion-  
s h i p s ,  

DLRECTI17NAL DISTRLBI3TION : RADIANT lX”STTI--TRADITIONAL APPROACE. 
Consider the beam of radiat ion ffowing from all points on the surface af an extended source 

S t a  a m a l l  receiving surface of area ,hA, as sham i n  f igure  4.4. Designate the mag- 

nitude of the t o t a l  f lux,  reaching the receiver from S, as LIE. Let the s o l i d  angle 

subtended at  any point P on the source surface by the receiver be designated as b w .  

’The theory of STOPS ( p u p i l s  and windows) ViLl be fouad in any standard text ox: geometrical 

Eiprics [13,141. 
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Figure 4 . 4 .  Experiment to dgvelop the concept o f  (radiant) intensity 
- traditional approach. 

Lf the receiver is moved arbitrarily far from the source, both AQ, and hu decrease t a  
the vanishing point, but the i r  quotient 
radiant Fptensitq: I 

A@/& approaches a constant value called the 

of the source in the direction of the receiver: 

-1 I [W-sr 1. do (4 -21) 

Also, as the receiver moves away, the small solid angle that i t  subtends at  every other 

po in t  on the source surface becomes more nea r ly  equal to and more nearly parallel KO Au. 

Ultimately, rhe rays from all points of S to OA ’‘at h f i n f t y ”  can be thought of as 
€ o w i n g  a set of parallel soljd-angle elements dw, each conraining a ap from that  source 

p a i n t  in the direction of as depicted kn figure 4.5. U, 

Figure L.5. Beam f r o m  t h e  S O U ~ C ~  of figure 4 . 4  to a receiver 

a~ i n f  i n i t g  . I t  
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If L is the radiance, In the  direct ion of the receiver  of an elernent o f  source 

surface as, then, by eq. (2.15 153, the e lemat  of flw propagated from dAs t o  AA 
is L=dAS*c0s6*du, where @ is the angle between the E ~ Q X I W ~  t o  Us and the ray from dAs 

t o  bA. Then t h e  flux in the sol id-aagle  element dw, propagated from dl of S ' to OA, 

is given by the integral 

( 4 . 2 2 )  

so that 

(4.23) I = - =  d9 j L*costi-dAs fW*sr -1 I .  
S - do 

This gives us an a l t e rna t ive  expression for the  radiant  i n t ens i ty  of an extended source in 
a given direct ion in terms of the radiance of each point (surface element) of the source in 

the given direct ion,  

Measurements of the  incident f lux,  per rmit  so l id  angle subtended et  the source, 

reaching a detector from a source at a f i n i t e  distance are only approximations t o  the 
d e f h e d  quantity given by eq. (4.21) or ( 4 . 2 3 )  

(4 -24) -I I - -  A* [W-sr 1. bw 

W e ' l l  examine the factors that contribute t o  the degree of approximation a f t e r  w e ' v e  

defined radiant  i n t e n s i t y  a b i t  more careful ly  and have establ ished its re lat ianships  to 
other  radiometric quant i t ies  Fn a somarhat different  manner and in greater  de t a i l .  

The def in i t ion  o r  descr ipt ion o f  the concept of radiant fn tens i ty  s e a  t o  give r i s e  
t o  more problems than tha t  of any other radiometric quantity. Same readers are p u z l e d  by 
the  f a c t  that we have re la ted  the  f l u  A + ,  coming from all p a r t s  of the  source in f igu re  
4.4 (not jus t  that flowing fn the sol id  angle bw from the  par t icu lar  poin t  P s h m  in 
the  i l l u s t r a t i o n ) ,  to the more limited so l id  =&le hw in the quotient that converges to 
the l fmit ing value of eq. (4.21) and that qppeaff; fn eg. (4.241. The point P in figure 
4.4 i s  m 3  poiat  an the  emitting surface of the source. 
s o l i d  angle, approximately equal t o  &, subtended at every other source paint  from which 

source rad ia t ion  reaches the  receiver. We use the value Ilw,  then, as a representative 
approximation to all of these solid angles, subtended at al l  points  of the source. As the 

There is (not sharn) a sirailar 

dis tance  between source and receiver increases, the approximation improves unril, in rhe 

l-t, as suggested by figure 4.5, a l l  of the elementary so l id  angles become p a r a l l e l  and 
equal t o  dw. In a very large number of  cases, the approxh i t ion  becomes prac t ica l ly  
sa t i s f ac to ry  (within useful  limits of accuracy) - th in  distances available i n  the. labora- 

tory. 

solid angle h~ both become inversely proportional to the square o f  the distance between 
€QW?Mh3It points  on both S O U T C ~  and receiver (the size o f  which may also be appreciable),  
so the quotient becomes and remahins constant as tha t  distance is fur ther  increased. Then 

Ye have a useful value of source radiant intensity that characterizes the  source emission 

As w e ' l l  see, we soon reach a point,  with most sources, where tbe f lux  A C  and the 

77 
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b the given direction. It I s  of t en  overlooked, however, that this d e p e d s  on tbe fact 

that the radiance of a point  on the surface of a source usually doesn’t change abruptly 
with a small  change in direction. 

text accompanying figure 4 + 1 2 ,  below, 

We’ll f?xamine this point  in more detai l  later, Fn the 

DfRECTfOKAL DISTRIBOTTON: RPSLANT IXTENSITF. For a more detailed treatment of radiant 

intensity, consider again t h e  experiment, first introduced in Chapter 2 f5], with an iso- 
radiance visible source* two beam-forming apertures in opaque screens, and a photocell, 

arranged as illustrated in figures 4.6 and 4,7(a) (figures 2.2 and 2.3 of Chapter 2 fs]) 
A uniform, clear propagation path i s  assumed, with no variation *n refractive index and no 

attenuation (by absorption or scattering). Previously, ve found that, as we varied rhe 

areas % and +, a d  tbe respective tflts o1 and e2 ,  of the apertures as well at 

t h e  d i s c a c e  D between them, the radiance L, was given bp eq. (2.4). That equation is 

repeated here, but as an apprmhat ion  
7 

( 4  25) h#-D2 - ~ “ c 0 s 0 1 * h A 2 * c 0 s 8 2  

because we  also found, subsequently, that the exacf expreisions for L were  given in eqs, 

(2.5) and (2.13) a5 

Source 
0 r 

Photo eel I 

Screen Screen 

Figure 4.6“ Experintent to develop the concept o f  radiance. 

(This figure appeared previously as figure 2 . 2  IS].> 



These equations define the radiance L tha t  is  geometrically invariant along any rap i n  a 
lossless, isotropic  ( i sb~dex-o f - r e f r ac t ion )  m e d i m .  Here, the quantity du12 : % * C O S ~ ~ / I )  2 

is the element o f  so l id  angle subtended by % at d$ {see eq, fA2-13), A p p a d i x  2 [ 5 I I *  

The first aperture  screen and the source, taken together, are equivalent t o  an iso- 

radiance source, o f  area bAl f i l l i ng  the aperture  in the screen, because every ray of 

the  beam, through every point across that aperture,  bas the  same radiance L. Whenever i t  

will simplFfp our discussion, then, w e  may replace the source-screen combination by a bare 
isa-radiance plane source of radiance L, o f  area Us * % t i l t e d  a t  an angle 8 = 6 s 1' 
a t  that same locst icn.  Similarly, the  combination o f  the second aperture screen and the 

photocell, taken together,  i s  equtvalent t o ,  and may be replaced by, a bare plane receiver- 

detector  of area &Ar f h&r, t i l t e d  a t  an angle Br = E2, centered at a distance R f r w  
the center of the source, and with uniform i so t ropic  response (equal response t o  f lux  
i n c i d e n t  at  any point and frm any di rec t ion  within the beam). These equivalent configura- 
tims, that may be inteTchanged at w i l l  without a l t e r ing  the propagation of radiant energy 
Fn the beam, are i l l u s t r a t e d  in f igures  4 .7 (a )  and (b). 

In  addi t ion t o  rewriting eq. (4.26) i n  tews of the quant i t ies  in figure 4.7(b) 'I i t  

will be convenient t o  rearrange It somewhat t o  examine vhat happens as we go t o  the  limits 
in d i f f e ren t  ways. 

( 4 . 2 7 )  

(11.28) 

Note that the solid angle hSz (subtended at Us by bA 1 may be reduced either by 

increasing D, 

or9 of course, by do ing  both. 

first looking at the e f f ec t s  of increasing the separation distance D as ir: eq.  ( 4 . 2 7 )  

T 
as in eq. (4.277, or by reducing the receiver area dAr, as in eq. ( 4 . 2 8 1 ,  

We examine the results of doing one o r  the o the r  alme, 



Figure 4 I 7 (a). T i l t e d  Apertures - 
(This figure appeared previously as figure 2.3 f53.1 

\ 
t 

Figure 4 . 7 ( b ) .  Bare source and detec tor  equivdlenr to figure 4 . 7 ( a ) .  
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while holding the source area AAs fixed. Then, holdfng D constant, w e ' l l  examine the  
e f f e c t s  of independently varying Us. 

next section. 

A similar analysis  of eq. (4.28) w i l l  follow i n  the 

As the  separation D is increased, both the  f lux  A@ and the  solid angle Amsr are 
reduced. However, i f  the  small source AA, is strong enough and the  small detector  bar 
is  su f f i c i en t ly  sens i t ive ,  a point is'soon reached where the quotient 
remains constant (within achievable measurement accuracy) with fur ther  increase of D 

u n t i l  there  is no longer enough flux A@ t o  produce a measurable response. The l imi t ing  
valve of t h e  quotient A @ / h s r  is cal led the  radiant  in tens i ty  A I  of t h e  source AAs i n  
the  d i r ec t ion  of the  detector  (in a d i r ec t ion  making an angle 
plane source surface) : 

A'P/Amsr becomes and 

O s  with t h e  n o m  t o  the  

Lim A@ I- d@ [w*sr-l]. 
2 A I  = 

AAr cos8 r/D dWsr 
D + w  

(4.29) 

This can be repeated fo r  d i f fe ren t  values of source area 
that, as AAs is  reduced, AI is correspondingly reduced. The maxi" dis tance  D where 
there  is still enough f lux  
decreasing Us. 

AAs with similar results except 

A@ t o  produce a measurable response is also reduced with 

Accordingly, we can subs t i t u t e  from eq. (4.29) in eq. (4.27) t o  obtain 

(4.30) 

from which we have 

d I  = L=coses-dAs [W=sr-']. (4.31) 

Up t o  t h i s  point, f o r  s implici ty ,  we have postulated an iso-radiance source. More 

generally,  however, the  l imit ing values of radiant  i n t ens i ty  can be obtained i n  exact ly  the  
same way even when the source radiance varies with posi t ion and/or direct ion.  It is only 
necessary to go t o  smaller areas and so l id  angles t o  obtain the consfant values,  corre- 
sponding to  the  l i m i t i n g  values that are t h e  radiant in t ens i t i e s .  Adcordingly, w e  will 

restate eq. (4.31) more completely and expl ic i t ly :  
dI(x,y,8,+), in t h e  d i rec t ion  e,$, of a source-surface element dA of radiance 

L(x,y,O,+) at t h e  point x,y and in that direct ion,  is given by 

dX(x,y,e,+) = L(x,y,e,+) -coses-dAs [W-sr I.  

s 

The element of rgdiant  i n t ens i ty  

S 

(4.32) -1 

Then, by in tegra t ing  both s ides  of eq. (4.32), we obtain an alternative defining equation 

f o r  t he  rad ian t  i n t ens i ty  of an extended source of radiating (emitting and/or r e f l ec t ing  or  
sca t te r ing)  area A,: 

26 



(4 .33)  

Note that, in  these equations, t he  angle Bs (between a ray  and t h e  normal t o  Us) w i l l  

be equal t o  the  raydirect ion-coordinate  angle 0 only when the  element dAg is oriented 
with its normal p a r a l l e l  t o  the polar axis of the d i rec t ion  coordinates. Generally, f o r  a 

non-planar reference surfacey the  angle 
point across that reference surface,  as i l l u s t r a t e d  in f igure  4.8. 

as f o r  p a r a l l e l  rays  w i l l  vary from point  t o  

Figure 4.8. I l l u s t r a t i o n  t o  c l a r i f y  the  designations 0 and as. 

Given a fixed d i rec t ion  e,+ and a curved reference 

surface,  the angle Bs between the d i r ec t ion  e,+ 
and the  normal to a surface element dAs var i e s  from 
point t o  point across the curved surface.  
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POINT SOURCES and RECEIVERS and the INVERSE-SQUARE LAW. Although eq. (4.33) explicitly 
i t  As, defines  a quantity called the  "radiant intensi ty"  f o r  any source of extended area 

turns  out that this quantity is useful,  in general, only when the  source can be regarded o r  

t r ea t ed  as a 'po in t  source." 
source'" is a star, even the  nearest  of which, i n  s p i t e  of being, i n  many cases, incredibly 

l a rge  i n  comparison with the  ear th ,  or even the  sun, is so f a r  d i s t an t  t h a t  our telescopes 
can ' t  d is t inguish or "resolve" d i f f e ren t  points 021 its surface. 
p r a c t i c a l  purposes, the rays reaching the ear th  from a l l  pa r t s  of the  emitt ing surface of a 
star are those that t r ave l  from it in p a r a l l e l  l i n e s  i n  a single d i rec t ion  {the direct ion 

e,+ in  eq. (4.33)). 
that determines whether o r  not  we can treat an extended source as a point source, with a 
use fu l  value of radiant  in tens i ty ,  is whether or not the  i r radiance or radiant  fluence rate 
at  a point of i n t e re s t ,  due t o  the  source in question, obeys the  inverse-square l a w  within 
a given tolerance. 
between radiant  in tens i ty  and i r radiance o r  radiant fluence rate known as the  "inverse- 
square law." 

The classic example of w h a t  is meant by "treated as a 'point 

Accordingly, f o r  a l l  

In a great many cases, when shorter  dis tances  are involved, a c r i t e r i o n  

Accordingly, ve next want t o  look more closely at the  relat ionship 

W e  can obtain the inverse-square law'by going back t o  

(4.28) 

t o  see what happens as we f i r s t  reduce bAr while holding AAs constant. As. Ur 
becomes smaller, the f l u x  A@ reaching the  detector from the  source is correspondingly 

reduced, but t he  quotient A@/hAr becomes and remains constant, and we -ecognize [from eq. 
(4.1)) that, in the l i m i t ,  this quotient is the incident radiant flux (surface) density or 
i r rad iance  AE. We designate it as AE, ra ther  than j u s t  E, because it is a l so  depend- 
e n t  on has. Accordingly, eq. (4.28) becomes 

When this is rearranged and compared with eq. (4.31), we have 

from which we obtain the inverse-square law, giving the element of normal 

or  radiant fluence rate dFt [see eq. ( 4 . 2 0 ) ]  at a distance D from the 

dA, in a d i rec t ion  in which its in t ens i ty  is d1: .* 
= dFt = dE/coser = dI/D2 = L-coseS*dAs/D 2 [W*m -2 1, 

dEn 

or,  more exp l i c i t l y ,  i I 
- 
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( 4 . 3 5 )  

i r radiance dEn 

source element 

. ( 4 . 3 6 )  



- .  

Figure 4.9. A sectidn through source and receiver surfaces of arbitrary shape. 

A source-surface element dAs at xs,ys,zs and a receiver- 

surf ace element dAr at xr,yr,zr are separated by a distance D .  

For purposes of i l lustration, the normals to the two elements are 

shown as lying i n  the same plane although they are not actually so 
constrained. 

. .  

(4.36a) 
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. 
D2 = 

is the  square of 
receiver element 

(Xr- Xsl2  4. 

the  ( s l an t )  distance between the source element at xs,ys,zs and the 

eS [rad] is the angle between the  d i rec t ion  0,4 and the  
normal t o  the element of source emitting surface dAs 

€Ir [rad] is t h e  angle between the  d i rec t ion  e,# and the  

normal t o  the element of receiving surface dAr at 

xr , Yr , zr 

The inverse-square law is a relat ionship fo r  a s ingle  ray or  throughput element through a 
source-surface element as, of in tens i ty  dI = L-coseS=dAs, in the  d i rec t ion  0,1$ 

f r o m  the  point xs,ys,zs. It gives the normal i r radiance dEn [= dE/cosOr] or radiant  
f luence rate dF at a distance D i n  the direct ion e,# f r m  that source element. 
l n t e g r a l s  based on these relat ionships  can successfully account for t he  observed values of 
r ad ia t ion  f lux  in  beams involving extended source and receiver surfaces.  
although a "point source" is often specified,  it is not unusual t o  f ind  less precise state- 
ments t o  the  e f fec t  that the  f lux  received from a d i s t an t  source varies inversely with the  
square of that distance. 

appl ied to real (extended) sources and receivers. The inverse-square l a w  [eq. ' (4,3611, as 
we have seen, appl ies  exactly t o  each source-element-receiver-element pai r  and the  d i r e c t  
o r  slant dis tance between them. That distance,  however, w i l l ,  in general, be d i f fe ren t ,  
perhaps only s l i g h t l y  d i f f e ren t  but still d i f fe ren t ,  f o r  different  pairs .  Thus, an overa l l  

i nve r sesqua re  relat ionship based on j u s t  a s i n g l e  (average o r .  nominal) source-receiver 
d i s tance  can, in general, only be an approximation. N e x t ,  w e ' l i  take a closer  look a t  such 
approximations t o  the  inverse-square l a w  and t r y  t o  evaluate the  extent of t h e i r  usefulness. 

t 

Nevertheless, 

Such a statement can only be approximately t rue ,  in general, when 

1 
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INVEESE-SQUARE-LAW APPROXIMATIONS f o r  EXTENDED SOURCES and RECEIVERS. 

main considerations that, together,  determine when, i n  a given measurement configuration, 
it is useful  t o  treat a source as a point source, characterized by its rad ian t  i n t ens i ty  

{eq. (4 .33 )3 ,  or  as an extended source, characterized by its (average) radiance: 

(1) 

There are three  

whether or not  the  source f i l l s  the  entrance windowl o r  angular 
f i e l d  of view of the radiometer;2 

(2) t h e  s i z e  of the maxi" trankverse dimensions of the  source, and of 
t h e  instrument receiving aperture or entrance pupi1,l r e l a t i v e  t o  
the  dis tance D between them; and 

(3) t h e  d i r ec t iona l  d i s t r ibu t ion  of radiance from each surface element 

dAs .across the rad ia t ing  surface of t he  source As, and pa r t i cu la r ly  
$ 8  

t he  effects of obscuration (when,= opaque portion of an i r r egu la r ly  

shaped source may block rays from other  p a r t s  of the emitt ing 
surf ace). 

So far, we have considered only f a i r l y  regular well-behaved sources, most of them plane 

surfaces or  equivalent t o  such a plane emitt ing surface,  but when w e  start dealing with 
real sources, such as the  very common tungsten lamps with coi led filaments, severe problans 
can arise due t o  the  fact that p a r t s  of the emitt ing filament l ie  behind other  opaque 
portions of the  co i l .  In  addi t ion,  it should be 
noted that the  problem can a l so  be complicated by d i rec t iona l  var ia t ions  i n  instrument 
response. 
instruments t ha t  respond equally t o  incident f lux  from any d i rec t ion  within the angular 
f i e l d ,  keeping in mind that things may be qu i t e  d i f fe ren t  if t h i s  important assumption is 

not valid.  

We'll discuss t h i s  more a b i t  later. 

But w e ' l l  leave it with j u s t  t h a t  caution and assume now that w e  have good 

Although the  three  considerations are l i s t e d  above i n  t h e  order in  which they are 
usually checked, w e ' l l  start with the  second, the transverse dimensions of source and/or 
receiver in r e l a t ion  t o  t h e i r  nomipal separation dis tance D. The geometrical r e l a t ions  
involved can be seen more c lear ly  i f  we simplify our experimental configuration t o  one 
of ten  employed in photometry, observing a smdll source with a small detector  on an opt ica l  
bench where the  d is tance  between them is eas i ly  changed and easily measured. 
4.10 we see an iso-radiance source consisting of a tungsten lamp in an opaque housing with 
an opal-glass d i f fuse r  across one s ide  t o  produce an iso-radiance rad ia t ing  surface.  

opaque screen w i t h  a small circular hole of area 
eS = 0 

In  f igure  

An 

Us, perpendicular t o  the  bench so that 

(cases = l), limits the beam of rays  from source t o  receiver ,  es tab l i sh ing  the 

lSee any standard text on geometrical op t ics  (13,141. 
with stops,  pupils,  windows, and baf f les  and t h e i r  r o l e  in radiometry. 

A fu tu re  chapter is planned dealing 

21n a scanning system, w e  are concerned with f i l l i n g  the  instantaneous entrance window or  
angular f i e l d  of view; in an imaging system we are concerned with f i l l i n g  the  instantaneous 

entrance winduw o r  angular f i e l d  of v iew of a resolut ion element. 
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posit ion,  or ientat ion,  and area of the e f fec t ive  source 

All of these source components are carr ied,  and m e  together as a unit ,  on a s i a g l  opt ical-  
bench carr iage with an index or cursor mark aligned with the  v e r t i c a l  plane of the  screen 

( the  plane of the source AAs). A second carriage carries the receiver components, which 
consis t  of another v e r t i c a l  screen with a small aperture of area 

followed by a photocell with a sens i t i ve  area large enough t o  be sure t o  accept all of the 

rays of the beam through this second aperture.  
receiver  carr iage is aligned w i t h  the v e r t i c a l  plane of the aperture screen so t h e  d is tance  

D between the  source Us and t he  receiver AAr is eas i ly  measured by the  difference 
between the  cursor-index readings f o r  the  two carriages on the  horizontal  scale of the  

op t i ca l  bench. * 

Us, as before in  f igure  4 . 7 ( b ) .  

AAr (er = 0; coser = 1), 

Again, the cursor mark or index on t he  

The value of the flux 6g’ in the beao,is measured by the photocell. Its approximate 
value in terms of beam parameters is given %y I _  

\ / 

w AErs-AAr [Wl, (4 .37)  2 2 64 mi (L*AAs/D )*fir w (AIs/D ) - U T  

since, from eq. (4.3ij,  a plane iso-radiance 

radiant  in tens i ty  A I s -  L*coses=AAs and since cases = cose r = 1. For a st i l l  la rger  
source and receiver,  of area As and Ar, respectively,  this same approximation exists 
and we want, now, t o  determine t h e  d e g r y  of-approximation involved in 

(L = a constant) source of area Us hasa 

4 se E*Ar (I/D2)*Ar - L - ( A ~ - A ~ / D ~ )  ~ W I ,  (4 38) 

or ,  putt ing it another way, we want  t o  evaluate the discrepancy 

(4.39) 2 A4 .? rP - (L-As*Ar/D ) [W] 

in order t o  assess the  percentage or  r e l a t i v e  inaccuracy 
verse  dimensions of As and Ar r e l a t i v e  t o  D. 

A4/4 as a function of the  trans- 

In order t o  evaluate eq. ( 4 . 3 9 ) ,  we need an a c t  expression for  t he  f lux  CP in the 
beam between the  attended source and the  extended receiver. 

expression in eq. (2 .12)  [SI: 
But we already have such an 

(4 .40)  

where DS is the  s l an t  distance between each pa i r  of surface elements Us and dAr, not 
the  nominal separation o r  the perpendicular distance D between the v e r t i c a l  planes of As 

and AT, as read on t h e o p t i c a l b e n c h .  The throughput 0 

c i rcu lar  plane areas As and Ar separated by a distance 

t h e i r  centers  is  avai lable  in Appendix 3 .  
r we can write [see eq. (U-U)] 

If the  radius of 

r’ 

2 2 2 2  2 2 2 2  - 8 = (n /2)-{(rs + rr + D ) - [ ( r S  + rr + D 
33 

between two p a r a l l e l  coaxial  
D along the  axis through 

As is rs, and of Ar is 

4Ts 2*r21’~ r [m2*sr]. (4.41) 



We'can also combine eqs. ( 4 . 3 9 )  and ( 4 . 4 0 )  t o  simplify the expression f o r  the r e l a t i v e  

discrepancy A@/@. 

where 

from which it is c l ea r  t ha t  

A@/@ = A0/0 [dimensionless] 

( 4 . 4 2 )  

( 4 . 4 3 )  

( 4 . 4 4 )  

is  the r e l a t i v e  discrepancy. 

There is a common "rule  of thumb" i n  radiometry (photometry) t ha t  appl icat ion of the 

approximate inverse-square relat ionship 

8 - A ~ - A , / D ~  [ m 2 * s r ]  ( 4 . 4 5 )  

will be adequate f o r  accuracies of about 99 per cent when the  separation 
times the  maximum transverse dimension of As or AI,. For example, i n  the  present case, 
where As = * o r 2  and Ar = * o r 2  those transverse dimensions a r e  2rs  and 2rr,  respec- 
t i ve ly ,  so w e  want t o  evaluate the inaccuracy A0 when D 2 10-(2rs) and D 2 10-(2r  ). 
To make it  simple, le t  and solve eqs. ( 4 . 4 3 )  and ( 4 . 4 1 )  
t o  obtain the r e l a t i v e  inaccuracy AO/8. The r e s u l t  i s  j u s t  under 0.005 or  0.5%. But, 
t o  ge t  t h i s ,  we have assumed idea l  conditions, an iso-radiance source and a receiver- 
de tec tor  that responds uniformly and i so t ropica l ly  t o  f lux  incident at any point across 
Ar from any d i rec t ion  within the beam from As. 

D is at least 10 

S r ' 
K 

rs = r and D = 20 rs = 20 rr, r 

For a somewhat b e t t e r  idea of the appl icabi l i ty  of t h i s  "rule  of thumb" t o  real con- 
f igura t ions ,  consider t h e  extreme poss ib i l i t y  that the  coaxial-parallel-disc source and 
receiver are both so non-uniform that a l l  of the radiat ion emitted i so t ropica l ly  by the 
source d i s c  ac tua l ly  comes only from a small reGion about a point 
d i s c  while a l l  of the non-uniform iso t ropic  responsivity of th,e receiver i s  s imilar ly  
concentrated i n  a s m a l l  s ens i t i ve  region about a point 
diametr ical ly  opposite t o  point S on the  source d isc ,  as depicted i n  f igure 4.11. The 
actual s l a n t  distance separating these points i s  then Ds = 2{r + (D2/4)1', where 
D = 20r. Then the r e l a t i v e  or  f r ac t iona l  e r ror  resu l t ing  from the  use of 

Ds in t he  inverse-square relat ionship is (Ds - D )/D2 = 0.01 or  1%. Thus, the "rule of 

thumb" still  holds f o r  an estimated accuracy of 

i t y  as long as both source and receiver a r e  still i so t ropic  at each point of 

S a t  the edge of the * 
R a t t h e  edge of t ha t  d i sc ,  

2 

D ra ther  than 
2 2  

99%,  even with such extreme non-uniform- 

and Ar. 

This brings us  t o  the  th i rd  consideration, the d i rec t iona l  d i s t r ibu t ion  of radiat ion 
As 

[and of receiver-detector response]. Although the i so t ropic  assumption is not r e a l i s t i c  
over a f u l l  hemisphere f o r  most surfaces,  it is of ten a good approximation over a f a i r l y  

wide range of d i rec t ions  about the normal. Accordingly, our "rule of thumb" approach is a 
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S 

Figure 4.11. Extremely non-uniform iso t ropic  source and receiver t o  assess a 

"worst-case" approximation t o  the inverse-square l a w .  

Source and receiver are equal ,  parallel, co-axial, c i rcu lar  
d i sc s  of radius r separated by distance D. The s l a n t  
distance Ds between extreme points S and R is seen t o  be 

DS 

Evaluated f o r  D = 20r, Ds 2 = 1.01-1) 2 . 

reasonable one f o r  most sources and receivers with reasonably f l a t  emitting and receiving 
surfaces tha t  are oriented perpendicular t o  the axis between t h e i r  centers,  as i n  the  

i l l u s t r a t i v e  experimental configurations we've been discussing. 
2.10 of Chapter 2 [SI, t ha t ,  with t r u l y  iso-radiance emitting surfaces,  the shape is 
immaterial as long as it  subtends the  same sol id  angle a t  the receiver.  However, with real 

emitting surfaces the radiance may change when the d i rec t ion  t o  a receiver from an off-axis 
point changes s l i g h t l y  as the  receiver moves f a r the r  away. 
f igu re  4.11 is  not i so t ropic ,  we can't base our conclusion on j u s t  t h e  geometrical rela- 

tions but must take into account that the  radiance L of the rays from S t o  R is  a l s o  
a function of the separation d is tance  D. The s i tua t ion  becomes even worse with sources of 
such i r r egu la r  shape t h a t  rays  from some pa r t s  of the  emitting surface can be blocked i n  
some di rec t ions  by other p a r t s  of t he  source i t s e l f  while other rays i n  d i rec t ions  very 

c lose  t o  them are not blocked, thus producing v io len t  variations i n  the  d i rec t iona l  dis- 

t r i bu t ion  of source radiance ( see  f igu re  4.12). 
d i s t r ibu t ion  of radiance; it may a l s o  change the  e f f ec t ive  emitting area as a function 

of direction. With the  regular ly  periodic s t ruc ture  of a h e l i c a l  lamp filament (see f i g u r e  

4.121, one would expect t ha t  from some distant,observation points,  most of the  inner s ides  

of the f a r  loops of the  c o i l  would be hidden behind the near loops while a s m a l l  r o t a t ion  

We've a l s o  seen, i n  f i g u r e  

For example, i f  the source i n  

Not only does t h i s  a l t e r  t he  d i r ec t iona l  

As 
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of t h e  lamp would bring them a l l  i n t o  v iew i n  the spaces between the  near loops; and t h a t  
t h i s  might be repeated as the  l amp  is ro ta ted  fur ther .  
about one per cent) in received f l u x  with lamp ro ta t ion  has been observed (see f igure  18 
and accompanying text in [15]). 
except t o  point out tha t ,  f o r  such sources, there  may not be a su f f i c i en t ly  accurate 
inverse-square relat ionship such as eq. (4.381, even though the inverse-square l a w  of eq. 

(4.36a) i s  still perfect ly  va l id  between every pa i r  of source- and receiver-surface elements. 
The overali! r a d b t  intensity of the entire source, in such cases, may be too var iab le  t o  
be a useful  quantity by which t o  character ize  the lamp t o  b e t t e r  than a few per cent. 

Jus t  such a periodic var ia t ion  (of 

This s i t ua t ion  is too complex f o r  a precise  ana lys i s  

Final ly ,  t o  re turn t o  the  f i r s t  c r i t e r ion ,  we look b r i e f l y  at the relat ionship between 
m 

a source and the angular f i e l g  of view of an instrument (the so l id  angle 
the  entrance pupi l  by the ent&ce window-sqee f igure  4.13). 
experimental s i t ua t ion  depicted i n  f igure  4.6 ( f igure  2.2 of [SI) ,  has established t h a t  t h e  

f lux  A4 through the two beam-defining apertures is t he  same, regardless of the posi t ion 
and or ien ta t ion  of the source, as long as a l l  rays of the beam or ig ina te  on an iso-radiance 
surface. Since the entrance window, of area %, arid entrauce pupil ,  of area Ar, of an 
op t i ca l  system (see f igure  4.13) are equivalent t o  j u s t  such a pa i r  of beam-defining 
apertures for the rays that w i l l  pass through tha t  op t i ca l  system, an < s o - r d h e  s m c e  
that fills the entrance W i h  or f i e l d  of v i w  (as well  as the entrance pupil) with rays 
of the same r a d h e  
posit ion and omkntatian. 
such a beam in eq. (4.40): 

w subtended at 
Our discussion of the 

ic 

L w i Z Z  produce the sane flux through the optics regardless of its 
In f a c t ,  we've already used the  exact expression f o r  the f lux  i n  

(4.40a) 

The throughput 6 between entxance window and entrance pupi l  is a constant of the  instru-  

ment. 
i n  t h i s  oversimplified case) and the f i e l d  stop. 

It is  the  same as the  throughput between the aperture  stop (same as entrance pupi l  
Accordingly, if the flux respmiv i t y  

of the irts.tnrment is not a vamkble function of posi t ion and direction but . R@(x,y,0,@) 
has the  same constant value f o r  every ray of the incident beamY2 the  instrument output 
can be t rea ted  as a measurement of the  incident radiance L = @/e, 
Q in tha t  beam. I f  the source is not an iso-radiance source so that the radiance cannot 
be taken outs ide the  in t eg ra l  in eq. (4.40a), t ha t  equation can be wri t ten with the var iab le  
radiance in s ide  the in t eg ra l  as 0 = !Lad0 and the quantity Q / € l  then gives us an 

average value of the incident radiance, thus 

RQ 
as w e l l  as of the  f lux  

lSee any standard text on geometrical op t ics  113,141. 

with s tops,  pupils,  windows, and ba f f l e s  and t h e i r  r o l e  i n  radiometry. 

A fu ture  chapter is planned dealing 

2The e f f e c t s  of a var iable  
w i l l  be covered in Chapter 5 on the  measurement equation. 

R@(x,y,B,$), when t h i s  important assumption is not s a t i s f i e d ,  
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ERTURE STOP & 
ENTRANCE PUPIL 
(RECEIVING AREA) 

ENTRANCE WINDOW 
(IMAGE OF FIELD STOP) 

I $  

Figure 4.13.  A very simple radiometer with a single Lens, showing the 
entrance window (image of f i e ld  stop in  object space) and 
the entrance pupil (image of aperture stop in  object space-- 
here coincident with the aperture stop). 

. 

S - source 
S’ -- source image 
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The foregoing applies only when rad ia t ion  from an extended source completely f i l ls  the  
entrance window or f i e l d  of view (and the entrance pupil) and, i n  the case of t he  non-iso- 

radiance source, the average radiance of eq. (4.46) is averaged only Over that portion of 
the  source t h a t  l ies  within the  entrance window, only tha t  portion that contributes rays t o  
t h e  beam accepted by the  instrument throughput. On the other hand, when a source f l l l s  
only a portion of the  entrance window, as i l l u s t r a t e d  i n  f igure  4 . U ,  so t h a t  rays from 
each point of the  e n t i r e  exposed portion of the  emitting surface reach the  f u l l  entrance 
pupi l  and are included i n  the measured beam, the instrument output, as a measure of the 
f l u x  e' i n  that beam (again us6Wning constant flux responsivity 
every ray of the  incident beata),l 
( a l so  a constant of t he  instrument), is a measure of the  (average) irradiance 
E = @/A, [ w ~ m - ~ ]  at the entrance pupil. Then if, i n  addition, the s i ze ,  distance,  and 
configuration of the source are such that, as discussed earlier with respect t o  the second 
and th i rd  considerations, i t  has a'meaningful radiant i n t ens i ty  I a t  tha t  distance (from 
source t o  entrance pupil) ,  producing an irradiance E t ha t  is inversely proportional t o  
the  square of that distance,  the  instrument output (again asslmring constant 
be t rea ted  as a measure of t h e  apparent source in tens i ty  at  the given distance D. I n  
general, t h i s  apparent rad ian t  i n t ens i ty  w i l l  be equal t o  the  ac tua l  source in t ens i ty  only 
i f  there  i s  no attenuation (loss by absorption or scattering) along the  op t i ca l  path between 
source and measuring instrument. 

.b 

R@ that is the  same f o r  

when diqided by the area Ar of t h e  entrance pupil  

R 1' @ may a l s o  

The apparent radiant i n t ens i ty  is  given by 

where 

-1 I' [W-sr ] is the  apparent r a d i a n t  i n t ens i ty  of the  source as 
viewed from the  instrument a t  a distance of D [m], 

I [W-sr ] is the radiant i n t ens i ty  of the source as given by -1 

eq. ( 4 . 3 3 1 ,  and 

T* is  the propagance, as defined by eq. ( 2 . 3 8 )  151, of t he  op t i ca l  
path, of length D [m], between source and instrument (entrance 

pupi l  or receiving aperture) where the measured f l u x  is 0 [W] 
(Re = const. is the same for  u Z Z  rays1) through an aperture of 
area Ar [m 1. 2 

For example, the  source quantity (radiance or radiant intensity) measured by the  flux 

R0 for  a12 incident reaching an idea l  photocell, w i t h  uniform mtd isotropic responsivity 

IThe e f f e c t s  of a var iab le  
w i l l  be covered i n  Chapter 5 on t he  measurement equation. 

RO(x,y,O,o), when t h i s  important assumption is  not s a t i s f i e d ,  
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- .  
rays ,1  positioned t o  receive the  entire beam through a telescope t h a t  is focused on t he  
moon, w i l l  depend on the magnification used. A t  low magnification, where the e n t i r e  moon 

is seen through the telescope, t he  output is a measure of the  irradiance a t  the telescope 
objec t ive  and, i n  combination with the  distance t o  the moon, a measure of the  moon's 

apparent radiant in tens i ty .  On the  other hand, a t  higher magnification, where only a 

portion of the  moon's surface is seen in the  f i e l d ,  t he  output is a measure of the average 
apparent radiance of j u s t  that portion of t he  moon's surface. (Again we use the  word 

apparent" t o  include the  e f f e c t s  of attenuation; the apparent radiance is L' L ?**L.) I1 

One fur ther  consideration t h a t  may occasionally arise is t h e  e f f e c t  of the longitu- 

d i n a l  extent of a source toward, or away from, the receiver (we have so f a r  considered only 
the transverse dimensions). It is clear from the  discussion accompanying f igu re  2.10 [ 5 ]  
that the irradiance produced at a d i s t an t  point by an iso-radiance source depends only on 

the so l id  angle subtended at that point by its periphery or its extremities (as "seen" from 
the receiver) and is otherwise independent of i ts  s i ze ,  posit ion,  and configuration within 
that solid angle ( s t r i c t l y ,  it is proportional t o  the projected s o l i d  angle n I IcosO*do). 
Eence, longitudinal e f f e c t s  do not occur f o r  iso-radiance sources. 
we can obtain an indication of the e f f ec t s  of longitudinal extent on approximations t o  the 
inverse-square l a w  by examining t he  configuration in f fgure 4.14. 
elements of an extended volume source (see next section) each of radiant in tens i ty  
dI [W-sr 3 ,  are at  distances of (1+6)*D and (1-6)oD from an obsernration point 0, 

where t he  resu l t ing  element of normal irradiance or radiant fluence rate is 

For non-uniform sources, 

Two "point-source" 

-1 

a- 2d1 [ w .m2] . (4.48) d I  
(D - 6-D) D2 2 + d I  dEn = dFt = 

(D + 6-D)2 

I - D  c 

Figure 4.14. Source-point configuration fo r  assessing t h e  
e f f e c t s  of longitudinal extent on approximations 
t o  the  inverse-square law.  

'The e f f e c t s  of a var iab le  RQ(x,y,O,g), 

w i l l  be covered Fn Chapter 5 on t h e  measurement equation. 

when t h i s  important assumption is not s a t i s f i e d ,  

40 



pe approximation involved is, c lea r ly ,  

- 2. 1 + 1 

( 1  + 6 ) 2  (1 - 612 (4.48a) 

It i s  eas i ly  shown that the  approximation w i l l  be within 1% i f  6 s 0.06. The approxi- 

mation improves i f  more source poin ts  are dis t r ibuted over the  intervening space. 

VOLUME-SOURCE DISTRIBUTION: RADIANT STERISENT. Up t o  t h i s  point,  we have considered only  
sources tha t  have emitting surfaces  or ,  at least, only those where it is feas ib l e  t o  refer 
the  ex i ten t  radiance t o  some convenient reference surface. 
t r ibuted sources where r ad ia t ion  is emitted, o r  incident rad ia t ion  is scat tered,  from 
points  throughout a volume where it may not be feas ib le  t o  e s t ab l i sh  the source-radiance 

d i s t r ibu t ion  d i r ec t ly  with iespec t  t o  any reference surface. 
night-sky airglow,l the radiance, or spec t r a l  radiance, due t o  the emitt ing layer  is 
observed from the  ground where the rad ia t ion  coming from a l t i t u d e s  of about 50 [h] o r  

more seems t o  come from an emitt ing surface having the  observed radiance. 
radiat ion is sc tua l ly  coming from excited atmospheric molecules d is t r ibu ted  throughout an 
emitting region that may extend v e r t i c a l l y  over an a l t i t u d e  range measured i n  kilometers. 
Theoreticians concerned with the d e t a i l s  of the emission processes need t o  relate the  
observed sky radiance t o  the  volume d i s t r ibu t ion  of source emission, so w e  need a radio- 
metric quantity t o  character ize  t h a t  d i s t r ibu t ion .  

However, there  are a l s o  dis-  

For example, i n  studying t h e  
i 

However, t h e  

A more famil iar  example is the daytime sky where the radiance (actual ly ,  t h e  corre- 
ponding luminance-see t ab le  4-2) t h a t  we see consis ts  of scat tered sunl ight  reaching us 
from points d i s t r ibu ted  throughout a huge volume of air. 
the  sca t te r ing  points are primarily the  air molecules themselves, as w e l l  as some dust  and 
aerosol par t ic les ;  when the  sky is hazy, misty, or "smoggy", there  are many more and larger 
sca t te r ing  pa r t i c l e s  of var ious aerosols  and atmospheric contaminants. 
cerned, however, with the  de ta i led  mechanisms, only with the f a c t  t h a t  the source bf radia-  
t i on  is widely d is t r ibu ted  throughout an extended volume. 

The Internat ional  Lighting Vocabulary (CIE-IEC) 161 lists no radiometric quant i ty  that 
is a volume-source d is t r ibu t ion .  W e  have adopted the term radian t  s t e r i s e n t  and the symbol 

L*, 
America [18], fo r  the "generated" (emi t ted  and/or scat tered)  radiance per un i t  path length  
along a ray, o r  t he  equivalent "generated" radiant  in tens i ty  per u n i t  volume, by which such 
a d is t r ibu ted  source can be characterized. 

When the sky is clear and blue,  

We're not con- 

proposed by Jones [16,17] and by a Nomenclature C o m m i t t e e  of t he  Optical Society of 

This concept w i l l  now be developed. 

lNocturnal airglow is  the emission of l i g h t  from extremely high-alt i tude atmospheric regions 

where gases a t  very l o w  pressures and dens i t ies  have been excited by incident so l a r  radia- 
t i o n  during the daytime so t h a t  they luminesce f a i n t l y  over t he  whole sky at  night a t  

ce r t a in  characteristic wavelengths. 
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Figure 4.15. A ray path through an extended volume of rad ia t ing  
(emitting and/or sca t te r ing)  medium. 

Consider a region in which radiat ion is being generated (emitted and/or scat tered)  a t  

a l l  points  throughout an extended volume. 
observation or  measurement, and consider the incident radiance at  0 from a s ing le  direc- 
t i o n  (along a s ing le  ray) .  L e t  the distance along that ray from 0 t o  any point P on 
the  ray be s [m]. I f  contributions t o  the incident radiance at  0 are generated (emitted 

and/or scat tered)  along the  ray path a t  the rate of 
path length [W-m -sr e m  ‘1, the radiance of an element of path length ds  a t  P i n  
the  d i rec t ion  of the  ray t o  0 is dL = L*(s)*ds [W-m -sr-’]. I f  there  is no attenua- 
t i on  (and i f  the  intervening medium is uniform and isotropic-iso-refractive-index), t h i s  
element of path ds w i l l  then contribute an amount dL = dL t o  the  observed o r  measured 
radiance incident from tha t  direct ion (along the given ray from P) at 0, because of the 

geometrical invariance of radiance-see Chapter 2 [5]. However, i f  there  i s  at tenuat ion 
over the intervening path of s [m] from P t o  0, so t ha t  the propagancel is T*(s) , 
t h e  incident  radiance a t  point 0 from j u s t  the element ds a t  P is 

L e t  the point 0 i n  f igure  4.15 be a point of 

L*(s) un i t s  of radiance per meter of 
-2 -1 - 

-2 
g 

g 

(4.49) -2 -1 dL = .c*(s)*dL ’= T*(s)*L*(s)*ds [W-m *sr 1. 
g 

The observed or  measured incident radiance at 0,  from the  d i rec t ion  of t he  ray through 
P, is then the in t eg ra l  of a l l  such contributioqs from the entire path,  or 

f 

u 
(4 .50)  

0) ‘ 9  -2 -1 L = I L*(s)-T*(s)=ds [W-m *sr I .  
0 

Accordingly, re fe r r ing  t o  any point P as thg point x,y,z and designating the  ray 
d i r ec t ion  a t  P(x,y,z) by the  direct ion coordinates e,4, f o r  greater  general i ty ,  the  

volume d i s t r ibu t ion  of generated radiance, as a function of posi t ion and d i rec t ion  through- 
out  any such d is t r ibu ted  source, is characterized by the  radiant  s t e r i s e n t  ( i n  a given 
d i r ec t ion  at a point)  

’See Chapter 2 [5] f o r  these re la t ions  involving propagance T*. 

(4.51) 
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where 

L*(x,y,z,B,4) [W*m'3*sr-1] is the  rad ian t  sterisent a t  the point 
x,y,z i n  t h e  d i rec t ion  e,$; 

-2 dL (x,y,z,8,4) [W-m -sr-'] is the generated (emitted and/or 
g 

scattered) radiance of t h e  medium along the  path element ds,  

in the  d i r ec t ion  e,4, a t  the  point x,y,z; and 

2 2 2 4  ds = (dx  + dy + dz ) [m] is an element of path length along 
the  given ray  i n  t h e  d i rec t ion  e,+ at the point x,y,z so 

t h a t  8 = cos-:(dz/ds) and 4 = tan (dy/dx) . l  -1 

-3 From the  unit-dimensionst' [W-m *sr-'t], it appears tha t  rad ian t  s t e r i s e n t  is radiant - 
i n t k i t y  [W-sr '1 
demonstrated. Consider a cy l ind r i ca l  element of volume dV, along t h e  path element ds  
of f igu re  4.15, with p a r a l l e l  end faces, each of area es 
between the  normal t o  dA and the  ray path along the  element ds,  as i l l u s t r a t e d  i n  
f igu re  4.16. The volume element dV = ds*coses*dA is indef in i te ly  s m a l l  ( A d  and A A 4 )  

per unit volume [m3I ,  and t h i s  is, indeed t h e  case, as is e a s i l y  

dA and t i l t e d  a t  an angle 

Figure 4.16. An elementary volume along the ray path at P i n  

f igu re  4.15. 

so that the generation (emission and/or sca t te r ing)  of rad ia t ion  is uniform throughout dV 

and the  radiance dL is t h e  same aver a l l  p a r t s  of t he  end-face element dA. Then, from 
eq. (4.32), t h e  element of rad ian t  i n t ens i ty  of the  end face dA i n  the  d i rec t ion  e,$ 
is 

g 

(4.52) d I  = dL *cosBs-dA [W*sr -1 1, 
g g 

so t h a t  

dL = d I  /(cosOs-dA). (4.53) 
g g 

lThe re la t ionships  between spher ica l  and rectangular coordinates are summarized i n  Appen- 
d ix  2 [SI f o r  those who may wish t o  re f resh  t h e i r  memories on t h a t  topic.  
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Then, from eqs. (4 .51)  and (4.53), we can write 

or ,  more exp l i c i t l y  

where 

dIg(x,y,z,B,@) [W-sr-l] is the generated radiant  i n t ens i ty  of the 
volume element dV = ds*cosBs*dA [m-3] at the point x,y,z 
i n  the d i rec t ion  e,@, where 

e,+ [rad], as before, designates the d i rec t ion  of the r a y  (and of 

i t s  path-length element ds) a t  the point x,y,z. 

(4.54) 

(4.55) 

In developing the concept of radiant  sterisent and its use i n  the radiative-transfer 
r e l a t ion  of eq. (4.50), w e  have integrated along the  e n t i r e  path,  from the  point 0 t o  
i n f i n i t y ,  without considering tha t  there  might be something other than the distributed- 
source medium along tha t  path. Now, we want t o  look at the  case where the distributed- 
source medium is found only along a f i n i t e  path extending between the observation o r  
measurement point 0 and an opaque source. L e t  the  opaque surface have a radiance L1 i n  
the d i rec t ion  of point 0 a t  a distance s1 from 0 along the ray path. The propagance, 
again, is given by T * ( s )  f o r  0 s s s s but now, because the path is blocked by the 

opaque surface at s = s T*(s) = 0 fo r  a l l  s > sl. Then, i f  L*(s) is s t i l l  the 
sterisent along the  ray path i n  the intervening medium, the observed radiance from the 
d i rec t ion  of t he  given ray incident a t  point 

1' 
1' 

0 is now given by 

S 
L = L1*'*(sl) + \*(s)*r*(s)*ds [W*m-**~r-~]. (4.56) 

0 

; 
The in t eg ra l  vanishes for a l l  values of s greater  than sl' : because the  propagance <*(s) 

goes t o  zero, so it is immaterial whether the upper l i m i t  i s  "shown as s1 or  as in f in i ty .  

While equations l i k e  eq. (4.56) and the approach used i n  se t t i ng  it up are most l i k e l y  

t o  be used i n  any applications t o  evaluate the  radiometric quant i t ies  involved, some 
readers may be interested i n  the  poss ib i l i ty  f o r  making the s t e r i s e n t  a more general dis- 
t r i bu t ion  function tha t  can account fo r  d i scre te  as w e l l  as continuously d is t r ibu ted  

sources. 

equation of r ad ia t ive  t ransfer .  It is  accomplished by introducing the discontinuous dis- 
t r i bu t ion  function known as the Dirac delta-function 1191. For exam?le, i n  the s i t ua t ion  

covered by eq. ( 4 . 5 6 ) ,  l e t  the s t e r i s en t  be, instead,  

This is conceptually appealing because eq. (4 .50)  then becomes a very general 
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(4.57) 

where 

-3 -1 L:(s) [W*m .sr ] is the s t e r i s e n t  of the intervening medium; and 

6(s - sl) is a Dirac delta-function that s a t i s f i e s  the following 
defining r e l a t ions  [ 191 : 

6(u) = 0 f o r  u # 0, 

IS(u)*du = 1, and 

If (u) -6 (q-a) -du = f (a), 

when the integTation is  carr ied out,  i n  each case, wer any 
range of the var iab le  tha t  includes the zero of the argument 
of the  &function. 

It is eas i ly  ver i f ied  tha t ,  following the above ru les  f o r  the  &-function, subs t i tu t ion  of 
eq. (4.57) i n t o  eq. (4.50) leads t o  the same r e s u l t  as eq. (4.56). While i t  is appealing 
and conceptually helpful  t o  thus treat eq. (4.50) as a very general equation of rad ia t ive  
t ransfer ,  any attempt t o  apply it  t o  an ac tua l  s i t ua t ion  can rapidly develop considerable 
complexity. 

Since, as w e  have shown, the  radiant s t e r i s e n t  is the radiant  i n t ens i ty  per un i t  
volume, the  radiant  i n t ens i ty  of an extended volume source i n  which there  is no s ign i f i can t  
a t tenuat ion is j u s t  the volume in t eg ra l  of the  s t e r i s e n t  

(4.58) 

3 where the  element of volume dV i dx-dy-dz [m 1. 
t ion ,  on the  other hand, i t  is necessary t o  f i r s t  es tab l i sh  ray-radiances a t  an appropriate 
reference surface by eq. (4.50) and then t o  compute the  source in t ens i ty  f o r  the radiance 
d i s t r ibu t ion  a t  t h a t  reference surface by eq. (4.33). 

e i the r  case depends, of course, on the size-distance relat ionships  already discussed with 
respect t o  the  in tens i ty  of extended sources and the approximations t o  the inverse-square 
l a w .  

In  the presence of appreciable attenua- 

Whether t h i s  is useful  or not i n  

ENERGY (TIME-INTEGRATED FLUX) DISTRIBUTIONS. As s ta ted  i n  Chapter 1 151, w e ' r e  mainly 
in te res ted ,  i n  t h i s  Manual, i n  the  measurement of radiant  f l ux  or  power i n  w a t t s  [W]. 

However, there  are a l s o  many occasions when the e f f ec t s  of i n t e r e s t  produced by a rad ia t ion  
beam are re la ted ,  instead, t o  the  time-integrated f lux ,  Le. ,  the  energy, i n  joules  [3]. 

A very common example is t h a t  of photographic exposure, including tha t  from the pulsed 
output of various photoflash i l lumination devices. The incident f l u x  reaching a pa r t i cu la r  

area of a photographic film may vary great ly  with time due t o  the act ion of a camera 

shut te r  and/or the pulsed-light output of a f l a sh  lamp but ,  within ra ther  wide limits of 

45 



sq-called "reciprocity'" (between time and i r radiance) ,  i t  is the time in t eg ra l  of the  

incident  f lux,  i.e., the incident energy, that determines the densi ty  of the resu l t ing  
photographic image-along with other fac tors ,  such as temperature and "development" (chem- 
ical  processing). 

such as photosynthesis i n  plants  exposed t o  sunl ight  or  the  erythemal or  "sunburn" e f f ec t  
of u l t r av io l e t  radiat ion on the human skin,  also depends primarily on the  t o t a l  energy 

involved. 

The radiat ion "dose" 5n various photobiological o r  medical appl icat ions,  

Accordingly, w e  take a br ief  look a t  radiometric quant i t ies  t ha t  are s p a t i a l  
d i s t r ibu t ions  of radiant  energy, ra ther  than radiant  f lux.  Such quan t i t i e s  include 
rad ian t  (directed-surface) exp osure H [ radiant  ( m i - d i r e c t i o n a l )  fluence 

F [ J a m  3 ,  and radiant  (volume) density w [J-m 1. 

DIRECTED-SURFACE DISTRIBUTION of INCIDENT RADIANT ENERGY: RADIANT EXPOSURE. 
Consider a time-varying beam of radiat ion,  incident on a given surface.  
energy, incident on a s m a l l  area of t ha t  surface AA [m ] about the  point x,y in a t i m e  
i n t e r v a l  from tl t o  t2 is  AQ[J], w e  define the radiant  exposure (at t h a t  point and i n  
t h a t  time in te rva l )  as 

-2 -3 

I f  the t o t a l  
2 

(4.59) 

Since the beam is varying with time, the radiant  f lux  element 
element dA is  a function of time, making the i r radiance a t  any point x,y a l so  a func- 
t i o n  of time 

d@(t )  incident on each area 

(4.60) 

In terms of the time-varying incident f lux  

val from tl t o  t2 is then 
d @ ( t ) ,  the  t o t a l  incident energy in the  in te r -  

so t h a t  

t2 
dQ = I d@(t ) -d t  [J], 

L 

H E = I - d t  f E ( t ) * d t  [J]. dA dA 

(4.61) 

(4.62) 

The radiant exposure is, thus,  the time in t eg ra l  of the i r radiance [ the  incident radiant  
flux (surface) density].  In  fact, each of the  re la t ions  previously given between irradi- 

ance [ incident  radiant  f l u x  (surface) density] and another radiometric quantity transf oms 
d i r e c t l y  t o  tha t  f o r  radiant exposure by expressing the other quant i ty  as a function of 
t ime and in tegra t ing  it over the appropriate time in te rva l .  For example, eq. (4.7) becomes 
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( 4 . 6 3 )  

Note, however, t ha t ,  i n  unusual s i t ua t ions  where there  i s  in te rac t ion  between the t i m e  
dependence and the e f f e c t s  of other  radiat ion parameters, as in some scanning instruments, 

such transformations cannot be made so simply. 

OMNI-DIRECTIONAL-SURFACE DISTRIBUTION of INCIDENT RADIANT ENERGY: RADIANT FLUENCE. 

Radiant fluence, like rad ian t  f luence rate, is defined i n  tenns of the  rad ia t ion  incident  
on a s m a l l  sphere of radius  A r  and cross-sectional area Aa = n*(Ar) [m ] [eq. (4.11)]. 
The t o t a l  energy incident on the  sphere from a l l  d i rec t ions  i n  a given time period of 
i n t e r e s t ,  from tl t o  t2, ,is AQ [J]. Then, if w e  keep the center of the sphere f ixed 

a t  the point x,y,z 
the  radius  A r ,  the  rad ian t  f luence a t  the point x,y,z i s  defined as the l i m i t ,  as Aa 
approaches zero, of the quotient A Q / A a  (since the CIE-IEC 161 have no symbol, w e  choose 
F, used by photobiologists [12]) :  

2 2  

(figure"4.3) while w5 reduce the  cross-sectional area Aa by reducing 
I 

(4.64) 

I f  the element of f l ux  incident  from a i l  direct ions a t  the point 
time dQ( t ) ,  the  t o t a l  incident  energy i n  the in t e rva l  from tl t o  t2 is  then given by 
eq. (4.61) 

x,y,z is varying with 

. .  
t2 

dQ = I d @ ( t ) * d t  151. (4.61) 

Then, from eqs. (4.641, (4.61), and (4.12), 

-2 t2  t 

F I = 1 2dcP0 d t  = I F t ( t )*d t  [J*m 1. da da (4.65) 

Thus, as might be expected, rad ian t  fluence is the time in t eg ra l  of t he  radiant  f luence 
rate a t  the same point. And, again, each of the  re la t ions  previously given between 
radiant  fluence rate and another radiometric quantity transforms d i r ec t ly  to  tha t  f o r  
rad ian t  fluence by expressing the  other quantity as a function of time and integrat ing it 
over the  appropriate time i n t e r v a l  (except when there  i s  in te rac t ion  between the time 

dependence and the e f f ec t s  of other  radiat ion parameters). 
we can wri te  the re la t ionship  between elements of radiant. exposure and radiant fluence a t  
a point x,y on some reference surface as 

In par t icu lar ,  from eq. (4.20), 

where 
only when cosBr = 1, i.e., when Br  = 0 (when the ray d i rec t ion  e,+ coincides with the 

dHn is an element of normal exposure and is equal t o  the exposure element dH 
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normal - .  t o  the  surface element dAr). 

equal to  the normal exposure a t  tha t  point, defined as the  exposure on a surface element 
t h a t  is normal t o  the ray at tha t  point.  
with individual rays (elements of throughput) can be d i r e c t l y  re la ted  i n  t h i s  way. 

integrated t o t a l  fluence and exposure a t  a point cannot be d i r ec t ly  converted from one t o  

the other. 
radiance d i s t r ibu t ion  and the  counterparts of eqs. (4.-16a) and (4.17). But t h i s  seem 
unlikely; ord inar i ly  only one o r  the other will be useful  o r  s ign i f icant .  

Thus the element of radiant  fluence a t  a point  is 

Only elements of fluence and exposure, associated 
The 

I f  values f o r  both are needed, they are most ea s i ly  obtained from the incident  

Note that eq. (4.65) is consistent with 

t 
-2 

[w*m 1, dF ( x  , y , z ) 
d t  (4.67) 

jus t i fy ing  our use of the  notat ion Ft (which m e a n s  E dF/dt)l  fo r  fluence rate. 

VOLUME DISTRIBUTION of RADIANT ENERGY: RADIANT (VOLUME) DENSITY. The volume d i s t r ibu t ion  
of radiant  energy is  not included i n  the  CIE-IEC nomenclature [6]. 
same occasions when it is used i n  radiometry, and it i s  included i n  the ANSI nomenclature 
[ll], so w e  include it here fo r  completeness. 

However, there  are 

The radiant  (volume) density a t  a point x,y,z is defined as the quotient of the 

radiant  energy contained i n  a small  volume about the given point by the magnitude of the 
volume, as that  volume is  made indef in i te ly  small: 

(4.68) 

So s ta ted ,  the concept is clear and appears qu i te  simple.  
i t  to  other radiometric quant i t ies ,  we must take i n t o  account the fact tha t  radiant  energy 

is in constant motion, propagating a t  high speeds t h a t ,  i n  a vacuum, reach the well-known 
-1 -1 value c CJ 3 x lo8 [ m * s  3 C= (2.997 924 58 f 0.000.000.012) 'x lo8 [m*s 3 ) .  The problem 

However, when we t r y  t o  relate 

is t o  evaluate the instantaneous radiant energy density o r  the  average density over a very 
shor t  time period. 

In order t o  do this, consider a ray inciderqt a t  the  poiqt x,y,z from the d i rec t ion  
e,+ (see f igu re  4.17). If the  radiance is L(x,y,z,e,t$), the element of fluence rate 
and the f lux  element incident  on an elementary sphere of cross  sect ion centered a t  

x,y,z are given by eqs. (4.15) and (4.141, respectively: 

" 
da 

and 

'In t h i s  Manual X f dX/dp f o r  any radiometric quantity X and the following rad ia t ion  

parameters p: posi t ion,  d i rec t ion ,  a spec t ra l  parameter (wavelength, wave number, f re -  
quency v,  e tc . ) ,  or time or  frequency f << v. 

P 
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'ELEMENTARY RIGHT-CIRCULAR CYLINDER 
OF LENGTH ds  AND CROSS-SECTION do 7 

ELEMENTARY SPHERE OF 
CROSS-SECTION do 

Figure 4.17. A sec t iona l  v i e w  showing a ray through the point x,y,z and 
along the axis of a right-circular cylinder volume element 
tangent t o  an inscribed spherical  volume element (see, a l so  
f igure 4.3). 

Figure 4.17 also shows a r i g h t  c i r c u l a r  cylinder,  of length 
axis, centered a t  x,y,z, and with cross-sectional area da, so t h a t  it is tangent t o  
t h e  inscribed sphere, also of cross  sect ion da and centered a t  x,y,z. The volume of 

t h i s  cy l ind r i ca l  element is 

ds  along t h e  ray as its 

( 4 . 6 9 )  3 dV = da-ds [m I ,  

and w e  denote the  amount of r ad ian t  energy contained i n  t h a t  volume a t  any i n s t a n t  as 
dQ [J]. In terms of the  flux element d#, t he  energy passing through a transverse element 
da a t  any point on the  ray in  an elementary time in t e rva l  d t  is dQ = d#*dt [J]. 

But t h e  time required for a l l  of t he  energy i n  the cyl indrical  element at  a given instant 
t o  pass out through one end is j u s t  This is the  t i m e  f o r  t he  energy 
a t  one end, flowing a t  the ve loc i ty  Y = c/n [m-s 1, t o  flow j u s t  t h e  distance ds t o  

the  opposste end. Here, n E c/v is t h e  index of refract ion of the  medium. Accordingly, 
t h e  energy in  the  element a t  any instant is given by 

d t  = ds/v = n*ds/c. 
-1 
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dQ = dcli*n*ds/c [Jl. (4 .70)  

Now, we can combine eqs. (4 .68) ,  ( 4 . 1 4 ) ,  ( 4 . 6 9 ) ,  and (4 .70)  t o  obtain t h e  element of radi- 

ant (volume) density due t o  t h i s  elementary beam along the s ing le  ray as1 

nod@ 
c- da dw(x,y,z,0,4) E -#- = - 

(4 .71)  -3 ] .= (n/c)*L(x,y,z,e,+)*dw [ J - m  . 
But, from eq. (4.15) , t h i s  is equivalent to1 

The same is t r u e  f o r  t he  elements associated with a l l  other rays through 

given time) from all direct ions e,+, so, integrat ing both s ides  of eq. (4 .72)  with 
respect t o  s o l i d  angle (direction) 

x,y,z ( a t  a 

dw E sine*de*d@, w e  can writel 

the  radiant (volume) density a t  a point (at a given time) is equal t o  n/c  t i m e s  t he  
fluence r a t e  a t  t h a t  point ( a t  the given time). 
t h i s  t o  the incident radiance by 

Also, from eq. (4 .16a1,  we can relate 

(4 .74)  

Note, par t icular ly ,  t h a t  a l l  quant i t ies  i n  t h i s  equation are evaluated at  t h e  point 
x,y,z, including the radiance L. I f  t he  radiance has a value L1 a t  some other point 
xl,yl,zl d o n g  the  ray, where the  ray d i r ec t ion  i s  
P then, by eq. (2 .23)  [SI, 

el,$, ' and the  r e f r a c t i v e  index is 

1' 

L (x,y, 2, e ,  4) = (n/nl) -Ll (xl ,yl, z1 el, 4,) sr-' I 
I s  I 

and, furthermore, t h i s  value must be multiplied o r  divided (d$pending on t h e  d i r ec t ion  of 

propagation) by the  propagance 'I* of the ray path between x,y,z and xl,yl,zl, as i n  
eq. (2 .40)  o r  (2 .39)  [SI. 

lNote t h a t  in a dispers ive medium, where 
the  spec t r a l  quant i t ies ;  f o r  example, 

n = n ( h ) ,  these equations must be wr i t ten  f o r  

and 
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SPECTRAL RADIOMETRIC QUANTITIES. 

t ions,  it should be noted that a l l  of the  s p a t i a l  radiometric quant i t ies  discussed here  
are transformed t o  the  corresponding spec t r a l  quan t i t i e s  i n  j u s t  the  same way t h a t  radiance 
w a s  transformed t o  spec t r a l  radiance in Chapter 3 [51. 

Although t h i s  chapter is devoted t o  s p a t i a l  d i s t r ibu-  . .  

In  general, i f  X is any radiometric quantity,  including L, L*, Ft, M, E, W, I, 0 ,  
w, F, €I, or  Q, and i f  p is a spec t r a l  parameter o r  var iab le ,  including wavelength A ,  
frequency v ,  or wave number 'u (see footnote a t  beginning of Chapter 3 [SI), then the  

corresponding spectral radiometric a k t i t v  is 

X I dX/dv [X-~J -~ ] .  (4.75) lJ 

For example: 

-3 -1 

s p e c t r a l q a d i a n t  energy, in terms of wavelength, is 9, E dQ/dX [J=mn-']; 
spec t r a l  radiant s t e r i s e n t ,  'in terms of ypve number, is Lz E dL*/da [W*m'3*sr-1-(cm-1)-1] 
or [W-m *sr w c m ]  (i.e., i n  w a t t s  per  cubic m e t e r ,  s teradian, and reciprocal centimeter); 
and spectral radiant dens i ty  i n  terms of frequency, is w,, E dw/dv [J*ID-~*THZ''].' These 
examples, l i k e  almost all of our discussion, are i n  terms of energy units, [J] and [W]. 

One should keep i n  mind t h a t  they apply equally t o  any other form of f lux  t h a t  i s  propa- 
gated in accordance with geometrical (ray) optics.  

t 

For example, spectral photon-flux 
exitance, in terms of wavelength, is (see t ab le  4.3) M = dM /dX [q*s  -Lm-2.=-1]. 

P,X - P 
Spectral quant i t ies  could also be formed in the  same way from the luminous-flux o r  photo- 
metric quant i t ies  of t a b l e  4.2 ,  but w e r r e  not aware of any useful application for such 
quantit ies.  

SUMMARY of CHAPTER 4. 
introduced, with de f in i t i ons  and discussions of t h e i r  significance and t h e i r  i n t e r r e l a t i o n s  

All of the  radiometric quan t i t i e s  i n  tab le  4-1 have now been 

with other radiometric quan t i t i e s ,  par t icu lar ly  rad ian t  f lux ,  radiant energy, radiance, o r  
spec t ra l  radiance. The "simple" s p a t i a l  d i s t r ibu t ions  of radiant f lux  include, 

(1) the  directed-surface d is t r ibu t ions :  

radiant f l u x  (surface) density W, including 
i r rad iance  E, and 
radiant exitance M; 

(2) t he  omni-directional-surf ace d i s t r ibu t ion  : 
radiant f luence rate Ft; and 

(3) the  d i r ec t iona l  d i s t r ibu t ion  : 
radiant i n t ens i ty  I. 

Important in te r re la t ionships  include the  one between radiance and f lux  (surface) density 
in iso-radiance beams and the  inverse-square l a w  that relates point-source rad ian t  inten- 

s i t y  t o  the  resu l t ing  i r rad iance  as a function of distance,  as w e l l  as approximations t o  

the  inverse-square l a w  involving extended sources and receivers. Also presented is the 

'One teraherz l[THzl = 1012[Hz1. 
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volye-source d i s t r ibu t ion  radiant  sterisent L* and i ts  use in  a radiative-transfer 

equation. 
t o  a l l  of the f lux  dis t r ibut ions.  
t ab l e  4-1, include 

In addition, there  are energy (time-integrated f lux)  d is t r ibu t ions  corresponding 
Those given special  names and symbols, and l i s t e d  i n  

(1) the  directed-surface d is t r ibu t ion  of incident radiant  energy: 

radiant  exposure H; 

(2) the  mi-d i rec t iona l -sur f  ace d is t r ibu t ion  of incident  radiant  
energy: 
radiant  f luence F; and 

(3) the  volume d i s t r ibu t ion  of radiant energy: 

radiant  (volume) density w. 

Final ly ,  there  is a spec t ra l  radiometric quantity 
quant i ty  X and spec t ra l  parameter p. 

Xp corresponding t o  each radiometric 

With respect t o  the spatial parameters, a radiometric measurement s i t ua t ion  should 
shags be analyzed, f i r s t ,  i n  terms of the d is t r ibu t ion  of ray-radiance with respect t o  
both posi t ion (across a reference surface) and direct ion (through each point of that 
surface) t o  account f o r  the f u l l  range of poss ib i l i t i e s  (see Chapter 2 [ S I ) .  
then found tha t  the assumption of uniformity, or the use of an average value, with respect 
to par t  of t h a t  d i s t r ibu t ion  w i l l  not produce unacceptable e r ro r ,  a "simpler" d i s t r ibu t ion  
of radiant  f l ux  with respect t o  posit ion (area) or d i rec t ion  ( so l id  angle) alone can be 
used. 

I f  it is 

The flux per u n i t  area,  as a function of posit ion,  is given i n  two ways: 
t he  directed-surface d is t r ibu t ion ,  is cal led the radiant  f l u x  (surface) density ( a t  a 
point  of a surface) 

The f i r s t ,  

( 4  1 )  
-2 

W(x,y,> 1 d@(x,y)/dA [w*m 1, 

where the d i rec t iona l  d i s t r ibu t ion  of the f lux  d@(x,y) [W] through the surface element 
dA [m 3 a t  the point x,y need not be s p e c i f i q .  This quant i ty  is related t o  the radi- 2 

ance d i s t r ibu t ion  by 

( 4 . 4 )  

where the in te rsec t ing  rays a t  the point x,y f i l l  a so l id  angle w 5 2.rr [sr] tha t  may 

include the e n t i r e  hemisphere on one s ide  of the element dA (of the tangent plane con- 
ta in ing  tha t  element, i f  the  reference surface i s  curved). For an incident beam, 

W(x,y) = E(x,y) is cal led the irradiance; fo r  an ex i ten t  beam, W(x,y) = M(x,y) is the 
radiant  exi tance . 

52 



The second form of f l u x  per u n i t  area, the mi -d i r ec t iona l - su r face  d i s t r ibu t ion ,  is 
called the  radiant f luence rate (at  a point i n  space) 
- .  

Ft(x,y,z) E d@(x,y,z)/da [W-m-2] (4.12) 

where, again, the  d i r ec t iona l  d i s t r ibu t ion  need not be spec i f ied  f o r  the  f lux  d@(x,y,z) [W] 

incident on a spher ica l  volume element, of cross section 
point x,y,z. This quantity i s  re la ted  t o  the  incident radiance d i s t r ibu t ion  by 

2 
da [m I and centered at t h e  

(4.16) 

where the  in te rsec t ing  rays 'at the point*, x,y,z fill a so l id  angle w s 4n [ s r ]  t h a t  may 
include the  e n t i r e  sphere of d i rec t ions  surrounding the  point x,y,z. 

Equations (4.4) and (4.16) can be turned around t o  obtain the  following expressions 
f o r  radiance i n  terms of rad ian t  f lux  (surface) density and of rad ian t  fluence rate, 
respectively : 

and 

(4.18) 

(4.19) 

The t h i r d  of the  "simple" d is t r ibu t ions ,  the purely d i r ec t iona l  d i s t r ibu t ion  of 
rc'!iant f lux ,  is t h e  rad ian t  i n t ens i ty  (in a direction) 

I(@,+) z d@(e,g)/dw [W*sr"] (4.21a) 

(4.33) 

Although there  is a value of radiant i n t ens i ty  f o r  any source, by eq. (4.33) , t h a t  quant i ty  
i s  not pa r t i cu la r ly  usefu l  except t o  characterize a source i n  a configuration where i t  may 
be treated as a "point source"; 

va r i e s  inversely as the  square of t ha t  distance. 
only t o  elementary o r  "point" sources and receivers. 
[ 5  dE/coser] on a receiver element dAr a t  the point xr,yr,zr, o r  the  radiant f luence  

rate dFt incident on an elementary receiver volume of cross sec t ion  da a t  the  point 

xr,yr,zr, a t  a distance D from a source element Us a t  the  point xs,y ,z of rad ian t  

i n t ens i ty  d I  i n  the  d i r ec t ion  e,+ of the  receiver at  xr,yr,zr, a t  an angle B S  

from the  normal t o  Us, is given by 

i.e., a t  distances where the  i r rad iance  t h a t  it produces 

The inverse square l a w  applies,  s t r i c t l y ,  
The normal irradiance dEn 

s s  

(4.36) 2 -2 dEn = dFt = dE/coser = d I / D 2  = L*cosBs-dAs/D [W-m 1. 
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More exp l i c i t l y ,  . .  

When re la t ions  of t h i s  form are wri t ten for sources and receivers  of f i n i t e  dimensions, 

t h e  distance D can only be a nominal or  average dis tance because the slant dis tance 
varies f o r  d i f fe ren t  p a i r s  of source and receiver elemknts, so the  re la t ions  are only 
approximations t o  the  inverse-square l a w .  
c i r cu la r ;  co-axial, iso-radiance source and idea l  receiver-detector,  of area A and A,, 
respect ively,  separated by a distance D along the  axis between t h e i r  centers,  is examined. 
The incident f lux  at  the receiver is 

Ds 

As an example, a simple case of p a r a l l e l ,  plane, 

S 

(4.38) 

where L is the  source radiance, I is i ts  radiant  i n t ens i ty ,  and E is the i r radiance 

a t  the center of the  detector-receiver. 
square-approximation values of f lux  is 

The discrepancy between the actual  and inverse- 

(4.39) 

The r e l a t i v e  e r ro r  of the  approximation t o  the inveree-square law is  
throughput (dividing through by L), AO/Q. For the  conditions stated, i t  is  shown that  

t h i s  ermr is less than one per cent when the maxi" t ransverse dimension of source or 
receiver is  no more than one tenth of the distance D between them. In fact, the  use of 

D, betkeen a pa i r  of 
s i n g l e  points on source and receiver,  does not introduce an e r ro r  exceeding one per cent i n  
the inverse-square relat ionship within these s i z e  limits, even f o r  extreme points a t  
opposite edges of source and .receiver (see figury+4.11.) A br ie f  examination shows e f f e c t s  
of about the same magnitude due to  the long i tud inh  dimensions',of a source. The i r radiance 
from a uniform iso-radiance source, however, depends only on ttte projected so l id  angle t h a t  

it subtends (see f igu re  2.10 [SI). 

A@/@ or ,  i n  terms of 

' the distance between centers ,  ra ther  than the s l a n t  dis tance Ds 

Altogether, th ree  main considerations determine when a source may be useful ly  t rea ted  
as a point source, characterized by i ts  radiant  i n t ens i ty ,  i n  making measurements: 

(1) the  s i z e  of t he  source relative t o  f i l l i n g  the  entrance window or  
angular f i e l d  of view of the  measuring instrument (radiometer), 

the  s i z e  of the maxi" transverse dimensions of source and receiver 
(instrument receiving aperture or entrance pupil)  r e l a t i v e  t o  the 

dis tance separating them, and 

( 2 )  
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. .  (3) the directional distribution of radiance from each source-surface 

element and the effects of obscuration of portions of that surface. 

These three considerations are discussed in some detail. 

The volume-source distribution is defined as the radiant sterisent (in a direction at 

a point) 

L* I dL /ds dI /dV [W*~n-~*sr-']. (4.54) 
g 8 

More explicitly, the radiant sterisent at the point x,y,z in the direction e,$ is 

L*(x,y,z,e,$) E dL (x,y,z,e,$)/ds [W*m-3*sr-1], (4.51) 
g . 

where dL (x,y,z,e%+) [W*~n-~<sr-'] 

the medium in the path element ds at the point X,Y,Z and in the direction e,0 (along 

a given ray in that direction). 

is thb generated (emitted and/or scattered) radiance of 
g 

Alternatively, 

L*(x,y,z,8,1$) dI (x,y,z,B,+)/dV [W*u~-~-sr-~l, (4.553 
g 

where dI (x,y,z,e,@) [W=sr'l] 

dV = dsocose *dA [m 3 at the point x,y,z in the direction e,$. Thus sterisent is the 

generated radiance per unit path length or the generated radiant intensity per unit volume. 

Its significance is most clearly apparent in the radiative-transfer equation for the 

observed radiance at a point from a given direction 

is the generated radiant intensity of the volume element 
3 8 

S 

00 
-2 -1 L = J L*(s)*r*(s)-ds 1w-m *sr I, 

0 
(4.50) 

where L*(s) is the sterisent in the direction of the observation point at a distance s 

from that point along the ray path in the given direction and 

over the intervening path. 

distribution of generated radiance, the sterisent, is broadened to include discontinuities, 

expressed by using Dirac: delta-functions, as well as continuous distribution functions. 

T*(s) is the propagance 

This is a general relation of very wide application if the 

The radiant intensity of an extended volume source with negligible internal attenua- 

tion is given by 

1(0,1$) = 1 L*(x,y,z,e,$)-dV [W-~r-~l. (4.58) 
V 

However, in the presence of substantial attenuation within the source medium, it is neces- 

sary to first establish ray-radiance at an appropriate reference surface by eq. (4.50) and 
then to compute the source intensity from the radiance distribution at that reference 

surface by eq. (4.33). Whether this is useful or not, in either case, depends, of course, 

on the size-distance relationships already discussed with respect to the intensity of 

extended sources and approximations to the inverse-square law. 
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(at a 

It is 

. 

s p a t i a l  d i s t r ibu t ions  of radiant f l ux  but only the more commonly used have been given 
spec ia l  names and symbols. 
f lux,  i n  a given t i m e  in te rva l  that is of most interest and significance.  

There are energy (time-integrated flux) dis t r ibu t ions ,  corresponding t o  a l l  of the 

In many cases it is the t o t a l  energy, the  time in t eg ra l  of 

The directed-surface d is t r ibu t ion  of incident radiant  energy is the  radiant  exposure 

point of a surface) 

the time in t eg ra l  of the i r radiance a t  the  given point. 

(4.62a) 

The omni-directional-surface dis t r ibu t ion  of incident radiant  energy is the radiant  
fluence (at a point)  

F(x,y,z) 5 dQ(x,y,z)/da [J*ITI-~] 

t2 
= Ft(x,y,z, t)*dt [J*~n-~l .  

(4.64a) 

(4.65a) 

It is the  time in t eg ra l  of the  radiant  fluence rate a t  the given point. 

The volume d i s t r ibu t ion  of radiant energy is the radiant  (volume) densi ty  (at a point) 

(4.74) 

It is  equal t o  n/c  
n i s  the index of re f rac t ion  of the medium and c is the  vacuum veloc i ty  of electromag- 
ne t i c  radiation. 

spectral quant i t ies  at each wavelength.) 

times the fluence rate at the  given point (and a t  a given time), where 

(In a dispersive medium, simibar relat ions.  e x i s t  but only between the  

s 

Final ly ,  spectral radiometric quant i t ies  are formed, corresponding t o  each s p a t i a l  
j u s t  by taking the der ivat ive with respect t o  the appropriate radiometric quantity X, 

spec t ra l  (variable) parameter p : 

3 dX/dgl. (4.75) 

The reader is a lso  reminded tha t  a l l  of the foregoing quant i t ies  i n  terms of energy 

and energy f lux  or  power 
i n  terms of any other  form of flux that is propagated in rays that  obey the laws of geo- 
metr ical  opt ics .  

[ J ]  

[W], including the spectral quant i t ies ,  have t h e i r  counterparts 

The photometric quant i t ies ,  i n  terms of f lux in lumens [ h l ,  
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corresponding to the radiometric quantities of table 4.1 are listed in table 4.2. 
photon-flux quantities, in terms of flux i n  quanta per second 
listed in table 4 . 3 .  

The 
[q-s-’], are similarly . 

n 
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Chapter 5 .  An Introduction t o  the  Measurement Equation 

by Henry J. Kostkowski and Fred E. Nicodemus 

I n  t h i s  CHAPTER. The measurement equation, which is  cen t r a l  t o  our approach t o  a l l  of 
radiometry (opt ical  radiat ion measurements), i s  introduced by deriving simple measurement 

equations for three i l l u s t r a t ive  measurement problems. 
presentation and discussion of responsivity,  t h e  output ' s ignal  of a radiometer per uni t  

input of incident radiation, an e s s e n t i a l  f ac to r  i n  the  measurement equation. 
m e n t  equation r e l a t e s  t h e  instrument output resul t ing from a measurement t o  the  dis t r ibu-  
t i o n  of incident spec t r a l  radiance i n  terms of a l l  of t he  radiat ion parameters as w e l l  as 
s ign i f i can t  environmental and instrumental parameters. By appropriate subst i tut ion,  the 

output signal i s  s imilar ly  r e l a t ed  t o  t h e  radiometric quantity t o  be  measured, i f  it is  

other  than the incident spectral-radiance dis t r ibut ion.  

t h e  radiat ion parameters of posit ion,  direct ion,  and spectrum (wavelength). The radiat ion 
parameters of polarization and of time o r  frequency of s c i n t i l l a t i o n  o r  modulation and the  
instrumental and environmental pakameters have not  yet been t r ea t ed  i n  t h i s  Manual. 
t h ree  measurement problems are: 
tungsten-ribbon lamp, (2) determining the  spec t r a l  irradiance near a l a rge  source, and 
(3) determining irradiance with a broad-band (broad-spectral-band) radiometer. The l a s t  
problem a l so  leads i n t o  a br ief  discussion of normalization. 
marizes and enlarges on t h e  important features  and properties of t h e  measurement equation 
brought out by t h e  i l l u s t r a t i v e  problems. 
so lu t ion  of t h e  measurement equation is presented. 
equation developed i n  t h i s  chapter a r e  summarized. 

F i r s t ,  however, t he re  i s  a br ief  

The measure- 

The examples here deal only with 

The 
(1) transferr ing the spectral-radiance ca l ib ra t ion  of a 

A general discussion sum- 

A set of orderly s t eps  f o r  approaching the 
The l imi t a t ions  of t h e  measurement 

RESPONSIVITY. The response of an instrument used f o r  op t i ca l  radiat ion measurements, f o r  

example a radiometer o r  a photometer, i s  an output s ignal  S t h a t  may have many d i f f e ren t  
forms. It may be a voltage, a current,  a photographic-film density,  o r  j u s t  t he  def lect ion 
of a meter needle o r  t he  displacement of a line on a recorder s t r i p  chart .  
' 'signals" i s  measured in d i f f e ren t  u n i t s  so, f o r  general statements t h a t  apply t o  a l l  of 

them, w e  j u s t  designate them as u n i t s  of output si@all 

t o  dis t inguish them from the  u n i t  of time, the second 

Each of these 

[SI 

[SI). 
(we use the  upper-case "S" 

Y 

I n  order t o  in t e rp re t  o r  evaluate t h i s  output s ignal  as a measure of t h e  incident 

r ad ia t ion  t h a t  produces it, w e  need the  relat ionship between i t  and t h a t  incident radiation. 
That relat ionship i s  s t a t ed  mathematically by t h e  function cal led t h e  instrument responsivity,  

~~ ~ 

'This may, variously,  be ca l l ed  t h e  instrument "response" o r  "output". 

is  not w e l l  standardized. 

have taken the  term and symbol from t h e  International Electrotechnical Commission (IEC) 

[ 2 0 ]  t h a t  are readi ly  compatible with treatments of e l e c t r i c a l  "signal" processing and 
display. For those who may be interested,  t h i s  choice of nomenclature i s  discussed i n  
more d e t a i l  in Appendix 4. 

The nomenclature 

However, since mst such outputs are electrical "signals", w e  
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the 'output s igna l  per u n i t  input of incident rad ia t ion  [U]. 
the  time der iva t ive  of the  incident radiant energy, i.e., t o  the radiant f lux1 
Accordingly, w e  w i l l  be concerned, mostly, w i t h  the f lux  responsivity 

Most instruments respond t o  

(P [W]. 

the  units of output s i g n a l  per w a t t  of incident rad ian t  flux. 

of output signal produced by an element of incident radiant f l ux  is given by 

It follows that the element 

On t he  other hand, when "r$ducing" measurement data,  some people prefer ,  ins tead ,  t o  use 

where K@ f l / R @  [W*S-'] is sometimes called the  ca l ib ra t ion  "constant" although, l i k e  
the  responsivity, as w e ' l l  see, it is often qu i t e  variable.  

0, ,) I ,  

With many radiometers'the output signal, and hence, the  responsivity, va r i e s  consider- 
ably with the  posit ion and d i rec t ion  of incoming rays  at  the  receiving aperture. 
easy t o  demonstrate t h i s  f a c t  by mwing the narrow beam of a small, intense,  well-collimated 

source in f ron t  of t he  instrument. 
that responsivity can a l s o  be a highly var iab le  function of wavelength. 
responsivity [eq. (5.1)J and the element of output signal [eq. (5.211 must be wr i t t en  as 
functions of both the  s p a t i a l  and spec t ra l  rad ia t ion  parameters: 

It is 

And we've already seen i n  f igure  3.1 (Chapter 3 [ 5 ] )  
In  general, then, 

and 

= RQ (x, y ,e,$, A)  *LA (x, y ,e, 4 ,  A )  cose *do-dA-dA [ S]  . (5.2a) 

The instrument responsivity is, i n  general, determined by (1) the propagance o f .  
(2) the responsivity of t h e  detec- op t i ca l  elements and paths i n t e r n a l  t o  the instrument, 

t o r  o r  transducer element'that transforms the incident radiant f lux  i n t o  some other form 
of "signal", and 
the  signal from the detector-transducer t o  produce the f i n a l  instrument output signal, 

including the  f i n a l  signal display or recording components. 

(3) t h e  s igna l  processing by components t ha t  modify (amplify o r  f i l ter)  

The e f f ec t s  of a l l  of these 

lo thers  (e.g., photographic f i lms and instruments f o r  measuring l i g h t  pulses) respond t o  

the  energy Q [J], For them, the  energy responsivity is 
s imi la r ly  defined as R E dS/ldQ [ S=J'l]. (The radiometric quant i t ies  and u n i t s  are Q 
l i s t e d  i n  t ab le  4-1; see a l s o  Appendix 1 [ 5 ] . )  

the  time in t eg ra l  of the  flux. 
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@ *  
factors and their interactions are combined in the overall f lux  responsivity R 

Another consideration that must not be overlooked i n  real situations is that of lin- 

A radiation detector is linear if its flux responsivity is the same for any earity. 

magnitude of flux incident on the detector as long as the flux distribution in position, 

direction, and wavelength (and time and polarization) is not changed. Fortunately, many 

radiation detectors are quite linear over wide ranges and, often, they are used only 
within these linear ranges. 

to have non-linear outputs. 

cations calling for relatively rapid measurements of widely differing amounts of flux. 
this chapter, we assume linearity, i.e., that the respoasivity (the spectral-directional- 

positional f lux responsivityl) is not a function of the level of input radiation nor, 
hence, of the output-signal magnitude. 

the measurement situation, and it will still be adequate for a great many applications. 

On the other hand, some instruments are deliberately designed 

For example, a logarithmic output is sometimes used in appli- 

In 

This simplifies the discussion of other aspects of 

We again remind the reader that, for the present, we are ignoring dependence on time 

and polarization. 

hysteresis, where its value is a function of time and depends on the history of the instru- 

ment's exposure to radiation. 

EXAME'T..ES of the MEASUREMENT EQUATION. 
So that we can introduce the measurement equation. 

output signal from a radiometric instrument or measuring device to the distribution of 

radiation incident on it. 
it contains the radiometric quantity to be measured. 

greatly on all of the relevant physical factors that we'll refer to, collectively, as the 

measurement configuration and on the quantity to be measured. 
always includes one or more radiation sources, the measuring instrumentation, and the 

propagation path(s) for the radiation beam(s) between them.. Accordingly, rather than to 

attempt a general discussion that will cover all of the complex possibilities, it w i l l  be 

We also call attention to the fact that responsivity may sometimes show 

This, too, we'll ignore for the present. 

We have now developed enough of the fundamentals 

This important equation relates the 

The first step in solving this equation is to modify it so that 
The equation and its solution depend 

The measurement configuration 

~ 

lNote that these parameter modifiers denote only a functional dependence in the case of 

responsivity, not a derivative (concentration & distributiod) as with a radiometric 
quantity. For example, spectral radiance is Q 

-2 
with different unit-dimensions than those of radiance L [W*m -sr-']; but spectral flux 

responsivity is not a derivative with respect to wavelength, it is just the flux responsiv- 

ity as a function of wavelength, with no change in unit-dimensions: 

The effect of the modifier "spectral" is only to emphasize the functional dependence on 
the spectral parameter (in this case, wavelength). 
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sirdpler t o  start by s e t t i n g  up and discussing the measurement equations f o r  th ree  simple 
i l l u s t r a t i v e  problems: (1) t ransfer r ing  the spectral-radiance ca l ib ra t ion  of a tungsten- 
ribbon lamp, (2) determining the spec t r a l  i r radiance near a l a rge  source, and (3) deter-  

mining i r radiance with a broad-band (broad-spectral-band) radiometer. 

Problem 1. Transferring the spectral-radiance ca l ibra t ion  of a tungsten-ribbon lamp. 

This problem commonly arises when one has obtained a spectral-radiance-standard lamp 
(usually a ribbon-filament tungsten lamp) from a nat ional  or  commercial standards laboratory 

and w a n t s  t o  ca l ib ra t e  another similar lamp against  t h i s  standard f o r  use as a working 
standard, t o  conseme the l imited working l i f e  of the reference-standard lamp. 

comparison ca l ibra t ion  measurement is usually performed by observing the two ribbon- 

filament lamps i n  successibn with a spectroradiometer. 

Such a 

. 
*(  

A spectroradiometer typ ica l ly  used f o r  such comparison measurements cons is t s  of (see 
figure 5.1) 

(1) focusing opt ics  (a mirror system is usually used, the lens ( 0 )  is shown 

f o r  s i q p l i c i t y  of i l l u s t r a t i o n )  t h a t  image the desired portion 
surface onto the  entrance slit (SI) of 

of the received source rad ia t ion  t o  

(W) of the source emit t ing 

(2) a monochromator (M), t h a t  selects and transmits a narrow wavelength band 

(3) a detector  (P), t h a t  produces an output, usually an electrical s igna l  
current o r  voltage,  proportional t o  the incident spec t ra l  radiant  f lux ,  which is then fed  
t o  

(4) an e lec t ronic  amplifier (E), the  output of which is displayed or  recorded 
i n  the desired f i n a l  form by 

(5) an a propriate  readout device (R). 

Since w e ' r e  concerned primarily with the basic  concepts here i n  Pa r t  I, w e ' l l  postpone any 
discussion of t h e  d e t a i l s  of these devices and components u n t i l  P a r t  11-Instrumentation 
and P a r t  111--Applications, and w i l l  confine our a t ten t ion  now t o  j u s t  their m a i n  functions.  

Our f i r s t  concern is t o  determine j u s t  how the instrumentation s e l e c t s  o r  determines 
the  incident beam t o  which it responds i n  terms of the spectral-ray radiance d i s t r ibu t ion  
a t  its receiving aperture. 
moment, are posi t ion,  direct ion,  and spectrum (wavelength): 

The three  parameters with which we are concerned, f o r  the  

4 ~ L A < 2  ., (a) pos i t ion  ( a t  the receiving aperture) - Only rays through points within the  
receiving aperture  are accepted and measured; a l l  others are excluded. 

(b) d i r ec t ion  (at the receiving aperture) - A t  each point  within the  receiving 

aperture,  only the  converging rays i n  the  so l id  angle subtended a t  t h a t  point by a desired 

t a rge t  area on the  source emitt ing surface ( the ribbon filament) are accepted and measured. 
Accordingly, t he  throughput of the  system is  that of the beam defined by the receiving 

aperture  and the  target area i n  combination. 
paths of these r ays  through the monochromator u n t i l  they reach the detector  beyond the  

e x i t  slit, we recognize tha t  the responsivity may vary from ray t o  ray by wri t ing it as 

Without examining i n  d e t a i l  the  fu r the r  



a
 

2 0 
n

 * 
8

0
 

Po 
U

 

4
 

E
 

0
1

.
 

rl 
r
l 
c

r
l

 
e 

at 

k
l 

W
 

0
 

0
) 

U
 

at 
%

I 
&

 
a m 
bo 
c 
4
 

U
 

U
 

3 c 0
 

0
 

01 
9 U

 
01 
cc rd 
U

 

I I 
3
 

eo 

al 

at 
r
l 
a
 e &
 I 
4
 

at 
cc U

 
U

 
al 
a
 

&
 

0
 

W
 8 m
 

k rl 
U

 
at 
cc 1 
M

 
rl 
W

 
E

 
0

 
U

 
U

 

E I e“ &
 

a 10 
at 

Y
I 

0
 

g rl U
 

U
 

al 
m

*
 

m 

.
.
 

a
 

al 
1
 
a
 

62 



R(x,y,e,4) , as i n  the preceding section. 

(c) spectrum (wavelength, a t  the receiving aperture) -- The acceptance and 
response of the instrument t o  d i f f e ren t  wavelengths present i n  the  incident  r ad ia t ion  

depends on 
ex i t  s l i t  of the  monochromator and 

(1) the  extent  t o  which those wavelengths appear i n  the beam emerging from t h e  

(2) the  spectral responsivity of t h e  de tec tor  on which 

that beam is incident.  
usually has a re l a t ive ly  minor e f f ec t  although filters tha t  subs tan t ia l ly  l i m i t  t he  spec- 
tral pass band are sometimes used along with a monochromator. 
width AX i n  which the  spec t r a l  responsivity of the instrument as a whole is s ign i f i can t ly  

non-zero is usually determined primarily by the spec t r a l  charac te r i s t ics  of t he  monochroma- 
t o r  together with the spec_tral responsivity of the detector.  If AXm is the spec t r a l  

pass band of the  m o n o c h r a t o r  (and any associated opt ics  and opt ica l  paths),  
They are equal i f  the deteCtor responds*rto a l l  wavelengths passed by the  monochromator, 

The spec t r a l  propagance of any external opt ics  and o p t i c a l  paths 

However, the  ove ra l l  band 

AA s AAm. 

etc.; i f  not,  the  overa l l  spec t r a l  band width AX may be less than the  monochromator band 
width AX,. 

Without examining its de ta i l s ,  it is su f f i c i en t  fo r  t h i s  discussion t o  assume tha t  
the monochromator is an instrument designed t o  select and pass, t o  the de tec tor  at i t s  

e x i t  slit, a desired portion of the spectrum of rad ia t ion  incident on i ts  entrance slit. 
That portion is characterized by a wavelength s e t t i n g  
pass band AXm = X2 - X1. A l l  wavelengths X reaching the detector ,  l i e  i n  the i n t e r v a l  
X1s X s X2; a l l  wavelengths X < X1 and X > X2 are blocked and do not appear i n  the 
emerging beam a t  the exit slit. The spec t ra l  bandwidth of the  monochromator AXm i s  

primarily controlled by adjust ing the widths of the  slits, and may a l s o  be a function of 
the  se t t i ng  Xo. 

Xo and a spec t r a l  bandwidth or  

This ra ther  sketchy descr ipt ion of monochromator operation has assumed some ideal 

conditions and, for our simple example, we continue t o  assume tha t  they ex is t .  
the  reader is cautioned t h a t  strong incident radiat ion outs ide any spec t r a l  bandwidth 

may not be reduced completely t o  zero (completely blocked) by an instrument or  component 
designed f o r  t h a t  purp0se.l 
of i n t e rna l  sca t te r ing ,  always have some scat tered radiat ion of unwanted wavelengths 
present in the e x i t  beam, although with good designs t h i s  can be kept extremely low. 
However, when attempting t o  measure weak radiat ion of given wavelengths i n  the  presence of 
strong rad ia t ion  of other  wavelengths, the scat tered radiat ion can become a s ign i f i can t  

factor .  
is the d i f f i c u l t  problem of measuring the very weak terrestrial solar u l t r a v i o l e t  i r rad ia-  

t ion  a t  about 290 [nm], t ha t  i s  passed by the nearly opaque layer of atmospheric ozone, 
when t h i s  is done i n  the  presence of s ign i f icant ly  stronger radiat ion a t  s l i g h t l y  longer 

wavelengths to which the  ozone (and the rest of the atmosphere) is highly transparent.  

However, 
AX 

A monochromator is no exception. R e a l  monochromators, because 

This is pa r t i cu la r ly  t rue  when the wavelength separation is s m a l l .  A good ex&npIe 

lThis caveat appl ies  generally t o  f i l t e r i n g  and blocking with respect t o  any parameter, not 

j u s t  the  spec t r a l  parameter. 
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H e r e  'the l e v e l  changes by about s i x  orders of magnitude within a wavelength in t e rva l  of 30 

[am1 

l o w  w e ' r e  ready t o  set up the measurement equation f o r  the  incident d i s t r ibu t ion  of 

rad ia t ion  a t  the receiving aperture of our instrument. 
a point within the t a rge t  area a t  the  source t o  the  area element 
of the receiving aperture. It is incident there within the solid-angle element du from 

the  d i rec t ion  e,$. From eq. (3.10 [ 5 ] ) ,  t he  element of radiant flux dQ incident on the 
receiving aperture along t h i s  ray of incident spec t r a l  radiance 

Figure 5.2 shows a s ing le  ray from 
dA a t  the  point x,y 

LA(x,y,B,$,X) i s  given 

by 

W - t a rge t  area (on lamp filament) 

A - surface (imaginary) area across receiving aperture 

LX(x,y,e,+,X) -- incident e p e c t w  radiance a! area 
element dA(x,y) of A within so l id-a .g le  
el-t dw from di rec t ion  a,O and i n  wave- 
length element dA at wavelength A.  

Figure 5.2. Incident ray from lamp filament t o  receiving aperture. 

(3.10) 
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- .  
We can think of such an element of f l u x  a r r iv ing  a t  the  receiving aperture along each of 
the  rays tha t  connect every point of the t a rge t  area with a l l  points across the  receiving 
aperture. Each element of incident f lux  produces a corresponding element of output signal 

where Re 

x,y of the  receiving aperture and a t  wavelength X.  The t o t a l  output signal S of the 

spectroradiometer is then fie sum ( in tegra l )  of a l l  such signal elements 
contained in the o p t i c a l  be@ accepted wt t he  measuring instrument. 
points across the  receiving aperture and; a t  each point, the d i rec t ions  of a l l  rays from 

every point of t he  t a rge t  area. 
wavelengths f o r  which t h e  responsivity is not zero. 

is the f l u x  responsivity of the  spectroradiometer, when set f o r  a wavelength 
f o r  t h i s  p a r t i c u k r  f l u x  element (for the  ray from the d i rec t ion  e,$) at t h e  poin t  

AO' 

dS f o r  a l l  rays  
Included are all 

In addition, the  integration must be car r ied  out over all 
Thus the t o t a l  signal is given by 

S(A,w,AX,Xo) = j Ra*LA*cos9*dw*dA*dX [SI, 
AX A w 

(5.5) 

w [sr] is t he  t a r g e t  solid angle, t he  so l id  angle enclosed by the  extreme rays  
from the t a rge t  area that converge at  a point x,y of t he  receiving aper ture  
[accordingly, w can be, and usually is, a function of t h e  posit ion x,y and 
so could be wr i t t en  more exp l i c i t l y  as w(x,y)l, 

AX [mn] is the  wavelength in t e rva l  over which the  instrument spectral f l u x  
responsivity is s ign i f i can t ly  non-zero, i.e., where R (A , h )  # 0 when the  

instrument is set on wavelength 
? o  

Xo. 
This equation [eq. (5.511 is the measurement equation f o r  t h i s  problem. It relates the  
output signal of the measuring instrument t o  the  spectral-radiance d i s t r ibu t ion  inc ident  
a t  the receiving aperture of t he  instrument. 

This measurement equation is similar t o  eq. (3.11) [ 5 ] ,  which gives the t o t a l  f l u x  in 

a beam a t  i t s  in t e r sec t ion  with a reference surface as 

(3.11) 

The difference is t h a t ,  in the  measurement equation, each element of f lux  is "weighted" by 
the  corresponding value of the  responsivity. 
output signal S as the  responsivity-weighted f l u x  i n  the beam received by t h e  instrument. 
For the measurement equation, the reference surface is the instrument receiving aperture.  

In other words, w e  can regard the  t o t a l  

The f i r s t  s t e p  i n  solving the  measurement equation fo r  a pa r t i cu la r  problem is to 
introduce i n t o  that equation the radiometric quantity one is in te res ted  i n  measuring. 
t h i s  problem, the  quantity t o  be measured is  the  spec t r a l  radiance, but it is the s p e c t r a l  

In 
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radiance Li at the lamp' ra ther  than the spec t r a l  radiance LA incident a t  the receiving 
aperture of the spectroradiometer (see f igu re  5.3). I f  w e  assume tha t  the index of refrac- 
t i o n  ( tha t  of air) is the  same a t  both these points,  eq. (3.14) [SI gives t h e i r  r e l a t ionsh ip  

a s  

I A 

W - t a rge t  area (on ribbon filament F of lamp 5 )  
A -- surface (imaginary) across receiving aper ture  
LA -- spec t r a l  radiance of ray j u s t  outside of lamp envelope 
LA -- incident spec t r a l  r a d i a n 4  of same ray  a t  receiving 

aperture a f t e r  traversing path of propagance T*. 

R 

.A 

Figure 5.3.. Spectral  radiances a t  points along a s ing le  ray from t a rge t  

area t o  receiving aperture. 

'Because of the  way i n  which radiance standards are used, the  spec t r a l  radiance is spec i f ied  

a t  the  outer sur face  of the lamp envelope. 
lamp (and the  operating conditions - voltage o r  current,  etc.) regardless of t he  propagance 
between it and a remote instrument. 

This value of radiance is a property of the  
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where 

T * ( x , Y , ~ , + , A )  is the spec t r a l  propagance aver the  intervening path along the 
specif ied ray (between the lamp envelope and the  receiving aperture  of the 

instrument). 
R 

LA, Thus, the  equation, as f i n a l l y  modified t o  contain the radiometric quantity 
we're ac tua l ly  interested in measuring i n  t h i s  problem, is 

t h a t  

S(A,w,AX,Ao) = 1 I 1 R**r*.L~*cosB*dw=dA*dX [SI. 
AA A w 

R Now we want t o  compare ~ LA t o  the spec t ra l  radiance Ly 

(5.7) 

of a standard lamp. The 

corresponding equation for  a' similar observation with a standard lamp is 
*, 

where, by the use of the superscr ipt  
t a rge t  area and its subtended so l id  angle, the t a rge t  so l id  angle 

propagance T*', 

On the other  hand, w e  don't need the superscript  
receiving-aperture area A, and the wavelength se t t i ng  A. and pass band A A  and, 
hence, the  spec t ra l  responsivity R*(Ao,X) 

f o r  both measurements [eqs. (5.7) and (5.811. 

8 ,  we have allowed f o r  the  poss ib i l i t y  t ha t  the  

as w e l l  as the us, 

associated with the  measurement of the standard lamp may be d i f fe ren t .  
s on the  remaining quant i t ies  s ince  the  

of the spectroradiometer are a l l  kept the same 

R 
LA W e  can eas i ly  solve eqs. (5.7) and (5.8) f o r  the  spec t ra l  radiance of the uncali- 

brated lamp, in terms of the  spec t ra l  radiance Li of the  standard lamp and of the  two 
observed output s igna ls  S and L", i f ,  f o r  each lamp, the value of spec t r a l  radiance is 

the  same everywhere i n  the beam and a t  a l l  wavelengths i n  the in t e rva l  AA. 
t rue ,  we can bring LA and LA outside the in tegra ls  i n  each case, resu l t ing  i n  

When t h a t  i s  
2 S 

and 

(5.10) 

By posit ioning the standard lamp filament i n  exactly the same locat ion as t h a t  of the 
uncalibrated lamp when it was  measured and leaving the  focusing adjustment and posi t ion of 
the  spectroradiometer unchanged, the corresponding ta rge t  (sol id)  angles w and w and 

propagances T* and .I*' w i l l  also be, respectively,  the  same. In other words, by 
making the  measurements under iden t i ca l  conditions, the  in tegra ls  in eqs. (5.9) and (5.10) 

are iden t i ca l  and dividing one of these equations by the  other gives 

S 

(5.11) 



This simple relat ionship is often used in making a comparison ca l ibra t ion  of two such 
lamps. By deriving it ,  i n  t h i s  way, from the  full measurement equation (at least i n  terms 

of the  parameters of posi t ion,  direct ion,  and spectrum), we can see tha t  it has a so l id  
bas i s  and, i n  addition, we a r e  exp l i c i t l y  aware of a l l  of the  assumptions or conditions 

t h a t  must be s a t i s f i e d  fo r  i t  to  be val id .  

The requirement, in deriving eq. (5.11), f o r  constancy of spec t r a l  radiance throughout 
the  beam (A and w) and a t  all wavelengths in t he  interval AX f o r  these ribbon-filament 

lamps is never ac tua l ly  realized. 
tungsten surface tha t  produce var ia t ions i n  spectral radiance relative t o  both posi t ion and 
direct ion.  
wavelength. 
A and w 
Then, in the measurement equation, eq. (5.71, 

There a r e  temperature and emissivity gradients on the  

In addition, the spectral radiance f o r  tungsten varies s igni f icant ly  with 
The var ia t ions  r e l a t i v e  t o  posi t ion and d i rec t ion  may be minimized by making 

su f f i c i en t ly  small so t h a t  the range of var ia t ion  is about one per cent or  less .  

where 

and 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

I 
i 

E:(A,A,o) is the weighted average of the lamp spec t r a l  radiance L'; over A and w ,  
weighted by RQ*r*-cosB, and the lamp-spectral-radiance r&ponsivitp %(Ao , A  ,A,@) is the 

i n t e g r a l  over A and w of t h i s  weighting function.' A similar set of equations exists 
f o r  the average spec t r a l  radiance of the standard lamp E:(h,A,w) [W-m 

a. 

-2 -1 *sr 

The var ia t ion  with respect t o  wavelength can not be  t reated i n  exactly the same way 

because the  f lux  responsivity RQ and, therefore,  the  radiance responsivity \ both vary 
all the  way from zero t o  t h e i r  respective peak values i n  the wavelength i n t e n a l  AA. 

lNote t h a t  t h i s  is the  radiance responsivity t o  the  t o t a l  beam; 5, E dS/dL where dS is 
an elementary change in the output s ignal  and 

radiance of an incident  iso-radiance beam tha t  produces the signal element dS. 

dL i s  an elementary change i n  the value of 
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However, lamps such as these are usually operated so that t h e i r  r e l a t i v e  s p e c t r a l  d i s t r ibu-  

t ions are v i r t u a l l y  the  same. In t h i s  case, 

(5.16) 

and 

-a where ax and are the  r e l a t i v e  average spec t r a l  radiances (averaged over A and w 

and adjusted t o  have the  same maxi" value) of t he  two lamps and K1 and K2 are con- 
s tan ts .  The next s t ep  i s  t d s u b s t i t u t e  eq. (5.16) i n t o  eq. (5.13) and eq. (5.17) i n t o  t h e  
standard-lamp equivalent of qq. (5.13) an#,talce t h e  quotient of the  r e su l t i ng  expressions 
t o  obtain 

But, from eqs. (5.16) and (5.171, 

K ~ / K ~  = E: / E: . 
Accordingly, combining eqs. (5.18) and (5.191, w e  have 

(5.18) 

(5.19) 

(5.20) 

Equation (5.20) is the  same as eq. (5.111, except t h a t  here the two spec t r a l  radiances, 
unknown and standard, are averages over A and w ,  as defined i n  eq. (5.14). 

The primary objec t ive  of the  treatment j u s t  presented is t o  introduce the  measurement- 

equation approach. Discussion of fur ther  d e t a i l s  of ac tua l  applications of eq. (5.11) or 
(5.20) w i l l  be postponed f o r  later chapters. 
t he  target-area dimensions used i n  such comparison ca l ibra t ions  t o  one millimeter o r  less, 
aperture angles (subtended by the  instrument receiving aperture a t  the lamp source) t o  
about 0.01 s te rad ian ,  and spec t r a l  pass band t o  about 2.5 nanometers, the uncer ta in t ies  in 
such comparisons have been limited a t  NBS t o  much less than 
that, when average-spectral-radiance values are used i n  a maxi"-accuracy ca l ibra t ion ,  

they apply only t o  the  pa r t i cu la r  beam from the  pa r t i cu la r  t a rge t  area observed. 

Hence, means must be provided f o r  accurately identifying a desired portion of the lamp 
filament and a s p e c i f i c  so l id  angle t o  insure iden t i ca l  beam geometry. 

However, w e  would l i k e  t o  add t h a t ,  by l imi t ing  

1%. It should a l s o  be noted 

(W) 
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Problem 2. Determining the spec t r a l  i r radiance near a large source. 

This second measurement problem i s  i l l u s t r a t e d  in f igure  5.4. 

spec t r a l  i r radiance produced by a horizontal  f luorescent lamp a t  a point 
horizontal  plane surface beneath it, as shown. The v e r t i c a l  dis tance z2 from the  lamp t o  

the horizontal  plane of xo,yo is  approximately equal t o  the length of the fluorescent 
tube, so the sol id  angle  wa subtended by the lamp a t  tha t  point is much greater  than the  

so l id  angle us subtended there  by a standard of spec t ra l  i r radiance (e.g., a sma l l  C a l i -  

brated tungsten-halogen lamp) at  the  dis tance f o r  which it  is cal ibrated (usually 0.5  [m]; 
see f igure  5.5). 
angles so these approximate statements w i l l  su f f i ce  for the  descr ipt ion and analysis of t he  
measurement configuration. 

W e  want t o  measure the 

xo,yo on a 

As w e ’ l l  see  presently,  we don‘t need the exact values of these so l id  

T 
( x o ,  y o )  

Figure 5 . 4 .  Conf i h r a t i o n  fo r  measuring spec t r a l  i r radiance 
a t  XOYYO from fluorescent lamp e.  

P S  

Figure 5 .5 .  Configuration f o r  spectral-irradiance 
ca l ibra t ion  measurement with standard 

S lamp . E .  
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An apparatus commonly used a t  NBS t o  make such measurements of spectral i r r ad iance  I s  
shown i n  f igure  5.6. 
The spectroradiometer is  jus t  l i k e  the  one i n  'figure 5.1, used t o  compare o r  measure spec- 

tral radiance i n  problem 1. 
centimeters i n  diameter, with uniform di f fuse ly  r e f l ec t ing  inner w a l l s  and two por t s ,  as 
shown. Radiation incident through the entrance port  s t r i k e s  a portion of t h e  inner w a l l  
from which no rays ran be re f lec ted  directZy i n t o  the beam t o  the  spectroradiometer. 

spectroradicnneter is focused, by its external opt ics ,  with its t a rge t  area 
within the  exit port  of t he  sphere, as shown i n  f igu re  5 .6 .  
sphere is t o  produce i so t rop ic  spectral-flux responsivity Over a very wide s o l i d  angle of 
incidence. 
t o  a l l  pa r t s  of the  sphere w a l l ,  from wh+h it is again so red is t r ibu ted ,  produce uniform 
i r r ad ia t ion  of the  w a l l  opposite the exit port ,  regardless of t h e  d i rec t ion  of t h e  en ter ing  
rays through the  entrance por t ,  within very wide limits. Accordingly, the r e f l ec t ed  rays  
from tha t  w a l l  toward the  specttoradiameter through the  exit por t  a l l  have t h e  same value  
of spec t ra l  radiance, and tha t  value i s  proportional t o  the  spec t r a l  f l u x  in t h e  beam 
incident through the entrance port .  
properties. 
w e  won't be concerned with them i n  t h i s  chapter. 

It cons is t s  of a apectroradiometer and a small averaging sphere.l 

The averaging sphere is a hollow sphere, t yp ica l ly  a few 

The 

e n t i r e l y  (W) 
The function of t he  averaging 

The multiple internal d i f fuse  r e f l ec t ions ,  each sca t t e r ing  t h e  inc ident  r ad ia t ion  

W e  have described the averaging sphere as having i d e a l  

With a real sphere, corrections may be required f o r  the  highest accuracy, bu t  

The measurement is made with the entrance por t  of the averaging sphere i n  a hor izonta l  
plane and with the  center of the  entrance port  a t  xO,yO. 
receiving aperture f o r  the  entire instrument, l imi t ing  the incident beam t o  be measured. 

Again, w e  are concerned only with the  three  radiation parameters - posit ion,  d i rec t ion ,  
and spectrum (wavelength) -- f o r  the  incident rays a t  that  receiving aperture: 

That entrance por t  is t h e  

(a) pos i t ion  (at t h e  receiving aperture of the  e n t i r e  instrument) - By i ts  
uniform diffusion of the incident radiation, the averaging sphere insures the  same f u l l ,  
uniform i r r ad ia t ion  of both t h e  t a rge t  area (W) and the receiving aperture (A) of the 

spectrorad~meter (see f igu re  5.6)  by a l l  rays entering t h e  entrance port  of t he  sphere, 
regardless of pos i t ion  there. 
independent of pos i t ion  x,y with in  the  entrance por t  (receiving aperture of entire ins t ru-  
m e n t ) .  

This makes the  overall f lux  responsivity of the  system Re 

Also, the l i m i t s  of t he  beam are the  boundaries of the entrance port .  
(b) d i r ec t ion  (at the  receiving aperture of the e n t i r e  instrument) - In the same 

way, the overa l l  f l ux  responsivity Re is  independent of incident-ray d i r ec t ion  8,4 a t  
t h e  receiving aperture (entrance por t  of sphere) over wide limits, a t  least t o  t h e  s o l i d  

angle subtended the re  by the  fluorescent lamp. 
source are limited by the  dimensions of the  source, not by the measuring instrument which 

can usually accept rays wer a wider so l id  angle. 
sure  that  t he re  are no other sources present from which a s ign i f i can t  amount of addi t iona l  

incident rad ia t ion  might produce an erroneous measurement. 
a t  infrared wavelengths where a l l  matter a t  room temperature is emitting thermal r ad ia t ion  

The rays of the  desired beam from the  

Accordingly, it is necessary t o  make 

/ 

When t h i s  is not possible,  as 

1. i  rru,I  7 I '  r ', 0 lSometimes called an in tegra t ing  sphere. 
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A) 
spectroradiometer 
(monochromator 

etc.) 

- 

P - 
? 

A) 
spectroradiometer 
(monochromator 

etc.) 

- 

- fluorescent lamp 
S - averaging sphere (not drawn to scale; sphere is usually only a 
P 

few centimeters in diameter) 

En - receiving aperture (entrance port of averaging sphere sP) 

Ex - exit port of averaging sphere 

(A) - receiving aperture of spectioradiometer o i  figure 5.1 

S [contains target area (W) 
P 

for spectroradiometer (see figure 5.1) 1 
* 

u 

Figure 5.6. Sketch of some essential parts of the configuration for a measurement 
of spectral irradiance. 

72 



in significant amounts, special techniques for csncelling the effects of unwanted "back- 
g&n&d'* radzkation are used to obtain the desired measurement results. We won't go into the 
details of those techniques now, howaver, In any event, the incident rays of the desired 
beam are those within the solid angle subtended at each point of the receiving aperture 
(entrance port of sphere) by the source. 

(c) spectrum (wavelength, at the receiving aperture of the entire instrument) -- 
Ideally, the averaging-sphere-wall coating is selected to have as nearly uniform spectral 
reflectance (as a function of wavelength) as possible. The wavelength limits, consequently, 
are those established by the spectral bandwidth AX at the wavelength setting X0 of the 
spectroradiometer. Any small spectral non-uniformity of reflectance in the sphere merely 
affects the overall spectral distribution of responsivity which, thus may be slightly 
different from that for-thefspectrorsdiometer used alone as in problem 1. a . 

Again, as in problem 1; we first w&e a general expression, in terms of the flux 
responsivity R@, for the signal element dS produced by an element of flux d@ incident 
on the receiving aperture (entrance port - see figure 5.7) 

dS(x,y,B,&X,Xo) = R,*d@ 

= R~(x,y,B,b,X,Xo)'LX(x,y,O,~rA)‘cosO.dw*bA*dX IS]. (5.4) 

And, again, the measurement equation is obtained by integrating eq. (5.4) to obtain the 
expression for the total output signal 

where, 
w 

A 

[sr] is the acceptance solid angle that, at any point x,y fn the 
receiving aperture (entrance port of sphere), includes all converging 
incident rays to which the instrument responds, 

[m2] is the area of the receiving aperture (entrance port of sphere), 

(5.5) 

and 

AX [nm] is the wavelength pass band of the entire instrument, including 
all wavelengths for which the spectral flux rasponsivity is significantly 
non-zero; i.e. , where RG(XorA) $ 0. 

The first step in solving this measurement equation is , again, to introduce the radio- 
metric quantity to be measured (in terms of the incident spectral-radiance distribution), 
The incident spectral irradiance at the point x,y and the wavelength X [see eq. (4.4) 
and the last section of Chapter 4 entitled "Spectral Radiometric Quantities'*] is given by 

EXfx,~,V f d#X(x,y,W3A 

= I~LX(x,y,9,9,~~ocos0*dw [W~rn-~]. (5.21) 
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/ 

A - circular area of receiving aperture (entrance port 
of 'averaging sphere) 

- center point of A 
X 0 'Yo 

X'Y - any point within A . 

LA(x,y,B,+,A) -- spectral radiance J *  incident at  x,y from 
direction 8'4 at wavelsngth A 

Figure 5 . 7 .  Designation of spectral-radiance distribution incident 

at  receiving aperture 
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In  eq. ( 5 . 5 ) ,  i f  RQ were brought outside t h e  imer integral ,  that in t eg ra l  would'be 

iden t i ca l  t o  that of eq. (5.21) [see eq. (5.2211. 
of the  averaging sphere is t o  make the f l u x  responsivity independent of t h e  posi t ion and 
d i r ec t ion  of t h e  incident rays within A and w .  Accordingly, w e  can write 

RQ(x,y,B,$,A,Xo) = Ra(Xo,X) 

But we have already seen t h a t  t he  e f f e c t  

so that eq. (5.5) becomes 

(5.22) 

and we can replace the  inner i n t eg ra l  ( i n  large parentheses) with 

t o  give 
EX(x,y,X) [eq. (5.21)] 

(5.23) 

Actually, when it is clear t h a t  t h e  fluorescent lamp is t he  only s ign i f i can t  source i r r a d i -  
a t ing  t h e  receiving aperture, t he  incident spec t r a l  radiance LA at  any point x,y i n  
that receiving aperture i s  zero f o r  a l l .  direct ions outside the ,  s o l i d  angle 
at  that point by t h e  lamp. 
only over w' r a the r  than over t h e  f u l l  acceptance so l id  angle w, so t h a t  

wR subtended 
I n  t h a t  case t h e  integrat ion i n  eq. (5 .22 )  need be carr ied o u t  

R -2 -1 EX(x,y,X) = 1 aLX(~,y,O,$,X)=cosOodo [W=m -nm I .  
w 

(5.24) 

Furthermore, i f  t h e  lamp distance is l a rge  enough i n  r e l a t ion  t o  t h e  s i z e  of t he  receiving 

aperture,  ne i the r  t he  s i z e  of the so l id  angle 
radiance LA 

x,y across the  receiving aperture. I n  other  words, t he  spec t r a l  i r radiance w i l l  be con- 

s t an t ,  and equal t o  i t s  value a t  t h e  center 

w a  nor the value of the incident s p e c t r a l  
from any point of t h e  lamp w i l l  change s ign i f i can t ly  as a function of pos i t ion  

xo,yo across t h e  entire aperture 

I f  w e  a l so  assume, f o r  t he  m o m e n t ,  that t h e  spec t r a l  i r radiance does not vary s ign i f i can t ly  
with wavelength X within the  pass band AX f o r  any given s e t t i n g  h o ,  we may a l so  w r i t e  

t h a t  

which may be t r ea t ed  as a constant and brought outside the  i n t e g r a l s  i n  eq. (5.23), leaving 

'Tacitly assuming t h a t  Xo l i e s  within AX. This may not be  t r u e  f o r  a nominal instru- 
ment "setting" but w i l l  hold f o r  t he  cal ibrated o r  "corrected" value corresponding t o  that 
"sett ing" . 
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( 5 . 2 7 )  

- 
The average responsivity R@(Ao) Z ' ( l / A X ) * \  R (X ,X)-dA 
and A I ,  by making a similar measurement of the  spec t ra l  i r radiance produced i n  the  

receiving aperture by a tungsten-halogen-lamp standard of spec t r a l  irradiance.  
sponding equation f o r  the  standard lamp can be derivedl s t ep  by s t ep ,  i n  the  s a m e  manner as 

f o r  the fluorescent lamp. The r e su l t ,  corresponding t o  eq. (5.271, is 

can be eliminated along with A 
.AA @ 

The corre- 

By combining eqs. ( 5 . 2 7 )  and ( 5 . 2 8 ) ,  we obtain 

( 5 . 2 8 )  

( 5 . 2 9 )  

the simplest relation f o r  measuring the spectral i r radiance of the fluorescent lamp in  
terms of t ha t  of the standard lamp. 

Note tha t ,  s ince we  are concerned with i r radiance a t  t h e  reference surface across the  
as w e  d id  i n  prob- entrance por t  of the  sphere, we have not introduced the propagance 

l e m  1, where w e  were measuring LA at the  lamp source. However, i f  t he  propagance T* 

over the  re la t ive ly  short  path in  the  l a b o r a t o q  f o r  the  standard-lamp measurement should 
be  s igni f icant ly  d i f fe ren t  from t h a t  i n  the standards laboratory where tha t  lamp w a s  cali- 
brated,  t h i s  could produce an e r ro r  i n  our resu l t s .  

T* 

The most cr i t ical  condition f o r  t h i s  measurement i s  the  constancy of direct ional  
responsivity over the so l id  angle of acceptance w, required t o  go from eq. (5.5) t o  eq. 
( 5 . 2 2 ) .  Actually, as we can see from eq. ( 5 . 2 4 )  it is su f f i c i en t  i f  the constant direc- 
t i o n a l  responsivity holds only over the smaller so l id  angle 
s m a l l e r  w 

sources are present. Fortunately, as previously mentioned, averaging spheres tha t  perform 
w e l l  i n  t h i s  respect are available.  Also, it is  not d i f f f c u l t  t o  ver i fy  t h i s  performance 
i f  a su f f i c i en t ly  collimated beam, wide enough t o  more than f i l l  t he  entrance port  of t he  
averaging sphere, is available.  When the angle 8 between t h e  collimated-beam di rec t ion  

and the  normal t o  the plane of the entrance port  is varied,  the  instrument output 
should vary in d i r ec t  proportion t o  cos0 
i s t i c ) .  This i s  readi ly  apparent i n  eq. ( 5 . 5 )  i f  w is made small ( a  small d is tan t  

source) and all other quant i t ies  on the  right-hand s ide  of the equation, par t icu lar ly  
remain constant while 9 is varied. 

11 
w , as w e l l  as over the s t i l l  

s f o r  the  corresponding t rea tmentpf  the standard lamp, providing no other 

" 

S 

(a so-called lambertian responsivity character- 

R@, 

Equation ( 5 . 2 5 )  w a s  based on two assumptions: (1) t h a t  t he  s o l i d  angle w a  (subtended 
by the  lamp) does not change s igni f icant ly  as a function of posi t ion x,y across the 
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receiving aperture, and (2) t h a t  the  incident spec t r a l  radiance LA from any point of t h e  

lamp a l so  does not change s ign i f i can t ly  with x,y. 
above xoyy0 equal t o  t h e  length of t he  lamp, and the  receiving-aperture diameter approxi- 
mately equal t o  O.O1-zR, 

of the  lamp w i l l  change by much less than a ten th  of one per cent between t h e  center 

and the edge of t h a t  aperture.  
of t he  fluorescent lamp and fo r  the  smaller tungsten-halogen lamp. On the other hand, the 

possible va r i a t ion  of lamp spec t r a l  radiance LX 
lamp may not be so easy t o  measure or evaluate. However, the constancy of i r rad iance  

across the  receiving aperture,  assumed in eq. (5.251, can be checked d i r e c t l y  by placing 
over it a screen with the  smallest possible hole t h a t  allows j u s t  enough f l u x  t o  pass t o  

give a measurable output a&3 observing the constancy of t ha t  output as the  hole is moved 

about across the  receiving bperture. Ifb,necessary, t he  spectroradiometer slits can be 
widened t o  increase A X  

purely geometrical check, s ince  there  is no reason t o  believe t h a t  t he  d i r ec t iona l  d i s t r i -  
bution w i l l  be s ign i f i can t ly  d i f f e ren t  a t  s l i g h t l y  d i f f e ren t  wavelengths. 

I f  we set the height of the  lamp z2 

it  is eas i ly  shown tha t  the  angle subtended by t h e  long dimension 

xo,yo 
The change is obviously much l e s s  f o r  the  shor te r  dimension 

with d i rec t ion  from each point of t he  

and pass more f lux  t o  produce a stronger signal output f o r  t h i s  

! 

Finally,  w e  have assumed, i n  going from eq. (5.25) t o  eq. (5.26) t ha t  EX is constant 
with respect t o  X within Ah. For thermal-radiation sources, such as tungsten lamps and 
blackbody simulators, it is usually possible t o  make the spec t r a l  pass band A X  of the  
spectroradiometer narrow enough so that 

t h a t  spec t r a l  in te rva l .  
a fluorescent lamp, o r  where thermal rad ia t ion  fa l l s  off rapidly,  pa r t i cu la r ly  a t  the  
short-wavelength end of t he  spec t r a l  curve of thermal emission, t he re  may be l a rge  varia- 
t i ons  i n  EA within the  i n t e r v a l  AX. We'll have t o  leave much of t he  treatment of t h a t  
problem f o r  a later chapter, a f t e r  the concept of slit function has been developed. 

t he  present, w e  recognize t h a t  when A X  

var ia t ions  in the  spec t r a l  i r rad iance  EX(A) over the  spec t r a l  pass band Ah, the  s i t ua -  
t i o n  is es sen t i a l ly  no d i f f e r e n t  than t h a t  of a broad-band radiometer with a non-uniform 
spec t r a l  responsivity, w h i c h  w e  take up next i n  problem 3. Accordingly, a l l  of t he  dis- 
cussion i n  problem 3 (follawing) is equally applicable here. As w i l l  be clear from t h a t  
discussion, t he re  are always problems when both the  incident spec t r a l  d i s t r ibu t ion  and the 

spec t r a l  responsivity vary s ign i f i can t ly  across the  pass band. With a monochromator t he re  

i s  always large va r i a t ion  of the overa l l  instrument spec t r a l  responsivity,  about which we  

w i l l  l ea rn  more in  a later chapter. 

EX does not change by a s ign i f i can t  amount wi th in  
However, when there  a re  spectral l i n e s ,  as i n  the  rad ia t ion  from 

For 

i s  l a rge  enough so t h a t  t he re  are s ign i f i can t  

Problem 3. DetermininP i r rad iance  with a Broad-band radiometer. 

A prac t i ca l  example of t h i s  problem is determining the  i r rad iance  (incident w a t t s  per 

square meter) between 400 and 500 [nm] produced a t  the treatment distance by a bank of 
b lue  lamps used i n  the  phototherapy of infant jaundice. A schematic diagram of such an 

e-xperimental setup is  shown in f igu re  5 . 8 .  The measurement configuration is similar t o  
that of problem 2 ( f igure  5.4) except tha t  a f i l t e r  radiometer t h a t  responds t o  incident 
rad ia t ion  i n  a broader s p e c t r a l  pass band is used i n  place of t he  spectroradiometer. W e  
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RADIOMETER RECEIVING 
APERTURE (with diffuser) 

BROAD-BAND 
RADIOMETER 

&. 

* 
Figure 5.8. Sketch of parts of configuration for measurement of irradiance 

with broad-band (broad-spectral-band) radiometer. 
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still need spa t i a l ly  uniform responsivity,  so some form of d i f fuse r ,  such as an averaging 
sphere, i s  again used t o  achieve uniform f lux  responsivity t o  a l l  rays of any given wave- 
length incident on the  receiving aperture from a w i d e  range of d i rec t ions .  
spec t r a l  pass band is now determined primarily by a spec t ra l  f i l t e r  i n  conjunction with t h e  

spec t r a l  responsivity of the  de tec tor  o r  transducer. The spec t r a l  cha rac t e r i s t i c s  of o the r  

portions of the  internal opt ical  path, including the d i f fuser ,  may also contribute t o  the 
varying overall spec t ra l  responsivity. 

The wider 

The measurement equation f o r  this'problem is  obtained i n  the  same manner as t h a t  f o r  
problem 2, and is  ident ika l  t o  it [eq. (5.5)1 except tha t  the spec t r a l  pass band AX is 
l a rge r ,  now of the order of 100 [nm], and there  is no wavelength "sett ing" Ao: 

(5.30) 

where now 

w [sr] is the acceptance s o l i d  angle of the  instrument a t  the  point 

x,y within i ts  receiving aperture,  

A [m21 is the area of t he  receiving aperture,  and 

AX [nm] is the spec t r a l  pass band of the  instrument, including a l l  
wavelengths A f o r  which the  spec t r a l  f l ux  responsivity is s igni f -  
i can t ly  non-zero -- Rg(X) # 0. [This is determined by the  combined 
spec t r a l  cha rac t e r i s t i c s  of the  detector and a l l  internal path(s) 
and op t i ca l  elements ( 8 )  , including the  diffuser and, espec ia l ly  
any spec t r a l  f i l t e r  (s) . ] 

As in problem 2, i t  is essential tha t  the  f lux  respomivi ty  Rg be constant every- 
where within the  acceptance s o l i d  angle 
f i l l e d  by rays  of su f f i c i en t  radiance t o  make a s igni f icant  contribution t o  the  output 
s igna l  of t he  instrument. I f  t he re  are no other sources present,  it is the  portion of w 

f i l l e d  by rays  from the  bank of lamps being measured, including r e f l ec t ions  and sca t t e r ing  

from the  f i x t u r e  i n  which they are mounted. 

w ,  o r  a t  least as much of t ha t  so l id  angle as is  

Then, as before, the  responsivity can be taken  
outside of t he  inner i n t eg ra l ,  t h e  i n t e g r a l  with respect t o  so l id  angle, so t ha t  t h a t  
i n t e g r a l  gives us the  spec t r a l  irradiance.  Then the equation becomes [eq. (5.231 

(5.31) 

Again, as before, by a su i t ab le  choice of the s i z e  of the receiving aperture i n  r e l a t ion  t o  
thc  working (treatment) d i s tance  plus adequate experimental ve r i f i ca t ion ,  w e  may t r e a t  

as w e l l  as Ra as constant f o r  a l l  points x,y over the aperture area A, so t h a t  
EX 
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Although eq. (5.32) appears t o  be a r e l a t ive ly  simple equation, with only one var iable  

parameter, t he  wavelength A, it is a remarkably troublesome one and it represents a 
s i t u a t i o n  t h a t  arises again and again in radiometry. 
look a t  it. 

So w e ' l l  take a pa r t i cu la r ly  ca re fu l  
Note t h a t  t he  quantity t h a t  w e  w a n t  t o  measure i n  t h i s  case is the  i r radiance 

(5.33) 

t h e  in t eg ra l  from 400 t o  500 [nm] of t h e  spec t r a l  i r radiance EA(A). Unfortunately, 
however, eq. (5.31) does not give us a measurement of t h i s  desired quantity E [of eq. 

(5.33)] because t h e  in t eg ra l  i n  eq. (5.32) i s  a weighted i n t e g r a l  of t h e  spec t r a l  irradiance,  
with the  spec t r a l  flux responsivity R@(A) as the weighting function, and AA can seldom 
be made t o  correspond exactly t o  the  desired wavelength in t e rva l ,  i n  t h i s  case 400-500 

[ml 
I f  w e  were so fortunate as t o  have an instrument, with uniform spec t r a l  responsivityl  

R(A) = R over its e n t i r e  pass band AA = A2 - A1 and zero responsivity R(A) = 0 outside 
of t h a t  band [ f o r  h < A1 and X > A,], and with the l i m i t s  exactly matching the desired 
interval (A1= 400 [nm] and A2 = 500 [nm]), as depicted by the  dashed l i n e s  i n  f i gu re  
5.9, there  would, of course, be no problem. Then eq. (5.32) s impl i f i e s  t o  

(5.34) 

and w e  need only make a similar cal ibrat ion measurement, with a knom standard source 

subst i tuted f o r  t he  unknown, t o  a lso obtain 

s 500 

400 
Ss(AA) = A*R@-! E:(A)*dA = A*R@*E [SI. (5.35) 

W e  can then combine eqs. (5.34) and (5.35) t o  obtain 

(5.36) -2 500 . 

400 
E = (S/Ss)-Es = (S/Ss).l E:(/)-dA [W-m 1) 

* 

which can be evaluated from the  values of E;(A) 
standard. 
approximate adequately. 

furnished with the  spectral-irradiance 
But such & i dea l  instrument response is very d i f f i c u l t ,  i f  not impossible, t o  

Now let's consider instruments with non-uniform spec t r a l  responsivity.  In  f igure 5.9, 

i n  addition t o  t h e  dashed lines showing the idea l  "rectangular" responsivity j u s t  discussed, 

t h e  so l id  curve shows a more realist ic spectral-responsivity function f o r  a broad-band 

'Here R may be f l u x  responsivity R@, irradiance responsivity = A*R@, [see below, 
eq. (5.49)], etc. It is  R@(A) = Re t h a t  we use i n  eq. (5.34). 
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Figure 5.9. Spectral  responsivity R(A) of broad-band radiometer. 

The dashed l i n e s  represent the idea l  spec t ra l  
responsivity R(X) desired f o r  problem 3. 

radiometer. 
does not have sharp limits outs ide of which the  responsivity vanishes completely. 
cases, we can still  obtain the  desired value of measured i r radiance 

(5.33), i f  w e  h o w  both the  re la t i ve  responsivity r ( X )  [dimensionless] and the  re la t i ve  
d i s t r ibu t ion  of incident spectral i r radiance eA (1) [nm 1 , defined, respectively , by 

The responsivity is not constant Over a l l  of the  pass band and the  pass band 

In  such 

E, given by eq. 

-1 

R@(x) s 5*r(X) IS*W-'I, (5.37) 

and 

EX(h) E K2*eX(X) [W=m-2-nm-1] , (5.38) 

where K1 [S*W-'] and I$ [ W ~ m - ~ l  are both constants with respect t o  wave1ength.l Then, 

when w e  subs t i t u t e  from eq. (5.37) and (5.38) i n t o  eq. (5.32), we have 

l W e  are not ,  a t  t h i s  point,  addressing the question of haw t o  determine e i the r  

e,(X) 
cepts  involved when w e  do have at  least t h i s  much information. 

r(1) o r  
(which can be a very d i f f i c u l t  problem). A l l  we're concerned about now is  the  con- 
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L 

S ( A h )  = A*K1*K2*f r(X)-eA(A)*dX [SI, ( 5 . 3 9 )  

where, now, the l l m i t s  of AX (EX2 - A1) extend below 400 

include a l l  wavelengths where I n  f igure 5.9 it RQ(A) # 0. 
[nm] and above 500 [mn] t o  

is evident t h a t ,  a t  both limits, 

t h e  responsivity approaches zero gradually so t h a t  exact values f o r  XI and X2 are not 

c l e a r l y  established. The values assigned t o  them w i l l  depend, i n  most cases on the noise  
level of t h e  measuring equipment. In addition, as suggested earlier, this choice a l so  

depends on the incident radiation. The integrated contribution of very strong incident 
r ad ia t ion  at wavelenghts where Ra(X) is supposed t o  .be zero but is actual ly  only very 
s m a l l  can be s ignif icant  while ordinar i ly ,  with normal levels of spec t r a l  irradiance a t  

these wavelengths, there  is no observable contribution. Accordingly, X1 must be chosen 
s m a l l  enough and A 2  l a rge  enough t o  include all s ign i f i can t ly  non-zero values of Ra(A) 

i n  t h e  given s i tuat ion.  

For a corresponding measurement of a standard of spec t r a l  irradiance,  we s imilar ly  
s u b s t i t u t e  only from eq. (5.37) i n t o  eq. (5.321, giving 

Next, w e  divide eq. (5.39) by eq. (5.40) t o  obtain 

from which w e  can evaluate % as 

Fina l ly ,  combining eq. (5.331, (5.381, and (5.421, the r e s u l t  is 

500 
E = %*J400 eX ( A )  -dX 

(5.40) 

(5 .41)  

(5.42) 

(5.43) 
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where all of the quantities on the right-hand side of the equation are known. 

In practice, accurate measurements of irradiance with a broad-band radiometer require 
the solution of eq. (5.43) because instruments with ideal "rectangular" spectral responsiv- 

ities are just not available. If the relative spectral responsivity r(A) of the radiom- 

eter and the relative spectral distribution 
are both required for a solution of eq. ( 5 . 4 3 )  are not known, one must resort to narrow- 
band measurements using a suitable spectroradiometer. 

is measured as a function of wavelength and the desired irradiance is obtained by integra- 
tion over the wavelength interval of interest, as in eq. (5.33). 

eA(A) of the irradiance being measured, wbich 

In this case the spectral irradiance 

NORMALIZATION of BROAD-BAND MEASUREMENT RESULTS. 
and that can be obtained with a broad-band radiometer, when only the relative spectral flux 

A quantity that is occasionally useful 

responsivity r(A) of the radiometer is available, is a lower bound for the value of 
* 1  

(5.44) 

the irradiance over the spectral band Ah A 2  - XI of the radi0meter.l This can be done 

by setting the peak relative responsivity r(Ap) = 1, where X is the wavelength at 

which the spectral responsivity has its maxi" or peak value. 

setting the constant 5 
At all other wavelengths 

P 
This is equivalent to 

in eq. (5.37) equal to that maximum responsivity: 

r(X) S 1, 
5 = R ( A  ). @ P  

so we can write 

(5.45) 

This is often referred to as peak normalization and the quantity on the left-hand side of 

eq. (5.45) is called the peak-normalized value of incident irradiai,-e E Accordingly , 
eq. (5.45) can be combined with eq. (5.44) and rewritten as 

nP 

E (AA) s E(AA) tW*m -2 1, (5.45a) nP 

where 

Enp ( A  A 1 

= K2*1 r(X)*e,(A)=dX. 
AA 

for r(A) s r(Ap) = 1, 

With this last expression, eq. ( 5 . 4 6 ) ,  it clearly follows from eq. (5.41) that 

( 5 . 4 6 )  

lE(AA) given by eq. (5.44) is equal to E of eq. (5.33) only when A1 = 400 [nm] and 

h2 = 500 [nm]; i.e., when the instrument has exactly the desired pass band. 
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( 5 . 4 7 )  

which can be evaluated because all factors on the right-hand side of the equation are 

known. 
which, by eq. (5.45a) is a lower bound for the irradiance E(AX). In addition, to the 

extent that the spectral responsivity R @ ( h )  
in figure 5.9, with limits at 400 and 500 [nm] , E (Ax) is an approximation to the 

lower bound for the desired irradiance E 'of eq. (5.33). 

Thus, our measurement gives a value for the peak-normalized irradiance Enp(AA) 

approximates the rectangular dashed "curve" 

nP 

There are other "normalization" practices where, for various reasons, different choices 

are made for the value of K1, 
won't go into all the details of this rather complex subject here. 

treatment [21] for anyone who wishes to dig more deeply. 

which, as we have seen; can be assigned arbitrarily. We 

There is a very general 

When actual values can't be obtained, normalized values usually are reported in order 

to try to obtain results of some value from such broad-band measurements of incident radia- 

tion of unknown spectral distribution, made with instruments of non-uniform spectral respon- 

sivity. 

specified, which defeats their purpose. Also, repeated use of tenus applied to some of 

them seems to build up confidence, based mostly on familiarity, that blinds many people to 

their limitations. 

incident relative spectral distribution, quantities measured in lumens, roentgens, the 

"effective watts" used by many in the military-infrared community, etc., and other similar 

quantities, can't be converted directly to the actual quantities in absolute units. 

malized quantities (spectral-responsivity-weighted-integral quantities) can be directly 

related, in general, only to measurement results from instruments having the same relative 

spectral responsivity r(X). 
incident spectral distribution, they can provide correspondingly approximate values o r  

estimates of the true irradiance (or other radiometric quantity). 

confidence that are often attached to such normalized units and quantities probably stem 

from the development of a faculty for making such estimates, based on estimates or assump- 

tions about the incident spectral distribuajon of which the individual may not even be 

Unfortunately, the normalization methods used are not always clearly defined or 

There just isn't any way to get around the fact that, without the 

Nor- 

When they are combined with approximate information about the 

The strong feelings of 

- consciously aware. 
*I 

We note, also, in passing, that similar considerations arise in connection with non- 

uniform responsivity with respect to any of the radiation parameters, not just the spectral 

parameter. For example, many instruments do not have a uniform directional responsivity, 

particularly near the edges of the field of view which is often not very sharply defined. 

When that is the case, the output signal is again a responsivity-weighted integral of the 

incident radiance distribution and similar normalization considerations are applicable, 

since the mathematical relationships are exactly parallel to those in the spectral case 

just analyzed. This is all covered in the general treatment 1211. 
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RESPONSIVITY CALIBRATIONS. 
radiometric instrument may not make a calibration measurement or measurements each time he 
makes a measurement of an unknown radiometric quantity. 

reasons that we won't attempt to analyze except to point out that, when substantial periods 

of time elapse between a measurement and the related calibration, care should be taken to 

make sure that the instrument stability is adequate to meet the needed measuxement accuracy. 

In any case, when this is done, say, for a broad-band measurement of irradiance, as in 
problem 3, the calibration measurement [eq. (5.3511 is then treated as a measurement to 

establish the flux responsivity of the instrument as 

There are many situations where the user of a radiometer or 
- .  

This may be for a number of 

9 

or, even more directly, the irradiance responsivity as 

% = Ss/Es = A=RO [S=W-1*'m2]. 
*: 

(5.48) 

(5.49) 

This value of responsivity may then be used to evaluate the measured values of irradiance 

from unknown sources in subsequent measurements as 

as long as the instrument stability is adequate to meet the desired accuracies. 

GENERAL DISCUSSION of the MEASuReMENT EQUATION and ITS USE. We have introduced the meas- 

urement equation by deriving it and obtaining its solution for three rather common radio- 

metric problems. For each problem, the equation turned out to have the same form, namely 

S = I I RO*LX*cosO*&*dA*dX [SI. 
AA A w 

(5.30a) 

Actually, this is what one would expect, because the equation is simply a summing up (inte- 

grating) of all the elements of radiometer output signal 

dS = R -L =cos0*du*dA*dX (5.4a) @ A  

produced by a l l  the elements of radiant flux 

dO = LX*cosB*du-dA*dA [ W ]  (3.101) 

that are incident on the receiving aperture of the radiometer. These statements are quite 

general; accordingly, eq. (5.30a) is applicable to any optical radiation measurement prob- 

lem involving incoherent radiation. 

Unfortunately, there is no unique general solution to this measurement equation. Even 

lThis is identical to eq. (5.30) except that functional dependence of 

explicitly. 

S is not shown 
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if the spectral responsivity 

position x,y (on A), direction e,+ (in w ) ,  and wavelength A (in AA), there are 

an unlimited number of spectral radiance functions that would produce the 

same observed output signal S. Moreover, LA in eq. (5.30a) can't be replaced by a 

desired radiometric quantity that is an integral of LA (e.g., EA, E, or Ft) unless 

the equation can be modified to.contain that integral. This requires that R4 and possibly 

other quantities in the measurement equation be constant with respect to one or more radia- 

tion parameters. 

radiation. 

enough AA, A, and w so that LA is sufficiently constant over each of those integra- 

tion intervals that it can be removed from all the integrals. 

unknown, and of a known standard, allow one to obtain 
combinations of the radiation parameters, any radiometric quantity desired can then be 

calculated. This, however, is usually an extremely difficult and tedious task and is 

generally impractica 2. 

R (x,y,6,4,A) is completely specified as a function of . .  cp 

Lx(x,y,8,+,A) 

These difficulties are inherent in the multidimensionality of optical 

In principle, it is always possible to use a spectroradiometer with small 

Then measurement of an 

LA. If this is done for all possible 

Accordingly, the practical solution is usually to try to select a measuring instrument 

and a measurement configuration to satisfy certain conditions, at least within a desired 

degree of approximation, that will make it possible to modify the measurement equation to 

include the desired radiometric quantity and to obtain a unique solution. 

conditions we are talking about are illustrated in the three sample problems. 

the constancy or approximate constancy of a radiation quantity or of the responsivity 

relative to one or more radiation parameters so that these functions can be brought outside 

one or more integrals, the use of an average to replace one or more of the integrals, and 
the use of the relative spectral distribution, if known, of the otherwise unknown radio- 

metric quantity being measured. 

that it makes clear that such conditions must be sought and provides insight and a system- 

The kinds of 

They include 

The major advantages of using the measurement equation are 

. atic approach towards finding them. In fact, without such an approach, we believe it is 

highly unlikely that one can make state-of-the-art measurements, or even less accurate 

measurements, with a meaningful estimate of the uncertainty. 

To assist the reader in making use of the measurement equation, we have prepared a 
'1 4 list of steps to follow. This is not a comprehensive list, however, because there are two 

-more radiation parameters not yet treated as well as other concepts still t o  be developed 

(see next section). 

extended and alternatives in approach will be provided. 

Manual can be thought of as a treatment in which concepts and techniques are developed for 

use in the measurement equation and expertise in its use is developed through discussion 

and analysis of various applications. Nevertheless, the steps that are listed below are a 

useful beginning and we recmend that they be followed routinely in applying the measure- 

ment equation. 

In later chapters, the kinds of problems that can be addressed will be 

In fact, the entire Self-Study 
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. , 1. 

2 .  

3. 

4. 

Prepare a diagram, approximately to scale, of the entire measurement 

configuration, showing all pertinent radiation sources, both the 

source(s) of the radiation beam to be measured and any source(s) of 

unwanted or background radiation, including objects from which 

radiation might be scattered or reflected into the measuring instru- 

mentation. Also show the measuring instrumentation in sufficient 
detail to establish the features required in the following steps. 

Place the calibration standard that is to be used on this same diagram. 

Determine the approximate size and position of the receiving aperture 

A and the acceptance (field) solid angle w of the instrumentation 

and show them on”the diagram. Show a few typical rays within them as 
well as the extreme rays that,edicate their limits. These values 

of A and w ,  along with AX. from the next step and an estimate 

of R, 
tions of the expected output signals. 

Prepare a graph of the relative spectral responsivity of the measuring 

instrumentation as a function of wavelength, if this information is 

available,l showing the limits A1 and A2 of the spectral pass band 

AA  = A2 - X1. On the same graph, plot also, if available, the approx- 

imate relative spectral radiance distribution in the incident beam that 

is to be measured. 

can be used in the measurement equation to obtain approxima- 

I 

Taken together, such a diagram and graph(s) provide a rough picture that is very helpful in 

visualizing the important interrelationships between the different parts of the measurement 

configuration when they are more carefully analyzed in later steps. 

basis for preliminary estimates of the adequacy of the instrumentation to make the desired 

measurement, the appropriateness of the spectral responsivity relative to the wavelength 

range present in the beam to be measured, the size and configuration of the instrument 

throughput relative to the geometry of the beam to be measured, etc. If everything appears 

to be in order, indicating that the proposed measurement is feasible, we can continue with 

the modification and simplification of the equation. 

It 8730 provides a 

5. Write down the mathematical relationship (from previous chapters, 

particularly Chapter 4) between the radiometric quantity to be 

measured and the spectral radiance incident on the receiving 

aperture of the radiometer. 

equation must be modified, and whether such a modification can 

be carried out with sufficient accuracy, so that this relation- 

ship can be used to replace the incident spectral radiance 

Determine how the measurement 

LA 

’Chapter 7 addresses the problem of determining the relative spectral responsivity r(Xo ,A) 
and the pass band Ah of a spectroradiometer containing a monochromator. 
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in the measurement equation by the desired radiometric-quantity. 

An example of this is given in problem 2 where it was necessary 
to remove the flux responsivity Re from within the integral 

over solid angle. 

ance E,,, the desired radiometric quantity. The substitution 

could be made only if Re had the same value throughout o at 

every point of A. 
investigated and confirmed experimentally in an auxiliary measure- 

ment to an accuracy close to that finally desired. 

required condition were not found to exist, ,the instrument would 

have to be replaced by one in which it did exist. 

This integral then became the spectral irradi- 

A constancy such as this would have to be 

If this 

6.  Following the introduction of the desired quantity, the resulting 
equation is simplified so that a unique solution is possible. 

As illustrated in the examples, this usually requires 

that the unknown radiometric quantity be constant 

over one or more of the.remaining integration 

intervals so that it can be removed from the 
integrals, 

resorting to averages, or 

utilizing a relative spectral responsivity function 

and a relative spectral distribution (or distribution 

with respect to other radiatim parameters) of the 

unknown radiometric quantity. 

7. Repeat steps 4, 5, and 6 with respect to the calitration standard 
to be used. 

8.  Combine the simplified equations for the unknown and the standard 

so as to eliminate the responsivity and associated geometrical 

factors common to both equations., This results in a solution for 

the unknown radiometric quantity k terms of tfle two measured 

output signals (unknown and standard) and the lt$own-value of the 

calibrated standard. Alternatively, some prefer the mathemati- 

cally equivalent steps of first solving the equation for the 

calibration measurement of the standard, to evaluate the respon- 

sivity for the desired radiometric quantity (combining the flux 
responsivity and assoaiated geometrical factors), and then using 

that responsivity to evaluate the unknown quantities represented 
by the output signals from measurements of those quantities. This 

alternative approach is used primarily when less frequent calibra- 

tion measurements are made due to less stringent accuracy require- 

ments. 
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An.experienced radiometrist will carry out as much as possible of this entire procedure 

first as a "thought experiment" while planning the measurement. In this way he may be able 
to determine whether or not the measurement is feasible with the available instrumentation, 

or to determine what instruments will be needed. 
calibration measurements and for any auxiliary experiments that may be required. Thus, the 

measurement equation provides a systematic, comprehensive approach for planning how to make 
a particular measurement as well as for carrying it out and finally estimating its uncer- 

tainty. 

It enables him to plan ahead for the 

Finally, when a unique solution is not possible because not even the relative incident 

distribution is known, we have seen that results of limited usefulness and significance can 
be obtained in the forq of normalized quantities. 

following the treatment of Foblem 3. 
Normalization is discussed immediately 

6 ,  

LIMITATIONS of the MEASUREMENT EQUATION DEVELOPED in THIS CHAPTER. 
Most of the limitations have already been pointed out. 
tance, they are summarized here. 

incomplete. It does not include 

However, because of their impor- 

The measurement equation developed in this chapter is 

the radiation parameters of time and polarization, 

environmental and instrumental parameters, such as ambient temperature, 

humidity, or magnetic fields, 

corrections for diffraction effects [as a perturbation or departure 

from pure geometrical (ray) optics], or 

cases where the responsivity is non-linear. 

Moreover, the sample problems are stated as simply as possible to illustrate the important 

concepts involved, and likely sources of error in carrying out actual measurements are not 

pointed out in most cases. 

rections and to go into greater detail in our treatment of the measurement-equation ap- 

proach to radiometry in subsequent chapters. 

We intend to incorporate these additional parameters and cor- 

SUMMARY of CHAPTER 5. 

sivity, given here as a function of the spatial and spectral radiation parameters only, 

since we have not yet taken up the temporal and polarization parameters nor the environmen- 

tal and instrumental parameters: 

An essential factor in the measurement equation is the flux respon- 

(5. la) 

In terms of this flux responsivity, the output-signal element produced by an incident-flux 

element d@(x,y,B,i$,X) [W], associated with an incident ray of spectral radiance 

(x, y , e , + , A) [ ~ * m - ~ -  sr-l*nm-'] , is 



= RQ (x,y,e, 4 ,A) -LA (x,y,e, 4 ,  A) *cos8 *dw =dA*dA [SI. (5.2a) 

When "reducing" measurement data, some people prefer, instead, to use 

dO = dS/R# = K,*dS [W], (5.3) 

where K 5 l / R Q  [W*S-'] is sometimes called the calibration "constant" although, like the 

responsivity, it is obviously also a function of all of the radiation parameters and may be 

quite variable. More generally, the responsivity of a detector element, or of an entire 

radiometric instrumentation system, is defined as the output signal per unit input of any 

incident radiometric quantity [171. 

The measurement equation, relating the output signal to the incident distribution of 

spectral radiance at the receiving aperture of a radiometric instrument, is introduced by 

deriving a simple equation, involving only spatial and spectral radiation parameters, for 

three illustrative problems: (1) transferring the spectral-radiance calibration of a 

tungsten-ribbon lamp, (2) determining the spectral irradiance near a large source, and 

(3) determining irradiance with a broad-band (broad-spectral-band) radiometer. It is 

evident from these examples that the measurement equation, in terms of just the three 

radiation parameters of position, direction, and spectrum (wavelength) , has basically the 

# 

following form for all radiometric measurements: 

(5.30b) 

RQ(x,y,O,$,X) [S*W-l] 
ment 

is the instrument spectral-ray flu- responsivity for the flux ele- 

d@(x,y,B,+,X) E LX(x,y,B,4Jrh)~cos0*dw*~*dA [W] (3.10) 

associated with the ray, of spectral radiance LA(x,y,8,+,A) [W*m-*-~r-~*nm-~], incident 
' 2  on the receiving-aperture-area element dA [t ] at the ppint x,y within the solid-angle 

element dw [sr] from the direction e,@ and within the bpectral-wavelength element 

d h  [nm] at the wavelength A. The integration limits or intervals AX, A ,  and w 

[more explicitly, w(x,y)] are selected, based on the measurement configuration, to include 

all of the incident radiant flux that might possibly contribute to the instrument response 
(output signal). 

either R or LA, alone, appears to be zero, particularly if it approaches zero gradually 

or asymptotically as a function of that parameter. Even though LA is very small, the 

integrated contribution over a wide wavelength band in which Ra is substantial may be 

Caution is urged in excluding or ignoring parameter values for which 

# 

'This is identical to eq. (5.30) except that the functional dependence of RQ and LA on 

the radiation parameters is explicitly shown here. 
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surprisingly large, and the same may be true if Ra is very small and LA is substantial 

over such a parameter level. 

Note that, i n  addition, both S and Ra may be functions of a wavelength setting 

as in eqs. (5.4) and (5.51, when the instrument includes a monochromator. However, we 
xO , 
have given eq. (5.301, in the more explicit form of eq. (5.30b) above, as the general 
relationship from the standpoint that each new setting of the monochromator, like the 

insertion of a new spectral filter in a filter radiometer, can be considered as defining a 

new instrument with a new spectral responsivity. 

an instrument, with a fixed wavelength setting or fixed filter, that we discuss in general 

terms in this summaq. 

It is the spectral responsivity of such 

* 
Unfortunately, there is no unique general solution to the measurement equation. 

with R@(x,y,B,t$,A) 
ited possibilities for LA(x,y,B,$,A) that will satisfy eq. (5.30b). Furthermore, we 

cannot replace LA 
is an integral of just LA without R@ unless eq. (5.30b) can be modified to contain that 

integral, which requires that 

parameters. In pr inc ip te ,  if the parameter intervals are made small enough so that 
varies negligibly within the intervals, LA can be evaluated. If this is done for enough 

different parameter values to specify the function 

that range can be evaluated. However, this is usually extremely difficult and tedious and 

is generally imprcIctica I. 

Even 

completely specified with respect to all parameters, there are unlim- 

in eq. (5.30b) by the radiometric quantity we want to measure when it 

Ra be a constant with respect to one or more radiation 

LA 

LA over some range, the integrals over 

The practical approach to solving the measurement equation is to select and adjust the 

(a) substitution of the instrumentation and the measurement configuration to make possible 
desired radiometric quantity and (b) simplification to obtain a unique solution. A com- 

plete and exhaustive procedure or algorithm covering every conceivable case is not possible. 

In fact, development of this subject will be our main concern throughout most of the rest 

of this Manual. For now, we suggest a set of steps for solving the measurement equation, 

eq. (S.30b),as a good way to start dealing with almost every case. 
systematic review of the pertinent features of the measurement configuration. They estab- 

lish approximate values of the terms in eq. (5.30b) for estimating the expected output 

signal to assess the feasibility of a proposed measurement and the adequacy of propose'd 

instrumentation. They review the constancy of R@ required for transformation to the 

desired radiometric quantity. 

requires 

These steps cover a 

They deal with the further simplification, which usually 

that the unknown radiometric quantity be constant over one or more of 

the remaining integration intervals so that it can be removed 
from the integrals, 

resorting to averages, or 

utilizing a relative spectral responsivity function and a relative 

spectral distribution (or distribution with respect to other 
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radiation parameters) of the unknown radiometric quantity. 

When adequate simplification has been achieved, the simplified equations for the unknown, 
and for a calibration measurement of a standard, can be combined so as to eliminate the 

responsivity and associated geometrical factors, leaving the solution for the unknown 

radiometric quantity in term of just the two measured output signals (unknown and standard) 

and the known value of the standard. Alternatively, the equation for the standard can be 

solveh to evaluate the responsivity; then this calibrated responsivity can be used to 

evaluate unknown quantities from the signals produced when they are measured in the same 
way. 

distribution is known, results of limited usefulness and significance can be obtained in 

the form of normalized quantities. 

Finally, if a unique solution is not possible because not even the relat ive  incident 

Normalization is briefly discussed following problem 3. 

Readers are reminded that the measurement equation developed in this chapter is still 

not complete. 

environmental and instrumental parameters, corrections for diffraction effects, or cases of 

non-linear responsivity. 

It does not include the radiation parameters of time and polarization, 

Regular use of the measurement-equation approach to radiometry is useful in planning 

for and estimating the feasibility of a proposed measurement, including calibration measure- 

ments and needed auxiliary experiments. It provides a systematic, comprehensive approach 

for carrying out a measurement and for estimating its uncertainty. 
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Appendix 3. PROJECTED SOLID ANGLES, THROUGHPUTS, and CONFIGURATION FACTORS 

by Fred E. Nicodemus 

When t h e  s p a t i a l  d i s t r i b u t i o n  of (radiant)  f l u x  is  given, as we  have presented i t ,  i n  
terms of ray-radiance, t h e  beam-geometry configurations and measures are na tura l ly  given i n  

term of beam-intersecting projected areas and s o l i d  angles (or  intersect ing areas and 

projected so l id  angles), and throughputs (see Appendix 2 [SI).  However, most of t h e  heat- 
t r ans fe r  and i l lumination engineering l i t e r a t u r e  deals  with source exitance, i r radiance on 

a receiver, and what w e ' l l  ca l l  "configuration factors." 
factors  are usually defined in terms of radiant  energy exchange (with simplifying assump- 

t i ons  that aren ' t  always emphasized su f f i c i en t ly ) ,  they a r e  actual ly  purely geometrical 
quan t i t i e s  that can be d i r e c t l y  r e l a t ed  ,to projected sol id  angles and throughputs. 

develop those r e l a t ions  in t h i s  appendix.because it is  frequently useful t o  transform a 

projected so l id  angle o r  throughput t o  the  equivalent configuration f ac to r  so t h a t  it can 
be evaluated by means of t h e  f a i r l y  extensive published tables  of configuration f ac to r s ,  
thereby avoiging otherwise long and d i f f i c u l t  computations, 

Even though t h e  configuration 

W e  
? 

The quan t i t i e s  involved i n  the  engineering treatment are called by a w i d e  v a r i e t y  of 
names: angle factor ,  angle r a t i o ,  cobfiguration factor ,  geometrical f ac to r ,  geometrical 
configuration factor ,  interchange f ac to r ,  shape factor ,  o r  view factor ,  sometimes with 
"coefficient" in place of "factor". 
o r  j u s t  "configuration factor",  used by Siege1 and Howell [22], but our notation and 

defining equations follow more near ly  those f o r  t he  corresponding "angle factor"  of Sparrow 
and Cess 1231. A s  we use t h e  term "configuration factor", then, it includes or i s  c lose ly  
related t o  t h e  CIE-IEC [6 ]  terms and concepts of "configuration factor" c, "form factor"  
f ,  and "(mutual) exchange coeff ic ient"  g. Although we do not use o r  def ine here  these  

CIE-IEC quan t i t i e s ,  t h e i r  re la t ionships  t o  each quantity that w e  do define is given f o r  t h e  
benefi t  of those who may w a n t  t o  use them o r  material involving them. 

be prefer  t he  term "geometrical configuration factor",  

It is important t o  understand t h e  configuration f ac to r s  not only because they are so 

widely used in  t h e  engineering l i t e r a t u r e  but a lso,  as already mentioned, because of t h e  

existence of extensive t ab le s  of formulas [22,23] t h a t  can be used i n  evaluating them f o r  a 
very wide va r i e ty  of beam configurations. By knowing t h e  exact re la t ionships  between those 

f ac to r s  and t h e  corresponding projected so l id  angles and throughputs, t h e  l a t t e r  can a l s o  

be evaluated from t h e  t ab le s  with very substant ia l  savings i n  time and e f f o r t .  Further- 
more, t h e  formulas in t h e  t a b l e s  can be extended t o  s t i l l  other configurations, i n  many 
' instances,  by t h e  use of t h e  so-called "conf iguration-factor algebra" [ 223 o r  "angle-factor 

algebra" 1231. 

We denote t h e  configuration f ac to r  (angle factor)  f o r  t h e  beam consisting of a l l  rays  

between points  on a reference surface of akea Ai and a d i s t a n t  surface of area A as 
F 

j u s t  an element of area 
of t he  s o l i d  angles o r  projected so l id  angles that combine with i t s  area t o  make up the  

j 
or ,  more e x p l i c i t l y ,  FA Either,  o r  both, of these surface areas A may be 

i J  The reference surface is ordinar i ly  the locus of t h e  vertices 
i- j 

dA. 
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throughput between it  and t h e  d i s t an t  surface area. 

and "distant" i n  place of t h e  usual ones of "source" and "receiver" surfaces t o  emphasize 
the  f a c t  that w e  are concerned only with purely geometrical re la t ionships  between the two 
surfaces. 

it is t h e  receiver and the d i s t an t  surface is the  source. Furthermore, as indicated earlier, 

t h e  configuration f ac to r  F 
flux. 

W e  use these designations, "reference" 

Also, t h e  reference surface is not necessarily, o r  always, the source; sometimes 

is usually defined in terms of the  interchange of radiant 
5-1 

That de f in i t i on  is as follows: when the  reference surface i s  perfect ly  uniform and 

d i f fuse  (lambertian), so that a l l  rays through every point of t h e  reference surface have 
the  same radiance, F is t he  f r ac t ion  of t he  t o t a l  f l u x  i n t o  (or from) t h e  f u l l  hemis- 
phere above t h e  reference surface area t h a t  i n t e rcep t s . t he  d i s t an t  surface area. 

reference surface i s  an extended curved (non-planar) surface, t h i s  r e f e r s  t o  the  hemisphere 
above each surface element, taken element by element, t h a t  makes up t h e  reference surface 
area, as w i l l  be c l ea r  in t he  defining r e l a t ions  given below.) 

i-j 
(If  t he  

The purely mathematical (geometrical) defining r e l a t ions  f o r  t h e  four possible 

configurations shown i n  f igures  A3-1, -2, -3, and -4 are l i s t e d ,  respectively,  i n  eqs. 

(A3-11, (A3-21, (A3-3), and (A3-4). 
usually appear i n  the  engineering l i t e r a t u r e .  
i n  each case, are given the  relat ionships  t o  the  corresponding projected so l id  angle 
R Z Icos9.dw P /Jcos0-sin0-d0*dt$ and t o  the  corresponding throughput 8 E (/dA=dQ, a s  
w e l l  as t o  the CIE-IEC [6] "configuration factor" c, "form factor" f ,  and "(mutual) 

exchange coefficient' '  g. Ds is always the  s l a n t  distance between the  elements dAi and 

dA 

They are given, each time, on t h e  f i r s t  l ine as they 
On t he  second and succeeding l i n e s ,  

j '  , 
(1) The configuration f ac to r  fo r  t h e  beam between two inf ini tes imal  surface elements 

dAi (reference) and dA (dis tant)  (see f igu re  A3-1, p. 96) i s  1 

r 

(2) The configuration f ac to r  for t he  beam between an inf ini tes imal  surface element 

dAi (reference) 

E 

t 

and an extended surface area A. (dis tant)  
J 

(see f igu re  A3-2, 

i j  
( l / n ) * R  = C 

i j  

p. 97) is 

(A3-2) 



i 
(reference) and an inf in i tes imal  surface element dA. (d is tan t )  (see f igu re  A3-3, p.  98) 

is 

. 
(3) The configuration f ac to r  f o r  the  beam between an extended surface area A 

-1 

- 
= ( l / r ) = F  = dc [both averaged over t h e  area A ] 

ij ij i 

= [l /(r*Al)IdO = (l/Ai)*dg = df (A3-3) i j  

(4) The configuration factor f o r  the  *I beam between two extended surface areas Ai 

(reference) and A (d is tan t )  (see f igure  A3-4, p. 9 8 )  is 
j 

- - 
A i l  = ( l / r ) * Q  = c [both averaged over t he  area i j  i j  

It i s  a l so  eas i ly  shown t h a t  t h e  following rec iproc i ty  r e l a t ions  hold with respect  t o  
a l l  of t h e  configuration factors :  

Ai*dFA dA = dA.=dFdA -A 
i- j j i  

= A *F 
Ai'FA -A j A.-Ai i j  J 

(A3-la) 

(A3-2a) 

(A3-3a) 

(A3-4a) 

Note that eqs. (A3-2a) and (A3-3a) are redundant. Both are included here only t o  maintain 

t h e  one-to-one re la t ionship  between t h i s  set of equations and the  preceding set of defining 
equations [eqs. (A3-1) (A3-2) (A3-3), and (A3-4)]. 
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. In  the engineering l i t e r a t u r e ,  as previously mentioned, t he re  a r e  extensive t ab le s  

[22,23] of configuration factors ,  o r  equivalent quan t i t i e s  by other  names (most of which 
a r e  l i s t e d  i n  the second paragraph of t h i s  appendix). 
t o  obtain the configuration factors  f o r  still other combinations of surfaces by appl icat ion 
of t h e  so-called "conf iguration-factor algebra" 1221 o r  "angle-factor algebra" [ 231 t h a t  

has been developed. Accordingly, by expressing projected solid angles and throughputs i n  
terms of configuration factors ,  i n  other words, by reversing t h e  r e l a t ions  of eq. (A3-l), 

(A3-2), (A3-3), and (A3-4), the  tables  of configuration f ac to r s  can be used t o  evaluate 
many projected so l id  angles and throughputs without carrying out the integrat ion f o r  a 

These can also be readi ly  combined 

projected so l id  angle (eq. (2.31) [ 5 ]  

o r  a throughput (eq. (2.27) [SI 

which, while they are conceptually straightforward, of ten e n t a i l  complex and d i f f i c u l t  
computations. The required inverse relat ions,  needed f o r  usinp; t he  configuration-factor 
t ab le s  t o  evaluate a projected sol id  angle o r  throughput, are given in eqs. (A3-7) t o  

(A3-121, inclusive: - 

" i  

t 

Figure A3-1. Configuration f o r  interchange between 

two inf ini tes imal  surface elements. 

(a) The element of projected sol id  angle subtended a t  a surface element ai by a 
sur face  element dA (see f igu re  A3-1) is 

j 
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The corresponding element of throughput between dAi and dA is  
j 

(A3-7) 

(A3-8) 

Figure A3-2. Configuration for interchange between an infini- 

tesimal surface element and an extended surface. 

(b) The projected solid angle subtended at a surface element dAi by an extended 
surface area A (see figure A3-2) is 

j 

n = "'F& -A = n* (Aj /dAi) *dF [sf]. (A3-9) 
ij i j  "5-% 

The corresponding element of throughput between dAi and A is 
j 

de = dA =n = T'dAi'FdA -A = n*A.*dFA.-dA [m2*sr1. 
i j  J i  

i i j  (A3- 10) 
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Figure A3-3. Configuration for interchange 

between an extended surface and an 

infinitesimal surface element. 

(c) The element of throughput between an extended surface area Ai and a surface 

element dAi (see figure A3-3) is 

(A3-11) 

Figure A3-4. Configuration for interchange 

between two extended surfaces. 
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- .  
(d) The throughput between two extended surface areas Ai and A (see figure A3-4) 

j 
is 

2 = 5.A *F [m -sr]. j A.-Ai 8 = n*A OF i A - A  
i j  3 

I 
I 

I 

(A3-12) 

Figure A3-5. Two para l l e l ,  coaxial  c i r cu la r  discs .  

2 2 
"1 = 

Ai = nor i ;  

D is t he  perpendicular distance between 
centers along t he  co"n axis. 

We w i l l  i l l u s t r a t e  the.use of configuration-factor tables  by obtaining t h e  formula f o r  

t h e  throughput of a very common beam configuration, t h e  beam between two p a r a l l e l  coaxial  

circles. Most o p t i c a l  systems have c i r cu la r  elements. I n  pa r t i cu la r ,  they employ c i r c u l a r  
stops,  so t h e  images of those stops,  t he  pupils and windows,l are a l s o  c i r cu la r .  

ingly,  it is qu i t e  common €or a beam t o  be defined by two pa ra l l e l ,  coaxial ,  c i r c u l a r  areas 
Accord- 

and A separated by a distance D along t h e  axis between t h e i r  centers ,  as shown i n  
Ai j 
f igu re  A3-5. For example, i n  f igure 4.10, Ai = Us and A = AAr o r ,  again, i n  f i g u r e  
4.13, w e  might designate t h e  beam-defining apertures as Ai = % and A = Ar o r  else as 
A i =  Ar and A %. In  any case, returning t o  f igu re  A3-5, we designate the radius of 

'See any standard textbook on geometrical op t i c s  [13,14]. 

j 

j 

j 
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n 7 

Ai as ri and t h a t  of A as r so t ha t  Ai = n - r  L and Aj = m-r; .  W e  w i l l  use the  j j i 
f i r s t  p a r t  of eq. (A3-12) 

2 8 = n-Ai*FA -A [m =sr], 
i j  

(A3-12a) 

so w h a t  w e  need from t h e  t ab le s  is t h e  formula or equation €or evaluating the  configuration 

f ac to r  FA -A f o r  t he  configuration of f igu re  A3-5. 
i j  

In t h e  "Angle Factor Catalogue" i n  Appendix A of [23], we f i n d . t h e  desired geometrical 
configuration i l l u s t r a t e d  as "configuration 3" with t h e  following entry (adjusting notat ion 
t o  correspond with f igu re  A3-5) : 

X = r . / D ,  Y = D / r i ,  Z 1 + (1 + X 2 2  )Y , 
3 

= (1/2)[2 - (Z2 - 4x 2 2 %  Y 1 3 .  'Ai-Aj (A3-13) 

Alternatively,  i n  the "Catalog of Selected Configuration Factors" in Appendix C of 1221, w e  
a l s o  f ind t h e  desired geometrical configuration i l l u s t r a t e d  i n  i t e m  18, with t h e  following 

en t ry  (again we make straightforward subst i tut ions of our notation):  

2 2  Ri = r i / D ,  R = r./D, X = 1 + (1 + Rj)/Ri, 
j~ 

' A ~ - A ~  (A3-14) 

S ta r t ing  with e i the r  formula, eq. (A3-13) o r  (A3-141, f o r  

some algebraic manipulation, the, following expression f o r  t h e  desired throughput: 
FA -A , w e  can obtain,  after 

i j  

Q = (n 2 /2)={(r: + r? + D2) - + r2 + D212 - 4r2*r2]% [m2-sr]. 
3 1 i j  

(A3-15) 
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Appendix 4. Some Nomenclature Considerations -- Signal s, Responsivity R [ o r  R], 
Reflectance Factor R. -- by Fred E. Nicodemus 

D r .  G. Bauer, Chairman of t h e  Vocabulary Subcommittee of t h e  C I E  Technical Committee 

TC-1.2, has pointed out some instances where our nomenclature 
departs from, and may conf l i c t  with,  t h e  CIE-IEC Internat ional  Lighting Vocabulary [6] and 
some revisions t o  t h a t  document that a re  being proposed by his Committee. F i r s t ,  al though 
our use of t he  term "signal" and t h e  symbol S (or s f o r  t h e  relative quantity) t o  
designate, in  general, t h e  output of a radiometer o r  radiometric instrument i s  based on the 

IEC [20] ,  the symbol S ,  a t  least, is a l so  used by t h e  CIE-IEC [a ]  t o  denote the  "relative 
spec t r a l  energy [power] d i s t r i b u t i o n  (of radiation)". TO date, w e  have not had occasion t o  

make much use of t h a t  gener%l designation, since w e  are usually concerned with t h e  s p e c t r a l  
d i s t r ibu t ion  of a spec i f i c  mdiometric q y t i t y ,  e.g., spec t r a l  radiance 

t r a l  radiant f l ux  @,(A). 
general, without designating any one of them spec i f i ca l ly ,  w e  prefer  t o  let t h e  symbol 
designate any such radiometric quantity,  4, I, E, L, etc. as i n  [21]. Then the  s p e c t r a l  

d i s t r ibu t ion  is given as X,(A),. where the subscript  X is a clear reminder t h a t  t h i s  
quantity is a derivative with respect t o  the  spec t r a l  variable,  something t h a t  is not 
brought out by the  CIE-IEC symbol 

Photometry and Radiometry, 

L ( A )  o r  spec- x 
Furthermore, when w e  do w a n t  t o  r e f e r  t o  such quan t i t i e s ,  i n  

X 

S(X) f o r  a spec t r a l  d i s t r ibu t ion .  

I n  choosing t o  use t h e  IEC term "signal" and symbol S f o r  t he  output of a radiometer, 
I 

w e  are strongly motivated by t h e  f a c t  that t h i s  i s  t h e  "language" of communications engi- 
neering. 
that is used t o  convey information about the input of incident radiation. I n  f a c t ,  t h a t  is  
the  most s ignif icant  thing about it, regardless of whether it is a voltage, a current ,  a 
photographic f i lm  density, o r  a displacement of a m e t e r  needle o r  of a l i n e  on a s t r i p -  
chart record. Furthermore, t he  use of t h i s  nomenclature and point of view may f a c i l i t a t e  
access t o  powerful analysis  t o o l s  in t h e  l i t e r a t u r e  of communications engineering t h a t  may 
useful ly  be brought t o  bear on some radiometric measurement problems. 

We f e e l  t ha t  it is w e l l  t o  recognize that such an output i s  indeed a "signal" 

D r .  Bauer also notes  t h a t  they wish t o  recommend t h e  use of t h e  symbol s f o r  respon- 
s i v i t y  ( sens i t i v i ty )  and that our use of R and r f o r  responsivity may conf l i c t  with t h e  
use of R f o r  "reflectance factor" by the CIE-IEC [6]. W e  s trongly support t he  pos i t ion  

of R. Clark Jones [24], that t h e  use of the term s e n s i t i v i t y  i s  t o  be deprecated because of 

i t s  ambiguity and that the  more e x p l i c i t  and unambiguous terms "responsivity" [output p e r  
u n i t  input] and "detectivity" [ reciprocal  of noise-equivalent input] should always be used 
in i ts  place. Accordingly, w e  prefer  t o  avoid even t h e  symbol s f o r  responsivity,  because 
of i ts  association with t h e  undesirable term "sensit ivity." 

pate ser ious d i f f i c u l t y  with t h e  possible confusion between R f o r  responsivity (and r 
f o r  r e l a t i v e  responsivity) and f o r  reflectance factor .  The context w i l l  usually make it 
q u i t e  clear which use is intended. 

dependence, t h e  d i r ec t iona l  dependence of t h e  ref lectance f ac to r  always involves two sets 
of d i r ec t iona l  designations, those f o r  both the  incident and ref lected ray o r  beam geometry, 

Furthermore, w e  do not  a n t i c i -  

Also, while both may have angular o r  d i r ec t iona l  
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e;g., R(O 4 - 0  4 ) or, most generally,  R(uI;ur) [261. The d i rec t iona l  dependence of 
responsivity,  on the  other  hand, involves only the  d i rec t ion  of t he  incident rays  R(0,4). 

Neither, of course, i s  a derivative; both are weighting functions or weighting fac tors  with 

respect t o  t h e  radiometric quant i t ies  and re la ted  s ignals .  I n  those instances where it  may 
be necessary t o  use symbols f o r  both responsivity and ref lectance fac tor  i n  the same dis- 
cussion and the same equations, we would probably s h i f t  t o  a s c r i p t  R €or responsivity,  

i n  order t o  keep them separate,  but w e  do not bel ieve t h a t  t h i s  w i l l  occur often enough t o  
make it worthwhile t o  use the,  otherwise less convenient, s c r i p t  
of the time. 

i' i' r' r 

R f o r  responsivity a l l  

W e  are gra te fu l  t o  Dr. Bauer f o r  his comments and'we understand tha t  there  may be 

qu i t e  d i f f e ren t  and, f o r  them, val id  reasons f o r  the  posi t ions taken by him and h i s  com- 
mittee. However, f o r  t he  reasons given above, w e  believe tha t  w e  need to  take the fore- 

going posi t ions f o r  t h i s  t u t o r i a l  presentation. 
consideration by those current ly  engaged in revising the  CIE-IEC Internat ional  Lighting 
Vocabulary [ 6 ] .  It should be emphasized tha t  these are the  views of the  author, only, and 

not  necessar i ly  those of the  National Bureau of Standards o r  of any other  group with which 
he may be associated. 

W e  urge that these reasons a l so  be given 

c 
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NBS TECHNICAL NOTE 910-1 -- ERRATA 
Reverse of Title Page, last line of footnote: 

pr i ce  should be given a s  $2.10. 

p. 8, next to last line: 
"directed" should read "detected". 

p. 11, Figure 2.1: 
ribbon filament should be extended downward so that  point 1 is at t h e  middle of 

t he  filament. 

p. 21, last line of footnote: 
f i r s t  word should b; "wish" (not "with") . 

' 4  p. 25, 2nd line of eq. (2.15): 
so that it reads: 'I= L1=cose -dAl=cose2-dA2/D2 [W],". 1 Insert 

p. 32, eq. (2.24): 
i n s e r t  mult ipl icat ion dot between. dw and dA. 

p. 32, 2nd line after eq. (2.24): 
insert "e" i n  "includgs" . 

p. 52, 1st line o f  eq. (3.10): 
change "sine" t o  %oseii. 

p. 52, 1st line after eq. (3.10): 
change "eqs. (2.23) and (2.28)" t o  "eqs. (2.24) and (2.29)." 

p. 53, 1st and 3rd lines: 
change "eq. (2.24)" t o  "eq. (2.25)". 

p. 53, line 9: 
change "eqs. (2.25) through (2.33)" t o  "eqs. (2.24) through (2.29)". 

p. 69, next to last line of paragraph following eq. (A2-8): 
change "fttl t o  read "Ftl'. 
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