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PREFACE

Preparation of the NBS Self-Study Manual on Optical Radiation Measurements is a major
part of our effort to meet the needs of the National Measurement System with respect to
the measurement of optical electromagnetic radiation. Needs exist for measurements with
uncertainties of about one per cent, but the uncertainties actually achieved are often 5
to 10 per cent, or even more. These relatively poor accuracies, as compared to those in
many other types of physical measurements, result to a great extent from the multidimen-
sional character of optical radiation; radiant power is distributed and may vary with
position, direction, wavelength, time, and polarization. In addition, many of those who
make measurements of optical radiation have little or no training in optics and are limited
in the amount of time they can spend to make up this deficiency. Moreover, there are few
schools that offer courses in radiometry, and there are almost no adequate texts or refer-
ences dealing with this entire subject.

The idea of producing a self-study manual at NBS to try to fill some of this void was
developed by one of us (HJK) in the latter part of 1973. Detailed planning got under way
in the summer of 1974 when a full-time editor (FEN) was appointed. NBS Tech. Note 910-1
with the first three chapters appeared in March 1976; TN 910-3 with chapter 6 came out in
June 1977; and TN 910-2 with chapters 4 and 5 in February 1978. This Tech Note 910-4
includes chapters 7, 8, and 9. Three more chapters, 10, 11, and 12, are planned for
publication by September 30, 1979. New budgetary limitations mean that no funds for con-
tinuing the Manual will be available after that date although, unfortunately, substantially
more is needed to cover just the basic fundamentals of radiometry in Part I--Concepts.
(The detailed outline, with chapter headings and topics to be covered in future chapters
under a plan that had been developed when we were expecting to continue publishing about
three chapters a year at least until September 1981, are given later in this preface.)
Various possibilities for continuing to work on the Manual with outside support are being
explored.

Our aim has been to provide a comprehensive tutorial treatment that is complete enough
for self instruction. That is the meaning of the phrase '"self-study'"; the Manual does not
contain explicitly programmed learning steps as that phrase often connotes. In addition,
through detailed, yet concise, chapter summaries, the Manual is designed to serve also as a
convenient reference source. Those already familiar with a topic should turn immediately
to the summary at the end of the appropriate chapter. They can determine from that summary
what, if any, of the body of the chapter they want to read for more details.

The material in the Manual is presented at the level of a college graduate in science
or engineering but, even for those with facility in college mathematics and a first course
in physics, it's not at all easy reading in spite of our best efforts at clarity and sim-
plicity. This is an unavoidable result of the primary aim ("'to make one-per-cent measure-
ments commonplace') coupled with the fact that it must serve the needs of so many different
fields, including astronomy and astrophysics, mechanical heat-transfer enginineering,
illumination engineering, photometry, meteorology, photo-biology and photo-chemistry,
optical pyrometry, remote sensing, military infrared applications, etc.

Apparently, it is very difficult for those who have not been directly involved to
realize the full implications of that situation. Each of us tends to think of radiometry
and radiometric measurements in terms of his own immediate experience and requirements.
What he wants is a set of simple carefully designed procedures, with appropriate cautions
concerning likely sources of error, for making his particular measurements. However, the
next reader wants the same thing, but for his, entirely different measurements. The
desired radiometric quantities to be measured are different, the instrumentation is dif-
ferent, the ambient conditions are different -- the possible ways in which significant
differences may exist, in terms of the radiation parameters (position, direction, spectrum,
time or frequency of modulation or fluctuation, and polarization) as well as instrumental
and environmental parameters, are so numerous that any attempt to cover them all with a
"cookbook" treatment of specific measurement procedures would be impossibly unwieldy and
could never be completed within any conceivable budget limitations short of utopia. The
only way in which we can hope to effectively assist every reader who needs to make one-per-
cent measurements is to provide him with material which, with sufficient effort on his

iii



part, will give him enough of an understanding and grasp of basic general principles and
techniques to solve his own particular problems. That's why we have concentrated on the
basic material of Part I--Concepts and why it is not easy reading. The problems of radi-
ometry in general just aren't simple ones, even when limited to classical radiometry in the
domain of geometrical optics (ray optics). Although we have kept within that limitation so
far, we recognize the increasingly urgent need for similar treatment of the problems of
coherent radiation with strong interference and diffraction effects that do not follow the
laws of ray optics. The basic theoretical work underlying the radiometry of coherent
radiation is just now being developed at a much more sophisticated level and we had planned,
as part of the proposed three-year program, to study that material and, if possible, use it
to work out and present a chapter on the effects of coherence in radiometric measurements
to go along with the rest of this Manual., But it is not at all clear that sufficient
progress has been made in the basic work-to make this feasible yet. If production of the
Manual continues for a few more years, we will try to prepare such a chapter.

The basic approach and focal point of the treatment in this Manual is the measurement
equation, first introduced in detail in Chapter 5. We believe that every measurement
problem should be addressed with an equation relating the quantity desired to the data
obtained through a detailed characterization of the instruments used and the radiation
field observed, in terms of all of the relevant parameters. Those parameters always include
the radiation parameters (listed above), as well as environmental and instrumental param-
eters peculiar to each measurement configuration. The objective of the Manual is to develop
the basic concepts required so that the reader will be able to use this measurement-equation
approach. It is our belief that this is the only way that uncertainties in the measurement
of optical radiation can generally be limited to one, or at most a few, per cent.

The overall plan for the Manual organized it into three Parts:

Part I--Concepts:

Step-by-step buildup of the measurement equation in terms of the radiation parameters,
the properties and characteristics of sources, optical paths, and receivers, and the environ-
mental and instrumental parameters. Useful quantities are defined and discussed and their
relevance to various applications in many different fields (photometry, heat-transfer
engineering, astronomy, photo-biology, etc.) is indicated. However, discussions of actual
devices and measurement situations in this Part are mainly for purposes of illustrating
concepts and basic principles.

Part II--Instrumentation:

Descriptions, properties, and other pertinent data concerning typical instruments,
devices, and components involved in common measurement situations. Included is material
dealing with sources, detectors, filters, atmospheric paths, choppers (and other types of
optical modulators), prisms, gratings, polarizers, radiometers, photometers, spectroradi-
ometers, spectrophotometers, etc.

Part III--Applications:

Measurement techniques for achieving a desired level of, or improving, the accuracy of
a measurement. Included will be a very wide variety of examples of environmental and instru-
mental parameters with discussion of their effects and how to deal with them. This is
where we deal with the real measurements in the real world. The examples will also be
drawn from the widest possible applications in illumination engineering, radiative heat
transfer, military infrared devices, remote sensing, meteorology, astronomy, photo-chemistry
and photo-biology, etc.

-~ That was our rather ambitious plan when we started out; limitations of support and
available resources, particularly available authors, have determined how much, or how
little, we could accomplish. So far, as indicated earlier, we have concentrated on Part I--
Concepts. The chapters already published are:

1. Introduction,

2. Distribution of Optical Radiation with Respect to Position and
Direction--Radiance,
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3. Spectral Distribution of Optical Radiation,

4, More on the Distribution of Optical Radiation with Respect to
Position and Direction,

5. An Introduction to the Measurement Equation,

6. Distribution of Optical Radiation with Respect to Polarization.
Chapters 1, 2, and 3 were in TN 910-1; 4 and 5 in TN 910-2; and 6 in TN 910-3. 1In the
present Tech., Note 910-4, are three more chapters:

7. The Relative Spectral Responsivity and Slit-Scattering Function
of a Spectroradiometer,

8. Deconvolution,
9. Physically Defining Measurement-Beam Geometry by Using Opaque
Barriers.
Currently scheduled for completion in the fiscal year ending September 30, 1979, are three
more chapters on the following topics:
Linearity Calibrations,
Physical Photometry,
Blackbody Radiation and Temperature Scales.
This is a departure from the topics listed for FY 79 in our earlier plan for activities up
to September 1981. Even though that plan has been abandoned, we present it here to show
what ‘coverage we had considered as providing a reasonably complete and useful treatment of

basics in Part I--Concepts and as a beginning of Part II--Instrumentation and Part III--
Applications: in FY-79:

Part III chapter on Linearity Calibratioms,
Part I chapter on Physical Photometry,

Part III chapter on Spectroradiometry of Continuous UV Spectra
(including an appendix on Uncertainty),

study and decision on feasibility of a basic Part I chapter
on Coherence in Radiometry vs. a more limited treatment of
Diffraction Corrections to Throughput Calculations,

preparatory study and completion of detailed outline for a
Part I chapter on Distribution of Optical Radiation with
Respect to Time;
in FY-80:

Part T chapter on Distribution of Optical Radiation with Respect
to Time,

Part I chapter on Spectrophotometry,

Part I'chapter on Coherence in Radiometry or on Diffraction
Corrections to Throughput Calculations,

Part III chapter on Spectroradiometry of Spectral Lines;

in FY-81:
Part I or II chapter on Detectors of Optical Radiation,
Part I chapter on Blackbody Radiation and Temperature Scales,
Part II chapter on Radiometric and Photometric Source Standards.

The plan then called for a reevaluation to decide whether to continue with more chapters,
particularly those for Parts II and III.



Incidentally, in preparing material for the Manual, we have rediscovered the fact that
the best way to learn something is to try to teach it to someone else, The exercise of
preparing tutorial material for such wide general application has required us to analyze
our own measurement activities in a different way that has broadened our understanding,
resulting in improved methods and more accurate results. Also, note that all references to
measurement accuracy or uncertainty in this preface are concerned not only with precision
(relating to the repeatability of measurement results) but also with accuracy (relating to
agreement with the "truth" which, while unknowable in the last analysis, is approximated by
analysis and estimates based on the widest possible experience including agreement with
measurements of the same quantities by others, particularly when using different instrumen-
tation and measurement methods).

We are indebted to a great many individuals for invaluable "feedback" that has helped
us to put these chapters together more effectively. We renew our invitation to all readers
to submit comments, criticisms, and suggestions. In particular, we would welcome illustra-
tive examples and problems from as widely different areas of application as possible.

We particularly acknowledge the inputs from members of CORM (the Council for Optical
Radiation Measurements), especially the CORM Coordinators. We are also grateful to
Donald A. McSparron, Joseph C. Richmond, John B. Shumaker, Albert T. Hattenburg, and
Diana Nyyssonen, all of NBS, for helpful discussions and editorial assistance.

We are especially grateful to Mrs. Betty Castle for the skillful and conscientious
effort that produced the excellent typing and layout of this difficult text. We also want
to thank Paul M. Beachley for his capable help with the figures.

Fred E. Nicodemus, Editor

Henry J. Kostkowski, Program Director

April 1979
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Part 1.

SELF-STUDY MANUAL on OPTICAL RADIATION MEASUREMENTS
Concepts

This is the fourth in a series of Technical Notes (910- ) entitled
"Self-Study Manual on Optical Radiation Measurements". It contains
Chapters 7, 8, and 9 of this Manual. Additional chapters will continue
to be published, similarly, as they are completed. The Manual is a com-
prehensive tutorial treatment of the measurement of incoherent radiation
that is complete enough for self instruction. Detailed chapter summaries
make it also a convenient authoritative reference source.

The manner in which the spectral responsivity of a spectroradiometer
containing a monochromator varies with wavelength is treated in Chapter 7.
The nature and characteristics of this function, how it is determined, and
the effects it has on spectroradiometric measurements are discussed in
detail. The traditional, indirect determination, involving the slit-scat-
tering function, is shown to be highly inaccurate except for wavelengths
in the central portion of the function. An introduction to the measure-
ment of spectral line radiation is also presented.

Deconvolution, discussed in Chapter 8, is the numerical process of
recovering an improved spectral distribution from spectroradiometric
measurements inevitably smeared spectrally by the spectral-responsivity
function of the radiometer. A simple, iterative technique, which is
extensively used, will be completely satisfactory in almost all radio-
metric situations. A more sophisticated technique, which is founded on
a sounder theoretical basis, should succeed in many of the few remaining
instances where the simpler technique fails. Examples of computer pro-
grams for the two techniques are given in an appendix. Both are applied
to a simple illustrative numerical example with brief mention of some of
the sources of difficulty and the limitations of deconvolution. Finally,
we touch on the question of errors and describe a couple of useful
measures of accuracy.

The physical definition of measurement beams, including the inte-
gration limits in the measurement equation, is treated in Chapter 9 in
terms of geometrical-optics quantities and concepts. The usual defini-
tions of geometrical optics are extended to situations where defining
the measurement beam may not involve the imaging of any source. The
importance of aperture pairs or equivalent aperture/aperture-image
pairs, in defining measurement beams without vignetting,is developed.
Also discussed are entrance pupils as receiving apertures in radiom-
etry (their positions and dimensions), diffusers, vignetting, and the
effects of beam geometry on overall instrument radiance and irradiance
responsivities. The treatment is in terms of simple, ideal, geometrical
optics, with sharp image and shadow boundaries,and only passing mention

- is made of perturbations caused by imperfect imaging, aberrationms,

scattering, and diffraction.

Key Words: Aperture/aperture-image pair; aperture pair; calibration;
convolution; deconvolution; geometrical-optics radiometry; inversion;
measurement~beam geometry; relative spectral responsivity; slit-
scattering function; slit-scattering function corrections; spectral
line radiometry; spectroradiometer characterizations; spectroradiometry;
vignetting.



Figure 7.1.
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Schematic diagram of a typical spectroradiometer used for spectral-irradiance

measurements.

Monochromator is shown set for a wavelength Ao'

Note that,

for simplicity, dispersion is shown as taking place at the second focusing

(curved) mirror rather than at the ruled surface of the diffraction grating.

Ex(x,y) --

Sp -- Averaging sphere
0 -~ TFocusing optics
D -~ Detector

E -~ Electronics

R -~ Readout

Spectral irradiance at the point x,y
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Chapter 7. The Relative Spectral Responsivity and Slit-Scattering Function of a
Spectroradiometer

by Henry J. Kostkowski

In this CHAPTER. We are concerned with how the spectral responsivity of a spectroradiom-

eter containing a monochromator varies with wavelength. The need for this information and
some typical relative spectral responsivities are presented. The relationship between the
spectral responsivity and the slit-scattering function, involving the responsivity factor,

is developed, and a method for experimentally determining these quantities is outlined.
Examples are given of the types of spectral distortions produced by the responsivity
function, but details on how to correct for these distortions are postponed until Chapter 8.
Finally the radiometric measurement of spectral-line radiation, which also requires spectral-

responsivity information, is introduced.

NEED for the RELATIVE SPECTRAL RESPONSIVITY in SPECTRAL MEASUREMENTS.

When one is interested in making spectral radiometric measurements, particularly at
many different wavelengths, a spectroradiometer containing a monochromator is usually used.
If the quantity to be measured is spectral irradiance, a suitable instrument is the one used
in problem 2 of Chapter 5 [7.1]' and shown schematically in figure 7.1. The measurement
equation for spectral irradiance when using such an instrument was shown, in Chapter 5, to
be [eq. (5.23)]

S(A, 80,1 ) = f fEx(x,y,)\)'R(b(x,y,}\o,}\)-dA-d)\ (s1, (7.1)
AN A

A

where S(A,AA,AO) and RQ(x,y,AO,A) are the output signal and spectral-flux responsivity
function?, respectively, of the instrument for a wavelength setting of ko, A 1is the area

of the receiving aperture, and A} is the wavelength interval for which the value of RQ

is not zero. For simplicity in the present discussion, we assume that the spectral irra-

diance EA and the responsivity R(I>

on just the spectral considerations for any given A by writing

are each uniform throughout A, and we focus attention

S(AM,A) = A'IMEA(A)'R@(AO,A)-dA [s], (7.1a)

lFigures in brackets indicate literature references listed at the end of this chapter.

2The word "function" is added to "spectral-flux responsivity" or "spectral-irradiance
responsivity" when we wish to emphasize the spectral shape of these quantities. 1In general
R(x,y,Ao,k) may have a different spectral shape; i.e., be a different function of wave-
length X, for each wavelength setting Ao of the instrument and for each point x,y. For
brevity we will often refer to a term such as "spectral-flux responsivity function" as

simply the responsivity function.



or

S(aM,A) = IAAEA(A)-RE(AO,X)-dX (sl (7.1b)

where RE(AO,A) = A'RQ(AO,A) [S-W—l'mzl is the spectral-irradiance responsivity first

introduced in Chapter 5 {eq. (5.49) [7.1]}.

In problem 2 of Chapter 5, we assumed that AX was sufficiently small so that EA
changed negligibly over this wavelength range. 1In this case

S(aA,A ) = EA(AO)-IAARE(AO,A)-dA [sl. (7.2)

We also assumed that a similar equation would be valid when calibrating the instrument with

a standard of spectral irradiance resulting in

s%(ar,0) = Ei(ko)-fAARE(AO,A)-dA [s] (7.3)

where the superscript s refers to the standard. Combining eqs. (7.2) and (7.3) we obtain

S(AA, A )
E(A) = ——%— . E5(1) [W~m_2°nm_l]. (7.4)
Ao SS(AA,AO) Ao

This is the simplest and most frequently used relation for spectral measurements when
utilizing a spectroradiometer containing a monochromator. However, when AX cannot be
made sufficiently small for eq. (7.4) to be valid, we must utilize eq. (7.1b) directly in
determining EA'
There are two ways of obtaining a solution for EA(A) from eq. (7.1b). When the
relative spectral distributions of EA(A) and RE(AO,A) are known, the solution can be

obtained in a manner similar to that used in problem 3 of Chapter 5. Then, instead of eq.

(7.4), the equation for E, is
s
S(AN, 1) IAXEA(A) (35, 2) ~dA 2
E Q) S . © e, ) [Wem ™™ nm ™) (7.5)
ST(AMA ) [ e (A)yex(h_,)\)«dA
] A o
AA
where r(xo,k) = RE(AO,A)/K [dimensionless], eA(A) = EA(A)/K1 [dimensionless], and

1,21

the arbitrary factors K[S*W and Kl[w-m-zl are constants with respect to wave-

length. The quantity r(AO,A) is called the relative responsivity function.

If the relative spectral irradiance eA(A) is not known, it is still possible to

obtain EA(AO). The technique for doing this utilizes eq. (7.1b) and is referred to as a
4



deconvolution. Now however, measurements are required at a number of wavelengths rather
than at just the wavelength Ao at which EA is desired. Also, the relative responsivity
function must be known at each of these wavelengths. Details relative to the deconvolution

technique will be presented in Chapter 8.

Even if eq. (7.4) is thought to be sufficiently accurate for obtaining E, ina
particular application, it is highly desirable to confirm this with one of the two above
described methods. Thus for reliable measurements of spectral irradiance or any other

spectral quantity, the corresponding relative spectral responsivity is required.

TYPICAL and IDEALIZED RELATIVE RESPONSIVITY FUNCTIONS. The relative responsivity function

r(ko,x) of a spectroradiometer may be obtained by irradiating the instrument, while it is
set on a wavelength Ao’ with a succession of monochromatic beams having the same irradi-
ance! but different wavelengths, which are distributed over a range large enough to cover
the entire responsivity function. A plot of the resulting output signal against wavelength
is the relative responsivity function r(ko,k). Figure 7.2 is an example of such a plot
for the spectroradiometer in figure 7.1 when the width of the image of the entrance slit is
equal to the width of the exit slit. 1In general, this function will be different for dif-
ferent wavelength settings Ao.

>l b e . e e G e — . w——e - —— -

>I hs 00r = - — —
>¢ e - - — .

N

Figure 7.2. Relative responsivity function of a spectroradiometer containing
a monochromator with the image of the entrance slit having the
same width as the exit slit. The wavelength setting is Ao.

Wavelengths shown correspond to those in figure 7.3.

e assume that the responsivity does not vary with the magnitude of the irradiance; that
is, the instrument is "linear'". Otherwise, the relative spectral responsivity determined
in this manner would be valid only for the irradiance level used in the determination.
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In order to understand why the typical responsivity function has the spectral shape
shown in figure 7.2, let us examine closely the relative positions of the exit slit and the
images of the entrance slit for a few of the monochromatic beams with wavelengths close to
Ao. The images we are talking about are located at the intersections, in the plane of the
exit slit, of the optical rays shown as dashed lines in figure 7.1. Another view of these
images, loocking in a direction perpendicular to the plane of the exit slit, is shown in
figure 7.3. Here the exit slit is represented by solid vertical lines and the monochro-
matic images of the entrance slit, each of different wavelength, by dashed lines. The cross

hatching represents the radiant flux in the monochromatic image.

As can be seen in figure 7.3, when the wavelength of the moncchromatic beam is Xo’
the wavelength setting of the instrument, flux fills the exit slit resulting in a signal
from the instrument corresponding to the peak value shown in figure 7.2. When the mono-
chromatic beam has a wavelength different than but close to VAO, the flux in this image
will only partially f£ill the exit slit. ,In figure 7.3, flux associated with wavelengths Az
and A3 £111s half the exit slit and gives rise to about half the output signal or relative
responsivity. The spectral propagance of the spectroradiometer between the entrance aper-
ture and the exit slit, and the spectral responsivity of the detector, usually change only
slightly over a small wavelength range such as AO—AZ, and therefore, the output signal is
approximately proportional to the portion of the exit slit filled with flux. In figure 7.3
it appears that the output signals for the monochromatic beams of wavelengths Al and A4
should be zero. However, due to imperfect imaging, diffraction, and scattering, a small
amount of flux of these wavelengths does fall on the exit slit and produces the output
signal indicated in figure 7.2. Even when the image of the entrance slit is positioned far
from the exit slit, as illustrated in figure 7.4b, some flux associated with this wavelength
is scattered and diffracted onto the exit slit resulting in a small but significant output
signal. That is, the relative responsivity function is not zero even for wavelengths such

as AS in figure f.éa.

In the limit of perfect imagery and no scattering and when the instrument dispersion,
detector responsivity, and propagance do not vary with wavelength over the wavelength range
indicated in figure 7.3, the plot of the output signal against wavelength of the monochro-
matic beams would be triangular in shape. That is, the relative responsivity function would

have the triangular shape shown in figure 7.5.

When the exit slit and the image of the entrance slit do not have the same width, the
relative responsivity function has a spectral shape similar to that in figure 7.6 rather
than that in figure 7.2. The sloping top is due to small variations with respect to wave-
length in the detector responsivity and instrument propagance. Under the ideal conditions
referred to in the previous paragraph, the spectral shape of this relative responsivity

function would be trapezoidal. This can be confirmed by studying figures 7.7 and 7.8.

The width of the relative responsivity function is often of interest. It is called the
spectral slit width with the symbol AAW, as shown in figures 7.5, 7.7 and 7.8, and is




Figure 7.3.
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Relative positions of exit slit and image of entrance slit, showing why the responsivity function

has a spectral shape approximating a triangle. The figure depicts a direct determination of the

relative responsivity function using a series of monochromatic beams each having the same irra-

diance but a different wavelength. Dashed vertical lines represent the image of the entrance

s1it, solid vertical lines the equal sized exit slit, and crosshatching the monochromatic radiant

flux of different wavelengths. The wavelength interval AAW is the nominal spectral slit width.
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Figure 7.4, Illustration of radiation scattering giving rise to the wings

of the relative responsivity function.



Figure 7.5, Triangular relative responsivity function with a spectral slit

width of Alw. The wavelengths correspond to those in figure 7.3.
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Figure 7.6. Relative responsivity function of a spectroradiometer containing
a monochromator with the image of the entrance slit having a dif-
ferent width than the exit slit. Sloping top is due to change in
detector responsivity and/or instrument propagance over this wave-

length interval. Wavelength setting of spectroradiometer is Ao.
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Figure 7.7. Trapezoidal relative responsivity function with entrance-slit image that

is narrow compared to the exit slit.. Spectral slit width is AAw.
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defined as either (1) the width of the function at half its peak height or (2) as the
ratio of the integral of the function with respect to wavelength to the peak height of the
function; i.e., ffmr(xo,x)dk/r(Ao,Ao). For the idealized functions, triangular or trape-

. zoidali, the two definitions result in the same value. For the triangular shape

_ dax
Axw = Ax T [nm] (7.6)

where Ax 1is the width of the exit slit, and dx/dX -‘is the linear dispersion of the

instrument. "For the trapezoidal responsivity function

M, = sz//§§ [nm] .7

where sz is either the width of the entrance slit image or the exit slit, whichever is

larger. The width of the base AA of the trapezoidal responsivity function is

A>‘B = Aximage of + ex1t —7 [nm] (7.8)
ent. slit slit

and the width of the flat top AA of this function is

/-— [nm]. (7.9)

These various equations may be confirmed by studying figures 7.3, 7.5, 7.7 and 7.8. From

Aximage of - exit
ent. slit slit

AX

eqs. (7.8) and (7.9), one sees that as one of the slits becomes very narrow relative to the

other, the relative responsivity plot approaches a rectangle.

DIRECT DETERMINATION of RELATIVE RESPONSIVITY FUNCTION using SPECTRALLY TUNABLE
MONOCHROMATIC BEAMS, The relative responsivity function may be obtained experimentally by

the technique described in the preceding section; that is, irradiating the spectroradiometer
with a monochromatic beam whose wavelength can be varied over the wavelength range for which
the magnitude of the responsivity function is not zero and whose irradiance at the receiving
aperture of the instrument can be kept constant or can be measured as the wavelength is
changed. The validity of this technique is easily confirmed starting with the spectral

measurement equation,

[

(A, 1) fAAEA(A)-RE(Ao,A)-dA [s] (7.1b)

ox

S(AX,A)) K[ E, () +x(X_,A) +d) [s] (7.10)

AX
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Figure 7.9. Illustration of why the output signal of a spectroradiometer
viewing a narrow spectral line is proportional to the relative
responsivity function r(ko,k'), where Ao is the wavelength
setting of the instrument and A' 1is the wavelength of the
line. Varying A' throughout the wavelength range AXA while
the irradiance of the beam is unchanged, results in a deter-
mination of the relative responsivity function for the instru-

ment wavelength setting Xo.

where r(Ao,A) is the relative responsivity function and K 1is a constant with respect to
wavelength, both introduced in connection with eq. (7.5). Figure 7.9 shows a typical
relative responsivity function and the spectral irradiance of a monochromatic beam, repre-
sented by a very narrow spectral line at X', The spectral line should be sufficiently

narrow so that r(%o,k) may be treated as constant, reducing eq. (7.10) to

S(AN' sh)) = K-r(Ao,A')°fAA'EA(A)-dA [s] (7.11)

line

where the integral in eq. (7.11) is the irradiance of the monochromatic beam at the re-
ceiving aperture of the radiometer. Thus the output signal is proportional to the relative
responsivity function for the wavelength setting of the spectroradiometer Ao and evaluated

at the wavelength of the monochromatic beam A'. Varying A' throughout the wavelength
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range1 A\ while the irradiance of the beam is unchanged, results in a determination of the

relative responsivity function for the instrument wavelength setting Ao.

This direct method of determining the relative responsivity function has been used
infrequently because an easy-to-usé, spectrally tunable, monochromatic beam has not been
available. The only tunable monochromatic incoherent beam currently available is that
emerging from the exit slit of a monochromator. The entrance slit of the monochromator is
irradiated with the image of a high radiance tungsten ribbon lamp or carbon arc and the
exiting beam is monitored with a detector calibrated for relative spectral flux respon-
sivity. This is certainly not a convenient, easy-to-use source. Alignment of the compo-
nents is critical, the source is not readily portable, and it is not as spectrally narrow
or as high in irradiance as is often desired for relative responsivity measurements. How-
ever, as a result of the recent availability of small, high~throughput double monochromators
and of silicon detector standards of spectrgl responsivity with 1.5-5% uncertainty, this
direct method, using a tunable incoherent beam, is more appealing now than it was a few

years ago.

A coherent source that can be used in the direct method is the tunable dye laser. This
monochromatic beam can be obtained with a much narrower spectral band width and with higher
irradiance than that from a monochromator. However, it is less portable, not available at
all wavelengths, and significantly more expensive. In addition, in using it, one must ‘take
steps [7.2] to insure that the resulting relative responsivity function is not affected by
the coherence of the beam. Another possible problem is that some lasers seem to include
radiation at wavelengths other than the primary wavelength with irradiances of about 10_6
that of the primary spectral line. However, this interfering radiation can be measured and
removed by a filter or dispersive device when it presents a problem. In spite of these

limitations, the tunable dye laser appears to be an attractive device for this application.

INDIRECT DETERMINATION of RELATIVE RESPONSIVITY FUNCTIONS using FIXED WAVELENGTH
MONOCHROMATIC BEAMS -- SLIT-SCATTERING FUNCTION and RESPONSIVITY FACTOR.

Most measurements of the relative responsivity functions of spectroradiometers con-
taining monochromators have been made using an indirect method where a fixed-wavelength,
monochromatic beam and a standard source of continuous radiation are spectrally scanned with
the monochromator. This indirect method is simpler to carry out and requires less expensive
apparatus than the direct method, but certain conditions must exist for the resulting rela-
tive responsivity function to be accurate. In this section these conditions and two new

quantities, the slit~scattering function and the responsivity factor, that are required in

the indirect method, are discussed in considerable detail.

An insight into why and when the simpler indirect method works can be obtained from

examining, again, the relative positions of the exit slit and the image of the entrance slit

INote that A\ 1is the wavelength interval in which r(AO,A) # 0; A)X' is the much narrower

interval in which EA # 0; AX' << AX.
line
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for this method and for the direct method presented in the last section. Figures 7.3 and
7.4 give these positions for the direct method where the spectroradiometer is set on the
wavelength Ao and output signals are obtained for an incident monochromatic beam whose
wavelength is changed throughout AX, the wavelength range for which the responsivity
function has a significant value. We showed that when the irradiance of these beams was
constant the output signals were proportional to the relative responsivity function. Figure
7.10 gives the slit positions for the indirect method where the wavelength of the monochro-
matic beam is fixed at Ao and the wavelength setting of the spectroradiometer is changed
(scanned) throughout AX. The relative positions of the exit slits and the images of the
entrance slits in figures 7.3 and 7.10 are the same. Also, even though the wavelengths
associated with the corresponding "look-alike" figures are different, except for case c, the
wavelength differences are, respectively, the same. This is the case because it was as-
sumed, in preparing figure 7.10, that the dispersion of the instrument was the same for all
the wavelengths indicated. This, then, is one of the required conditions for the indirect
method to apply. Another condition, which is not apparent from the two figures, is that the
optical aberrations, scattering and diffraction must be the same for the look-alike diagrams
in figures 7.3 and 7.10. Even if these conditions hold, however, the relative output sig-
nals corresponding to each of the two figures may be different. This is because the spec-
tral propagance of the monochromator and of the fore optics and the spectral responsivity of
the detector will not, in general, be the same for all the wavelengths indicated. However,
when the above conditions hold,thesé factors depend only on the wavelength of the flux and

not on the wavelength setting of the monochromator.

All the above conditions that are required for the indirect method to apply can be
incorporated into one mathematical statement. This is that the relative responsivity func-
tion can be written as a product of two functions, one depending only on the difference
between the wavelength setting of the monochromator and the wavelength of the flux and the

other function depending only on the wavelength of the flux; that is,
r(AO,A) = z(Ao—A)-rf(A) {dimensionless], (7.12)

where we call 2z the slit-scattering function!s? and rf the responsivity factor. The

IThe slit-scattering function in eq. (7.12) has often been referred to as simply the slit
function. However, we are not continuing this practice because the CIE committee TC-1.2 on
Photometry and Radiometry has proposed that the name "slit function" be used for the 'rela-
tive spectral transmittance of a monochromator as a function of wavelength for a given
setting of wavelength and slits". In addition, our new name for z(AO—A) is more descrip-
tive because, although the central portion of this function is determined primarily by the
slit widths and dispersion of the monochromator, the wings of the function are determined

primarily by internal radiation scattering.

(See page 17 for Footnote 2)
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Figure 7.10.
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Relative positions of exit slit and image of entrance slit when a spectroradiometer spectrally
scans a monochromatic beam of wavelength Ao for determining the slit-scattering function at
this wavelength. Image of entrance slit is represented by dashed vertical lines, the equal

sized exit slit by solid vertical lines and the Ao monochromatic radiant flux by crosshatching.



2Somet imes one sees the argument of the slit-scattering function in eq. (7.12) written

A—Ao rather than AO-A. Physically, this difference is unimportant. We have adopted AO—A
because this is the form in which convolution integrals are normally expressed in an exten-

sive literature on deconvolution which is cited in Chapter 8. A minor disadvantage of this

form is that it establishes the rather unappealing sign convention by which the argument of

the slit function is negative for the long wavelength portion of the function and vice

versa. However, we felt that the extensive use of this form in various mathematical theo-

rems and in the deconvolution literature outweighed this slight disadvantage.

essence of the indirect method and eq. (7.12) is that the relative responsivity function for
a particular wavelength setting of a monochromator Ao can be obtained by varying Ao
rather than by varying X as in the conventional direct method. Since the value of the
slit-scattering function 2z, when the AO—A dependence in eq. (7.12) is valid, depends
only on the difference between Ao and A, it is immaterial in determining this function
whether one varies Ao or ). The advantage of varying ko is that then rf(A) is
constant, and therefore a spectral scan of a single, fixed-wavelength, monochromatic beam
(constant 1)) can be used to obtain z. The explicit relationship between the slit-scat-
tering function z(AO-A) and the output signal of a spectroradiometer when scanning! a
narrow, isolated spectral line can be derived by starting with the spectral portion of the

measurement equation

S(AA,A ) = fEA(A)-RE(Ao,A)-dA [s]. (7.1b)
Assuming that RE(AO,A) = K-r(Ao,A) = K-z(AO-A)-rf(A) [S-W—l-mzl, we obtain

S(MA,A) = Kef E,(A)e-zC -n)ert()-ax [s]. (7.13)
o AX A o}

Letting EA(A) be the spectral irradiance of a narrow spectral line of wavelength xline

and designating the wavelength setting of the spectroradiometer as X', as indicated in
figure 7.11,

S(Ax LA = Kef E (A)-z(x'—x)-rf(A%dA [s] (7.14)
line X
AX
line
where Axline is the wavelength range for which the spectral irradiance of the line is

significant. If both 2z(A'-}1) and rf(A) change negligibly over Alline’

1The terms "scanning" and "spectral scan" are consistently used here for an instrumental
scan, where the wavelength setting of the instrument is varied or "scanned".
17
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Figure 7.11.  Spectral plots of a narrow spectral line, a typical slit-scattering
function, and a responsivity factor, indicating why a spectral scan
of such a line with the spectroradiometer results in the mirror

image of the slit-scattering function and not the slit-scattering

function itself. Note that the values shown for Aline and A'
are those for the situation depicted in figure 7.10(a).
f

' = . L. . . .

S(AA 4pest ") Rez(A'=Ap, )ox Oy )ef E () +d) [8) (7.15)

line
and
[ = . ' )
z(A Aline) c S(AAline,A ) [dimensionless] (7.16)

where C 1is a constant for a given Aline' Since one usually is interested only in rela-
tive values of 2z, the constant C 1s frequently set equal to the reciprocal of the peak
value of S, making the peak value of z wunity. Varying the wavelength setting of the
instrument X' over a sufficiently wide range provides, from eq. (7.16), a determination of
the slit-scattering function z(A‘-Aline). Implicit in this determination is that the slit-

scattering function does not change when the wavelength setting of the instrument, in this

case A', changes.
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Note that when A' > A as indicated in figure 7.11, the monochromator wavelength

e’
setting is in the long waveiizgth wing of the spectral line. However the output signal for
this setting is proportional to the value of the slit-scattering function evaluated at

xline which is in the short wavelength wing (where (A'-X) 1s positive) of the slit-scat-
tering function. This spectral mirror-image relationship between the scan of a spectral
line (monochromatic beam) and the slit-scattering function is caused by the fact that in the
indirect method the wavelength setting of the spectroradiometer is varied rather than the
wavelength of the monochromatic beam as in the direct method. It might help to clarify this
situation further if we compare figures 7.3a and 7.10a. Figure 7.3a depicts the direct
determination of the relative responsivity function at a wavelength which is AAW less than
the peak wavelength Ao. For the equivalent of figure 7.3a in the indirect method, the
wavelength setting must still be greater than the wavelength of the flux by AAW. However,
since the wavelength of the flux in the indirect method is fixed and in this case, as shown
in figure 7.10a, equal to Ao, the wavelength setting in figure 7.10a must be AO+AAW.
Moreover, in terms of the spectral scan of a spectral line representing the required mono-
chromatic beam, the spectral position represented by figure 7.10a is in the long wavelength
portion of the scan at a wavelength greater than the peak wavelength. Thus the long wave-

length side or wing of the spectral scan of the monochromatic beam corresponds to the short

wavelength side or wing of the slit-scattering function and vice versa.

In order to determine the relative responsivity function from eq. (7.12) one must
determine the responsivity factor rf as well as the slit-scattering function. It is easy
to demonstrate how the responsivity factor can be obtained from a spectral scan of a spec-
tral standard of continuous radiation. Starting again with the spectral portion of the

measurement equation

s(an,a) = E, (M) *Rg(A,2) +dx [S]. (7.1b)
AX

We assume that RE(XO,X) = K-z(ko—k)-rf(k) and EA(X) = Ei(k), the spectral irradiance of

a standard of continuous radiation. Thus eq. (7.1b) becomes

sS(Ax,AO) = X-f Ei(x)-z(xo-x)-rf(x)-dx [sl, (7.17)
AX

and if SS(AA,A;) is determined for a sufficiently large range and number of monochromator
wavelength settings Ao’ eq. (7.17) can be solved for Ei-rf by deconvolution (see Chapter

8). Since Ei is known, this will also be a. solution for the responsivity factor rf.

Sometimes a sufficiently accurate solution for rf can be obtained without a deconvo-
lution., If Ei-rf\ is approximately linear over the wavelength range for which z(Ao—A)
is significant and 2z {s approximately symmetrical with respect to Ao’ eq. (7.17) can be

written as
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SS(AA,AO) = K-Ei(xo)-rf(ko)-IAAZ(AO—A)-dA [s] (7.18)

* and

¢ SS(AA,AO)
r(A) = [dimensionless] (7.19)
° KES(A )+ z(h -))-dx
At o A [}

where all the wavelength-dependent quantities on the right-hand side of eq. (7.19) are

known or measurable.

Obtaining the relative responsivity function by the indirect method, that is, via the
slit-scattering function and responsivity factor, is significantly easier than by the
direct method. Only a single wavelength monochromatic beam and a spectral standard of
continuous radiation are required. The single-wavelength monochromatic beam can be obtained
from an incoherent source having a strong, isolated, narrow spectral line such as the 253.7
[nm] line of mercury or from a single laser spectral line, provided coherence effects are
adequately accounted for [7.2]. The major problem or limitation of the indirect method is
the validity of the AO—A dependence in eq. (7.12). 1In the relatively small wavelength
range corresponding to the central portion of the relative responsivity function (approxi-
mately Ao * AAW), eq. (7.12) is generally quite accurate. In addition, in this central
region, the spectral line can usually have a very different wavelength than the Ao for
which the relative responsivity function is desired. The major requirement is that the
monochromator dispersion at the two wavelengths not be significantly different. The situa-
tion is quite different, however, for the distant wings of the responsivity function. We
have obtained spectral scans of monochromatic beams with wavelengths 90 [nm] apart where
the spectral values differed by 100% at 50 [nm] from the peak. Of course, if eq. (7.12)
had been valid over this wavelength range, the spectral shape of these scans would have
been the same. The differences are mainly due to a difference in internal scattering. In
addition, spectral scans of monochromatic beams sometimes exhibit spectral bumps and weak
spectral lines 25 [mm] and more from the peak of the scan. We believe these are due,
respectively, to multiple reflections from the sides and various parts of the instrument
and to grating ghosts. The wavelengths of the grating ghosts have a clear-cut regularity
and can be predicted from measurements of a few monochromatic beams with different wave-
lengths, but this does not appear to be the case with their amplitudes. Thus, in general,
the indirect method is not very accurate for determining the distant wings of the relative

responsivity function.

It appears that spectral scans of monochromatic beams using monochromators possessing
high-quality holographic (photo-resist) gratings are much smoother than those with ruled
gratings. With monochromators having these gratings, it may be possible to define a more
general slit-scattering function and apply the indirect method even when the AO-A de-
pendence of eq. (7.12) does not exist. Research directed at this possibility is being

pursued by the author.
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EXAMPLES of an EXPERIMENTALLY DETERMINED RESPONSIVITY FACTOR and of SLIT-SCATTERING

FUNCTIONS. Since the responsivity factor of a spectroradiometer depends on the spectral
propagance of the instrument and its detector responsivity, the spectral shape of this
factor will vary greatly with instruments having different types of optical elements and
detectors. However, a fairly common spectral shape for the responsivity factor of a spec-
troradiometer is shown in figure 7.12., This is a plot of the responsivity factor for the

NBS spectroradiometer used to realize and maintain the NBS scale of spectral irradiance[7.3].

100
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300 500 700
A{nm)

Figure 7.12. The responsivity factor and central portions of slit-scattering functions
for a spectroradiometer consisting of a double monochromator with a quartz
prism and grating, a photomultiplier detector with a tri-alkali cathode,
and an averaging-sphere receiving element coated on the inside with BaSOQ, .

The slit widths are set at one millimeter.
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The responsivity factor was determined with eq. (7.19) using data from a spectral scan of a
deuterium lamp standard and a tungsten quartz halogen lamp standard and the manufacturer's
published data on the dispersion of the instrument. This particular instrument is similar
to the one shown in figure 7.1 except that the foreoptics utilizes mirrors and the dis-
persing portion of the instrument is a double monochromator containing a quartz prism and a
grating. The inside surface of the averaging sphere in the NBS instrument is coated with
barium sulphate and the detector is a photomultiplier with a tri-alkali cathode and quartz
window. The rapid decrease in the respo;sivity factor below 300 [nm], that is shown in
figure 7.12, is primarily due to the averaging sphere. The decrease at long wavelengths is
largely due to the spectral responsivity of the detector. The relative spectral efficiency
of the grating also contributes to the short- and long-wavelength falloffs.

Also shown in figure 7.12 for the NBS spectroradiometer are the central portions of
the slit-scattering functions determined at 300 [nm] and 700 [nm] for a slit width of one
millimeter. The dispersion of the double ﬁonochromator of this instrument, and therefore
the spectral slit width of the instrument, varies by about 507% over this wavelength range,
as indicated. An all-grating instrument would have a much smaller change in dispersion

over this wavelength range and an all-prism instrument a much larger change.

Figure 7.13 shows the long wavelength portion of the slit-scattering functions at 254
[om] for two single grating momochromators with a ruled and holographic grating, respec-
tively, and for a double monochromator with two holographic gratings. These were obtained
by spectrally scanning a low pressure mercury source between 200 [nm] and 254 [nm]. 1In the
case of the double monochromator, a short wavelength cut-off filter was also used because
radiation from the mercury source for other than the 254 [mm] line was also significant.
There was continuum and line radiation below 250 [nm] that produced a signal ranging from
10 to 500 times that produced by the slit-scattering function; i.e., scattering of the 254
[nm] line. This situation was even worse in the long wavelength wing of the 254 [nm]
mercury line; that is, in the short wavelength wing of the slit function which is not shown
in the figure. The values of the 254 [nm] slit-scattering functions in the wings at about
50 [nm] from their peak are 4 x 10—5 and 10-8 for the single and double holographic

grating instruments, and are representative values in the UV for good-quality instruments.

RESPONSIVITY-FUNCTION EFFECTS. The effects of the responsivity function on spectroradi-

ometric measurements can be illustrated by performing calculations that simulate the meas-
urement of a few characteristic spectral irradiance distributions. We use the simplified

measurement equation

S(8A,A) = K-IAXEA(A)-r(Ao,A)-dA [s] (7.10)

and the corresponding equation for a calibration measurement

s3(an, 2 ) = Ref ES(M)er(r_,2)edr [S] (7.10a)
o A A o
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Figure 7.13. Long-wavelength side of experimentally determined slit-scattering

functions for three different spectroradiometers, obtained by using

the mercury line at 254 [nm] and scanning between 254 and 200 [nm].
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for these calculations. In order that the calculations be independent of the spectral

shape of the standard, we assume that 'Ei(x) is constant over AA, Then

s s
sP(An,2) = KES(A ). (3 ,A)-dx [S]. (7.20)
AX
Dividing eq. (7.10) by eq. (7.20) and multiplying by Ei we obtain
[ E, (M) ex(r_,A)dx v
S s m ° -2 -1
- Ek = (Wem “enm 1. (7.21)
S f (A ,A)dA
AX

But the left-hand side of eq. (7.21) is just the irradiance we would obtain [eq. (7.4)] from
measurements of S and S° without taking into account the convolution of EA(A) and

r(Ao,A). Designating this "observed'" irradiance as E;(Ao), we have

E.(A)sr(2_,A)-d)
IAA A o

[ O, -dn
A

Eg(Ao) = [W-m-z-nm—l]. (7.22)

Thus by normalizing the measurement equation with the integral of the responsivity function,

the result is the irradiance we would obtain if we utilized the simple equation

B0 = 3 ESG) [Wenhem ). (7.4)

S

o
X
responsivity functions and spectral irradiance distributions shown in the figure. Figure

Figure 7.14 illustrates the result of calculating E. from eq. (7.22) for the relative
7.14a is the typical spectral scattering situation. A substantial value is obtained for

E0 for wavelengths less than A even though the actual spectral irradiance is zero or

A 1’
very small at these wavelengths. The integrand in the numerator of eq. (7.22) is zero for
wavelengths up to Al (see figure 7.l4a) because EA(A) is zero in this range. But from

A, to longer wavelengths EA(A) becomes so large that, even though r(AO,A) is, for the

mist part, very small in most of this region, the cumulatjive contribution of their product
to the integral over all wavelengths can be véry large. Physiéally, E;(Ao) represents an
accumulation over this large wavelength range, of the scattering, illustrated earlier in
figure 7.4b for one wavelength, AS" An extreme example of spectral scatteriqg of this
type occurs when making terrestrial solar irradiance measurements below 320 [nm]}. Absorp-
tion of solar radiation by atmospheric ozone produces an EA distribution similar to that
shown in figure 7.l4a. Spectral irradiance measurements at 300 [nm] when utilizing a
single monochromator and at 290 {nm] with a double monochromator are typically too large by
about a factor of two when the responsivity function is not taken into account; that is,

when eq. (7.22) or (7.4).is used.
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Figure 7.14. Examples of how the responsivity function distorts or
modifies the spectral distribution being measured.
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If the spectral distribution being measured is linear over the wavelength range AX
covered by the relative responsivity function r(AO,A) and this function is symmetrical
with respect to Ao’ as pictured in figure 7.14b, no distortion results. The observed
spectral irradiance is identical to that being measured. This is so because E;, as seen

in eq. (7.22), is simply the weighted mean of E, over A), weighted by the relative

A
responsivity function r(Ao,A). For the linearity and symmetry in figure 7.14b, the result
at Ao is the same as having an EA that is constant over AA, Put another way, the

smaller contribution on the "low" E, side (where A < Ao) is exactly compensated by the

larger contribution on the '"high" EA side (where X > Ao).

For the spectral distribution EA(X) shown in figure 7.1l4c, the observed irradiance
obtained from eq. (7.22) will be larger at Az and smaller at AA than the actual spectral
irradiances at these wavelengths. There is no compensation as in figure 7.14b. The weighted
mean of EA at A2 1s higher and at AA' lower than the actual values at these wavelengths.
At A3, EA(A) is linear and the situation is similar to that in figure 7.14b so that
Eg(A3) 1s equal to EA(A3). Note that the curvature at any point on the observed spectral
distribution in figure 7.l4c is either the same as or less than that of the actual or true

spectral distribution.

Estimates for the magnitude of the distortion produced in any particular measurement
can be calculated using eq. (7.22) if the relative responsivity function and an estimated
spectral distribution for the quantity being measured are available. In fact such calcu-

lations form the basis of one deconvolution technique described in Chapter 8.

When either the RADIOMETRIC QUANTITY or the RESPONSIVITY FUNCTION or both VARY with
POSITION and DIRECTION. The treatment of the responsivity and slit-scattering function in

this chapter has assumed that both the radiometric quantity being measured and the respon-
sivity function are uniform and isotropic throughout the beam of radiation incident on the
monochromator. Ordinarily this is easily achieved when measuring spectral irradiance by in-
corporating an averaging sphere for the first optical element of the spectroradiometer. 1In

this section, we examine the consequences when such an element is not used.
Let us address this situation by starting with the general measurement equation! {eq.

(5.30) [7.1]}

S(ar,8,0,0) = [ [ [ L,(x,5,8,0,2) ‘Ry(x,,8,4,2 ,3) ccos8-du-dA-dx [s]. (7.23)
A Aw

When the responsivity is uniform and isotropic throughout A and w, but the spectral
radiance is not, then R¢(x,y,e,¢,ko,x) = R¢(A0,A) and eq. (7.23) may be written as

S(AA, 4,054 ) = f L, ()R (A ,0)+d) [S] (7.24)
AX

e are st1ll assuming that polarization does not have an effect; that is, either the inci-

dent beam is unpolarized or the spectroradiometer 1s not polarization sensitive.
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where

[ f LA(X,y,6,¢,A)-cose°dw°dA
Aw -1

fl(l) = [W°m_2-sr_1-nm ] (7.25)
J | cose-duw-da
Aw

is the weighted average of the spectral radiance in A and w, weighted with respect to

cosf, and RL(AO,A) = R¢(AO,A)-I f cos6+dw+dA. Since eq. (7.24) is equivalent to eq.
Aw
(7.1b), the responsivity and slit-scattering function material developed in this chapter for

spectral irradiance also applies to the weighted average spectral radiance of eq. (7.25), as
long as the responsivity is uniform and isotropic. When the responsivity is not uniform and

isotropic but the spectral radiance is; that is, LA(x,y,e,¢,A) = LA(A), eq. (7.23) becomes

S(AX,4,,1)) IAALX(A)-RL(A,w,AO,A)-dA (sl (7.26)

where

/] Ry (x,5,0,6,1 ,1) *cosd-duw-dA [s-w'l-cmz-sr] (7.27)

(Asuh)‘ 9>\)
& 0 R

is the radiance responsivity. Equation (7.26) is also equivalent to eq. (7.1b), and there-
fore the material of this chapter also applies to the case of a non-uniform, non-isotropic
flux responsivity provided the spectral radiance is uniform and isotropic throughout the

beam being measured.

When neither LA nor R¢ is uniform and isotropic throughout the beam of interest,
the beam to be measured must be reduced in size (A and ) until at least one of the
above quantities is sufficiently uniform and isotropic for the accuracy required. This
amounts to determining the spectral radiance (and responsivity) as a function of direction
and position and requires many more measurements and more difficult measurements than when

uniformity and isotropy exist.

MEASUREMENT of SPECTRAL-LINE RADIATION. A chapter on the relative responsivity or slit-

scattering function of a spectroradiometer would not be complete without at least an intro-
duction to the measurement of spectral-line radiation. In radiometry it is usually not
necessary to obtain the spectral distribution of a spectral line but only the radiance of
the line radiation or the irradiance produced by the line radiation.  These are defined! as

) = L)ear [wem Zesr (7.28)

A>‘1:Lne

L(Aline

and

1n eqs. (7.28) and (7.29), it is assumed that there is no continuum radiation present.
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E(A 2, (7.29)

line) = £ E, (A) +dA [Wem™

Aline

In order to illustrate the manner in which the measurement equation is solved when
determining the irradiance produced by narrow spectral-line radiation, we assume that the
spectroradiometer is set on the wavelength Ao, corresponding to the peak of the line, and
that eq. (7.13) repeated below is valid,

S(AA,A ) = Kef E (W) ez(h ~A)ert(1)-dx [S]. (7.13)
[ A A o

A plot of the various functions used in determining E(Aline) is shown in figure 7.15.

S
Eixﬁji)

_____-——-—""""_____-_-—_-;==----==::* rf(a)

Z (Ag))

Figure 7.15. Representative functions when determining the irradiance

produced by a narrow spectral-line source.
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Using these functions, eq. (7.13) reduces to

S(AA,A ) = K-z(xo-xo)-rf(xo)-JA'A E, (A)+d) [s] (7.30)

line
where rf(A) and z(ko—Ao) {= z(0)} have been removed from within the integral because

they vary negligibly over the wavelength range of the spectral line Akl . The respon-

ine
sivity factor evaluated at Ao and the constant K can be eliminated by making a measure-

ment of a standard of spectral irradiance at Ao. In such a measurement

s2(ar,a) = ke[ ES0) -z -0 rt () -dh (8] (7.13a)
A

and with the usual approximations

s o~ - f . S - — .
ST(AA ) = Kerm (A ) -ES(A) fAAz(AO A)-dx [s]. (7.31)

Combining eqs. (7.30) and (7.31),

_ S(xo) s -2
EQqqne) = [ E,(M)+dd = ——— ¢ E;(A ) 8 oo [Wem 7], (7.32)
Lo S7(A)
ine o]
where
J z(A_-A) *dA
AX S — [nm] (7.33)
eff z(A =7 ) . .
o [o]

All the quantities on the right-hand side of egs. (7.32) and (7.33) are known or can be
measured. If eq. (7.31) is not sufficiently accurate, s® may be obtained for a large
number of wavelengths throughout AX 1n order to determine K-rf from a deconvolution of

eq. (7.13a). The E(A ) may then be determined from eqs. (7.29) and (7.30).
line 4

If the spectral line is too wide to be treated in the above manner or if there are two
or more spectral lines within the central portion of the slit-scattering function, as shown
in figures 7.16a or 7.16b, one can obtain an approximation for the irradiance produced by
the line or lines by spectrally scanning and integrating the resulting output signal over
the wavelength region for which the signal is significant. This is demonstrated mathe-
matically in the following manner. Integrating eq. (7.13) over the wavelength range AXO

for which the signal S(AA,AO) is significant,

[ sanayean, = kof f EA(A)-Z(AO-A)-rftA)-dA~dAo [S+nm]. (7.34)

AX AX AN
(o] (o]
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Figure 7.16. Representative functions when determining the irradiance
produced by a source emitting a wide spectral line or two
narrow spectral lines separated by a wavelength interval

comparable to the spectral slit width.
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Assuming that the responsivity factor does not change significantly over either integration
interval, the responsivity factor can be removed from within both integrals and evaluated at

the center of the AA_  scan at wavelength A s
o mean

£
S(AX, A ) <dA = Ker (X ) E.(A)+*z(A -A)+dA+dXx_ [Se-nm}. (7.35)
IAAO o o mean IAAOIAA A o o

The only factor in the integrand of eq. (7.35) which depends upon Ao is z(Ao—A). The
integral of this slit-scattering function over the entire range AXO of AO values for
which there is any instrument response, yields a fixed number independent of A, which can

be removed from the integral over ). Thus we obtain

£
f S(aA,A)+dA = KRer (A

" 2(A,-A) +d) fA E,(A)-dX [S+nm]. (7.36)
(o]

)-f
mean” <, N
The responsivity factor at Amean and the constant K in eq. (7.36) may be obtained by a
measurement of a spectral irradiance standard at A . This measurement is represented by

mean
a slight modification of eq. (7.31) or

S ) = K-rf(Amean)'Ei(lmean)-foz(Ao—A)~dA (s]. (7.31a)

Note that the integration limits of the slit-scattering function integrals in eq. (7.31a)
and (7.36) are different. However, since the magnitude of AX was chosen sufficiently
large so as to include any significant portion of the relative responsivity function

{or z(AO—A)}, integration of z(Ao—A) over the larger wavelength range AAO is negli-

gibly different from that over AX. That is, from eq. (7.33),

jAA 2(A-N)+dA = fAAz(Ao—A)-dA = 2(0)+8A 4. [nm]. (7.37)
(o]

Combining eqs. (7.36), (7.31a) and (7.37) results in

J S(aA, A ) +dA

A}\0 S
/ E,(A)+d) = . * E (A
AX S7 (AN, A )
mean

BEUESSE (7.38)

mea;

Refinements and additional details on the determination of the irradiance produced by

sources containing individual or multiple spectral lines and a mixture of lines and continua

are planned for a future chapter of the Self-Study Manual.

31



SUMMARY of CHAPTER 7. For reliable spectral irradiance measurements, it 1s necessary to

know the relative spectral responsivity function r(Ao,A) in the spectral portion of the

measurement equation {eq. (7.1b)}

s(ar,a) = f E, (M) *Ker (2 ,A)-dA [S], (7.10)
Ax T

where K-r(AO,A) = RE(AO,A) and K 1s a constant with respect to wavelength.

The direct method for obtaining r(Ao,A) is by irradiating the spectroradiometer,
with it set on wavelength Ao, with a succession of monochromatic beams, each having the
same irradiance but a different wavelength. These wavelengths should be distribited over a
range large enough to cover the entire relative responsivity function. A plot of the
resulting output signal of the spectroradiometer against wavelength is the relative respon-
sivity function r(AO,A) of the instrument at Ao. For a spectroradiometer containing a
monochromator, when the width of the exit slit is equal to the width of the image of the
entrance slit (in the neighborhood of the exit slit), the relative responsivity functionm,
for a particular instrument setting Ao, is a bell-shaped curve similar to that shown in
figure 7.2. The width of the relative responsivity function is called the spectral slit
width which is defined as either (1) the width at half-height or (2) the ratio

ffwr(ko,k)dk/r(ko,ko). The width of the central portion of the responsivity function is
determined primarily by the linear dispersion and the width of the exit slit and the
entrance-slit image. The value of the relative responsivity function far from the central
region is primarily due to internal radiation scattering. Diffraction and optical aberra-
tions also contribute to the shape of the responsivity function. If scattering, diffrac-
tion and aberration effects are negligible compared to the effects of the slits; and if the
instrument dispersion, detector spectral responsivity and spectral propagance change
negligibly over the central (wavelength) portion of the relative responsivity function,
this function has approximately a triangular or trapezoidal shape depending on whether or
not the slit widths mentioned above are equal. The width of the base AAB of such an

ideal relative responsivity function is
Mg = Aximage of + exit dx [nm] (7.8)
ent. slit slit dx :

where dx/d)} is the linear dispersion of the instrument and the Ax's are the slit widths

referred to above. The width of the top portion AA, of the trapezoidal (unequal slit

T
widths) responsivity function is

AAT = iAximage of - Axexit

ent. slit slit

<%§> (nm]. (7.9)
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Since suitable monochromatic beams for which the wavelength is tunable have not been
readily available, most measurements of the relative spectral responsivity function have
been made by using an indirect approximate method rather than the above described direct
method. In this indirect method, a fixed wavelength monochromatic beam is spectrally
scanned by the spectroradiometer. The spectral plot of this output signal is the mirror
image of the plot of a major factor of the relative responsivity function, a factor that we

call the slit-scattering function. The remaining factor, which we call the responsivity

factor, can be obtained by spectrally scanning a continuous source standard of spectral

irradiance.

The indirect method for determining r(Ao,A) is accurate only when the various factors
affecting the shape of the slit~scattering function: dispersion, scattering, diffraction
and optical aberrations, change negligibly over the entire wavelength range of the function.
This condition is equivalent to the slit-scattering function being a function only of the
difference between the wavelength setting of the monochromator Ao and the wavelength of

the flux. Then

r(Ao,A) = z(AO—A)-rf(A) [dimensionless], (7.12)

where z(AO-A) is the slit-scattering function and rf(k) is the responsivity factor
referred to earlier. The AO—A dependence in eq. (7.12) is highly accurate only for small
values of !Ao—kl, approximately equal to the spectral slit width or less. For much larger
values of lxo—xl, the relative responsivity function measured by the indirect method may

be in error by 1007 or more.

The slit-scattering function in the neighborhood of Ao has a spectral shape similar
to that of the responsivity function because, there, the responsivity factor generally
changes much more slowly with wavelength than the slit-scattering function. The distant
wings of the slit-scattering function typically have values relative to their peak of 10—4
and 10~ for a single and double monochromator, respectively. Examples of such slit

functions as well as a typical example of a responsivity factor are shown in figures 7.13
and 7.12,

The distortion produced by the relative responsivity function in spectroradiometric
measurements is illustrated (figure 7.14) for a few characteristic spectral distributioms.
These include the familiar "out-of-band" spectral scattering so common in UV spectroradi-
ometry and the reduction of spectral curvature of convex- and concave-shaped spectral

distributions.

The responsivity and slit-scattering function material developed in this chapter for
spectral irradiance measurements can also be applied to spectral radiance measurements
provided either the spectral radiance or the responsivity function is uniform and isotropic
throughout the measurement beam selected by the spectroradiometer. This can always be
realized by making this beam sufficiently small, but then many more measurements are Te-

quired in order to cover the original sized beam.
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Since information about the relative responsivity function is required for radiometric
measurements of spectral lines, an introduction to this subject is included. It is shown
that the irradiance produced by an isolated spectral line of width small compared to the
spectral slit width and without continuum radiation is given by

[ z(x -n)da
S(Ao) s o

- . Yy
E(, ) = J E,(A)-dh = — E, (1)

. Wem™2] (7.32a)
A\ ine s (}o) 2(hg=2,)

where S(Ao) and SS(AO) are the output signals, respectively, of the spectroradiometer
when measuring a spectral line source and a spectral standard continuum source at a wave-
length sefting Ao corresponding to the wavelength of the spectral line. E;(Ao) is the
spectral irradiance at Ao of the standard, z(AO-A) is the slit-scattering function of
the instrument at a wavelength setting Ao’ and z(Ao-Ao) is the peak value of the slit-

scattering function.

When the spectral width of the line is not small compared to the spectral slit width
or when there are two or more lines separated by a wavelength interval roughly equal to the

spectral slit width, the irradiance of the line (or lines) is given approximately by

/ S(AX,A0) dA

Total A}‘o s -
E<of all lines) = SS(AA Y ) ’ EA(Amean) [Wem
’ “mean

2

] (7 .38a)

where the output signal S(AA,AO) must now be integrated over a sufficently large wave-
length range AAO so as to include all significant contributions to the signal from the

spectral lines. The wavelength Ame at which the signal and spectral irradiance from

an
the standard is obtained is at the center of the wavelength interval AAO and it is again

assumed in eq. (7.38a) that no continuum radiation is present.
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Chapter 8. Deconvolution
by John B. Shumaker

In this CHAPTER. We discuss deconvolution, the numerical process of recovering an improved

spectral distribution from spectroradiometric measurements which inevitably are smeared
spectrally by the spectral-responsivity function of the radiometer. We first present a
simple iterative technique which is extensively used and will be completely satisfactory in
almost all radiometric situations. We also present a more sophisticated technique which
should succeed in many of the instances where the simpler technique fails and which is
founded on a sounder theoretical basis. Examples of computer programs for the two tech-
niques are given in an appéndix. We apply both techniques to a simple numerical example and
briefly mention some of the sources of difficulty and the limitations of deconvolution.
Finally, we touch on the question of errors and describe a couple of useful measures of

accuracy.

INTRODUCTION. Deconvolution! refers to the problem of extracting spectral radiometric
quantities such as spectral irradiance from measurements in which the spectral shape of the
measured quantity has been distorted by the effects of a responsivity function. This is an
example of a general problem which arises in any measurement situation where the resolution
of the measuring instrument is less than perfect. Other examples in radiometry include
measurements of the angular, temporal, or spatial (area) dependence of radiance using any
real radiometer possessed of non-infinitesimal resolvabilities in these dimensions. 1In the

case of spectral resolution we have {see eq. (5.32) [8.1]}2

S(A)) = [RG(A_,A)E, (W) +dx [s], (8.1)

where E, () [w-m_z-nm—l] is the spectral irradiance whose value is desired. (Similar
relationships, of course, exist for the other spectral radiometric quantities.)

-1
Rg(A N [S-W

radiometer as a function of the wavelength ) of the radiation entering the instrument and

-mz] is the spectral irradiance responsivity {eq. (5.49) [8.1]} of the

the (mechanical) setting ko of the instrument itself. 1In principle, as we have noted in

Chapters 5 [8.1] and 7, RE(XO,A) can be measured directly with monochromatic beams.

Istrictly speaking, the terms "convolution" and "deconvolution" apply to integrals in which
the kernel -- our responsivity function -- depends only upon the difference between its two
arguments. However, there seems to be no good reason to use a different name to cover the
usual radiometric case in which RE(XO,A), in addition to depending mainly upon the dif-
ference AO-A, may also depend on where on the wavelength scale this difference occurs,
i.e., on X or Ao, and can be handled by a trivial generalization of the more restricted

case.

2Figures in square brackets indicate literature references listed at the end of this chapter.
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Figure 8.1. A three-dimensional representation of the spectral responsivity function.



Figure 8.1 is an attempt at a 3-dimensional sketch of the surface RE(AO,A) as a function
of Ao and . S(Ao) is the output signal in volts or other appropriate units when the
instrument is set at AO and views the source of spectral irradiance EX(A)' The integra-
tion is carried out over all A [nm] for which neither RE(AO,A) nor EA(A) is zero.
Thus, S(Ao) and RE(AO,A) are the quantities which can be directly measured and the
problem is to calculate the desired quantity EA(A) from the integral equation, eq. (8.1).

If the radiometer had perfect spectral resolution we could writel

RO, = RED6(A 1) (S0 en’] (8.2)
and eq. (8.1) would become
SO = JRLOD6(A-ME,(M+dh = RL()-E,(A) (S (8.3)

In this case EA(X) can be computed direc;ly from the measurements by division by a simple
spectral irradiance responsivity factor RE(A). The assumption of eq. (8.2) leading to eq.
(8.3) is equivalent to ignoring the effects of the responsivity function. With less~than~
perfect spectral resolution, RE(AO,A) can no longer be represented by a delta function and
both the measurement of the responsivity function RE(AO,A) and the calculation of EA(A)

become much more difficult.

Before going on, we should stop for a moment to note the distinction between this
situation and the similar one of a measurement with a broad-band (broad-spectral-band)
radiometer covered in the discussion following eq. (5.32) in Chapter 5 [8.1]. Equation
(5.32) is quite similar to eq. (8.1) [or eq. (5.13)], the important difference being that
in eq. (8.1) the responsivity is not only a function of wavelength A, but also of a
monochromator wavelength setting Ao. For any one value of AO, i.e., for jugt one meas-
urement at a single monochromator setting, the solution to eq. (8.1) or (5.13) is just as
indeterminate as that to eq. (5.32) and everything said in the discussion of eq. (5.32) is
equally applicable to the monochromator situation. However, with the monochromator, the
incident radiation at each value of X affects the output at a number of different values
of Ao. In other words, the outputs at several values of Ao all contain information about
the input at a given value of ) (along with information about inputs at other values of
A, as well). It is this additional overlapping information which enables us to say some-

thing about the dependence of EX(A) upon .

1§(x) 1is the Dirac delta function with the properties:

8(x) = 0, for x# 0, and

a (8.4)
f 6(x)«dx = 1, for any a > 0.
-a
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A SIMPLE ITERATIVE SOLUTION. Although many techniques! have been devised for the solution

of the integral equation, eq. (8.1), the only one which has been extensively applied in

optical spectrometry 1s based upon an iterative method for the solution of simultaneous

linear equations {8.2 - 8.10]. 1If we assume that measurements S(Ao) are made at n
equally spaced wavelength settings Xk and if we approximate the integral in eq. (8.1) by a

summation we can rewrite eq. (8.1) as

n
S, = M ggi R, E; (81, k=1,2,...,n. (8.5)

In this equation AX [nm] 1is the wavelength spacing, Sk [S] is the spectroradiometer

output S(Xk) when set at the kth wavelength, Ei [W-m_z-nm—ll is the desired spectral
irradiance EA(Ai) (the subscript X is omitted for simplicity) at the ith wavelength

and Rki [S'W-l'mz] is the instrument spectral irradiance responsivity RE(Ak,Ai) (the
spectral output per unit incident spectral irradiance) to monochromatic radiation at the
ith wavelength when the instrument is set to the kth wavelength. In figure 8.1 the value
of any Rki is just the height of the surface, RE(AO,A), at the point of intersection of
the line drawn on the surface at constant Ao = Ak with the line drawn on the surface at
constant A = Ai.

Equations (8.5) consist of n equations in n unknowns where n in typical applica-
tions may be as small as 50 or as large as 105. Because of the size of n and because, as
we shall see later, a mathematically exact solution of eqs. (8.5) is not needed, an itera-

tive approximation technique is used for solving this set of equations. In this procedure?
(0
i

from eqs. (8.5). Based upon a comparison of these computed values with the measured

an assumed solution E

for the E together with the Rk yields a computed set of
i i

5(0)

k

values of Sk the Ei are corrected and the process is repeated. The detailed steps are

as follows: First we assume trial spectral irradiance values Eio) which we obtain from

0 -2 -1 .
B - Si/(AA-gRij) Wem 2 enm ™11, i=1,2,...,n. (8.6)

The value of E

iO) if decon-

is just the value which would have been obtained for Ei

volution were not attempted [i.e., by solving eq. (7.2)). Next, using egs. (8.5), we

calculate what effect the responsivity function would have on this spectrum:

lHundreds of papers have been written on deconvolution and related subjects. The references
cited in this chapter give only a sampling of this literature. Further references are given
in [8.11,8.12,8.13]. Some interesting techniques which are not even hinted at in this
chapter are described in [8.13-8.16].

2pAn illustrative computer program for this procedure is given in Appendix 8A.
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(0) 0
S, = YD) Rki-Ei ) [s1, k=1,2,...,n. (8.7)
i
These values of Sﬁo) will in general not agree with the measured Sk' Therefore, we
correct the Eio) using the difference between Sk and Séo) s0 as to improve our esti-
mated values for E,. Thus, we compute!

i

2 1

'nm_

Eél) - Elio) 1, k =1,2,...,n. (8.8)

* Ak’[sk'sﬁo)] [Wem™

where Ak is a convergence factor whose value is not critical. Frequently a good value for

A, [as will be derived in eq. (8.81)] is

Ay = R /T RE)  fwem 2 em s, k=1,2,...,n. (8.9)
3

We shall return to a further brief discussion of Ak below. Now we continue in the same

way using values of Egl) as a trial solution to obtain better estimates Eiz), etc. In
general?
-1 -1 -2 -
B = B0 wa s sV wen o™, K =1,2,...,n, (8.10)
. (1) _ .. (-1 -
with S, = bA+) R cEg [s1, k=1,2,...,n0, (8.11)

i
where the summation over i runs from i =1 to i = n.

In many applications two or three iterations (i.e. v = 2 or 3) will suffice to
reduce the correctable errors due to responsivity-function effects to less than the meas-

urement noise. In fact, a criterion based upon consideration of the measurement noise

Q9]
k

should be used to terminate the iterations: when the computed § , given by eq. (8.11),

agree with the measured S, to within the experimental noise, for example, when [8.10]

k

11t would have been nice to be able invariably to associate the subscript k with the
instrumental setting Ao and the subscript i with the wavelength A, but the varying
requirements for these dummy indices in the different equations make any such consistent

usage impossible to maintain.

21terative multiplicative corrections instead of additive corrections have been used [8.13,

8.17%:

(v-1)

vy _ L(v=1)
E = E Sk/sk . (8.12)

k k

Although rarely used it appears that this technique might be advantageous where S(AO)
spans several orders of magnitude of signal level with similar relative accuracy.
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(sé”) - s) 2
———— <n [dimensionless], (8.13)
k=1 %)

with 2N [S] being the estimated random experimental uncertainty in § then the iter-

k’
ations should be stopped. Further iterations will begin to have a deleterious effect -~

introducing spurious spectral distortions into the E, which increase with v and which

i
are due entirely to noise in the ‘Sk and to computational round-off error.

The convergence factors Ak are sometimes increased (or decreased) during the itera-
tion process in an effort to achieve faster convergence. At convergence the factor

(v)
X reached

[Sk - Sév—l)] in eq. (8.10) will have decreased to zero so that the value of E
no longer depends upon Ak' Consequently, the only role played by Ak i1s in determining
the number of iterations required to achieve convergence by setting the magnitude of the
correction to be applied in each iteration. Normally, all Ak’s would be given the same
value based upon a typical evaluation of eq. (8.9) and then, if after 3 or 4 iterations
convergence 1is not close, this value would be modified upward (or dowmward) by trial-and-
‘error to hasten convergence (or stem divergence). Somewhat similarly the ultimate values of
Eiv) achieved at convergence should not depend upon the starting values Eio). The initial
values given by eq. (8.6) are an obvious starting point but starting, for example, with all
Eio) = 0 will often require only one or two more iterations. If a better set of initial

values 1s available it should, of course, be used.

DECONVOLUTION in MATRIX NOTATION. Before turning to a simple numerical example to il-

lustrate the application of eq. (8.10), let us digress for a moment to rewrite the equations
as matrix equations. As we pointed out in Chapter 6 [8.18], no numerical advantage is
gained by this; however, matrix equations are extremely useful in organizing calculationms,
particularly since some computer languages contain explicit matrix operations which can
greatly reduce the chore of programming. We write the n wvalues of the observed signal S

k
as an n~dimensional vector

w
]

[Sk] . [S] (8.14)

and similarly, the n desired values Ek of spectral irradiance

40



m
]

e =| . [Wem™2 enm 1], (8.15)

The responsivities Rki form an n by n matrix

Ry Ry o+ - - Rlnj
Ryy Ryy =+ = + Ry

R = [Ryl =4 - « | rsewten?). (8.16)
L_Rnl R1'12 ot Rnn_

where the matrix elements, Rki’ are just the heights of the intersection points on the
RE(AO,A) surface as sketched in figure 8.1. Now, using matrix "shorthand", the n simul-

taneous equations represented by eq. (8.5) are exactly what is meant by the one equation

S = axR-E Is] (8.17)
or
— - — 4 F -
Sl R11 R12 . Rli e e e e Rln E1
s, Ryy Ryp =« Ry oo oo Ry E,
. . . . . E,
= AX - . [s]. (8.18)

Sn Rnl an . . Rni e e v e Rnn En
A typical member of this set of equations is!
Sk = AA*(Rkl'El + RkZ'E2 + ...+ Rki.Ei + ...+ R.kn'En). (8.18a)

1This n-dimensional matrix multiplication is an obvious generalization of the 4-dimensional
formulas given in Appendix 6 [8.19].
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Thus the signal obtained at the kth wavelength setting of the radiometer is associated

with the kth row of the spectral responsivity matrix R. If the radiometer is set at the

kth wavelength and an isolated spectral line source of known irradiance at wavelength Ai

is observed (i.e., all Ez = 0 except Ei) then the observed signal will be just

SK = AA-Rki-Ei. If this line source is tunable so that it can be moved from Al to An a
complete row of Rki values can be determined. Moving the radiometer wavelength setting to
other wavelengths and repeating these measurements will provide other rows of the spectral
responsivity matrix, On the other hand,. if the spectral line is fixed at the ith wave-~

R

length while the radiometer setting is moved from Al to An a complete column Rli’ 24

..« R R of R wvalues can be determined.

ki’ *°° “ni

Going on now to eqs. (8.10) we see that in matrix notation they become

Y - g0 s - s (6.19

with gD o REC-D (8.20)
[ i
and A1 0 0 « .
0 A, 0 ..
2 -2 -1 .1
A = 0 0 Ay ... [Wem “enm ~ <8 1. (8.21)
. . . .A
n

In the slit-scattering function approximation we approximate the responsivity function
by a product [eq. (7.12); K is defined following eq. (7.5)]

2

RO, = K'z(AO—A)-rf(A) [s-w tem?]. (8.22)

In terms of matrices we can say that the matrix R is proportional to the product of a

slit-scattering function matrix

— -
ZO Zl 22 . . . Zn_l Zn
21 % 21 y Zh-2  Zn-1
2 P %o T *0-3  *n-2
. = . . . . . [dimensionless] (8.23)
Z21en  %2-n  %3-n % %
Z 4 z A z
-n 1-n 2-n -1 0 _J
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and a responsivity-factor matrix

rf 0 . e
1
0 rf . .
, -
Rf = * * : [dimensionless]. (8.24)
0 0 PO rf
n
So eq. (8.5) becomes
S = A)\-K-Z-Rf-E [s]. (8.25)

Usually it is convenient to perform the final multiplication and define a quantity

E' - REE - . Wem™ 2 enm™ 1] (8.26)

so that, in terms of this quantity eq. (8.5) becomes
S = sk Z:E 18], (8.27)

which is identical in form to eq. (8.17) and can be solved by the iterative technique we are
discussing. If the responsivity factors ri are known, this then permits the Ei to be
calculated from the Ei. If the ri are not known it is necessary to repeat the measure-
ments and the solution of eq. (8.27) for a standard of known spectral irradiance. Then the

ri can be calculated or they may be eliminated by using the ratios E;/Ei(s). That is,

E _E__,E()[W,—z, 1. (8.28)
i = E;-(S) iS m nm . .

[The argument (s), here is used to denote values associated with the standard of known
spectral irradiance.] Forming the ratios Sk/Sk(s) before deconvolution in ‘order to avoid
deconvolution of the standard source data will not give the same results unless the relative
spectral distributions of both sources are identical. Returning for a moment to the slit-
scattering function matrix of eq. (8.23), notice that a column of this matrix (associated
with a radiometer wavelength scan of a source of a fixed wavelength spectral line) contains
the same elements as a row (associated with viewing a spectral line of changing wavelength
at a fixed radiometer setting) but in reverse order. This, of course, is simply another way

of looking at the apparent slit-scattering function reversal with fixed-wavelength spectral
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lines which has already been mentioned in Chapter 7. The great advantage of the slit-
scattering function approximation when it is appropriate is that at most only 2n + 1
values must be stored in the computer to specify the 7/ matrix; any element of the array is

identical to one of these. For large n or small computers this is a vital consideration.

A NUMERICAL EXAMPLE. In this section we wish to illustrate the iterative deconvolution

described by egqs. (8.10) with a simple numerical example. For our example we assume a
"true" spectral-irradiance distribution and an instrument-responsivity function as shown in
figures 8.2a and 8.2b. The responsivity function depends only upori the difference Ao - A
The product of the simple, piecewise, algebraic expressions which define R(AQ,A) and
EA(A) can be integrated to give exact values of the "observed" signal {eq. (8.1)}:

sir) = f R(A_,A) E, (A) +dx  [S] (8.29)

at any value of Xo. Such values are shown as the second column of table 8-1 for wavelength
intervals of 2 (AX = 2). Assuming that measurements with our radiometer had yielded
these values of Sk we wish to obtain values of Ei using the technique of eqs. (8.10).

If all goes well these should approximate values of EA(A) given in figure 8.2a. First we
need a table of responsivity values at wavelength intervals of 2. These can be seen by
inspection of figure 8.2b to be non-zero only for A = Ao and A = AoiAk. Thus we have
Rk,k—l = 2, Rkk = 4, and Rk,k+1 = 2 for any k and all other Rki = 0. If we arrange

the Rki in a matrix it will look like

r_; 2 0 0 ...0 00
2 4 2 .
0 2 4 . . . 0
R = IR, = ) ) [sew Len?]. (8.30)
R A
. 4
WIS —

We choose Ak = 1/12, This is the value given by eq. (8.9) for all k except k = 0
and k = n of the R array of eq. (8.30). Since the values of Ay only affect the rate of
convergence of the iterations and not the final results, it is usual to choose Ak to be
constant, independent of k as we have done. The zeroth approximation to the values of Ei

according to eq. (8.6) is simply the corresponding value of S, multiplied by 1/16. Again

i

we ignore possible errors in this factor at the ends of the wavelength range. These values

of E(O)
i

irradiance which would be obtained if the responsivity-function correction were ignored.

are given in column 3 of table 8-1. They are exactly the values of gpectral

Now we proceed to the calculation of the first iterative correction according to eqs. (8.10).

()}

i and then the

At each instrumental setting, k, we first calculate the sum z Rki-E
i
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Figure 8.2. Spectral irradiance distribution (a), and spectral responsivity function (b),

assumed for numerical examples in tables 8-1, 8-la, 8-2, and 8-3.

45



9%

Table 8-1. Simple iterative deconvolution

N 5 g © gD e £ ® £ @ o) £ ©® £ g ® £ ® & s®
0 0. 00 .00 - 01 .02 .0t .00 -. 00 -. Q0 -. 00 -. 00 -. 00 . 00 ~-. DO
2 0. 33 02 - 03 . 00 =-. 00 . Q0 .00 .01 . 00 . 00 . 00 . 00 .
4 5.33 .33 .01 . 06 . 04 .07 .07 .02 .03 .03 .08 . 00 qz. :

23. 1. &0 1. 23 1. 21 1.19 113 1.13 1.17 1. 17 1.17 1.17 1. 00 23,
g fj gg 4. 0‘; 4. 00 4. 00 4, Q0 4. 00 4. Q0 4. 00 4. Q0 4. 00 4. 00 4. 00 44,

10 102 33 &. 40 677 4. 79 4. 31 &. 82 & 32 6. 83 6. 83 6,33 6,83 7. 00 102,

12 122. 47 7. 67 7.9 7. 74 7. 24 7. 93 7.93 7.92 7. 72 7.92 7. 92 3. 00 122

14 127. &7 7,93 3. 03 8. 00 8. 00 8. 00 3. 00 8. 00 8. 060 8. 00 3. 00 8. 00 127.

1o 123. 00 3. 00 3. 01 7.93 7.99 7. 99 8. 00 8. 00 8. 00 8. 00 8. 00 3. 00 123,

18 1238. 00 8. 00 3. 00 8. 00 8. 01 8. 00 2. 00 8. 00 8. 00 3. 00 ‘3. 00 3. 00 123

20 123. 00 3. 00 8. 00 3. 00 2. 00 3. 00 8. 00 3. 00 3.-00 8. 00 8. 00 3. 00 123.

22 123. 00 8. 00 8. 00 8. 00 8. 00 3. 00 3. 00 8. 00 8. 00 8. 00 8. 00 8. 00 128

<4 123. 00 8. 60 8. 0O 3. 00 3. 00 8. 00 3. 00 3. 00 3. 00 8. 00 5. 00 3. 00 123.

bt} 123. 00 800 8. 00 8. 00 8. 00 3. 00 3. 00 - 8. 00 3. 00 8. 00 3. 00 8. 00 123,

22 2. 00 & 00 8. 00 200 3. 00 3. 00 8,00 3. 00 8. 00 8. 0O 3. 00 3. 00 123,

30 122 00 8, 00 8. 00 3. 00 3. 00 3. 00 8. 00 8. 00 8. 00 a 00 2. 00 8. 00 28
2 123. 00 8.:00 2. 00 3. 00 8. 00 3. 00 5. 00 8. 00 8. 00 3. 00 2. 00 3. 00 $23. 0

34 123 00 8. 00 8. 00 3. 00 3. 00 3. 00 8. 00 3. GO 3. 00 8. 00 8. 00 5. 00 123,

35 128. 00 8 00 8. 0O 8. 00 2. 00 8. 00 3. 00 8. 00 3. 00 3. 00 8. 00 8. 00 123.

3 122 00 8. 00 3. 00 3. 00 3. 00 8. 00 8. 00 8. 00 3. 00 3. 00 3. 00 3. 00 123

40 123. 00 8. 00 8. 00 5. 00 3. 00 3. 00 8. 00 3. 00 3. 00 8. 00 8. 00 8. 00 123

42 123. Q0 8. 00 3. 00 3. 00 3. 00 3. 00 8. 00 8. 00 8. 00 3. Q0 3. 00 . 00 123 ¢

44 123. 00 8. 00 2. 00 3. 00 2. 00 3. 00 S 00 2. 00 8. 00 3. 00 3. 00 8. 00 123,

44 123. 00 8. 00 8. 00 8. 00 g. 00 8. 00 8. 00 8. 00 8. 00 3. 00 B8.00 8. 00 123

43 12:3. 00 2. 00 2. .00 8. 00 2. 00 3. 00 8. 00 8. 00 8. 00 8. 01 8. 03 8. 00 127.

S0 123. 00 3. 00 8. 00 3. 00 3. 00 8. 00 3. 00 7. 99 7. 97 7. 93 7.87 3. 00 128

52 123. 00 8. 00 3. 00 . 00 8. 00 8. 00 3. 03 8. 07 3. 146 8. 25 8. 34 8. 00 1264,

54 123. 00 3. 00 8. 00 8. 00 8. 00 7. 90 7.77 7. 62 7. 45 7. 29 7.13 8. 00 129.

S8 123. 00 3. 00 3. 00 8. 00 8. 30 8. 59 8. 89 9. 16 ?. 42 9. 635 9. 86 8. 00 123,

S 128. 00 8. 00 8. 00 7. 11 6. 52 6. 02 5. 63 5. 30 S. 02 4.78 4. 58 8. 00 130.

60 128. 00 8. 00 10. 67 11. 56 12. 15 12. 54 12. 84 13. 07 13. 26 13 41 13. 54 8. 00 126.

2 13 .42 .12 .03 .03 .02 .01 .01 .01




0
i .

correction Ak-[Sk - AA'Z Rki-E For k = 3, for example, (at X = 4) we have
i

) Rki-Ego) = .. .+0.0+2:0.02+40.33 421,60+ 0.0 ... = 4.56 and S, = 5.33,
i

k
So the correction is (5.33 ~ 2+4.56)/12 = ~0.32. Thus, we obtain Egl) = (0,33 - 0.32 = 0.01

in agreement with the third entry in the fourth column of table 8-1. In a similar fashion
(1)

the other entries in the E column are calculated. Then new corrections are calculated

(2) obtained. That is, still for  k = 3,

and the second approximation Ei

Y Rki-E§1> = 24(-0.08) + 4:0.01 + 2+1.23 = 2.34,  (5.33 - 2-2.34)/12 = 0.05, (8.31)
4 .

E§2) = 0.01 + 0.05 = 0.06. Table 8-1 shows successive approximations Eﬁv) through

v=9. The next-to-last column is the “true" spectral irradiance taken from the expression
in figure 8.2a and should be compared to the various approximations, E(v). The final

9

column shows how well the "observed" signal is reconstructed from the final iteration E

and the responsivity array Rki using eqs. (8.11). The discrepancies between S, and

k
Sﬁg) are quite small in the upper part of the table and since the correction to be applied
to E(V_l) is proportional to the difference S - S(v_l) [eq. (8.10)] this means that

convergence is essentially complete i1 this part of the table.

END-EFFECTS. In the lower part of table 8-1 it is clear that there is a problem which is
becoming worse as the number of iterations increases. This is caused by our having ar-

bitrarily terminated the table of Sk values at Ak = 60 before Sk had returned to zero,

and by the fact that the computational algorithm, in effect, proceeds as though all Ei for

Xi > 60 (and for Ai < 0) are zero. If the data had, in fact, exhibited a step from

S =128 to S=0 at A = 60 the solution being generated would be correct. In table 8-1
the iterative solution 1is clearly valid up to within 2 or 3 spectral slit widths of the end
of the data, although with significantly more iterations this will no longer be true. To
understand why the iteration algorithm functions as though all values of E, outside the

i
measured range are zero consider the last equation implied by eq. (8.17) [see eq. (8.18a)]:

Sn = M(. ..+ Rhn-En). (8.32)

If we had made one more measurement we would be writing this equation

S, = Ax«(C . . o+ R ‘E *R ). (8.33)

*E
n,n+l n+l
[There would, of course, now be one more equation:

S = A( . . . +R

n+l ELTR

o+1,n En ¥ Batl,ne Fnat) (8.34)

but we aren't interested in it at the moment.] Since Sn and the Rki and Ei are all

fixed numbers, obviously both eqs. (8.32) and (8.33) can't be correct unless E4 =0
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Thus, 1f we use eq. (8.30) for the matrix R we imply that all Ei =0 for i <1 and for

i > n. The best way to avoid this problem is by extending the wavelength range of the
measurements or by the use of spectral filters to assure that the instrument output will be
negligible outside the measurement range. If this is impractical then it may be possible to

extend the table of S, values by measurement or estimation far enough that the end-effect

k

after deconvolution will not affect the values of E, in the wavelength region of interest.

i
In the example of table 8-1 the wavelength span in which end-effects can be seen is given

approximately by

Axw-/\'), (8.35)

where Alw is the spectral slit width (eq. 7.34). So, for v iterations, measurements or

estimates of Sk should be extended this far beyond the spectral region of interest on

either end if the signal is not negligible there, In the present example we might assume

that the wavelength region of interest is from A =0 to X = 46 and that the Sk

values from A = 48 to A = 60 were included only to avoid the end-effect. Since the

data run smoothly to zero at A = 0 there 1s no end-effect problem there.

The last row of table 8-1 gives the rms error in reconstructing S from the corres-

)
1

ponding columm of E values, i.e., the quantity

%

2

16
1 (v)
T3 1{:1(81 -5, (8.36)

for each iteration. We have omitted from the sum the values in the lower half of the table
(A > 30) in order to exclude the end-effects region. If the measurements S are assumed

to be accurate to within 0.1% of their maximum then three iterations (E(3)) are evidently

sufficient to achieve convergence to within the accuracy of the data and’'the iterations

' g
i

should be terminated there. Of course, the rms value of the error E, - would be a

i
more valuable statistic but this is never available in a real measurement situation since
EA(A) would be unknown. In the next paragraph and near the end of this chapter we briefly

discuss errors in the deconvoluted results, 'E(V). ‘

ACCURACY. In' spite of the fact that convergence is essentially complete after a few
iterations in the upper part of table 8~1 there still remains a significant discrepancy

9
k

between E and the "true" E especially at X = 4, 6, 10, and 12. These errors are

’
attributable primarily to the ertor in approximating the exact integral of eq. (8-1) by the
summation of eq. (8.5). Equation (8.5) is exact if the integrand, R(XO,X)-f(A), is linear
between data points. In figure 8.3 we show this product as a function of X for Ao = 6.
Clearly, in any one segment, say from A =4 to X = 6, the integrand is far from linear;
however, the errors are positive in some parts of the range of integration and negative in
others so that they tend to cancel. For this reason more elaborate integration formulas

improve the accuracy very little. The certain way to improve the accuracy in the
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Figure 8.3.
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Responsivity function, spectral irradiance, and their

product for

From example of figure 8.2.



neighborhood of rapid changes in S(Ao) is to take data with a smaller AL, i.e., to take
more data. Of course, even with a perfect mathematical solution there may still be errors
if there exist measurement errors or if eq. (8.1) is not obeyed due, for example, to a non-
linear detector. The result of taking more data in our example is illustrated in table 8-la
in which AX was taken as %. The accuracy of deconvolution after a few iterations is dra-
matically improved over the results given in table 8-1. The rate of convergence is essen-
tially the same. Table 8-la shows only the portion of the calculations corresponding to the
upper portion of table 8-1., In the end-effects region we would see that the amplitude of
the oscillations is much greater with the smaller sampling interval but the range of wave-~

lengths over which the calculations are perturbed by the end-effect is the same.

The INVERSE: SLIT-SCATTERING FUNCTION. When the slit-scattering function approximation, eq.

(8.22), 1is appropriate a technique is available which saves considerable computational

effort if two or more spectra are to be deconvoluted using the same slit-scattering function

[8.20]. Let us write eqs. (8.5) in terms.of the slit-scattering function

S, = OXKe) z -E} [S], k = 1,2,...,n. (8.37)
i
As in eq. (8.23) we have used z, 4 = z(Ak-Ai) [dimensionless] where Ak [nm] 1is the
instrumental setting and, as in eq. (8.27), we have combined Ei with the responsivity
factor ri = rf(Ai) [dimensionless] to give Ei = ri-Ei [W'm-2°nm—l]. The summation is
over all values of Ei and we take the slit-scattering function Zp g to be zero any time

k-i takes on a value outside the range for which the slit-scattering function has been

tabulated. Let us also assume that n is an odd number and redefine i and k so that

numbering begins at the mid-points of E and S. Thus if n, = (n-1)/2 we rewrite eq.
(8.37)
"2
S, = Ak > z, 4By (S, k = -ny,-n,+1,...,-1,0,1,...,n,. (8.38)
i=-n
2
Now we multiply both sides of this equation by a quantity Vok (yet to be determined) and
sum over k
n, n, n,
. = . . ' .
D VoS = MR 3 B[ D 2 V] - (8.39)
k=-n i=-n k=-n
2 2 2
We see that if the values of v could be chosen in such a way that!

-k

1

Gik in eq. (8.40) is the Kronecker delta function. It has the value 1 1if i =%k and
0 if 1 # k. The Kronecker delta function has the same effect in summations as the Dirac

delta function [eq. (8.4)] has in integrals.
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18

Simple iterative deconvolution -- a significant portion of the computations

of table 8-1 repeated with more data and smaller wavelength intervals.

Table 8-1la.
A g g(® E(l) g(2) E(3) g4 )
0.0 0. 00 .00 - 02 .09 .02 .01 .00
0.5 0. 00 . 00 - 03 . 05 .03, 02 .01
1.0 0.02 . 00 - 06 .03 .03 03 .02
1.5 0 11 .01 - 09 .04 02 .02 .02
2.0 0. 33 .02 - 13 01 - 00 .01 o1
295 0. 81 .05 - 17 -, 02 -. 03 - 01 -, 00
3.0 1. 69 11 - 19 -. 04 - 03 - 03 - 02
395 3. 13 20 - 13 - 03 -, 06 -. 04 - 03
4.9 5. 33 33 - 12 - 02 -. 04 - 02 - 02
4.5 8. 54 .93 .ol .09 . 06 .07 .07
3.0 12. 94 .81 .25 29 246 26 26
5.5 18. 64 1. 17 .61 . A2 .98 . 53 .57
6.0 23. 67 1. 60 1. 09 1. 03 1. 03 1. 03 1. 02
6.5 33. 93 2. 12 1. 468 1. 67 1. 62 1. 61 1. 60
7.0 43. 27 2.70 2. 37 2. 36 2. 23 2. 32 2. 31
7.5 93 41 3. 34 3.17 3. 16 3 14 3. 13 3 12
393 &64. 00 4. 00 4. 00 4. 00 4. 00 4. 00 4. 00
85 74. 59 4. 66 4, 83 4. 34 4. 34 4. 27 4. 83
2.0 84. 73 5. 30 3. 61 5. 44 3. 67 5. 63 S. 69
9.9 94. 07 3. 83 6. 32 6,33 6. 38 &, 39 6. 40
10.0 102. 33 4. 40 6. 91 & 92 & 96 6. 77 6. 93
10. 5 102. 346 6. 83 7. 32 7. 33 7. 42 7. 42 7. 43
11. 0 115. 06 7.19 7.73 7.71 7.74 7. 74 7.75
11.5 119 46 7. 47 7. 99 7. 91 7. 74 7. 93 7. 93
12. 0 122 67 7. 67 8. 12 3. 02 3. 04 8. 02 3. 02
12. 5 124 33 7. 80 8. 18 8. 05 8. 06 8. 04 8. 03
13. 0 126. 31 7. 39 3. 19 3. 04 3. 05 3. 03 8. 02
13.5 127. 19 7. 95 817 3. 02 8. 03 8. 01 3. 00
14. 0 127. &7 7. 93 8 13 7. 97 8. 01 7. 99 7. 99
14.5 127. 89 7. 99 8. 09 7. 26 7. 99 7. 97 7. 98
15. 0 127. 93 8. 00 3. 06 7. 95 7. 93 7. 97 7. 93
15. S 123. 00 8. 00 8. 03 7. 74 7. 98 7. 98 7. 99
16. 0 123 00 8. 00 8. 02 7.95 7.9 7. 92 3. 00
16. 5 128. 00 8. 00 3. 01 7. 96 8. 00 8. 00 8. 01
17.0 123. 00 8 00 8. 0O 7.7 3. 01 3. 01 8. 01
17. 5 123. 00 8. 00 3. 00 7. 9?3 8. 02 8. 01 8. 01
18. 0 123. 00 8 00 3. 00 7. 32 8. 02 3. 01 3. 01
18. S 128. 00 8. 00, 8. 00 7. 99 8. 01 8. 00 8. 01
15. 0 123. 00 8. 00 8. 00 5, 00 3. 01 8. 00 8. 00
19. S5 123. 00 8. 00 -8. 00 3. 00 8. 01 8. 00 3. 00
20 0O 128. 00 8 00 3. 00 2 00 8 01 8. 00 8. 00
20,5 128. 00 8. 00 8. 00 GO 3. 00 3. 00 8. 00
21.0 123. 00 8. 00 3. 00 0o 8. 00 3. 0O 8. 00
21.5 123. 00 8. 00 8. 00 . g 8. 00 3. 00 8. 00
22.0 123. 00 8. 00 8. 00 3 8. 00 3. 00 8. 00
225 128. 00 8. 00 8 o0 * 8. 00 8. 00 8. 00
23.0 128. 00 8. 00 8. 00 8. 00 8. 00 8. 00

g8 M ® O N
- 00 - 01 - 01 -. 01 . 00 .0t
.01 . 00 . 00 ~-. 00 00 .02
.01 .01 .01 . 01 . 00 .04
02 .01 .01 .01 . 00 .12
o1 .01 .01 .01 . 00 .34
= 00 00 00 00 . 00 . 80
~. 02 - 01 -. 01 ~. 00 . 00 1. 66
- 03 - 02 - 02 - 01 . 00 3. 09
-. 01 - 01 -. 00 -. 00 . 00 5. 31
07 .07 .07 a7 06 3. 53
24 .26 .26 .23 .25 12. 94
. 97 .57 . 56 . 56 . 96 13. 65
1. 01 1.01 1. 01 1. 01 1. 00 25. 68
1. 59 1. 59 1.38 1. 58 1. 54 33. 96
2. 30 2. .29 2.29 2, 2?9 2.25 43. 30
312 3 11 3. 11 3. 11 3. 06 93. 44
4. 00 4. 00 4. 00 4. 00 4. 00 64. 00
4. 88 4. 39 4. 89 4. 89 4. 94 74. S6
5. 70 S. 71 S. 71 S. 71 5. 75 84. 69
6. 41 6. 41 6. 42 6. 42 4. 44 94. 04
&5 99 6. 99 6 79 6. 99 7. 00 102, 32
7. 43 7.43 7. 44 7. 44 7. 44 10%. 35
7.74 7.75 7.75 7.75 7.75 113. 06
7.93 7. 93 7. 93 7. 93 7. 94 119. 47
8. 01 8. 01 8. 00 8. 00 3. 00 122. 62
8. 03 8. 02 8. 02 8. 02 8. 00 124. 90
8. 02 3. 01 8. 01 8. 01 8. 00 126. 33
8. 00 8. 00 8. 00 8. 00 8. 60 127. 19
7. 99 7. 99 7. 99 7. 99 8. 00 127. 66
7. 98 7.98 7. 99 7. 99 8. 00 127. 387
7. 93 7.98 7. 92 7. 9% 3. 00 127. 96
7. 99 7. 99 7. 99 8. 00 8. 00 127. 92
8. 00 8. 00 8. 00 3. 00 8. 00 127. 99
8. 01 8. 01 8. 01 8. 01 8. 00 123. 00
8. 01 3. 01 8. 01 8. 01 3. 00 123. 01
8. 01 8. 01 8. 01 3. 01 8. 00 123. Ot
3. 01 8. 0O 8. 00 3. 00 3. 00 123. 01
8. 00 8. 00 8. 00 3. 00 8. 00 123. O1
3. 00 3. 00 3. 00 7.9? 3. 00 123. OO
8. 00 3. 00 7. 99 7. 99 8. 00 123. 0O
3. 00 3. 00 3. 00 8. 00 8. 00 127. 99
8. 60 8. 00 8. 00 8. 00 8. 00 127. 99
3. 00 8. 00 8. 00 8. 00 3. 00 127. 99
8. 00 8. 00 8. 00 8. 00 8. 00 127. 99
3. 00 8. 00 8. 00 8. 00 3. 00. °128. 00
8. 00 8. 00 8. 00 8. 00 8. 00 128. 00
8. 00 8. 00 8. 00 8. 00 8. 00 128. 60



n
2
K-E: Z i Voek = 8 [dimensionless], i= R TRRRL}

"2 o1 2 (8.40)
n, L= -n,,..0,m,
then eq. (8.39) would become
"2 2 -
. - L '. = . M .
X Ve Sy AXe)] E1e8,. AA-E;  [Wem 7] (8.41)
k=-n i=-n
2 2
or
"2
1 -2 -1
EL - o 2: Vo 1Sk [Wem “enm 7], L= -n,,.00,0,, : (8.42)
k=-n2

which is a simple, direct solution of eq. (8.38) for E'. If the =z, are known the

i
vy [S—l'w'm—zl are uniquely determined by eq. (8.40) and the quantities E; [W°m—2~nm-1]

2
can be evaluated for any number of spectra, S, using eq. (8.42) without recomputing the

v, as long as the slit function remains unchanged. Comparison of eqs. (8.38) and (8.42)
shows that the vector of vy [S'-l-w-m-2
sivity function and it also possesses the appropriate unit dimensions for this interpreta-
tion. To obtain the vy from eq. (8.40) we first multiply both sides by AX and change

the signs of 1, k, and 2&:

] wvalues constitutes a kind of reciprocal respon-

BA+§, = ANKeY) oz, v o
k=n2

[nm} (8.43)

—g,-1 = a1 = Syp)-

as long as we sum over all values of k in the range from -n, to n, the limits on the

(by its definition, of course §

summation can be interchanged, we obtain

n

2

AA°610 = AA*K ;E: Zy 1 Vi [nm], i= -nz,-n2+l,...,-1,0,1,...n2. (8.44)
=-n
2

But eq. (8.44) has exactly the same form as eq. (8.38) so that any technique for solving

egs. (8.38) [or eqs. (8.5)] can be used to obtain the quantities v, simply by starting

i
with a "signal" which is A)X at the center and zero everywhere else.

So, in summary, to use this technique, we apply eqs. (8.10) to solve iteratively for

v
i

values of E when Sk is given numerically by

5, = Ax-aknz, k=1,2,...,n(0dd) (8.45)
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Then letting £ = 0 and observing that:



where n, = (n~-1)/2 and Rki = K-zk_,. Now denoting this solution after v iterations by
vgv), i.e., numerically

vgv) = EGv) (8.46)
i i
M) th
we can use these vy to compute a Vv order deconvolution of any set of real measure-

ments from

n
T I e OO 2 epm™L -
E; . Z:Vi-k S, [Wem “emm 1, 2 =1,2,...,n. (8.47)
k=1
For want of a better name we will call the set of values viv) the vth order inverse

slit-scattering function. The idea of the vth order inverse slit-scattering function

could presumably be generalized to apply to any arbitrary responsivity matrix by iteratively
computing each column Vé;) of a complete vth order inverse responsivity function matrix
using the appropriate Si = AA.Gij for j=1,2,...,n. However, as far as we know, this has
never been done. TIn the slit-scattering function approximation a full matrix of the Vé?)
values can, of course, be assembled looking exactly like the Z matrix of eq. (8.23) with

z everywhere replaced by v(v): in this approximation the inverse slit-scattering function
matrix V(v) has the same kind of symmetry1 as that possessed by the slit-scattering

function matrix. This matrix V(v) would satisfy the matrix equation
E-(v) i Xi‘ . V(v)_ S (Wem 2 enm 17, (8.48)

In table 8-2 we show the results of inverse slit-scattering function calculations using
the same slit-scattering function as in the example of table 8-1. 1In columns 3 to 12 we

v(v)

show successive approximations for the delta~function-like S given in column 2.
These are computed using eqs. (8.10) exactly as the corresponding columns of table 8-1 were

computed. In the last column we show the results of computing

31
9 _ _1. 9, =2, -1 _
Ek = = ;é% Vil Si [Wem “enm 71, k=1,2,...,31, (8.49)

iThe symmetry we are talking about in this chapter is not the symmetry that a mathematician
has in mind when he speaks of a symmetric matrix. A symmetric matrix in that sense means
that the matrix and its transpose are identical. Thus, a symmetric matrix is symmetric
about its principle diagonal, which is the diagonal running from upper left to lower right.
The special slit-scattering function matrix symmetry, or row-by-row invariance with which we
are concerned is a kind of symmetry in which all elements of any diagonal parallel to the
principle diagonal have the same value., Such a matrix will also exhibit the customary
symmetry if the slit-scattering function is symmetric but we make no use of that matrix

property in this chapter.
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Table 8-2. Iterative calculation of inverse slit-scattering function

+ e v +@ e +©® ¢ +® M) g (9
0 0 o o) o 0 o] 0 ) -. Q0
0 0 o} [¢] o) 0 o 0 [¢) .00
0 ¢} 0 ) 0 3] [8) o () .08
Q o) [y) (o] 0 0 Q 1.17

g g 0 Q (s} Q [8) Q Q 4. 00
0 0 0 0 o 0 o 0 0 6. 83
0 Q o] 0 (8] (8] o] ) -=. 0000 7. 92
0 [} 0 0 0 1) [¢] . 0000 . 0001 8. 00
0 o] 0 0 (o} 0 = 0001} . D002 -, Q006 8. 00
(¢} o] o o 0 . 0002 0006 . 0014 . 0027 3. 00
0 o) 0 [} 0005 0017 =, 0037 . 00463 =. 0027 8. 00
(¢} o () 0015 Q044 0071 0147 . 0212 . 0235 8. 00
(o} 0 . 00464 0123 0221 0333 -, 0453 . 0530 - 0711 3. 00
o 0139 0324 0525 Q730 0936 1140 . 1340 . 15346 8. 00
-. 0417 -. 0833 1204 1543 1357 2150 ~ 2426 . 2433 - 2937 8. 00
2033 2639 3102 3503 33863 4192 4498 . 4783 . 5053 8. 00
- 0417 -. 0833 1204 1543 1357 2150 - 2426 . 2633 - 2937 8. 00
[¢] . 0139 . 0324 0525 0730 0936 1140 . 1340 . 1536 8. 00
0 ] . 0046 0123 022 0333 - 04353 . 0580, - 0711 8. 00
0 0 o . 0015 . 0046 0091 0147 . 0212 . 02385 8. 00
0 o] 0 o . 0009 0017 -, 0037 . 0063 =. 0027 3. 00
o [o} 0 0 [} 0002 . 0006 . 0014 . 0027 3. 00
o o] 0 0 0 o} -. 0001 . 0002 =. 0004 8. 00
o 0 o 0 o] (0] [o) . 0000 . 0001 8. 00
s} [ 0 0 [} o] 0 0 -, 0000 3. 00
o o Q [a} o o 0 (o] (4} 8. 03
0 0 0 [s] s} [0} o) (o] (o] 7. 86
o 0 [0} [ o o] (o] o 0 8. 43
s} [} 0 (s} (o} ] 0 0 o) 6. 465
o) 0 0 (o] [v] o] o) 0 o] 11. 20
0 0 (o] o] (o) [s) (o] [} o] 1.37
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where vj =0 4if j<0 or j2> 32 and where S 1is now the "observed" signal given in
column 2 of table 8-1. A comparison of this last column of table 8-~2 with the E(g)
column of table 8-1 shows no differences aside from the end-effects at the bottom of the

&9

table. The advantage of the calculation of the inverse slit-scattering function v of
table 8-2 is that any set of data taken using this slit-scattering function may now be
deconvoluted using eq. (8.42), whereas without this calculation the entire iterative process
must be repeated for each new set of data. There are two minor disadvantages, however:

(1) to see convergence one must convolute the inverse slit-scattering functions with data;
one usually cannot detect convergence in the sequence of inverse slit-scattering functions
of successive orders. (2) The inverse slit-scattering function approach, as we have out-
lined it, is valid only when the responsivity function can be approximated by the product of

a slit-scattering function and a responsivity factor.

UNIQUENESS and NOISE in DECONVOLUTION. If R(AO,A) is accurately known and S(Ao) is

measured it would seem, in principle, that enough information should be available to cal-
culate E(X) with about the same degree of accuracy as S(Ao) possesses. Unfortunately,
we cannot extract this much information from eq. (8.1). First of all, the solution of eq.
(8.1) is not mathematically unique. Consider, for example, the simple rectangularly shaped

responsivity function

R;(A,0) = 1 for \Ao—xl < 1/2
(8.50)
= 0 otherwise.
Then eq. (8.1) becomes
Ao+1/2
s(r) = f E,(A)+dr [S]. (8.51)
° A -1/2

Now suppose we have a solution EA(A) which satisfles eq. (8.51) for some set of observa-
tions S(Ao). Clearly

EA(X) + 2:(A.-c082wnk + B_esin2mn}) (8.52)
1 n n

will also satisfy eq. (8.51) for any values of the An and Bn because

A +1/2 A tL/2 »
° cos 2mA-dx = f sin 2mA-dx = 0. (8.53)
) A

-1/2

Ao-l/Z o

Thus there are an infinity of solutions to eq. (8.51) represented by eq. (8.52) and the one
"true" solution cannot be determined from eq. (8.51) alone. Appeal must be made to other
desired properties of the solution such as smoothness or non-negativity to find an accept-
able solution. 1In the iterative deconvolution technique, for example, we obtain a solution
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which has the property that it satisfies eqs. (8.5) within the measurement uncertainty and
exhibits, in some sense, minimal departures from the spectral distribution of the measured
signal., Later we will discuss a deconvolution technique which picks out the solution

which, within limits, optimizes a measure of the smoothness of EA(A). Such solutions may
still not precisely describe the true spectral irradiance but they will usually be accept-
able solutions in terms of one's intuitive notions about the nature of the spectral irradi-

ance distribution.

In principle there is another similar cause of non-uniqueness in a real deconvolution
due to the wavelength interval of sampling, AX. When S(Ao) is known only at a number of
discrete points, the curve of S(Ao) may have any conceivable shape in the intervals AX
between measured points and each of these possible S(Ao) curves will give rise to a
different solution EX(A); even the values of EA(Ai) at the measured points, Ai’ will
depend upon how S(Ao) is interpolated between the measured points. Fortunately, in
practice one intuitively takes the wavelength interval AA small enough so that usually no
significant excursions of S(Ao) remain unsampled. 1In any case the choice of the wave-
length interval is controlled by the experimenter so that non-uniqueness from this source
can be minimized easily whereas that discussed above, which is due to the breadth and shape
of ﬁhe regponsivity function, can be reduced only by modifying the responsivity function --
by narrowing the slits, for example. Presumably, however, if the responsivity function
could have been narrowed, the experimenter would already have done this, balancing the
improved spectral resolution against the increased noise accompanying the lower signal
levels to arrive at over-all optimum experimental conditions for the total measurement time
available.

Another related aspect of the problem is that when the spectroradiometer physically
converts EA(A) into S(Ao) it performs a smoothing operation, flattening out the hills
and filling in the valleys of EA(A) (see, e.g., figure 7,1l4c). 1In fact, the sharper the
detail in EA(A) the more it is smoothed out by the instrument. Therefore any mathematical
scheme which reconstructs EA(A) from S(AO) must amplify any small bumps and dips of
S(Ao) .to rebuild the hills and valleys of EA(A)' And the finer the detail, the greater
must be the amplification. The result of this is that random experimental noise in the
S(Ao) values will receive great amplification so that in the presence of noise any exact
solution of eq. (8.1) is likely to produce a distorted spectral irradiance distribution
containing a wealth of spurious spectral detail. In many respects deconvolution may be
thought of as equivalent to carrying out the same experiment in the same length of time but
with narrowed spectroradiometer slits and a smaller wavelength interval: the total number
of photons collected during the experiment is the same but it is now distributed among more
samples resulting in a large increase in the relative noise in the high resolution samples
compared to that in the original, actually measured samples. Any attempt to achieve perfect
spectral resolution must result in infinite relative noise. A further comnsequence of the
physical smoothing performed by the spectroradiometer is that any spectral detail in EA(A)

which is smoothed to the point where it is lost in the measurement noise [as the sinusoidal
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terms in the example of eq. (8.52) would be] will be irretrievably lost: it is not recov-

erable by any conceivable mathematical manipulation.

We can easily see how the iterative procedure selectively amplifies sharp spectral

features. Suppose the measurements S contain a sharp spectral feature at A,. Then, of

) k L
ER

course, will contain this same structure [see eq. (8.6)]. However, the calculated
0)
k

values of S in the neighborhood of X, will contain a much broader version of this

2

feature because the calculation Sév) = AA-Z Rik'Eiv)
i
iv) as the radiometer does on the physical spectrum.
(0)
Sk

simply performs mathematically the
same smoothing operation on the E

Therefore the correction term Sk - will still contain the feature at AZ in a

slightly attenuated version. When such corrections are added again and again in the course

(v)

of generating E the magnitude of the excursion at X, will have increased by a factor

L
of nearly Az-v. A very broad spectral feature, on the other hand, will be reproduced quite
faithfully in computing S(O) so that the correction term § - S(v) will quickly

vanish as v increases,

A GENERALIZED LEAST-SQUARES DECONVOLUTION. We have described the iterative deconvolution

method in detail because of its intuitive appeal, its frequent appearance in the literature,
and because it will work in almost all radiometric applications. The number of iterations
required to reach a particular degree of precision depends mainly upon the amount of dis-
tortion that must be removed (and, of course, upon the degree of precision required).
Assuming that the ultimate spectral resolution sought is comparable to the wavelength
interval AX, if AX 1is wider than or comparable to the spectral slit width then a few
iterations will suffice. However, if AX is much smaller than the spectral slit width
then dozens or even hundreds of iterations may be required to achieve a satisfactory
deconvolution. Although successful iterative deconvolutions can be effected in these cases
[8.2,8.20] -- usually by making use of techniques for accelerating convergence and for
smoothing to minimize the amplification of experimental noise which accompanies the itera-
tions -- this approach to deconvolution is not generally recommended [8.11,8.21] if more
than 5 or 10 iterations prove to be required. Occasionally the method fails by divergence
of the iterations before the condition of eq. (8.13) is satisfied. The method is most
likely to fail [8.21] with markedly asymmetric responsivity functions, with noisy data, and
when spectral detail narrower in width than the spectral slit width is sought. In the next
sections we present a deconvolution technique which is somewhat less likely to fail. This
is not to say that the solution will always be satisfactory: attempts to extract fine
spectral details from noisy data taken with coarse slits will always lead to solutions with

a substantial credibility gap. The technique to be described is a generalized least-squares

or constrained least-squares deconvolution method and has been described in various forms by
many authors [8.13,8.21,8.22,8.23]. We will not attempt a derivation of the method here but
will simply outline the approach.
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Consider the following expression evaluated for any arbitrary estimate of the spectral

irradiance function EA(A)

2

2 e, (1) )
j{s(xc> = JRGA, 1) *Ey (A) -d)\} dr_+ y[{—"5— 1 -dr [8"-mal. (8.54)

dx

The integrand of the first integral is the square of the discrepancy between the measurement
S(Ao) at Ao and the instrument output calculated from this EA(A)' The integral over

Ao is then a measure of the total error throughout the spectrum. The last integral is a
measure of the roughness of the function EA(A): if this EA(A) has sharp excursions then
the gsecond derivative will take on large values and this integral will be large. The com-
plete expression is thus simultaneously a measure of the magnitude of the error and the

2 4 4
m enm ]

roughness or irregularity of the function EA(A). The parameter vy [SZ-W_
determines how much relative weight is to be given to these two attributes of EA(A) (it
also absorbs some dimensional constants since the dimensions of the two components of ex-
pression (8.54) are otherwise obviously different). The minimization of expression (8.54)
with respect to the parameters which describe EX(A) then yields a generalized least-
squares solution which simultaneocusly minimizes errors and roughness with a relative weight-

ing determined by vy. In the case of discrete measurements, expression (8.54) takes thé form

2 2 2 2
E (s, - AA-ERki-Ei) + Y-; (B, ,-2E, + E,_)7/(a0)° (5] (8.55)
and the minimization leads to the solution
E = - (R™-R + veH) RS e Zenn . (8.56)

This is a matrix equation in which the quantities [ and §, the spectral irradiance and
instrument output vectors, and R the responsivity matrix, have already been introduced.

The superscript T on a matrix symbol means the matrix transpose of that matrix -- obtained

by interchanging rows and columns: 1i.e., RT =R .
r,c c,Tr

symbol means the matrix inverse of that matrix. The product of a matrix by its inverse

The superscript -1 on a matrix

results in a matrix known as the identity or unit matrix!:

1The notation for the matrix inverse and for the unit matrix brings out the analogy between
these quantities and the corresponding algebraic quantities, reciprocal and unity. Unfortu-
nately the matrix inverse is difficult to calculate especially for large matrices and the
analogy is further marred by some of the other idiosyncrasies of matrix expressions such as
the importance of the order of the factors in multiplication. Since we are not attempting to
derive the equations in this section, familiarity with matrix algebra should not be neces-
sary. For interested readers,brief introductions to matrix algebra are given in [8.13] and

{8.24]. Complete treatments can be found in textbooks on matrix algebra or linear algebra.
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o = O

AtA = -

[dimensionless] (8.57).

The matrix H is given by

F_l -2 1 0 0 .

0 0
-2 5 -4 1 0 0 0
-4 6 -4 1 0 0
H =19 -6 =410 [onm~]. (8.58)
1

The matrix is symmetrical about both diagonals and except for the first two rows and the

last two rows, all rows are similar.

The matrix H given in eq. (8.58) tends to force EA(A) in the direction of linear-
ity. Other choices for the matrix H are possible corresponding to different choices for

the smoothing term in expression (8.54). For example, the matrix

—— —
1 -3 3 -1 0 0
-3 10 =12 6 -1 0

H - 3 -12 19 -15 6 -1 0 . . [nm-s] (8.59)
0

-1 6 -15 20 -15 6 -1
0o -1 6 -15 20 -15 6 -1

corresponding to a term Y'f

3
{d E, ()
dx3
EA(X) toward a quadratic. Usually there is little difference in the final results. Other
examples are given in [8.21,8.22,8.25], and especially [8.13].

}z-dk [Sz'nm] in expression (8.54) tends to force

When Y =0 in eq. (8.56) the solution reduces to

E - o (RER)RTS pren2emn, (8.60)
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which is the least-squares solution for a set of equations like eq. (8.17). When 7Yy =0
and the number of equations is exactly equal to the number of unknowns, as it is in our

case, eq. (8.60) further reduces to
E = Z%'R_I'S (Wem™2enm™ 1], (8.61)

which is just the formal, exact solution of eq. (8.17). As we have noted this solution is
likely to be unsatisfactory in deconvolution because of the problem of noise amplification.
As Y 1increases eq. (8.56) gives solutions of increasing smoothnéss. Eventually, for large
Y, the calculation of the matrix inverse (RT'R + Y'H)—l will generally fail. This
appears to be a numerical problem associated with the fact that the determinant of H 1is
zero.

The practical difference between eq. (8.56) and eq. (8.61) as solutions of the decon-
volution problem is that because of the smoothing represented by the term v*H [SZ-W_Z-ma]
eq. (8.56) may be solved by exact methods. If explicit matrix operations are available in
the computer language employed and if n 1s not too large the matrix operations can be
carried out directly. In languages without explicit matrix operations the calculation is
more trouble, but still straightforward: the matrix inversion is the most difficult step

and algorithms for this are available in most computer centers.

So, in summary, in the generalized least-squares technique we choose a value of
Y [SZ'W_Z'm4°nm4] anu compute the values of Ei(Y) [W'm-z'nm_ll using eq. (8.56). Ome
might start, for example, with Y =~ .OlR’"2 where R* 41s the largest element in the respon-
sivity matrix R [S‘W-}'mz]. We then evaluate some measure of the agreement between the
reconstructed signal and the measured signal, such as the standard deviation:

’ 1 2 K
oly) = 1 ;:I-E (s, - Ak-ngi'Ei(Y)] [s]. (8.62)

Now, depending upon whether o&(Yy) 1s larger or smaller than the estimated random measure-
ment uncertainties, a smaller or larger value of <y 1is chosen -- say by a factor of 10 —-
and the calculation is repeated. The goal is to introduce as much smoothing as possible -~
as large a value of Y as possible -- consistent with the measured signal, allowing for its
uncertainty. The solution is not very sensitive to Y and a less-than-optimum choice by an

order-of~-magnitude will not seriously affect the results.

In table 8-3 we show the results of solving the deconvolution problem of table 8-1
using this generalized least-squares technique. The last four columns of the table are
solutions obtained using different values of Y. Notice that we still have an end-effect at
the bottom of the table. This is because the technique attempts to recreate the sudden jump
in § at X = 60 and, as we have said, the results would be perfectly correct if the meas-
ured Sk values actually dropped abruptly to zero at this point. The similarity between

this family of solutions and the successive iterates of table 8-1 is apparent. The last row
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Table 8-3.

0 HNO

10
12
14
16

20
22
24
26
28
30
32
34
36
38
40
a2
a4
a6
43
50
52
54
56
59
60

2s.

64,
102
122,
127.
123,
128.
128.
128.
123,
128.
123.
128.
128,
128.
123.
128.
123.
128.
123.
128.
123.
123.
123,
128,
123.
128.
128,

Generdlized least-squares deconvolution

y=.01 y=,1 y=1 v=10
. 00 . 00 . 04 - 10
-. 00 00 - 06 - 16
. 08 .07 . 06 .20
1. 17 1. 19 1. 29 1. 5%
4. 00 4. 00 4. 00 4, 00
6. 83 6. 81 6. 718 6. 41
7. 91 7. 93 7. 95 7. 381
8. 01 8. 00 8. 04 8. 146
7. 29 8. 00 7. 98 8. 07
8. 01 8. 00 8. 00 7. 99
7.99 8. 00 8. 00 7. 93
8. 00 8. 00 8. 00 8. 00
3. 00 8. 00 8. 00 8. 00
7. 99 8. 00 8. 00 8. 00
8. 00 8. 00 8. 00 8. 00
3. 00 8. 00 8. 00 8. 00
7. 98 8. 00 3. 00 8. 00
8. 06 8. 00 8. 00 8. 00
7. 89 8. 00 8. 00 S. 00
8. 18 7. 99 8. 00 8. 00
7.73 8. 02 8. 00 8. 00
8. 37 7. 97 8. 00 8. 00
7. 54 8. 01 7. 9% 8. 00
8. 51 8. 04 8. 00 8. 00
7. 53 7. 84 8. 02 8. 01
8. 26 8. 34 7. 95 8. 03
8. 19 7. 52 7. 99 8. 01
7. 02 8. 39 8. 29 7.83
10. 17 8. 30 7. 47 7.70
4, 20 6. 05 7. 62 8. 49
13. 80 12. 66 11. 43 10. 34
. 02 . 05 . 34 1. 66
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of table 8-3 is again the rms deviation of the computed AA’ERik'Ei from the measured Sk
for the first sixteen values of the four columns of Ei values. For measurement uncer-
tainties in Sk of 0.1% something between Y = .1 and Y =1 would apparently be appro-

priate. The matrices R and H wused in this solution have been given in eqs. (8.30) and
(8.58). As an aid to readers unaccustomed to working with matrices we will briefly indicate
the appearance of the rest of the matrices involved in this example. Since R is symmetric
about the diagonal running from upper left to lower right R and RT are the same. The
product RT'R is

— —_
20 16 4 0 0 0 0
16 24 16 o 0
R.R - | 4 1 26 16 4 0 0 [s2ew 2.y, (8.63)
4 16 26 16 4 0
0 4 16 2 16 4
e ——

For Yy =1 the matrix RT°R + v*H becomes

21 14 5 0 0 o0
4 29 12 5 0 0 O
RER+H = 5 12 30 12 0 0 0 st ety (8.64)
5 12 30 12 5 0
o 5 12 30 12 5
| ) ]

A portion of the middle row (or column) of the inverse of the matrix of eq. (8.64) is

10 7(. . . =73 395 -425 -1125 4375 -3125 -15625 46875 -15625 -3125 . . .). (8.65)

Neighboring rows (or columns) are similar but displaced just as in eq. (8.64); however, the
departures from this typical row at the edges of the array are more pronounced than in eq.
(8.64). Finally, the product of <RT'R + H)_l by R? for v =1 gives a matrix whose

middle row (or column) is

(. . . .0004 .0006 =-.0032 .0034 .009 -.035 .025 .125 .025 -.035 . . .). (8.66)

This matrix is functionally the equivalent of the inverse slit-scattering function matrix V

described earlier.
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There is no requirement in this procedure that the number of Ei values be equal to
the number of Sk values or that the wavelength spacings be uniform. In our numerical
example, for instance, if an additional measurement were made at Xo = 5, it would only be

necessary to insert an appropriate additional row into R

4 2 0 0 0 O
2 4 2 0 0 0
R - 0 2 4 2 0 0 (8.67)
0 1 3 3 1 0 -—
0 0 2 4 2 0

expressing how S()\o = 5) 1is to be calculated from the E(}\) (A = 0,2,4,6,8,...). The
‘matrix R now will have 32 rows and 31 columns. Matrix multiplication requires that the
number of columns of the factor on the left be equal to the number of rows of the factor on
the right and then the product matrix will contain as many rows as the first matrix and as

many columns as the second. The following diagram illustrates this rule schematically

* %k % % %

* %k % kx %
* k% %k k % % % * k k% % % ¥ % % % %
k k k %k k % % . * %k %k % % = * k k k% (8_68)
* % k k %k %k % * % %k % % * % % %k %

If the matrix R has m (> n) rows and n columns then RT will have n rows and m

. columns and matrix RT‘R ‘will be an n by n square matrix. The matrix H then must be
chosen as an n by n matrix and we must invert an n by n matrix to solve the de-
convolution problem. Note that the size of the matrix to be inverted is given by the number

of equally spaced E, values desired and AX 1is the spacing of these values.

i
An TTERATIVE SOLUTION for LARGE NUMBERS of POINTS. If the number of measurement points,

n, 1is large —— greater than something like 100 -- limitations of computer memory capacity
and increasing inaccuracies of matrix inversion routines make the direct evaluation of [
by eq. (8.56) extremely difficult if not impossible. In this case an iterative solution

similar to that of eqs, (8.10) and (8.11) can be carried out. Let us write

T = RR + veH (s?w 2o’ (8.69)
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and
Q = R™S rs%ewten®; (8.70)

then eq. (8.56) can be written

E - A}\'T_l'Q [Wem ™ enm ™) (8.71)

or @ = AATeE which is the same form as eq. (8.17). Thus the iterative solution can be
written [by analogy with eq. (8.19)]

EY = E Dy pfa - oYY e, (8.72)
E(O)

is computed from § by eqs. (8.6) exactly as in the simple iterative deconvolution we
discussed earlier. The execution of the iteration scheme of eq. (8.72) normally can be
carried further toward convergence than can the simple iterative deconvolution scheme of eq.

(8.10) because the term vy+H prevents noise build-up. Notice that if the matrix A were

taken as the exact inverse of AX*], that i1s, 1f A = Ai'T—l we would have

EY = VP s 577 - FEYTY = TR en e, (8.73)

which is just eq. (8.71) or (8.56). In this case E(v) <=E) is independent of the trial

spectral irradiance vector E(v—l)

and consequently convergence is immediate with no
iterations required. Therefore, if J| can be chosen as a good approximation to

1 -1
ZX.T the iterations of eq. (8.72) can be expected to converge very quickly. The fol-

lowing procedure may be used to compute a good approximation to K%-T_l [S_2'W2'm—4'nm—1].
We are looking for a matrix f| which satisfies
' 1 -1
AT ~ 51 (™, (8.74)

where | 4is the unit matrix. In obtaining A we make use of the fact that the elements of
the matrix | are everywhere mearly zero except for a narrow band along the principle

diagonal

s2.w2en™y (8.75)
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and that each row is identical or nearly identical to its neighbor except for a one-step

horizontal displacement. Then we determine the elements of a matrix A [S_Z-Wz-m

-4 -1
‘nm

1,

with a similar narrow diagonal band of identical non-zero rows which approximately satisfies

eq. (8.74).

r. —
0

{2

Thus we have a matrix equation which looks something like this

= -
i 0 O 0
o .
= - . ‘ | e, @6
0
L_? 0 0 . 0 1

where the diagonal bands, because of their assumed row-by-row invariance look like

-2 -1 0
.. A, A,
Y
and
e T, Ty Ty
e T, T
e .. T

I
Ay Ay e (8.76a)
A, A Ay ..

T2. o .

T T (8.76b)
To Tl Tz. .
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Consider now the equations which generate a single column near the middle of the unit

matrix:

T, A =0
Tidy + Ty =0
To*Ay + Ty*Ay + TycA, =0
T ycA) + TyeAy + TyeA, = 1/8M (8.77)
T p*h + T_y°Ag + TgeA; =0
T ,*Ay + T_q°A ;=0
T ,*A, =0

In eqs. (8.77) we have assumed that only the | elements from T, to T, are signifi-
cantly different from zero and that we desire a matrix f| with only 3 non-zero diagonals.

In general, with the number n, of such non-zero diagonals in the | matrix and the number

T

n, of A elements desired we will have o, +n, - 1 equations in the n,

matrix elements. These equations can be solved in a least-squares sense to give a set of f

unknown A

elements which will define a good band-matrix approximation to Z%'T_l. The least-squares

solution is given by [compare eq. (8.60)]

-T')'l-T - | 1m (572w 4o, (8.78)

where the elements of vector X, from top-to-bottom are the values Ai’

L}
i=...2,1,0,-1,~2,, . . and T is the abbreviated Ny + n, -1 by n, matrix
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'T ]
The matrix | °*] in eq. (8.78) which now must be inverted is only an n

(nA columns)

I L]
. . 0
,T2 . .
Tl T2 .
, TO Tl TZ
T = - T, T, T, . (ny +mn, -1 rows) (8.79)
T, T, T,
T, T,
: . T,
. 0 . .

by n, matrix.

A A

Thus, by using this approximation and accepting the complication of iteration we are able to

reduce the dimensions of the matrix which must be inverted from n by n (n is the total

number of measured points) to n, by n, where n, 1s a small number usually taken equal

A A A

to the number of significantly non-zero elements in a row of the responsivity matrix R.

Thus,

Ty
of AA, so that the calculation of <T 'T ) 1 should pose no problem. Of course, n

n, will normally be equal to 2 or 3 times the nominal spectral slit width in units

may

A

always be chosen smaller, if necessary, at the expense of additional iterationms.

If n, = 1 eqs. (8.77) reduce to

T2- 0 = 0
TytAg =0
TO‘ 0o - 1/ax (8.80)
T_ 1Ay = 0
T_Z-AO =0

with the least-squares solution

_ 2 2 2 2 2 -2 .2 -4 -1
A0 = TO/[AA .. T2 + T1 + T0 + T_l + T_2 « .01 [58 %W m "enm 7. (8.81))
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This obviously does not solve eqs. (8.80) very well but it represents the best available

approximation to E%'T-l in a least-squares sense which consists of a single diagonal.

[ ]

0 0 0 0 ..
0 A, 0 O
0 0 A O
0 1 =22 -4 -1
A 0 0 o a4 =~ (/a0 T [ST°W'em nm "]. (8.82)

This solution, for n, = 1, when applied to the responsivity matrix of the simple iterative

deconvolution discussgd earlier leads to eq. (8.9). More elaborate J| matrices corres-
ponding to n, > 1 can be used in the simple iterative deconvolution just as in the itera-
tions of the generalized least-squares method and will usually result in more rapid con-
vergence, However, one of the most appealing features of the iterative deconvolution tech-
nique is its simplicity, both computational and conceptual, and, in our opinion, the effort
required to provide an improved A matrix would be better devoted to applying the gener—

alized least-squares technique or a Fourier technique [8.6,8.7,8.26,8.27,8.28] to one's data.

As in the simple iterative deconvolution the value of the matrix A should only affect
the rate of convergence, not the finél values of spectral irradiance obtained at convergence.
If the rows of matrix | are not invariant [as they are in eq. (8.79)], which means that R
cannot be approximated by a slit-scattering function, then J will depend upon which par-
colums of | are chosen for the submatrix T' [eq. (8.79)]. Thus

A
any particular | may lead to a matrix A which is inappropriate for other spectral

ticular group of n
\i

regions of the calculation in the sense that convergence may be slow in those regions. In
extreme cases it may be necessary to calculate different matrices J for use in different
spectral regions; in other words, to break the problem into smaller problems in each of which

a single A Z%'T-l provides adequate convergence.

For brevity we have presented the generalized least-squares method, for the most part,
in matrix notation. We wish to stress that the implementation of the technique on a computer
need not use matrix operations except for the single matrix inversion, which can usually be
handled by a call to a suitable subroutine available in most computer-center program librar-
ies. Moreover, to the extent that the matrices are band matrices with invariant rows, the
matrix multiplicaéions can be replaced by convolutions. Convolution calculations reduce
computer-memory requirements by storihg only the non-zero elements of one row of such a
matrix and obtaining other matrix elements by juggling the indices of this row. For example,
instead of ‘
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n
W= (TE), = YT.E r=1,2,...n
and (8.83)

Prc = <R 'R>rc B ég&Rrk.ch - E%Fkr.ch r,e=1,2,. . .m

we can write

n
2
W) = Y T(k)+E(i-k) 1= -n,,...,-1,0,1,...,n
k=-n 2
2
and (8,84)
B T 2
P(i) = Y R (K)*R(i-k) = Y R(-k)-R(i-k) i=-n,,...,-1,0,1,...,n,.
k=-n2 =—n2

In these expressions (Trc)’ (ch) and (Prc) are n by n matrices with n assumed to
be an odd number and n, = b(n - 1). The quantities T(k), R(k) and P(k) are the entries
along the invariant rows of these matrices as in eqs. (8.76) and (8.76a). That is, for any

Tr:

-_— = - T.
T() Tr,r+k’ R(k) = Rr,r+k’ P(k) = Pr,r+k (R R)r,r+k

and (8.85)

E(k) = En2+k+1’ W(k) = wn2+k+1‘
Examples of computer programs for both the simple iterative deconvolution technique and the
iterative generalized least-squares technique are given in Appendix 8A. Both these programs
use convolution instead of matrix multiplication and hence, are applicable only when the

slit-scattering function approximation is adequate. The only matrix operations used are

those associated with evaluating eq. (8.78).

CONFIDENCE BANDS and the RESIDUAL SPECTRAL RESPONSIVITY FUNCTION. If we can obtain an

estimate of the matrix which converts the measured signal vector § into the deconvoluted
spectral irradiance vector [ then we can calculate how the random uncertainties in the
values of Ei are related to the uncertainties in the measured Si [8.21]. Calling this

matrix | we need to know | in the equation
E = LS (W enn™] (8.86)

where E, here, is the calculated set of spectral irradiance values which result from de-
convolution. ZLuckily, we already have expressions for |. For the simple iterative decon-

volution we have [from eq. (8.48)]
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L = A—i-v(") tstewen™2enm™1y. (8.87)

For the generalized least-squares solution [from eqs. (8.70) and (8.71)]
L = E%-T'l-RT [s'l-w-m'z-nm‘l] (8.88)
or, if the iterative routine is used

L ~ AR tslewen2enn™ly. (8.89)

Now 1f [ 4and § are related by eq. (8.86) then the uncertainties in [ are related to the
uncertainties in § by

cov(E) = L-eov(S)-L? [W2°m-4“nm-2], (8.90)

where cov(é) means the convariance matrix of S, etc. For our purposes we shall make the
usual assumption that the random errors in § are uncorrelated, that is, that the magnitude
and direction of the error in Sz, say, doesn't depend upon the error that was made in

measuring any other value, Sk' In such a case cov(S) 1s just the diagonal matrix

2
°1 0 0
0 cg o . .
cov<S> - 0 o o§ [s?1, (8.91)
2
. [}
n
S —

where ok, as in eq. (8.13), is the standard deviation of the measurement of Sk' The
diagonal elements of the matrix cov(E) computed from eq. (8.90) are similarly the squares
of the standard deviatioms, Ek’ of the values of Ek' The off-diagonal elements of cov( >
describe the correlation between errors at different wavelengths but we will not discuss
these quantities here. In the simplest case where gll Si are subject to the same random
error O, cov(S) reduces to 02-1 [SZJ where | is the unit matrix. Then eq. (8.90)

reduces to

COV<E> - 02'L°LT [Wz'm_4'nm—2] (8.92)
whence

2 2 T 2 ¢ 2 2 -4 =2

£ = o 'ELik'Lki = g -ELik [WEem "enm ‘7. (8.93)
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Applying this formula to the example of table 8-2 using eq. (8.87) we find that, since all
rows of the matrix V are identical we need only sum the squares of the column corresponding
to the appropriate number of iterations. For v = 3 1iterations this leads to

21 (3) >2 2 <4 -2
£, = gfe—— V. [Wem "onm “] (8.94)
i 2 E < k,16

or Ei = 0.18 ¢ for any i. Assuming an uncertainty in the S measurements of 0.1% of the
maximum or 0.13 we obtain Ei = 0.023 or about 0.37 of the maximum of E. Once the standard
deviations, Ei’ of the Ei are known, confidence bands can be drawn around the calculated
Ei values. For example, the probability is 0.997 that the "true" values (deconvoluted
random-error-free data) are within three standard deviations of the calculated values —-
between Ei - 3Ei and Ei + 351. (The corresponding probability for two standard deviations
is 0.954 and for one standard deviation, 0.683.)

The uncertainties Ei are due entirely to the random error in S and do not include
the difference between the deconvoluted spectrum and the true spectral irradiance caused, for
example, by premature termination of the iteration or smoothing. These additional errors are

described by a function we shall call the residual spectral responsivity function. This is

the effective responsivity function of the overall process including measurement and decon-
volution. If E is the true spectral irradiance vector of a source and R is the respon-
sivity matrix of our spectroradiometer, we will observe a signal § which, even assuming

linearity, no error from replacing integration by summation, etc., is not given exactly by

S = MRE (5] (8.95)

because of the introduction of random experimental noise both in the beam reaching the
radiometer and in the measuring process. In following this measurement by a deconvolution we
endeavor to reverse the instrumental smearing described by R. As we have noted, even where
it 1s mathematically and numerically possible to solve eq. (8.95) exactly for the vector F,
it is rarely desirable to do so because the § we observe is not the qu;ntity which sat-
isfies eq. (8.95) and the discrepancies —- the noise -- will be enormously amplified. Con-
sequently, in deconvolution we actually calculate a quantity! E, which is some approxi-

" mation to E, by a process

A

E = LS (v 2enn™™ (8.96)

which is some approximation to the exact inverse

E = Ai 'R-l'S [W-m-z-nm_ll. "(8.97)

11n this section ‘we distinguish between a true spectral irradiance [ and a calculated
approximation to it which we call E. We have not had to make this distinction previously

because it is usually obvious from the context whether [ or [ 1is intended.
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We may think of the matrix | in eq. (8.96) as an explicit deconvolution matrix as given in
eqs. (8.87), (8.88), or (8.89) or we may think of it merely as signifying the process of
deconvolution of S by whatever means -- i.e., as an operator. The degree to which the
process | approximates the exact Z%*R_l and consequently the degree to which E approxi-
mates [ 1s dependent indirectly upon the estimated noise level in the data § because the
noise level limits the number of iterations Vv or governs the amount of smoothing vy wused
in the deconvolution process |. We define the residual spectral responsivity function F

as the function which describes the relationship between F and [E. That is
. -2, -1
E = AXFE [Wem “enm ]. (8.98)

By substituting eq. (8.95) 'in eq. (8.96) and comparing with eq. (8.98) we see that the matrix
F 1is given by

F = LR 1, (8.99)

Although [ and R in this equation are matrices they can be treated column~by-column as
vectors. In other words eq. (8.99) can be written as n matrix equations, one for each

column of R and corresponding column of F:

F11 R4
Fa1 Ro1
. . -1
= | [om ], i=1,2,...,n (8.100)
Fni Rni
Since these equations are exactly the form of eq. (8.96) -- the deconvolution process -- we

see that the colums of the residual responsivity function can be obtained by deconvoluting
the corresponding columns of the spectral responsivity matrix as though the columns of the
responsivity matrix were observed signals, S. The deconvolution process, |, in eq.
(8.100) must be exactly the same matrix or represent the same sequence of calculations which
was used in deconvoluting the measurements § to give the computed spectral irradiance dis-
tribution E; it must use the same values of any parameters such as vy or Ak and the same
number of iterations, if any. The final result, the complete function F, depending upon
both X and Ao’ is the responsivity function of an imaginary spectroradiometer which would
yield directly, without deconvolution, a spectral irradiance output identical to the computed

results of the real system consisting of radiometer plus deconvolution.
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The significance of the residual spectral responsivity function is that it describes the
the spectral averaging which remains in the deconvoluted results and which is normally not
removable by further deconvolution: it describes the ultimate!l resolution which can be
extracted from the data because of the limits imposed by noise and imprecision in the data
itself. Consequently, if it is desired to compare deconvoluted experimental spectral irra-
diance measurements with, for example, a theory, one should first convolute the theoretical
spectrum with the residual responsivity function -~ in other words, calculate, using eq.
(8.98), what the theoretical spectrum would look like if measured with the imaginary radi-
ometer exhibiting a responsivity function given by the residual responsivity function -- and
then compare these results with an appropriate confidence band of the deconvoluted experi-

mental results.

Normally the residual responsivity function is used merely to indicate the improvement
in spectral resolution achieved by the deconvolution process. For this purpose usually the
calculation of a single representative column of [ is adequate. 1In the limit of a perfect

deconvolution where | = Al'R"1 the matrix [ becomes

F = LR = gR™R = g1 ™ (8.101)

where | 1is the identity matrix. Each column of F 1is then the vector equivalent of a

delta function 6(A°—A). At the opposite extreme, where no deconvolution at all is carried

out, we may take E proportional to S, which is equivalent to setting? | = [ [(eq.
(8.96)] and we obtain

F = LR« IR =R (8.102)

In this case each column of F is simply proportional to a column of the responsivity matrix
R which, in turn, is proportional to the observed response of the spectroradiometer when
scanned over a sharp, fixed-wavelength spectral line. Any real deconvolution, then, will
lead to a function F(AO,A) whose dependence upon Ao at any fixed Ai lies somewhere
between a delta function and the raw instrument distortion of a spectral line. Examples of
the calculation of this function are shown in figure 8.4 for the example of table 8-la.

Since R()O,A) normally depends strongly upon AO—A and only weakly (not at all in our
example) upon A or AO separately, it is usual to assume a similar behavior for F(AO,A).
Then the abscissa can be labeled AO—A, even though in our example it was calculated using
the specific column of the responsivity matrix for A = 30. The steady improvement in the

overall spectral resolvability of the process as the number of iterations increases is

lWe assume here that the iterations were terminated or the degree of smoothing was estab-
lished by reference to the noise content of the data. If not, then, presumably, some further
resolution enhancement is still possible.

2The symbol «, here, is the symbol of proportionality, and is read, "is proportional to".
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Figure 8.4. Residual responsivity functions for example of table 8-la.

Simple iterative deconvolution using 0, 3, and 9 iteratioms.
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clearly shown in the figure by the sharpening of the central peak with increasing v.
Usually the most important feature of these curves from the point of view of characterizing
the resolution improvement due to deconvolution is the full width at half maximum of the
curve. In figure 8.4 this is seen to change from 4 at v =0 (no deconvolution) to 1.1
at v =9 which is roughly equivalent to carrying out the measurements with an instrument
whose slit width was nearly a quarter that of the original instrument. Just as the meas-
urement S(Ao) of a source is of limited usefulness unless information about the instrument
spectral bandpass is available, so the deconvoluted spectral irradiance E(A) 1s not really
complete unless information about the overall spectral resolution is available. Thus, any
careful work involving deconvolution should include a computation of the residual spectral

responsivity function.

SUMMARY of CHAPTER 8. By the process of deconvolution we mean the recovery of a spectral

distribution such as spectral irradiance, EA(A), from spectroradiometric measurements

S(AO) when the two functions are related by

s(A) = J'RE(AO,A%E)‘()\)-dA [s]. (8.1)

In this equation RE(AO,A) is the spectral irradiance responsivity function of the measuring
spéctroradiometer and the variable Ao is the wavelength setting of the radiometer. The
Integral is understood to extend over all wavelengths, A, for which neither RE(AO,A) nor

EA(A) vanish. The solution of this integral equation for EA(A) is complicated by non-
uniqueness and, in the case of real measurements, by the amplification of measurement noise.

In any application of eq. (8.1) to n real discrete measurements it is necessary to
interpret the integral as a summation, so the starting point of a practical treatment of

deconvolution is the set of equations

n
S = ééi Ry "Ejeor [8], k=1,2,...,n, (8.5)
where S, = s(x ) = Ad o [8]
_ _ . -2, -1
Ei = EA(A = Ai) [Wem “enm 7]

and Al = Ai—A [nm] is the spacing between wavelengths, which we shall assume is

i-1
constant. For the quantities Rki [S-W—lvmz] we use values of R(AO,A) at Ao = Ak and
A= ki, thus passing from eq. (8.1) to eq. (8.5) by the trapezoidal integration approximation.

More elaborate integration formulas can still be expressed as eq. (8.5) provided the inter-
pfetation of the Bki is slightly modified. As written, eq. (8.5) is a set of n equations
in n unknowns and can be solved exactly. Because of the non-uniqueness and noise ampli-
fication problems of deéonvolution, however, this solution will often prove to be erratic and
wholly unacceptable physically. What is needed is an approximate solutjion of egs. (8.5)

which also meets additional criteria of acceptability such as smoothness.
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Probably the most commonly used deconvolution technique in spectroscopy and spectro-
radiometry is based on requiring the spectral distribution EA<A) to resemble the distribu-
tion S(Ao). This is a simple iterative technique which starts by assuming a trial set of
Ei values

Eio) = si/(Ax-Z R,.) [Wem 2enm™ 21, i=1,2,...,n, (8.6)

3 ]
which 1s just the set which would be accepted if no corrections for instrumental spectral
broadening were to be made. This set is substituted into eqs. (8.5) and the computed values

of S, are compared with the measured ones to calculate a correction to the trial Ei

k

values. In general, starting with the v—lth set of Ei values an improved vth set 1is
computed from
(v) _ (v=-1) . (v-1) -2, -1 _
Ek = Ek + Ak {SR—Sk } (Wem “enm 7], k=1,2,...,n, (8.10)
where
(v-1) S (v-1)
Sy =AY Ry Ey [s1, k=1,2,...,n. (8.11)
i=1

The Ak’ here, are convergence factors whose values only affect the rate of convergence
toward the final solution. Frequently these factors are modified by trial-and-error during
the course of the iterations. A reasonable starting value is

-1

A = Rkk/(Ax.g Rij) Wem™ 2 enmLes71 k=1,2,...,n. (8.9)

The iterations should be stopped when the reconstructed values, Siv) agree with the
measured Sk values within the estimated experimental error. Further iterations tend to
make the solution more nearly mathematically exact and less physically acceptable. This
simple iterative deconvolution is usually not advocated if more than five or ten iteratioms
are required because of the problem of noise amplification; however, digital smoothing can
be added to each iteration stage to permit large numbers of iterations if necessary [8.3,

8.4,8.20].
A useful technique, when the spectral responsivity function can be represented by the
slit-scattering function approximation

2

R(A_,A) = K‘z(AO-A)-rf(A) [sew tem?]. (8.22)

is to solve eqs. (8.5) for numerical values Sk = AX'le, k=1,2,...,n where & 1s n/2
or (n-1)/2, whichever is an integer. The numerical solution which results after v

iterations
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vgv) = Eﬁv)

(8.46)

is effectively an inverse slit-scattering function with the property that, for any set of

h
real measurements S a vt -order solution can be calculated from

k’

(V) LR o), 2o -
EQ T AX Zv‘Q—k sk [Wem nm ] £=1,2,...,n (8.47)
k=1
and
~vn _ L, f
Ez = EQ /r£
v) -1 -2
where Vo k [S "*Wem "] 1is taken to be zero whenever 2~k 1is outside the range from 1 to

n. There is thus no further need for iterations as long as the slit-scattering function

doesn't change.

A different deconvolution technique in which the additional criterion of acceptability
is more explicitly related to the smoothness of the result is known by such names as gen-
eralized least-squares or constrained least-squares deconvolution. In this technique the
Ei are chosen in such a manner as to minimize a sum of two terms, one of which is a measure

of the error in reconstructing the measured § and the other of which is some measure of

k’
the non-smoothness of the E. For example, in the expression

2 2

+ v, -2E e 20?157 (8.55)
i

L8y - A)\ERki.Ei) 1B

k

the first term is the sum of the squares of the errors in reconstructing S while the
second term is the sum of squares of an approximate measure of the departure from linearity

of E in the neighborhood of A The parameter vy [Sz'w-z-mA-nmA] simply sets the rela-

e
tive importance to be attached to these two measures contained in expression (8.55). The

minimization of such an expression with respect to the values Ei leads to a solution for

the Ei which is most compactly expressed by the matrix equation

£ R S et

- -1
in which RT [S-W 1-m2] denotes the matrix transpose of the matrix R and (kT'R + y-H)
denotes the matrix inverse of the matrix RT'R + v+H). The matrix H [nm—A] in eq.
(8.56) depends upon the form chosen for the term describing non-smoothness in expression

(8.55). The commonly used term shown above leads to
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[ 2 0
2 5 4 0
1 -4 6 -4 1 -
H - 0 oo ™, (8.58)
0 1 <4 6 -4 1
— ) —

but other choices for H are often used [8.13, 8.21, 8.22, 8.25]. Usually there 1s little
difference in the final solution for E.

The complete numerical procedure for generalized least-squares deconvolution, then, is
to evaluate [ from eq. (8.56) for a range of values of y -- say for vy = 0.00lR*z,
0.01R*2, and 0.1R*2 where R* is the largest element of the spectral responsivity matrix
R. For each solution the standard deviation of the error in reconstructing the measured

signal

1 24!
o) = {EE IS, - “’ERM’EN” }1 [s] (8.62)

should be calculated. The proper value of vy to use is then the largest one (the most
smoothing) for which o(y) is not larger than the estimated measurement uncertainty,
Generally, additional values of vy outside the range indicated above will have to be tried;
however, the solution is not critically dependent upon vy and values within an order-of-
magnitude of the optimum one will yield essentially the same set of spectral irradiance
values, Ei'
If the number of data points is so large that the matrix operations of eq. (8.56) are

not feasible, an iterative technique

T = RER+vH 1s2w?ay, (8.69)

Q = RS 1s?wlem?y, (8.70)

EV o gD, A.{Q - M'T'E(V—l)} [Wem Zenm 1], (8.72)
can be applied in which A [s72.w? N em Y] is only an approximate inverse of AA<].

This procedure can be expressed in much the same way as eq. (8.10) and requires little more

computer memory than the simple iterative deconvolution.

The dependence of errors in the computed values of Ei upon measurement errors in Si

can be estimated provided the deconvolution calculations which produce E from S permit

the explicit evaluation of the matrix elements Lik in | where | 1is defined by
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E = L-S [Wo2nn . (8.86)

The matrix | is an approximation to an inverse responsivity matrix (1/AA)-R_1. Its
elements usually can be easily evaluated during deconvolution {see eqs. (8.87), (8.88), and
(8.89)} and then

cov(E) = L°cov<S)-L? (W2 em ™% enn 2. (8.90)

In this equation cov<S) is the covariance matrix of the measured S, ~- usually just the

i
diagonal matrix

[~ ™
ci 0
0 og 0
2
cov<s) - 0 0 9 1s?1, - (8.91)
2
. ag
n

where oi is the measured or estimated standard deviation of Si. The diagonal elements
[cov(E)] of the covariance matrix cov<E> are likewise the squares of the standard
ii

deviations of the computed Ei' The off-diagonal elements of cov(E) describe how errors

at one wavelength are correlated with errors at another wavelength and are generally ignored.

Even if there were no measurement errors, there would still remain, after deconvolu-
tion, some spectral smearing of the spectral irradiance distribution. The residual spectral
responsivity function is a measure of this residual spectral distortion. This is the
computed response, to a monochromatic input beam, of the overall system including measure-~
ment and deconvolution. It is obtained by deconvoluting a "signal" numerically equal to the
responsivity function, using exactly the same computational steps as the real deconvolution
used, including the same values, if any, of Ak and vy, and the same number of iterations.
.The computed spectral distribution which results is the effective spectral responsivity of
the total measurement-and-deconvolution pracess and normally cannot be improved by further
computations; the residual responsivity funcfion represents the best spectral definition

which can be achieved in view of the noise content of the measurement data.
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Appendix 8A, Deconvolution Programs
by John B. Shumaker

In this appendix we present two computer programs for performing deconvolution. The
first is the simple iterative deconvolution method of eq. (8.10). The second is the itera-
tive generalized least-squares method of eq. (8.72) with the non-zero elements of a row of
the band matrix A computed by eq. (8.78). They are written in the BASIC language and as
far as possible the variable names agree with the notation of Chapter 8. The programs are
intended primarily to provide an alternative description of the deconvolution algorithms and
a working starting point for programming them. Each program is followed by a cross-refer-
ence table of variable names and line numbers. The inefficient use of memory by not writing
over program variables when they are no longer needed and especially the data input and

output are illustrative rather than practical.

Both programs employ the slit-scattering function approximation and denote by R and
E the quantities z and E' of Chapter 8. Thus, if the responsivity function depends
upon the instrumental setting Ao and wavelength X only through their difference, AO-A,
then the program variable R may be taken as the spectral responsivity and the program
variable E as the spectral irradiance. The programs also use D, G, and N for the
quantities AX (wavelength interval), Yy (smoothing parameter), and v (number of

iterations) of Chapter 8.

The number of points in R, E, § and the other vectors is always taken as an odd
integer. The slit-scattering function data are assumed to be in the order from top-to-
bottom of a column of the responsivity matrix -- as if obtained by observing a fixed wave~
length monochromatic source while tuning the radiometer through the spectrum in the same

direction as the measured signal data were taken.

All matrix multiplications are performed by the same convolution routine based on egs.
(8.83), (8.84), and (8.85): the convolution of X with Y to form Z assumes that the
lengths of all three vectors are odd integers and the indexing is arranged so that the
summation which produces the central entry in Z includes the product of the central
entries of X and Y. Algebraically, if the lengths of vectors X, ¥, and Z are
2x,+1, 2y2+l, and 2z,+1, we have

2 2
1
Z, = i;i XY g 3= -zy,m2,41,...,-1,0,1,...,2, (84.1)
1
where il = j—y2 for j > Yo %,
otherwise i1 =X,
and 12 = j+ Yy for j < Xy, =Y,
otherwise 12 = xz.
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In BASIC this translates to

DIM X(2#X2+1), Y(2%#Y2+1), Z(2#Z2+1)
FOR J=-22 TO ZI2

LET Z(J+Z2+1)=0

LET Il=-XZ

LET IZ=X2

IF J>YZ-X2 LET Iil=J-YZ

IF J»X2~Y2 LET I2=J+Y2

FOR I=I1 TO IZ2

LET Z(J+Z2+1)=Z(J+Z2+1)+X(I+X24+1) %Y (J+Y2+1-1)

NEXT I
NEXT J

In iterative calculations, using convolution instead of matrix multiplication, there is
always a question of how to avoid increasing the vector lengths with every iteration. The
increases come about because the number of significant elements of Z which can be cal-
culated by the convolution of X with Y is approximately equal to the sum of the numbers
of significant elements in X and Y. 1In these programs the following scheme is used: in
calculating the quantityl W=2S5 -D*R*E (or W = Q - D*T*E in the second program) the
lengths of W and S (or Q) are made large enough to accommodate all significant ele-
ments in the convolution of R (or T) with E. In computing the improved E by con-

volution of A with W, only the desired elements are retained.

The programs print out the complete set of E values after each iteration followed by
the rms value of the error in reconstructing the S values from this set of E wvalues. If
end-effects (see Chapter 8) are important the rms-error calculation should be restricted to
the central wavelength region whirh is free of this problem. In the simple iterative de-
convolution the iterations should be terminated when the rms error reaches a minimum or
becomes comparable with the experimental error. In the generalized least-squares program
the iterations should be continued well beyond the point where the improvement per iteration
is comparable with experimental accuracy and then the rms error can be used to judge which

value of the smoothing constant G 1is most suitable.

1The asterisk stands for the convolution operation. That is, R*E = ZR, or the

L 5-1"Eqo
equivalent integral. This notation is commonly used in the literature, probably because it
suggests matrix multiplication, which is what convolution becomes when the slit-scattering

function approximation is inappropriate and the full matrices must be used.
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0010
QD20
Q030
0240
DO50
0060
7o
0030
070
0100
DL10
0120
D130
0140
0150
0140
0170
0130
0120
0200
0210
DIA20
Q230
040
D230
02&0
Q70
O30
Q230
0200
0510
03220
0330
O340
0350
034D
OR70
D320
0320
[aT{In]K]
0410
420
0430
0440
0450
D450
0470
R0
0420
D500
0510
0DH20
OR30
DS540
0550
05s0D
0570
D530
Q520
OAD0

=TI =S T

REM A PROGRAM FOR SIMPLE ITERATIVE DECONVOLUTION

FRINT “WAVELENGTH SPACING*;

INPUT D

PRINT

REM READ SILIT FUNCTION DATA

REM FIRST ENTRY IN DATA BLOCK IS # OF DATA POINTS TO FOLLOW.
REM OJRDER OF SLIT-FUNCTION DATA IS A5 IF A SHARP LINE

REM WERE SCANNED EXACTLY AS NORMAL MEASURED SIGNAL IS SCANNED
DATA 3

UDATA 2.4, 2

PRINT

READ R

LET R2={(RY-1)/2

DIM RIRY)

FIOR I=1 TO RY

READ R(I)
NEXT I
REM READ MEASURED SIGNAL DATA
DATA 31
DATA O.. 333333, 5. 33333, 23. 6647, &4, 102, 333, 122 &467

ODATA 127. 647,128, 123, 123, 123, 123, 123, 128
DATA 128, 123, 122, 123, 123, 128, 123, 123, 123, 123
DATA 123,123,123, 123, 123, 123
READ E¥
LET S9=E9+RI-1
DIM (3, E(E?), W(SP)
FOR I=1 T 59
LET S(I)=0
NEXT I
FOR I=1 TO E?
READ S(I+R2)
NEXT I
LET RO=0
LET Ri=0
FOR I=1 T R%
LET RO=RO+R(I)
LET RI=R1+R(I)"2
MEXT I
LET a=R(R2+1)/R1/0
LET S2=(53-1)/s2
LET E2=(E9-1)/2
REM CALl ZEROTH ESTIMATE OF E
FOR J==E2Z TO EZ
LET E(J+EZ+1)=30J+32+1) /RO/D
NEXT
REM CONVOLUTE R WITH E AND CALLD W=3-D#R+#*E
LET X=0
FOR J=-S2 TO 82
LET WOI+S524+1)=3(J+52+1)
LET Il=-RZ
LET N=0
LET 1Z&=R2
IF JXE2-R2 LET Il=J)-E2
IF JER2-EZ LET I2=J+E2
FOR I=I1 Ta I2
LET W JI+52+1) =W (J+22+1)~R{I+R2Z+1)#E( JHE2~I+1)#D
NEXT I
LET X=X+W(.I+52+1)"2
MEXT .J
REM CALLC E=E+Ad+l
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0610 FOR J=—~E2 TOD EZ

0620 LET E(J+E2+1)=E(JH+E2+1)+AxW{J+3532+1)
0430 PRINT E(J+EZ+1).,

0440 NEXT J

0650 PRINT

0660 PRINT SOR(X/ED)

OD&TO LET N=N+1

04630 IF N<1I1 GOTO 0460

DA END
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98

RO
R1
R2
334
5
S22
5%
(7]
X

04460

=IID

0320
0030
02460
Q410
0240
0150
0370
0300
0320
0430
0310
140
Q330
0340
0130
0120
0260
0400
0250
Q260
0470
0630

0620
0330
0440
Q430
DZ50
0140

09530
Q540
0440
0470
0160
D360
Q370
0310
0130
0220
2440
02460
0420
0530

0440
0560
0440
02460
0170

0550
Q950
0450
Q&30
03460
Q440
3370
0390
0140
0310
04330
0270
0960
0460

03460
Q620
0530
0300
0270

0430

Q370

0500
0150
0440
0420
0400
0530

0430
0540
0410
Q230

0420
0390
0320
0250
0420
0540

04620

L= =
Q360 0610
QAL0O
0220 0300
0330 0540
03460
0530 0540
0350
03530 04620

0310

0560

0560

0430

0320

0530

03350

0520

03460

Q04610

0370

0620

0330

0430

0350

04640

0360



QUie
DOI0
0030
D090
0050
DOAD
DOT0
O30
OO0
D100
L1
0120
0130
D140
0150
01460
0170
0130
031720
Q200
D210
0Z20
DZ30
0240
D280
0250
D270
D280
02320
0300
0510
0320
0DA30
0340
0350
0340
0570
O2E80
0390
400
O410
D420
0430
D340
Q450
a3 50
O470
04130
D420
[slaluls]
0510
0520
D20
D540
OS50
O%&0
D570
0530
0530
Q4600

TCEL =D S T

REM A PROGRAM FOR ITERATIVE GENERALIZED LEAST~-SQUARES DECONVOLUTION
PRINT "WAVELENGTH INTERVAL";

INRUT D
PRINT
PRINT "GAMMAY;

INFUT G
FRINT
REM FDR MORE ACCURATE A, INCREASE Al
LET Al=0
REM READ SLIT FUNCTION
REM FIRST ENTRY IN DATA BLOCK IS # OF DATA POINTS TO FOLLOW
REM ORDER OF SLIT-FUNCTIDON DATA IS A5 IF A SHARP LINE
REM WERE SCANMED EXACTLY A3 NORMAL MEASURED SIGNAL IS SCANNED
DATA 3
DATH 2, 4,2
READ R?
LET TZ=R¥-1
LET RzZ=(R9-1)s2
DIM R(R?), TOZRTZ+1)
LET RO=0
FOR I=1 TO R?

REALN ROI)

LET RO=RO+R(I)
NEXT I
REM CONVOLUITE R WITH R-TRANSFPOSE TO GIVE T
FOR Jd=1-R? TO R9-1

LET T(MHRP)=0

LET I1=-R2Z

LET I2=RZ

IF Jx0 LEYT Il=J-R2Z

IF <D LET I2=J+R2

FOR I=I1 7D I2

LET T(I+RP ) =T (4RI +R(R2-I+1 ) #R(J+R2Z-1+1)

NEXT I
NEXT .4
REM ADD IN SMOOQTHING TERM GxH
LET T(RP)I=T(R?)+L#5
LET T(RZ+1)=T(R9+1)~-4+%3
LET T(R%~1)=T(R?-1)~-4#0
LET TIR#+2)=T(RP+2Z)+G
LET T(RZ=2)=T(RP-2)+5
REM COMPUTE AFFROX INVERSE BY LEAST-SRUARES
LET A?=R?+2#INT (A1)
DIM B(AT, A7), A(AT, 1), Z2(AP, 1)
LET AZ=(A%-1)/2
REM CONVOLUTE T-TRANSPISE WITH T AND FILL OUT MATRIX
MAT B=ZER
FOR J=-3% TO A%

IF ARS () AZ GOTO 0520

LET Z(J+A2+1, 1)=0

IF J+R220 IF J+RPC=2Z#T2+1 LET Z(.I+A2+1, 1)=T(J+RD?)/D
LET BO=0

LET Il=-T2 .

LET I2=T2

IF J20 LET Il=J-TZ

IF J<0 LET IZ=J+T2

FOR I=I1 TO IZ

LET BO=BO+T(TZ~I+1)#T(J+T2~1+1)
NEXT I
FOR L=-AZ TD A2
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0610 LET Bl=J+L+A2Z+1

Q620 IF B1>0 IF B1<=A% LET B(L+AZ+1, B1)=B0
0630 NEXT L

04640 NEXT J

04650 MAT B=INV(B)

OhA0D MAT A=B#*Z

470 REM READ SIGNAL DATA

0430 DATA 31

O&70 DATA 0,. 333333, 5. 33333, 25. 66467, 64, 102, 333, 122 A567
0700 DATA 127. 667,123,123, 123,123, 123, 123, 128
0710 DATA 123,128,123, 123, 123, 122, 123, 123, 123, 123
0720 DATA 123,123,123, 123, 123, 123

C730 READ 37

0740 DIM S5(52),E(39)

0750 FOR I=1 TO 3%

0760 READ 3(I)

O770 NEXT I

0730 LET Q9=2#R?+397-2

0770 REM CONVOLUTE R-TRANSPOSE WITH 5 TO GIVE 2
0300 DIM R(AP) . W(RAD)

0310 LET Q2=(9-1)/2

0320 LET 32=(39-1)s72

O30 FOR J=-32 T Q2

0240 LET Q(J+RQ2+1)=0

0350 LET Il1=-R2Z

0360 LET I2=RZ2

o370 IF J»32-R2Z LET I1=J-32

0830 IF JCRZ-S52Z LET I2=J+32

oRe0 FOR I=I1 TO I2

0OR00 LET R J+R2+1)=R(J+QZ2+1)+R(R2Z-1+1)#3(J+32~1+1)
0910 NEXT I

0OR20 NEXT J

D930 REM CALC ZEROTH ESTIMATE OF E

o400 FOR I=1 TO 592

0950 LET E(IL)=35(I)s/RO/D

0760 NEXT I

0?70 LET N=0O

0?30 REM CONVOLUTE T WITH E AND CALC W=Q-D#T#E
0990 FOR J=-R2 TD Q2

1000 LET K=J+2+1

1010 LET W((K)=Q(K)

1020 LET Il=-T2

1030 LET IZ=T2

1040 IF J»52~T2 LET Il=J-382

1050 IF JET2~32 LET IZ=J+52

1040 FDR I=I1 TO IZ

1070 LET WK)=W(K)~T(I+T2+1)#E (J+52-I+1)#D
1080 NEXT I

1020 NEXT .J

1100 REM CONVOLUTE A WITH W AND CALC E=E+A+*W
1110 FOR J=-52 TD S2

1120 LET I1=-A2

1130 LET I2=AZ

1140  IF Jo2-A2 LET Ii=J-122

1150 IF JKA2-2 LET IZ2=J+R2

1160 FOR I=I1 TO IZ

1170 LET E(J+32+1)=E(J+32+1)+A(AZ-I+1, 1) #W(J+Q2=I+1)
1180 NEXT I

1190 PRINT E(J+52+1).,

1200 NEXT

1210 PRINT

1220 REM CONVOLUTE R WITH E AND CALC ERRDRS: S~D#R*E
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1230
1240
1230
1240
1270
1230
1270
1300
1310
1320
1330
1340
1350
1350
1370
1330

LET X=0
FOR J=-32 10O 82

LET X0O=3(.J1+32+1)

LET I1=-R2

LET I2=R2

IF J232-R2Z LET Ii=J-852
IF JCR2-32 LET I2Z=J+32
FOR I=I1 TO IZ2

LET XO=XO-R(I+RZ+1)#E (.J+32~1+1)#D

NEXT I

LET X=X+X0O"2
NEXT .J
PRINT S0OR(X/5%9)
LET N=N+1

IF NZ10 G0T0O 0930
END
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Chapter 9. Physically Defining Measurement-Beam Geometry by Using Opaque Barriers
by Fred E. Nicodemus

In this CHAPTER. In previous discussions of the distribution of optical radiation with

respect to position and direction (Chapter 2 [9.1]! and Chapter 4 [9.2]), we merely assumed
that opaque barriers, such as the opaque screens in figure 2.2 [9.1], could be used to define
beams by blocking all rays that are not a part of the desired beam. Now we want to examine
more closely the way in which such opaque barriers are used to physically define or limit the
extent of radiation beams in making radiometric measurements. We'll do this mostly in terms
of throughput, the integrated product of projected area and solid angle (or area and pro-
jected solid angle), and the limits of the throughput integral(s), because they are the
quantitative measures of beam geometry. Even though exact numerical evaluation of these
quantities may not be needed very often, it is only in these terms that an adequate under-
standing of their significance can be achieved, including the ability to confidently decide,

in all cases, whether or not the numerical evaluation is required.

The geometrical-optics or ray-optics limits provided by opaque barriers are the starting
point for assigning the limits of integration for the spatial parameters of area and solid
angle (position and direction) in the measurement equation {e.g., eq. (5.5) [9.3]}. When
accuracy requirements are not too stringent, these limits may be adequate without refinement.
However, in most instances, the effects of scattering, diffraction, or optical-system aber-
rations {imperfect imaging) may extend the responsivity of a radiometer substantially beyond
the nominal limits of the ray-optics beam boundaries. Hence, for optimum accuracy, the inte-
grals of the measurement equation must likewise be extended beyond those nominal limits, to
the extent determined by experimental checks of instrument responsivity as a function of

position and direction.?

The opaque-obstacle-shadow boundaries that we discuss in this
chapter, then, while they are very important for design purposes and as a starting point for
analysis, are no more than that -- a starting point or first approximation -- and must never
be considered as absolute limits that cannot be exceeded. With that caveat, however, we'll
devote the rest of this chapter, except for an occasional reminder about the real world, to
the simpler domain of ideal geometrical optics-with sharp ray-defined shadows and perfect

images in clear non-scattering media.

The chapter starts with a discussion of the simplest physical definition of a radiation
beam -- by two apertures in opaque screens in a homogeneous (iso-refractive-index) medium
where all rays are straight lines., The concept of vignetting is also illustrated for this

simple case.

1Figures in square brackets indicate literature references listed at the end of this chapter.

2Another approach, and in some ways a sounder approach, is to always extend the integration
limits as far as possible -~ e.g., 0 < 68 < w/2 [rad] and 0 < ¢ < 27 [rad] -- even though

the integrand may vanish over much of each interval.
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There follows a discussion of the beam defined by two apertures with a thin lens between
them. This brings out the way in which aperture and/or aperture-image pairs can be equiva-
lent to the earlier simple case of two apertures defining a beam of straight-line rays in a
homogeneous medium. The concepts of object space and image space are developed, bringing out

that both members of a beam-defining aperture/aperture-image pair exist in the same "space".

The geometrical-optics concepts of aperture stop and field stop, and their images in
object space, the entrance pupil and entrance window,'respectively, are developed. This is
followed by a discussion of the somewhat "loose'" way in which these ‘terms are used in radi-
ometry. The exit pupil and exit window, the images of the respective stops in image space
are also briefly defined. In addition, the special case of an optical system focused on

infinity (entrance window at infinity) is treated.

Some practical problems relating to the role of entrance pupils as receiving apertures
in radiometric measurements are discussed, followed by a discussion of diffusers and their
use in connection with the measurement of irradiance. Attention is given to the problem of
the exact position of the entrance pupil (receiving aperture) and the effects of diffusers

empirically shaped to achieve a '"cosine response' characteristic.

Finally, there are brief discussions of the role of baffles, of some more aspects of
vignetting, and of the effects of beam geometry on overall instrument radiance and irradiance

responsivities.

BEAM GEOMETRY in RADIOMETRY. In Chapter 5 of this Manual, we found [9.3 (p.90)] that the
measurement equation has basically the same form for all radiometric measurements {eq.
(5.30b)}

s(aw,80) = [ [ [ R (%,y,6,0,)) L, (x,7,6,6,1) -cosd-dw-dA-dr [S]. (9.1)
AX A w

Here S(A,w,A)) [S] 1is the output signal of an instrument with spectral-ray flux respon-
sivity R¢(x,y,6,¢,A) [S-Wcl] for the incident flux element

de(x,y,8,$,A) = L)\(X,y,e,q),)\)‘COSG‘dw'dA‘dw (W]

associated with the ray, of spectral radiance Ll(x,y,9,¢,k) [W-m_z-sr—l-nm_l], incident on
the receiving-aperture-area element dA [m2] at the point x,y{ within the solid-angle
element dw [sr] from the direction 6,¢, and within the spectral-wavelength element

dX [nm] at the wavelength A. The effects of the radiation parameters of time or fre-
quency-f (of fluctuation or modulation; f << v), and of polarization (see Chapter 6 [9.4])
have been ignored here and, for simplicity, we will continue to ignore them in this chapter
while we examine the way in which measurement-beam geometry is physically defined. We'll
look at the physical considerations that determine the values of such quantities as the
spatial limits of integration, the area A and the solid angle w [actually, w(x,y)], in

eq. (9.1) that define the beam and its throughput (0 = ffcose-dw-dA, see next section).
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We'll discuss the choice of reference surface to facilitate the beam (throughput) defini-

tion and will emphasize the purely ray-optics or geometrical-optics considerations.

Even when the physical limits that define the throughput are clearly and unambiguously
identified, accurate measurements to establish the values of the area(s) and solid angle(s)
involved can be quite difficult. However, we won't go into such precision-measurement
problems in this chapter but will concern ourselves primarily with the ways in which the

physical limits are established.

Just because these measurements are so difficult, we try to avoid the need for accurate
evaluation of the throughput wherever possible in making radiometric measurements, particu-
larly when the best accuracy is required. That's why, in all three illustrative problems
in Chapter 5 [9.3], calibration measurements against a standard source are made under
conditions that are enough like those of the actual measurement so that all of the geomet-
rical factors cancel and do not appear in the final expression for the measured quantity.
However, a thorough understanding of the physical limits is needed: (1) to be sure that
the beam geometry is, in fact, not significantly changed between the calibration measure-
ment of a standard and the corresponding measurement of an unknown radiometric quantity,
(2) to insure adequate specification of the measurement beam in any complete report of a
radiometric measurement, (3) to evaluate the adequacy of throughput estimates used in
planning a measurement, particularly in establishing the required detector capability, and
(4) as an essential factor in an error analysis to estimate the uncertainty of the results

of a radiometric measurement.

SIMPLE BEAM-DEFINING APERTURES. In the "thought experiment' to develop the concept of
radiance in Chapter 2 (figure 2.2 [9.1]) we introduced one of the simplest beam-defining

aperture configurations--a beam of all rays through a pair of apertures, one in each of two
opaque screens. With no other obstructions from source to receiver, the selected beam is
clearly and unambiguously defined at either aperture as consisting of all rays through
every point of that aperture within the solid angle subtended at each point by the other
aperture. 1If we need to evaluate the throughput © of the aperture pair filled by the
beam {see eq. (2.27) [9.1]}, we can choose either aperture (plane) as the reference surface

(see figure 9.1) and evaluate

0 = f f cosf-dw-dA [m2-sr], (9.2)
A w(x,y)

where

A [m2] is the reference-surface aperture area (includes the intersection of every

ray of the beam with the reference surface),

w(x,y) [sr] is the solid angle subtended by the other aperture A' at the point
x,y within the aperture area A (dincludes every ray of the beam

that intersects that point),

da [m2] is an element of reference-surface area at the point x,y [dA = dx-dy],
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6 [rad] 1is the polar angle from the normal to dA at x,y that, together with
the azimuth angle ¢ [rad] from the X-axis in the reference-surface

plane, constitute spherical co-ordinates about x,y, and

dw [sr] is an element of solid angle in the direction 6,¢ from x,y (within w);
[dw = sin6-do-d4].

Figure 9.1. Evaluation of the throughput between two apertures.
The beam consists of all rays (straight lines) through the apertures A
(chosen as the reference surface) and A'. Its throughput 0 is eval-
uated by the double integral of eq. (9.2), integrating or summing over
all solid-angle elements dw within w, the solid angle subtended by
A' at each point X,y of A, and over all area elements dA within
A. Each solid-angle element dw makes an angle 6 with the normal to

the area element dA at the point x,y.

94



VIGNETTING. Away from the two aperture screens of figure 9.1, across any other plane that
intersects the entire beam, there is vignetting so that the solid angle w(x,y) at some
points x,y in that plane is not defined by just one of the beam-defining apertures. This
situation, and the meaning of the term 'vignetting", is best explained by reference to
figures 9.2 and 9.3. Figure 9.2 shows a plane section through the centers of two parallel
coaxial circular apertures, A1 and A2. The extreme rays a - a through corresponding
points, together with extreme rays b - b through opposite points, bound different regions
of the defined beam (made up of all rays that pass through both apertures). When a point
X,y of an intersecting plane, such as the plane c¢ - c; lies within one of the central
regions, (2), (4), or (6), there is no vignetting because the solid angle w(x,y) filled
by all rays of the beam that intersect at x,y 1is a solid angle subtended at that point by

just one of the apertures. In regions (2) [as shown] and (6) this is aperture A,; in

H
region (4) it is Al' However, except in the planes of the apertures, every such 2
intersecting plane c¢ - ¢ also crosses regions (1), (3), or (5), where things are dif-
ferent. Consider the point X,y on the intersecting plane ¢ - ¢ 1in figure 9.3, where it
is shown in region (5) with the extreme rays bounding the solid angle w(x,y): the

uppermost ray through the apertures is limited by aperture A, while the lowest one is

2
limited by aperture Al' Thus the rays of the beam that intersect at this particular point
X,y do not completely fill either of the apertures, a condition called 'vignetting'. It

is easily seen that the same holds true for all points in the cross-hatched regions, (1),
(3), and (5). When vignetting occurs, as described here, it becomes extremely difficult to
specify the limits of the solid angle w(x,y) in order to evaluate the throughput by eq.
(9.2). A good example of the complexities in a case involving just a small amount of
relatively simple vignetting is found in [9.5]. Thus, there is a clear advantage, when
defining or analyzing any beam and its parameters, to choosing one of the two aperture-

screen planes, where there is no vignetting, as the reference surface.

A BEAM-DEFINING APERTURE PAIR. Similar vignetting complications arise if any of the rays

from source to receiver, that would otherwise pass through both apertures, are blocked by
any obstruction or obstacle at a third location, whether between the apertures or external
to them.! Accordingly, in the design of instruments and experimental configurations,
especially when the highest accuracy is needed, and particularly when it is necessary to
compute the value of the throughput, it is desirable to arrange to have a beam defined by
just two apertures with no other obstructions to cause vignetting. We'll designate such an

unvignetted pair of apertures as a beam-defining aperture pair or, most of the time, as

just an aperture pair.

So far, we've looked only at the situation where both apertures and all of the space
between them are in the same uniform, isotropic medium so that all rays between them are
straight lines. We intend that those conditions be implied by the term aperture pair,

except when explicitly stated otherwise. However, there are many optical systems where

lgee "More on Vignetting" later in this chapter, especially figure 9.8.
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Figure 9.2. Vignetting regions in a beam between two circular apertures.
Vignetting occurs in the cross-hatched regions, (1), (3), and (5), but not in the clear central
regions, (2), (4), and (6). At the point x,y on plane c¢ - ¢, in clear region (2), inter-
secting rays are limited to the solid angle w(x,y) subtended at that point by the aperture A2
[See also figure 9.3.1



L6

N\

A, A w(x y)///
1,///// 7 ’ /
— /W j

—— e ——

<

Figure 9.3, An example of vignetting in a beam between two circular apertures.

At the point x,y on plane ¢ - ¢, in the cross-hatched vignetting region (5), note that the upper

extreme ray is limited by aperture A, but the lower one is limited by aperture A so the solid

2 1°
angle w(x,y) of rays of the beam intersecting at x,y does not fill either of the apertures.



there are focusing optical elements that deflect the rays between two beam-defining aper-
tures. In the next section, we analyze such a case. We find that it is always possible,
for purposes of analysis and throughput computation, to replace any such pair of beam-
defining apertures that has intervening focusing optical elements by an equivalent aperture/
aperture-image pair that has no focusing elements so that all rays between this equivalent

pair are straight lines.

A THIN LENS between TWO APERTURES: BEAM-DEFINING APERTURE/APERTURE-IMAGE PAIRS.

Figure 9.4 depicts two vertical screens with coaxial circular apertures A, and A

aligned along the horizontal optical axis of a thin circular lens L located bitween chm.
In (a), the extreme rays between the margins of the two apertures are again shown by solid
lines a - a and b - b, as in figure 9.2, but now they are deflected by refraction as
they pass through the lens. On the right-hand side of the lens, the rays from the left-
hand side have also been extended through the lens as undeviated straight dashed lines that
intersect at points on the margin of a virtual image! Aé (also shown by dashed lines)

corresponding to similar points of intersection of the solid lines at the margin of aper-

ture AZ'

It is clear that the rays of the beam that cross at aperture A1 are exactly the same

there at A1

by its virtual image Aé. That is, the rays between A1 and A2

to form the subtended solid angles wl(xl,yl) at points Xy5Y, within the aperture A1

as they would be if the lens were removed and the aperture A2 were replaced

that intersect at Al

in the expression for the throughput of the aperture-lens combination

o = [ f cos8, *dw, *dA; [m?es1], (9.8)
Ay wy(xpsyyp)

1A real image is formed when rays from each object point converge, after deviation by a fo-
cusing mirror or lems, to intersect at a corresponding image point. If strong enough
visible light is used, such a real image can be seen on a ground glass or other scattering
or diffusing material placed at the location of the image. A virtual image is formed when
the rays diverge, after deviation by the lens or mirror, and intersect only when extended
back, as straight lines, again past the deflecting mirror or lens. Since the intersecting
lines at each virtual image point are only extensions of the rays, which do not actually
pass through that point, they cannot be seen there on a ground glass like those of a real
image. Instead, for example, the virtual image Aé of the aperture A2 would be seen,
and appear to be located at the position of Aé, only by looking back through the lens
from the left-hand side at the rays coming through it from the real object, the aperture
Aye 1’
from Aé, rather than from A,, because of the refraction by the lens. The most familiar

In the vicinity of A looking back through the lens, those rays appear to be coming

virtual images are, of course, those that we see of ourselves and our surroundings in a

common plane mirror or looking glass.
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(a) Throughput between A1 and Aé (virtual image of Az).

(b) Throughput between Ai (virtual image of Al) and AZ'

Figure 9.4. Two apertures with a thin lens between them.

(Vertical scale exaggerated by a factor of 2.)
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are exactly the same as those that would come from corresponding points of an aperture at

the virtual image A! 1if the lens and A, were removed. Consequently, we can evaluate

2 2
the throughput most readily on that basis —- between A1 and Aé in the absence of the
lens L and aperture A2'
In figure 9.4(b), in exactly the same way, is shown the virtual image Ai of Al'
And it combines, similarly, with A2, in the absence of A1 and L, to establish solid

angles wz(xz,yz), subtended by intersecting straight-line rays from A1 at points Xy5Y,

across AZ’ for evaluating the throughput

6 = f f cosez-de-dA2 [mz-sr]. (9.9)
By w,(x,,¥,)

In Chapter 2 [9.1], in the discussion following eqs. (2.28) and (2.29), we establish
the geometrical invariance of throughput for any beam as long as no rays are added or
removed. Consequently, the throughput at the two locations, given by eqs. (9.8) and (9.9),
must be exactly the same. For those who find a numerical example more satisfying than this
analytical conclusion, computations of the two throughputs are carried out, in Appendix 9A,
for both aperture/aperture-image pairs, using eq. (A3-15) [9.6], for an assumed configura-

tion of aperture and lens dimensions, positions, and focal length.

Generally, when there are focusing optics between two apertures that, together, define
a radiation beam, an equivalent beam-defining aperture pair (joined by undeviated straight-
line rays) is formed by either aperture and the image of the other aperture produced by all

of the intermediate optical elements.

OBJECT SPACE and IMAGE SPACE. Note that, in figures 9.4(a) and (b), the straight-line-

equivalent rays between each of the equivalent beam~defining aperture/aperture-image pairs
coincide with the actual rays (solid lines) on just one side of the lens. They are ex-
tended as straight dashed lines past the lens and the second stop as though those optical
elements were not there, to intersect at the virtual image of that stop. .This situation is
briefly described in geometrical optics by stating that both the aperture and the aperture
image of a pair, and the straight-line rays between them, exist in the same space: the
other pair exists in a second space. One "space" is associated with the rays on the left
side of the lens, where both actual and equivalent rays coincide; the other is associated
with the actual (refracted) rays on the right side of the lens where, again, the actual and

equivalent rays coincide.

The conventions and terminology of geometrical (ray) optics are, typically, related to
situations involving imaging. In radiometry, however, we often use focusing optics in sit-
uations where we are not concerned with forming an image of an object or source of radia-
tion but, rather, with defining a beam of radiation from that source. When focusing optics
are used for imaging, the space associated with the rays between the object or source and
the focusing optics, and the straight-line extensions of those rays past any optical ele-

ments as though they were not present, 1s referred to as object space. Similarly, the
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space associated with the deviated (refracted) rays emerging from the last focusing element
and their straight-line extensions back past all optical elements as though they were not
present, is called image space, since it is these rays that may intersect to form a real
image (or their extensions may intersect to form a virtual image) of the source or object.
Both spaces overlap completely and coexist on both sides of the optics. The determining

factor is the side on which the rays themselves (not their straight-line extensions) actually

exist.

Customarily, a source or object is illustrated as being on the left of a focusing lens
or lenses, with the radiation propagating through from left to right to form a real image,
if any, of the source or object on the right-hand side of the optics (or a virtual image on
the left side by straight-line extensions of the right-hand-side rays). Accordingly,
unless explicitly stated otherwise, we will usually refer to the space associated with the
actual rays on the left as object space and that associated with actual rays on the right
as image space. For example, the aperture pair Al-Aé [figure 9.4(a)] would be said to be
in object space, while the pair Ai—A2 [figure 9.4(b)] is in image space. Note that this
is consistent with the fact that, in visible light, the rays between A, and A} appear

1 2

perfectly straight when viewed from the object side of the lens, while Aé can't even be

seen from the image (right) side, i.e., it doesn't "exist" in image space, etc.

Similar relationships exist with respect to a focusing or imaging mirror element, but
then we can't speak of tle rays on different sides of the element because the reflection
returns all rays to the same side. Instead, we must then distinguish between the incident
rays in object space (those coming from the object or source toward the element) and the
exitent rays in image space (those leaving the element), and their respective straight-line

extensions past the element to form virtual images beyond (behind) it.

APERTURE STOPS, FIELD STOPS, and THEIR IMAGES: PUPILS and WINDOWS. In Chapter 5 [9.3] of

this Manual, figure 5.1 (repeated here as figure 9.5) shows the physical configuration used
in a laboratory measurement of the radiance of the glowing filament of a tungsten-ribbon
lamp. In simple cases like this, where a relatively small source on the optic axis (the
target area W) is imaged on a receiver (the entrance slit Sl), the aperture that limits
the pencil or solid angle of rays from the source which is accepted by the instrument is
called the aperture stop, wherever it may be located in the instrument. 1In this case, the
aperture A in the lens mounting limits the size of the accepted beam to which the instru-
ment responds and, hence, the solid angle that it subtends at the target W, so it is the
aperture stop of the system. With more complicated multi-element optics, where the aperture
stop may be located between some of the elements, we refer to the image of the aperture
stop, formed by all elements that precede it (those between it and the source), as the

entrance pupil of the system. A second aperture that, along with the aperture stop, deter-

mines the beam that can be accepted by the instrument,. i.e., its throughput, is called the

field stop. It limits the solid angle w(x,y) filled by the intersecting rays of the beam

at each point x,y across the aperture stop. In this case (figure 9.5), the field stop is

the entrance slit Sl' The image of the field stop, formed by all focusing elements that
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Figure

tungsten lamp with ribbon filament F

target area on emitting surface of F

external focusing optics (for illustrative simplicity we show a single thin lens)
receiving aperture

monochromator, with entrance slit S1 and exit slit 82 (internal details not shown)
photocell, responds to radiation emerging from exit slit 82

electronics (amplification and signal processing)

readout (recording and/or display of output "signal)
Diagramatic horizontal section of measurement configuration for spectral-radiance
comparison measurements (previously figure 5.1 [9.3]).

Note: The target area W is the entrance window of the entire optical system

and the receiving aperture A 1is the entrance pupil.



precede it, is the entrance window, in this case the target area W.! Accordingly, in this

simple case (small axial source imaged on receiver) the accepted beam or throughput is
defined by the entrance window W in combination with the entrance pupil A, both in

object space.

More complicated, multi-element optical systems may also involve repeated reimaging.
However, if the instrument is sharply focused to accept radiation only from a well-defined
portion of an extended source, this means that some stop or limiting aperture is imaged
there, at the source, It is that stop that is designated as the field stop and its image
there on the source (in object space) is the entrance window. Similarly, at least in most
well-designed optical systems for radiometric instruments, another stop or aperture re-
stricts the accepted solid angle or pencil of rays from any point of the entrance window
that can pass through the optical system without obstruction. It determines the transverse
dimensions of the beam entering the instrument. It is called the aperture stop and its
image in object space is the entrance pupil. Together, the entrance window and entrance
pupil form a beam-defining aperture(-image) pair in object space. They establish the
maximum accepted beam, the one containing all possible rays that can pass through the
optical system without obstruction. The measure of this beam is the throughput © of the

optical system.

N

DESIGNATIONS of STOPS, PUPILS, and WINDOWS in RADIOMETRY. The defined throughput or

maximum accepted beam of the optical system, just described, exists whether or not there is
actually an extended source at the entrance window. 1In radiometry, it is not uncommon to
find situations where focusing or imaging of a source does not take place but where, never-
theless, an optical system serves to define the accepted beam in the way just described,
i.e., by two stops whose images in object space form a beam-defining aperture(-image) pair.

The member of this pair farthest? from the instrument is loosely called the entrance window

and the associated stop, the field stop; the other image and stop, similarly, being termed
the entrance pupil and the aperture stop, respectively. We say "1bose1y" because the
conventions of geometrical optics apply, strictly, only to situations inéolving an object
and its image. 1In fact, the rules for assigning the designations of aperture stop and
field stop are baséd on the object-point location and the designations may be different for
different locations of an object with respect to the same optical system [9.7,9.8,9.9].
However, for radiometry it isn't really important which member of the beam-defining aper-
ture(-image) pair is the entrance pupil and which is the entrance window. Accordingly, we
won't attempt to go into the geometrical-optics rules here. Those who need them will find
them in the cited texts [9.7,9.8]. Meanwhi;e, we will continue, in most instances, to
follow the "loose'" but convenient practice just described in designating the aperture and

field stops of most optical systems. Incidentally, since they are also used occasionally

1Thus, Sl determines.the target area W or '"field" from which the instrument accepts

radiation for measurement; hence the designation "field stop".

2Tt may even be "at infinity" -- see next section.
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in radiometry, we should mention that the image of the aperture stop formed by all optical
elements that follow it (conventionally to the right) is called the exit pupil and, simi-
larly, the image of the field stop formed by all following optical elements is called the
exit window. The exit pupil and exit window, thus, form a beam-defining aperture(-image)

pair in image space.

OPTICAL SYSTEM FOCUSED on INFINITY. There remains one important special case that is not

adequately covered by the foregoing treatment. When an instrument, usually one intended
for use in the field, is focused on infinity, the field-stop image that is the entrance
window is at infinity. Consequently, it's no longer accessible so Qe can't evaluate the
throughput as determined by the entrance window and entrance pupil as a beam-defining

aperture(-image) pair.

Actually, things are made simpler by the fact that, when the system is focused on
infinity, the angular spread of the incident rays of the beam that intersect at each point
of the entrance pupil is the same for all such points. The solid angle w(x,y), containing

all rays of the beam intersecting at the point x,y of the entrance-pupil area A is then

Figure 9.6, A simple optical system focused on infinity

" (for field use with distant targets or sources).

Ap -- entrance-pupil area [m2]
Sa -- aperture stop
Sf - fieid stop

w == field solid angle [sr]

8. -- half-field angle [rad]
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a constant for all such points: w(xX,y) = w, a constant. This is evident in figure 9.6,
illustrating how a thin lens focuses incident parallel beams of dashed rays at opposite
points on the margin of the field stop in its focal plane. These extreme rays enclose the
same solid angle w wherever they intersect at the entrance pupil which, in this simple
case, is the aperture stop formed by the margins of the lens, itself. Also, in this case,
evaluation of the solid angle w 1is quite simple; it is just the solid angle subtended at
the center of the lens 0 by the undeviated rays from the margins of the field stop. More
generally, with a thick lens or with multiple primary optical elements, this would be the
solid angle subtended at the rear nodal point1 of the primary optics (in most cases, with
all elements in the same medium, air, this is the same as the rear principal pointl),
rather than at the center of the lens 0. Once w is established, the throughput is quite
simply evaluated as the product of the entrance-pupil area A and the projected solid
angle Q = f cosf+dw f{eq. (2.30) [9.1]}. If, with the usual circular field stop, w

is the solid angle at the apex of a right circular cone of half-apex angle eh (see figure
A2-5 [9.10]), we found in Appendix 2, eq. (A2-14) [9.10] that the corresponding projected

solid angle is

Q = N°sin26h [sr]. (9.10)

Then, by eq. (2.30) [9.1], the throughput is

0 = A'Q = A‘1T°sin26h [mz-sr]. (9.11)

FLEXIBILITY in CHOICE of REFERENCE SURFACE for SPATIAL PARAMETERS. Although we consist-

ently use the receiving aperture or entrance pupil of a radiometer as the logical reference
surface for the incident radiation to which an instrument responds, it was pointed out in
Chapter 2 [9.1], particularly in connection with the transformation equations, eqs. (2.41)
and (2.42) or (2.41a) and (2.42a), that any convenient reference surface that intersects
the entire beam may be used for the designation of the spatial parameters of position x,y
and direction 6,¢. This follows from the invariance of throughput which, accordingly,
may be evaluated at any surface that intersects the entire beam. From what we have seen
here about the effects of vignetting, the most convenient choices will surely be a stop or
beam-defining aperture, or an image of such a stop, but it may be any one, depending on

where the pertinent lengths and angles are most easily evaluated.

ENTRANCE PUPILS as RECEIVING APERTURES -~ SOME PRACTICAL PROBLEMS. We have seen that, in

an imaging or focusing optical system, it is the entrance pupil that constitutes the re-
ceiving aperture from the standpoint of limiting the transverse dimensions of the incident
beam of rays (in object space) that is accepted by the instrument. When the entrance pupil
is a virtual image of an aperture stop, inaccesibly located behind a lens, it may be dif-

ficult to measure its dimensions and position when these data are needed. Fortunately,

lsee any standard text on geometrical optics [9.7,9.8].
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they are not required for solving the measurement equation in the illustrative problems of
Chapter 5 [9.3]. For radiance measurements, such as those of Problem 1, it is only neces-
sary to be sure that the dimensions and position of the entrance pupil or receiving aper-
ture remain exactly the same for all of the measurements. They then cancel out, so their
values don't enter into the final result, as in eq. (5.11) or eq. (5.20) [9.3]. For irra-
diance measurements, as in Problems 2 and 3, uniform, isotropic irradiation of the mono-
chromator entrance pupil and constant.internal-beam geometry are insured by the use of a
diffuser ahead of the focusing optics. An aperture in front of the diffuser is then the
receiving aperture for the overall system. In the next section, we discuss some consider-
ations relating to such diffusers and the apertures in front of them. However, when field
measurements are made, with an instrument focused on infinity, of the irradiance from
distant targets or sources, it is often not feasible to use a diffuser and then it may be

quite important to know the exact position of the entrance pupil or receiving aperture.

There are two compelling reasons for not using a diffuser for these field measurements.
First, a diffuser reduces the detectivity of the instrument substantially, often beyond the
point where it is adequate to respond to the low irradiance from very distant sources.
Second, isolation of the radiation of the source or target from that of other unwanted
background sources in the uncontrolled field environment, along with an adequately large

receiving aperture, can be achieved only with focusing optical elements.

For field measurements of distant sources that subtend very small angles at the radi-
ometer, it may no longer be essential to have isotropic responsivity, even across a rel-
atively narrow field of view of the instrument. However, if the responsivity is not
isotropic, it is important to know the value of the responsivity as a function of direction
together with the direction of the source within the instrument field at the time of the
measurement. This poses some difficult practical problems for moving sources, such as
aircraft and missiles, in addition to the problem of dealing with background radiation,

e.g., that from the sky, and its contribution to the output of the measuring instrument.

Returning to the problem of the dimensions and position of the entrance pupil or
receiving aperture, its area A cancels out and does not appear in the final solution of
the measurement equation for irradiance. For example, it appears in both eqs. (5.27) and
(5.28), so that it is eliminated when the quotient between them is taken in eq. (5.29).
However, the exact-position of the entrance pupil may still be very important. An irradi-
ance-standard lamp is usually calibrated and certified for the values of irradiance ES,
or spectral irradiance Ei(x), at a given distance, so we must be able to verify that the
reference surface established by the entrance pupil is, in fact, at that specified distance
from the standard source (lamp).! As already pointed out, this may be difficult if the
entrance pupil is a virtual image of an aperture stop and is inaccessibly located behind a

lens or lenses. The simplest solution for precision work is to install an accessible

!This problem may not arise with a collimated-beam standard of spectral irradiance if the

unknown is also collimated or very far away.
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aperture stop in front of the entire optical system, making sure that it becomes the
limiting aperture by making it just small enough so that no rays of the measurement beam
can quite reach the edges of the internal stop, which is then no longer the aperture stop
for that measurement. This will somewhat reduce the flux in the beam but it will probably
be a small price to pay for the improved accuracy in establishing the dimensions and loca-
tion of the aperture stop (serving alsoc as entrance pupil and receiving aperture). It is
important to make sure, also, that it does form a beam-defining aperture pair with the
field stop or its image, i.e., that from every point within the aperture stop rays can

pass, without obstruction at some other point, through every point within the field stop.

The field solid angle w, or, with circular optical elements and stops, the half-

field angle Sh, is also relatively easy to measure directly. A distant small source, at
least optically distant (e.g., by meens of a collimator), is observed at different angles
8 from the optical axis (with the vertex of the angle at the center of the entrance pupil

or receiving aperture). The edge of the field solid angle or the angle 6 is that angle

h
where there is no longer any instrument response. With a steady source, this can also

be made a measurement of the directional responsivity characteristic, the relative respon-
sivity as a function of direction r(8,¢). With good symmetry, the responsivity may be
independent of ¢ and a function only of the angle from the axis r(8). In any case, this
information will help to insure that the irradiance measurement is actually made with the

source well within a central region of isotropic directional responsivity to the extent

that this is required (see Chapter 5, problems 2 & 3 [9.3]).

DIFFUSERS. In problems 2 and 3 of Chapter 5 [9.3], we have already seen that instruments
used for measuring irradiance (including spectral irradiance) often employ a diffuser, such
as an averaging sphere, as the first optical element in order to achieve the required iso-
tropic directional flux responsivity (or, as an approximate equivalent, a lambertian response
that varies as the cosine of the angle of incidence when irradiated by a well-collimated,
iso-radiance, incident beam that is wide enough to completely fill the receiving aperture
at all times). When used as the first optical element, a diffuser terminates the incident
beam and becomes a new source for the exitent beam; there is no ray-to-ray continuity
between the two beams. For this purpose, the best diffuser for measurements of optimum
accuracy is probably a good integrating or avéraging sphere with its entrance port (re-
ceiving aperture) defined by a sharp-edged aperture of well-defined position and dimensions
(see "More about Vignetting' below, especially figure 9.9). Even then, internal baffles or
screens may be needed to insure that all rays of the exitent beam have not been reflected

directly from points exposed to the direct incident beam.

Sometimes, when the use of a sphere is not convenient, other forms of diffuser may be
employed, such as a flat-plate diffuse reflector or a transmitting ground-glass, opal-
glass, or translucent-plastic element. The result may be greater variation in directional
responsivity or narrowing of the solid angle within which the response to incident radiation
is acceptably isoiropic. The problem of adequate baffling to insure that the exitent beam

for measurement include€s radiation only from a desired portion of the diffusing element may
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also be aggravated. On the other hand, the directional responsivity of a transmitting
diffuser is sometimes '"improved' by adjusting its shape to achieve a more nearly lambertian
or "cosine" response, empirically compensating for the fact that it is not a perfect dif-

fuser.

A typical empirically '"shaped" diffuser is something like that depicted in figure
9.7(b). The width of a uniform (iso-radiance) collimated beam of parallel rays striking
the flat diffuser of figure 9.7(a) is reduced by the factor cosf® as the angle of inci-
dence 6 1is increased. However, most diffusing materials are not perfectly diffusing.
Also, reflection loss at the first surface tends to increase with increasing 6. 1In
general, such diffusers become less efficient diffuse transmitters at larger angles of
incidence so that the flux reaching the detector beneath the diffuser is reduced by more
than the factor of cosf. By raising the center of the element and adjusting its shape by
trial and error, it is possible to intercept a slightly wider beam at the larger angles of
incidence, as shown in figure 9.7(b), to compensate for the losses. In this way, the flux
reaching the detector, and hence its response, can be made to follow quite closely a desired
"cosine response' as the angle of incidence of a uniform collimated (parallel) beam is
changed. However, the beam from a relatively close lamp of finite dimensions can't be
expressed as the sum of such conveniently uniform beams of perfectly parallel rays. At
present, we don't know how to establish a receiving-area or reference-surface distance or
location for such shaped diffusers that will give consistent results for measurements of

beams with quite different spatial distributions of flux or beam geometries.

1
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Figure 9.7. Diffuser-detector configurations for measuring irradiance.
Note that, for isotropic flux responsivity over the widest
possible angle, it is usually desirable to make the detector
wide enough to céllect as much as possible of the diffusely
transmitted radiation coming from the back (underside) of the

diffusing element, as shown.
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When it is known that the beam geometry and the spatial distribution (both position
and direction) of flux within the beam are exactly the same for both the unknown source and
the calibration source, there is, of course, no problem. Then any sample of the same
portion of each beam can serve as a measurement of the entire beam or any portion of it in
each case, so it's only necessary to use the same reference surface consistently for both
measurements. The problem of identifying the exact receiving-area distance for the irradi-
ance measurement assumes importance only to the extent that the two beam geometries (un-
known-source and calibration-standard spatial distributions of flux) differ. Unfortunately,
we have not been able to devise any general method for establishing the receiving area or

reference-surface distance in such situations.

In summary, most real diffusers fall considerably short of the ideal, producing truly
isotropic flux responsivity for the instrument only over a limited solid angle or range of
directions rather than the desired full hemisphere. This makes it particularly important
to measure the directional responsivity and to make sure that all significant sources (both
unknown and standard) are clearly within the isotropic-responsivity region. On rare occa-—
sions, if the beam geometry of both unknown and standard sources is identical, measurements
of samples of the beam taken in the same way can establish an adequate comparison regard-
less of variations in responsivity as a function of direction as long as it is the same for
both measurements, However, in almost all instances, with a standard source that has a
geometrical configuration quite different from that of the unknown source, accurate irradi-
ance measurements cannot be made without an instrument of adequately isotropic flux respon-

sivity.

BAFFLES. When the defined beam completely fills both of just two beam-defining apertures
or stops, with no other obstruction or vignetting, this means that all other apertures
through which that beam passes are then large enough so that they do not block any rays
that are passed by both beam-defining apertures. The other apertures are then either
baffles, introduced to intercept and reduce scattered radiation, or they are supports for
the optical elements. Baffles are used to block strong rays that, while they cannot pass
directly through all of the stops or beam-limiting apertures, might reach the detector or

transducer by reflection or scattering from the internal surfaces of the instrument chamber.

MORE on VIGNETTING. Vignetting takes place, not only at the edges of a beam beyond or

between the stops as illustrated in figures 9.2 and 9.3, but also at the nominal stops when
some of the rays between points within the nominal stops are blocked by obstructions else-
where, either between or beyond the nominal stops, as in figures 9.8(a) or (b). For those
blocked rays, the nominal stop is no longer the actual stop; instead, the obstacle becomes
the stop (beam-limiting-aperture margin) for the blocked rays, so that there is no longer

just a beam-defining aperture pair or pair of stops.

Even when we do have just a beam-defining aperture pair or pair of stops, it can be

difficult enough to evaluate the integrals in
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Figure 9.8.

()

Two cases of vignetting.

A and B are the nominal stops (beam-defining aperture pair).
Introduction of aperture C causes vignetting where unobstructed
rays of the beam through each point of A can no longer reach all
points of B, and vice versa. There are now extreme rays a - c

on one side and a - b on the other.
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g = f f cosB+dwe-dA [mz'sr] (9.2)
A w(x,y)

because the solid angle w(x,y), filled by rays of the beam that intersect each area
element dA (at each point x,y over the area A) 1s often, as indicated, a significant
function of the position coordinates x,y of that element. That's why we're always glad
to take advantage of the published tables of configuration factors, as described in Appen-
dix 3 [9.6], to evaluate such throughputs as that between two parallel coaxial circular
apertures in eq. (A3-15) [9.6]. When the limits of « involve the margins of more than
one aperture or barrier at different distances (i.e., when there is vignetting), evaluation

of the throughput becomes even more complicated and difficult [9.5].

Note also that, unless the stops have thin sharp edges, there can be vignetting of
oblique rays at the edges of a stop (see figure 9.9). On the near side, they are limited
by the front edge of the stop; on the far side by the back edge. If the edge is rounded,
the plane of the limiting margin changes continuously around the stop for an oblique, well-

collimated beam. A well-designed stop ordinarily has sharp edges lying in a plane perpen-

Figure 9.9. Vignetting by an aperture in a thick wall.

“dicular to the optical axis.

The front (upper) edges and the rear (lower) edges form circular stops

in different planes. Oblique parallel rays, as illustrated, are.limited
by the front (upper) edge on the near (left) side and by the rear (lower)
edge on the far (right) side. Of course, if these were just slightly
diverging rays from a point source, or one smaller than the aperture;

the rear (lower) edge would become the limiting aperture if the source
wére accurately aligned on the axis, perpendicularly above the aperture.
However, in general, radiation from a more extended source will include
parallel bundles of rays, incident at angles away from the normal, with
the effect shown.
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RESPONSIVITIES and BEAM GEOMETRY. In an instrument with uniform, isotropic, linear flux

responsivity [RQ(x,y,6,¢) = R¢, a constant, for all rays that reach the detector], the

radiance responsivity RL is directly related to the flux responsivity R, by the through-

4]
put ©O:

1

R, = 8/¢ S/(L+@) [S*W

1,

S/L

R o-R, [s-w Lem?-srl. (9.12)
Note that, although we don't have a different symbol, these are now overall instrument
responsivities. They would be average responsivities if the individual-ray responsivity
RQ(x,y,9,¢) = dS/d¢ were not the same for all rays. Here ¢ [=ffL-cose-dw-dA] is the
total flux in the beam to which the instrument responds, S 1is the resulting output signal,
L 1is the radiance of an iso-radiance incident beam that completely fills the throughput ©
(or the average radiance of such a beam if the radiance is not everywhere the same through-

out the beam).

Equation (9.12) is true, regardless of vignetting [as long as the effect of the vignet-~
ting is correctly accounted for in the evaluation of the throughput ©, e.g., by choosing
the correct limits for w(x,y) as it varies from point to point in eq. (9.1)]. However,
the corresponding relation between flux responsivity R
in eq. (5.49) [9.3]

o and irradiance responsivity RE

R, = S/E = ARy [s-w‘l-mz], (9.13)

is valid, for the full aperture or entrance-pupii area A, only when there is no vignet-
ting. This is apparent if we stop to think in terms of a uniform incident beam that is
well collimated (parallel rays from nearly the same direction). If there is vignetting and
such an incident beam swings far enough away from the normal or axial direction, so that
rays through part of the nominal receiving aperture or entrance pupil are blocked by the
vignetting obstacle elsewhere in the optical system, the result is a reduction of the
actual aperture area A and a corresponding reduction in the irradiance responsivity RE
given by eq. (9.13). Accordingly, such instruments should be used, if possible, only for
incident beams or sources that lie well within the angular field or entrance window (away
from directions that involve the vignetting) where the irradiance responsivity RE is
constant. We won't even attempt to deal here with all of the problems that can arise if

vignetting can't be avoided,

SUMMARY of CHAPTER 9. In radiometry, a radiation beam is usually defined physically by

two apertures. The beam then consists of all rays that pass through both apertures. They

are called beam-defining apertures if rays from each point of the plane across one aperture

reach all points within the other aperture and if all such rays through both apertures

extend for the full length of the beam, from source to receiver, without encountering any
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other obstacle. 1If, in addition, the medium between the apertures is homogeneous (iso-

refractive-index), so that all rays between them are straight lines, we call them a beam-

defining aperture pair, or just an aperture pair. When focusing optics are used and there

are one or more focusing elements between the beam-defining apertures, the rays between
them will be refracted (deviated) by the focusing element(s). Then the beam (throughput)
at either aperture (chosen as the reference aperture) is identically the same as that

defined by an equivalent aperture pair consisting of that (reference) aperture paired with

the image of the other aperture formed by the intervening optical element(s) {see figure
9.4(a) and (b)}. The straight-line rays joining this equivalent pair coincide with the
actual rays of the beam in the region about the reference aperture and extend, undeviated,

past the intervening optical elements as though those elements were not present.

Beam-defining apertures in a focusing optical system are called stops. The stop that,
regardless of its location in the system, determines the width of the beam where it enters
or is Incident on the optical system is designated as the aperture stop. The image of the
aperture stop, formed by any optical elements that precede it (elements traversed by the
incident beam before reaching it), is called the entrance pupil. If there are no such
elements, the stop itself is the pupil (see figure 9.5). The entrance pupil serves as the
receiving aperture of the instrument (with respect to incident rays and their undeviated
straight-line extensions past any focusing optical elements preceding the entrance pupil).
The entrance pupil is the image of the aperture stop in object space, the space associlated
with the source or object, usually shown to the left of the optical system in illustrations
with incident rays coming from the left. Object space also includes the undeviated straight-
line extensions of those iIncident rays past any focusing optical elements into the region

to the right of them {as though they were not present, as in figure 9.4(a)}.

Similarly, the stop that, regardless of its location in the optical system, determines
the solid angle filled by intersecting incident rays of the beam at each point across the
entrance pupil is called the field stop. The image of the field stop formed by all optical
elements that precede it, i.e., the image of the field stop in object space, is called the

entrance window. The entrance window and entrance pupil, both in object space, form a

beam-defining aperture(~image) pair. When the magnitude of the beam throughput is needed,
it is often convenient to evaluate it as the throughput of this aperture(-image) pair
(entrance window and entrance pupil). A simple illustration of such numerical evaluations
is presented in Appendix 9A. 1In addition, the solid angle subtended by the entrance window
at the center of the entrance pupil in object space is called the angular field, or some-
times just the field, of the optical system. For systems with coaxial circular elements
and stops, the half-vertex angle of the right circular cone formed by the entrance window
as its base and the center of the entrance pupil as its vertex is called the half-field

angle of the optical system.

Although not often used in radiometry, our list of related geometrical-optics quanti-
ties and concepts also includes the exit pupil, the image of the aperture stop in image
space, i.e., the image formed by all optical elements that follow it (aperture stop), and
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the exit window, the image of the field stop in image space. They are included here pri-

marily for completeness.

In the special case of an instrument focused on infinity (entrance window at infinity),
it is not feasible to evaluate the throughput as that of the aperture(-image) pair formed
by the entrance window and entrance pupil in object space. However, in this case the field
solid angle has the same value at all points of the entrance pupil (see figure 9.6) so the
corresponding projected solid angle is also a constant as a function of position across the
entrance pupil. Accordingly, the throughput which, in general, is the integral of the prod-
uct of projected area and solid angle (or area and projected solid angle) over the entrance-
pupil reference surface (see figure 9.1) then becomes simply the product of the entrance

pupil area and the constant projected solid angle {0 = ffdA-cose-dw = A-Q [mz-sr]}.

Vignetting takes place when a beam does not completely fill both of two nominal stops
or beam-defining apertures, i.e., when it is limited in one transverse direction by one
aperture margin and in other transverse directions by one or more additional apertures or
obstacles (see figures 9.3 and 9.8). When vignetting occurs, it becomes very difficult to
evaluate the beam throughput or related measures of beam geometry, or even to make sure

that they are the same (physically unchanged) for two different radiometric measurements.

In most of this chapter, the geometrical-optics quantities and concepts are treated in
terms of throughput and the limits of the throughput integral(s), because they are the
quantitative measures of beam geometry. It is only in these terms that an adequate under-
standing of their significance can be achieved, including the ability to confidently
decide, in all cases, whether or not a numerical evaluation of the throughput may occasion-

ally be required.

In an instrument with uniform, isotropic, linear flux responsivity, where
ch(x,}’,e,‘b) = R(I)

optical system), the radiance responsivity RL is directly related to the flux respon-

is constant for all rays that reach the detector (are not blocked by the

sivity R@ by the throughput O:

1

R, = S/¢ S/(L+0) [sW ]

®

RLss/L

O°R¢ [S-W_1°m2-sr]. (9.12)

This is true regardless of vignetting, as long as the effect of the vignetting is correctly
accounted for in the evaluation of the throughput ©. However, the corresponding relation

between flux responsivity R, and irradiance responsivity RE’

d

R, = S/E = ARy [s-w'l-mzl, (9.13)

E

is valid, for the full aperture or entrance-pupil area A, only when there is no vignet-

ting.
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Customarily, when the defined beam completely fills both of just two beam-defining
apertures or stops, with no other obstruction or vignetting, all other apertures through
which that beam passes are either baffles or supports for the optical elements. Baffles
are employed to reduce or eliminate scattered radiation by blocking strong rays that, while
they cannot pass directly through all stops or beam-limiting apertures, might reach the
detector or transducer by reflection or scattering from the internal surfaces of the instru-

ment chamber.

The receiving aperture or entrance pupil of a radiometer is consistently used, here,
as the logical reference surface for incident radiation to which the instrument responds.
However, arny unvignetted stop or beam-defining aperture (of a pair), or an image of same,
i.e., any pupil or window, may be the reference surface for the spatial parameters of posi-
tion and direction, depending on where the pertinent lengths and angles are most easily

evaluated.

Diffusers are often used to achieve the isotropic flux responsivity needed for irradi-
ance measurements (see problems 2 and 3 of Chapter 5 [9.3]). They are usually located just
behind a well-defined receiving aperture where they terminate the incident beam and become
a new source for the internal beam through the remaining optical components. Ideally, the
radiance of every ray in that internal beam is directly proportional to the total incident
flux and is not affected by any changes in the spatial distribution of that flux in the
externally incident beam. The use of diffusers involves a number of special problems that
are discussed in some detail in this chapter, including the uncertainties in the receiving-
aperture location when empirically "shaped' diffusers are used in attempts to compensate

for imperfectly diffusing materials.

The treatment of geometrical-optics quantities and concepts in this chapter is all in
terms of ideal optical elements that produce perfectly sharp images and shadow boundaries.
In addition, we've ignored attenuation losses, since we've already seen how, at least in
principle, to introduce the propagance (see Chapter 2 [9.1]) in order to account for them.
However, real instruments also suffer from aberrations that produce imperfect images and
from scattering and diffraction that produce attenuation of some rays and augmentation of
others, resulting in a spatial redistribution of flux. We hope to treat the resulting
problems in future chapters of this manual. Accordingly, we must re-emphasize the state-
ment at the beginning of this chapter that the material presented here, while it is very
important for design purposes and as a starting point for analysis, is no more than that --
a starting point or first approximation -~ and must never be considered as establishing
exact values or absolute limits (e.g., integration limits in the measurement equation) that

cannot be exceeded.

Finally, although the geometrical-optics concepts of pupils and windows are conven-
tionally defined in terms of an object (source) and its image, they are defined here, for
radiometry, with respect to a radiation beam which may or may not involve imaging of the

radiation source. These designations are rather widely used in the literature on radiometry
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and such an extension of the customary geometrical-optics definitions is needed to provide
a consistent basis for distinguishing between aperture stops and pupils and field stops and
windows when there is no source imaging involved. However, the really important consider-
ation in radiometry is to clearly recognize and understand the significance of beam-defining
apertures and equivalent aperture/aperture-image pairs, regardless of which is designated

as the aperture stop or pupil and which the field stop or window.
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Appendix 9A.  Numerical Evaluation Confirming Invariance of Throughput for Beam through
Thin Lens between Two Beam-Defining Apertures

by Fred E. Nicodemus

In Chapter 9, we have treated the case of a thin lens between two beam-defining aper-
tures. We find two aperture/aperture-image pairs, one in object space and one in image
space, that define the beam of all rays through both apertures. The corresponding through-
put values are given, respectively, by eqs. (9.8) and (9.9). The arguLent for the invari-
ance of throughput in a given beam, when no rays are added or removed, which follows eqs.
(2.28) and (2.29) in Chapter 2 [9.1], is of general validity and requires no further proof
as the basis for asserting that the throughput given by eqs. (9.8) and (9.9) must be exactly
the same. Nevertheless, some readers may find it satisfying to corroborate this analytical
conclusion numerically. Also, carrying out the numerical throughpﬁt calculations for both
aperture/aperture-image pairs, using eq. (A3-15), may help to bring out more clearly the
way in which apertures and aperture images enter into the evaluation of the throughput as

well as to physically define a beam.

Both figures, 9.4(a) and (b), are drawn approximately to scale for the dimensions
given below except that, for clearer illustration of the relationships, the vertical
dimensions are exaggerated by a factor of two. We choose the lens focal length as
f =7.00 [cm] and its radius as r =~ 1 [cm] (large enough to pass all necessary rays

without obstruction). A1 is a circular aperture of radius Ty = 0.500 [em] in a vertical

plane at a distance x, = 3.00 [cm] to the left of the center of the lens, which we desig-

1
nate as the origin O. AZ’ similarly, has a radius T, = 0.600 [em] at a distance

x, = 2.000 {cm] to the right of 0. In order to determine the size and position of each
virtual image, we make use of the thin-lens formulal
I S S B

X X, £
o i

l], (94.1)

where X is the object distance (from 0), Xy is the image distance (also from @),
and f is the focal length of the lens. We also need the fact that image size is in
direct proportion to distance from 0, since each image point must lie on the undeviated
ray (dréwn with long dashes) through O and the corresponding object point. Thus Aé
= 2,800 [em] to the right

5.250 [em] to the left of

has a radius ré = 0.840 [cm] and is located at a distance xé
of 0; A! has a radius r! = 0.875 {cm] and is located xi =

1 1
0.
Al and Aé then constitute a circular aperture pair of radius r; = 0.500 [cm]
and ré = 0.840 [cm], respectively, separated by a distance D1 =% + xé = 5.800 [cm].

Using eq. (A3-15) [9.6], the throughput for this aperture pair is evaluated as

@1 = 0.0503 [cm2°sr]. In the same way, Ai and A2 constitute a circular aperture

lSee any standard text on geometrical optics [9.7,9.8], or almost any general-physics text.
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A}

pair of radius ry = 0.875 [em] and r, = 0.600 [cm], respectively, separated by
D2 = xi +x, = 7.250 [cm]. The throughput for this second aperture pair is evaluated

similarly as 62 = 0.0507 [cmz'sr].

Since the thin-lens formula is an approximation, derived for paraxial rays (rays devi-
ating from the axial direction by angles small enough so that we can use the approximations
sinf ~ 68, for 6 measured in [rad], and cos6 =~ 1), this agreement to less than one per
cent for the two throughput values is gratifying confirmation of the validity of this

approach.
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ERRATA and ADDENDA for NBS Tech Notes 910-1 and 910-2:

1. Table Al-3 (p. 58 of TN 910-1): Add note: A more complete version of this
table appears as table 4-1 on p. 3 of TN 910-2.

2. Table Al-4 (p. 59 of TN 910-1): Add note: This table also appears as
table 4-2 on p. 5 of TN 910-2.

3. Table Al-6 (p. 61 of TN 910-1): Add note: This table also appears as
table 4-3 on p. 6 of TN 910-2.

4, Table Al-6 (p. 61 of TN 910-1) and table 4-3 (p. 6 of TN 910-2):
The modifier for the first three entries should be changed from ''photon'
to "photon-flux", just as in the fifth and succeeding entries. Note
that this change is particularly important in the case of the first
entry, photon-flux energy Qp (= f@p-dt), because of the very wide

and well established use of the term 'photon energy” for hv, the
energy per photon, i.e. the energy of a single photon or quantum.

5. Table Al-4 (p. 59 of TN 910-1) and Table 4-2 (p. 5 of TN 910-2):
Add alternative term for the first quantity listed so that it reads,
"luminous energy; quantity of light'.

6. Table Al-6 (p. 61 of TN 910-1) and Table 4-3 (p. 6 of TN 910-2):

Add alternative term for the first quantity listed so that it reads,
"photon-flux energy; number of photons".

ADDENDUM to tables Al-6 (p. 61 of TN 910-1) and 4-3 (p. 6 of TN 910-2),

Units for Photon-Flux Radiometry

The relationship of the photon-flux quantities of Tables Al-6 and 4~3 to the corre-
sponding radiometric quantities of Tables Al-3 and 4-1 may be stated explicitly as follows:

A -1
°, = J‘A 8, 3V (hee/N7Tdr Lars
1

_1]’

where ¢p [q-s-l] is the photon flux in the spectral interval Al to Az [nm] in a beam
characterized by the spectral radiant flux ¢é >\(>\) [W-nm—l], and where Planck's constant

h

(6.626 176 + 0.000 036) x 10_34 [J+s], the vacuum speed of electromagnetic radiation
(2.997 924 580 + 0.000 000 012) x 10%7 [am-s 1 ~ 3 x 10% [m-s7!], and. A [nm] is
the wavelength, so that the energy per quantum (per photon) is (h-c/}) [J-q—l

(o]

].* Similar

*Strictly, the energy per quantum is (h-c/Ao) = {hec/(n-2)} [J-q‘l], where X = n-) [nm)
is the vacuum waveiength and n [dimensionless] 1is the index of refraction of the medium
in which the wavelength-'is A [nm]. Also, v = c/ko [THz] for ¢ = 3 x 105 [km-s—ll and

Ao in [nm]; and o = 1/)\o [cm_l] only when Ao is given in [cm].
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relations exist for all of the other corresponding quantities and their spectral distribu-

1-m_2],

tions, e.g., for photon-flux (surface) density Ep[q-s_ where the spectral irradi-

ance is E ) [W-m_z-nm_l],
e,
Ay 1 -1 -2
E = [“E_,()-(hee/N)77edr [qes em 7).
P A e,
1

If the spectral distribution is with respect to frequemcy v [THz], this becomes

v

B, o= ] ZEe v(v)-(h~v)‘1-dv lqes~tem2],
.\) ’
1

where the energy per quantum is now given as hev {J-q-l]. Similar relations can also be

. . . -1
given for spectral distributions in terms of wave number o [cm ~7J.

121



ERRATA: Several errors have been noted in the labelling in Figure A2-4 on page 68 of
NBS TN 910-1. It should be corrected to appear as follows:

Z

pesin@

Figure A2-4, An element of solid angle
do = dafo® = sin6-do-ds [rad®]
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