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PREFACE 

Preparat ion of t h e  NBS Self-Study Manual on Op t i ca l  Radiation Measurements i s  a major 
p a r t  of our e f f o r t  t o  meet t h e  needs of t h e  Nat ional  Measurement System with r e spec t  t o  
t h e  measurement of o p t i c a l  electromagnetic r a d i a t i o n .  Needs e x i s t  f o r  measurements with 
u n c e r t a i n t i e s  of about one per cen t ,  but t h e  u n c e r t a i n t i e s  a c t u a l l y  achieved are o f t e n  
t o  10 per cen t ,  o r  even more. These r e l a t i v e l y  poor accu rac i e s ,  as compared t o  those i n  
many o the r  types of phys i ca l  measurements, r e s u l t  t o  a g r e a t  ex ten t  from t h e  multidimen- 
s i o n a l  cha rac t e r  of o p t i c a l  r a d i a t i o n ;  r ad ian t  power is  d i s t r i b u t e d  and may vary with 
p o s i t i o n ,  d i r e c t i o n ,  wavelength, t i m e ,  and p o l a r i z a t i o n .  I n  a d d i t i o n ,  many of those who 
make measurements of o p t i c a l  r a d i a t i o n  have l i t t l e  o r  no t r a i n i n g  i n  o p t i c s  and are l imi t ed  
i n  t h e  amount of time they can spend t o  make up t h i s  def ic iency.  
schools  t h a t  o f f e r  courses  i n  radiometry,  and t h e r e  are almost no adequate t e x t s  o r  r e f e r -  
ences deal ing with t h i s  e n t i r e  sub jec t .  
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Moreover, t h e r e  are few 

The idea of producing a self-s tudy manual a t  NBS t o  t r y  t o  f i l l  some of t h i s  void w a s  
developed by one of u s  (HJK) i n  t h e  l a t te r  p a r t  of 1973. Detai led planning got under way 
i n  t h e  summer of 1974 when a fu l l - t ime  e d i t o r  (FEN) w a s  appointed. NES Tech. Note 910-1 
wi th  t h e  f i r s t  t h r e e  chap te r s  appeared i n  March 1976; TN 910-3 with chapter  6 came out i n  
June 1977; and TN 910-2 with chap te r s  4 and 5 i n  February 1978. This Tech Note 910-4 
includes chap te r s  7,  8, and 9. Three more chap te r s ,  10 ,  11, and 1 2 ,  are planned f o r  
pub l i ca t ion  by September 30, 1979. New budgetary l i m i t a t i o n s  mean t h a t  no funds f o r  con- 
t i n u i n g  t h e  Manual w i l l  be a v a i l a b l e  a f t e r  t h a t  d a t e  although, un fo r tuna te ly ,  s u b s t a n t i a l l y  
more is  needed t o  cover j u s t  t h e  bas i c  fundamentals of radiometry i n  P a r t  I--Concepts. 
(The d e t a i l e d  o u t l i n e ,  with chapter  headings and t o p i c s  t o  be covered i n  f u t u r e  chap te r s  
under a plan t h a t  had been developed when w e  were expecting t o  cont inue publ ishing about 
t h r e e  chap te r s  a year  a t  least u n t i l  September 1981, are given later i n  t h i s  preface.)  
Various p o s s i b i l i t i e s  f o r  cont inuing t o  work on t h e  Manual with ou t s ide  support  are being 
explored. 

Our a i m  has been t o  provide a comprehensive t u t o r i a l  treatment t h a t  i s  complete enough 
f o r  s e l f  i n s t r u c t i o n .  That i s  t h e  meaning of t h e  phrase "self-study"; t h e  Manual does no t  
con ta in  e x p l i c i t l y  programed l ea rn ing  s t e p s  as t h a t  phrase o f t e n  connotes. I n  add i t ion ,  
through d e t a i l e d ,  y e t  concise ,  chapter  summaries, t h e  Manual i s  designed t o  se rve  a l s o  as a 
convenient r e fe rence  source.  Those already f a m i l i a r  with a t o p i c  should t u r n  immediately 
t o  t h e  summary a t  t h e  end of t h e  appropr i a t e  chapter .  They can determine from t h a t  summary 
what, i f  any, of t h e  body of t h e  chapter  they want t o  read f o r  more d e t a i l s .  

The material i n  t h e  Manual is presented a t  t h e  l e v e l  of a c o l l e g e  graduate  i n  sc i ence  
o r  engineering bu t ,  even f o r  those wi th  f a c i l i t y  i n  c o l l e g e  mathematics and a f i r s t  course 
i n  physics ,  i t ' s  no t  a t  a l l  easy reading i n  s p i t e  of our bes t  e f f o r t s  a t  c l a r i t y  and s i m -  
p l i c i t y .  This  is  an  unavoidable r e s u l t  of t h e  primary a i m  ("to make one-per-cent measure- 
ments commonplace") coupled with t h e  f a c t  t h a t  i t  must s e rve  t h e  needs of s o  many d i f f e r e n t  
f i e l d s ,  including astronomy and a s t rophys ic s ,  mechanical hea t - t r ans fe r  enginineer ing,  
i l l umina t ion  engineering, photometry, meteorology, photo-biology and photo-chemistry, 
o p t i c a l  pyrometry, remote sensing,  m i l i t a r y  in f r a red  a p p l i c a t i o n s ,  e tc .  

Apparently, it i s  very d i f f i c u l t  f o r  those who have not  been d i r e c t l y  involved t o  
r e a l i z e  t h e  f u l l  imp l i ca t ions  of t h a t  s i t u a t i o n .  Each of u s  tends t o  t h i n k  of radiometry 
and radiometr ic  measurements i n  terms of h i s  own immediate experience and requirements.  
What he wants is  a set of simple c a r e f u l l y  designed procedures,  with appropr i a t e  cau t ions  
concerning l i k e l y  sources of e r r o r ,  f o r  making h i s  p a r t i c u l a r  measurements. However, t h e  
next  reader  wants t h e  same t h i n g ,  but f o r  his, e n t i r e l y  d i f f e r e n t  measurements. 
des i r ed  radiometr ic  q u a n t i t i e s  t o  be measured are d i f f e r e n t ,  t h e  instrumentat ion i s  d i f -  
f e r e n t ,  t h e  ambient cond i t ions  are d i f f e r e n t  -- t h e  poss ib l e  ways i n  which s i g n i f i c a n t  
d i f f e r e n c e s  may e x i s t ,  i n  terms of t h e  r a d i a t i o n  parameters ( p o s i t i o n ,  d i r e c t i o n ,  spectrum, 
t i m e  o r  frequency of modulation o r  f l u c t u a t i o n ,  and p o l a r i z a t i o n )  as w e l l  as instrumental  
and environmental parameters,  are so numerous t h a t  any at tempt  t o  cover them a l l  with a 
"cookbook" treatment of s p e c i f i c  measurement procedures would be impossibly unwieldy and 
could never be completed within any conceivable budget l i m i t a t i o n s  sho r t  of u top ia .  The 
only way i n  which w e  can hope t o  e f f e c t i v e l y  a s s i s t  every reader  who needs t o  make one-per- 
cent  measurements is t o  provide him with material which, with sufficient effort on h i s  
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par t ,  w i l l  g ive  him enough of an understanding and grasp of bas i c  genera l  p r i n c i p l e s  and 
techniques t o  so lve  h i s  own p a r t i c u l a r  problems. That ' s  why w e  have concentrated on t h e  
bas i c  material of P a r t  I--Concepts and why it is  not  easy reading.  
ometry i n  genera l  j u s t  a r e n ' t  s imple ones,  even when l imi t ed  t o  classical  radiometry i n  t h e  
domain of geometr ical  o p t i c s  ( ray  o p t i c s ) .  Although w e  have kept  wi th in  t h a t  l i m i t a t i o n  so  
f a r ,  w e  recognize t h e  increas ingly  urgent  need f o r  similar t reatment  of t h e  problems of 
coherent  r a d i a t i o n  wi th  s t rong  in t e r f e rence  and d i f f r a c t i o n  e f f e c t s  t h a t  do not  fol low t h e  
l a w s  of ray o p t i c s .  
r a d i a t i o n  is j u s t  now being developed a t  a much more soph i s t i ca t ed  l e v e l  and w e  had planned, 
as p a r t  of t h e  proposed three-year program, t o  s tudy t h a t  material and, i f  poss ib l e ,  use  i t  
t o  work out and present  a chapter  on t h e  e f f e c t s  of coherence i n  radiometr ic  measurements 
t o  go along wi th  t h e  rest of t h i s  Manual. But it is  no t  a t  a l l  clear t h a t  s u f f i c i e n t  
progress  has been made i n  t h e  bas i c  work-to make t h i s  f e a s i b l e  y e t .  I f  production of t h e  
Manual cont inues f o r  a few more y e a r s ,  we w i l l  t r y  t o  prepare such a chapter .  

The problems of rad i -  

The bas i c  t h e o r e t i c a l  work underlying t h e  radiometry of coherent  

The bas i c  approach and f o c a l  po in t  of t h e  t reatment  i n  t h i s  Manual i s  t h e  measurement 
equat ion,  f i r s t  introduced i n  d e t a i l  i n  Chapter 5. 
problem should be addressed with an equat ion r e l a t i n g  t h e  quant i ty  des i r ed  t o  t h e  d a t a  
obtained through a d e t a i l e d  cha rac t e r i za t ion  of t h e  instruments  used and t h e  r a d i a t i o n  
f i e l d  observed, i n  terms of a l l  of t h e  re levant  parameters.  Those parameters always inc lude  
t h e  r a d i a t i o n  parameters ( l i s t e d  above), as w e l l  as environmental  and ins t rumenta l  param- 
eters pecu l i a r  t o  each measurement configur,ation. The ob jec t ive  of t h e  Manual i s  t o  develop 
t h e  bas i c  concepts requi red  s o  t h a t  t h e  reader  w i l l  be a b l e  t o  use  t h i s  measurement-equation 
approach. It is  our b e l i e f  t h a t  t h i s  is  t h e  only way t h a t  u n c e r t a i n t i e s  i n  t h e  measurement 
of o p t i c a l  r a d i a t i o n  can genera l ly  be l imi ted  t o  one, o r  a t  most a few, per  c e n t .  

W e  be l i eve  t h a t  every measurement 

The o v e r a l l  p lan  f o r  t h e  Manual organized i t  i n t o  t h r e e  P a r t s :  

P a r t  I--Concepts : 

t h e  p rope r t i e s  and c h a r a c t e r i s t i c s  of sources ,  o p t i c a l  pa ths ,  and r ece ive r s ,  and t h e  environ- 
mental  and ins t rumenta l  parameters.  Useful q u a n t i t i e s  are def ined and discussed and t h e i r  
re levance t o  var ious  app l i ca t ions  i n  many d i f f e r e n t  f i e l d s  (photometry, hea t - t r ans fe r  
engineer ing,  astronomy, photo-biology, e t c . )  is  indica ted .  However, d i scuss ions  of a c t u a l  
devices  and measurement s i t u a t i o n s  i n  t h i s  P a r t  are mainly f o r  purposes of i l l u s t r a t i n g  
concepts  and bas ic  p r inc ip l e s .  

Step-by-step buildup of t h e  measurement equation i n  terms of t h e  r a d i a t i o n  parameters,  

P a r t  11--Instrumentation: . 

Descr ip t ions ,  p rope r t i e s ,  and o the r  p e r t i n e n t  da t a  concerning t y p i c a l  instruments ,  
devices ,  and components involved i n  common measurement s i t u a t i o n s .  Included is  material 
dea l ing  wi th  sources ,  de t ec to r s ,  f i l t e r s ,  atmospheric pa ths ,  choppers (and o the r  types  of 
o p t i c a l  modulators),  prisms, g r a t i n g s ,  p o l a r i z e r s ,  radiometers ,  photometers, spec t roradi -  
ometers,  spectrophotometers,  e t c .  

P a r t  111--Applications: 

a measurement. Included w i l l  be a very wide v a r i e t y  of examples of environmental  and in s t ru -  
mental  parameters wi th  d iscuss ion  of t h e i r  e f f e c t s  and how t o  d e a l  wi th  them. This  i s  
where w e  d e a l  wi th  t h e  real  measurements i n  t h e  real world. The examples w i l l  a l s o  be 
drawn from t h e  widest  poss ib l e  app l i ca t ions  i n  i l l umina t ion  engineer ing,  r a d i a t i v e  hea t  
t r a n s f e r ,  m i l i t a r y  in f r a red  devices ,  remote sensing,  meteorology, astronomy, photo-chemistry 
and photo-biology, etc. 

Measurement techniques f o r  achieving a des i red  l e v e l  o f ,  o r  improving, t h e  accuracy of 

-- That was our r a t h e r  ambitious p lan  when we s t a r t e d  out ;  l i m i t a t i o n s  of support  and 
a v a i l a b l e  resources ,  p a r t i c u l a r l y  a v a i l a b l e  au thors ,  have determined how much, o r  how 
l i t t l e ,  w e  could accomplish. So f a r ,  as indica ted  ear l ier ,  w e  have concentrated on P a r t  I-- 
Concepts. The chapters  a l ready  published are: 

1. In t roduct ion ,  

2 .  Dis t r ibu t ion  of Opt ica l  Radiat ion wi th  Respect t o  Pos i t i on  and 
Direc tion--Radiance, 
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3 .  Spec t r a l  D i s t r ibu t ion  of Optical Radiation, 

4 .  

5. An In t roduc t ion  t o  t h e  Measurement Equation, 

6. D i s t r i b u t i o n  of Op t i ca l  Radiation with Respect t o  Po la r i za t ion .  

More on t h e  D i s t r i b u t i o n  of Optical Radiation with Respect t o  
Pos i t i on  and Direct ion,  

Chapters 1, 2 ,  and 3 were i n  TN 910-1; 4 and 5 i n  TN 910-2; and 6 i n  TN 910-3. I n  t h e  
present  Tech. Note 910-4, are t h r e e  more chapters :  

7 .  The Re la t ive  Spec t r a l  Responsivity and S l i t - S c a t t e r i n g  Function 

8. Deconvolution, 

9. 

of a Spectroradiometer , 

Phys ica l ly  Defining Measurement-Beam Geometry by Using Opaque 
Barriers. 

Currently scheduled f o r  completion i n  t h e  f i s c a l  year ending September 3 0 ,  1979, are t h r e e  
more chap te r s  on t h e  following top ic s :  

L i n e a r i t y  Ca l ib ra t ions ,  

Physical  Photometry, 

Blackbody Radiation and Temperature Scales .  

This  i s  a departure  from t h e  t o p i c s  l i s t e d  f o r  FY 79 i n  our earlier plan f o r  a c t i v i t i e s  up 
t o  September 1981. Even though t h a t  plan has  been abandoned, w e  present  it h e r e  t o  show 
what 'coverage we had considered as providing a reasonably complete and u s e f u l  t reatment  of 
b a s i c s  i n  P a r t  I--Concepts and as a beginning of P a r t  11--Instrumentation and P a r t  111-- 
Applications:  i n  FY-79: 

P a r t  I11 chapter  on L inea r i ty  Ca l ib ra t ions ,  

P a r t  I chapter  on Physical  Photometry, 

P a r t  I11 chapter  on Spectroradiometry of Continuous W Spectra  

study and dec i s ion  on f e a s i b i l i t y  of a bas i c  P a r t  I chapter  
( including an appendix on Uncertainty) ,  

on Coherence i n  Radiometry vs .  a more l imi t ed  treatment of 
D i f f r ac t ion  Correct ions t o  Throughput Ca lcu la t ions ,  

Pa r t  I chapter  on D i s t r i b u t i o n  of Optical  Radiation with 
Respect t o  T i m e ;  

preparatory study and completion of d e t a i l e d  o u t l i n e  f o r  a 

in FY-80: 

P a r t  I chapter  on D i s t r i b u t i o n  of Optical  Radiation with Respect 

P a r t  I chapter  on Spectrophotometry, 

P a r t  I ' c h a p t e r  on Coherence i n  Radiometry o r  on D i f f r a c t i o n  

P a r t  I11 chapter  on Spectroradiometry of Spec t r a l  Lines;  

t o  T i m e ,  

Correct ions t o  Throughput Ca lcu la t ions ,  

i n  FY-81: 

Pa r t  I o r  I1 chapter  on Detectors  of Op t i ca l  Radiat ion,  

P a r t  I cGapter on Blackbody Radiation and Temperature Scales ,  

P a r t  I1 chapter  on Radiometric and Photometric Source Standards.  

The plan then c a l l e d  f o r  a r eeva lua t ion  t o  decide whether t o  cont inue with more chap te r s ,  
p a r t i c u l a r l y  those f o r  P a r t s  I1 and 111. 
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I n c i d e n t a l l y ,  i n  preparing material f o r  t h e  Manual, w e  have rediscovered t h e  f a c t  t h a t  
t h e  b e s t  way t o  l e a r n  something i s  t o  t r y  t o  t each  it t o  someone else. The e x e r c i s e  of 
preparing t u t o r i a l  material f o r  such wide gene ra l  a p p l i c a t i o n  has required us  t o  analyze 
our own measurement a c t i v i t i e s  i n  a d i f f e r e n t  way t h a t  has broadened our understanding, 
r e s u l t i n g  i n  improved methods and more accu ra t e  r e s u l t s .  Also, n o t e  t h a t  a l l  r e fe rences  to 
measurement accuracy o r  unce r t a in ty  i n  t h i s  p re face  are concerned no t  only with p r e c i s i o n  
( r e l a t i n g  t o  t h e  r e p e a t a b i l i t y  of measurement r e s u l t s )  but a l s o  with accuracy ( r e l a t i n g  t o  
agreement with t h e  " t ru th"  which, while unknowable i n  t h e  last a n a l y s i s ,  i s  approximated by 
a n a l y s i s  and estimates based on t h e  widest  p o s s i b l e  experience including agreement with 
measurements of t h e  same q u a n t i t i e s  by o t h e r s ,  p a r t i c u l a r l y  when using d i f f e r e n t  instrumen- 
t a t i o n  and measurement methods). 

W e  are indebted t o  a g r e a t  many ind iv idua l s  f o r  invaluable  "feedback" t h a t  has  helped 
us  t o  put t hese  chap te r s  t oge the r  more e f f e c t i v e l y .  W e  renew our i n v i t a t i o n  t o  a l l  r eade r s  
t o  submit comments, c r i t i c i s m s ,  and suggest ions.  In  p a r t i c u l a r ,  w e  would welcome i l l u s t r a -  
t i v e  examples and problems from as widely d i f f e r e n t  areas of a p p l i c a t i o n  as poss ib l e .  

W e  p a r t i c u l a r l y  acknowledge t h e  i n p u t s  from members of CORM ( t h e  Council f o r  Optical  
Radiation Measurements), e s p e c i a l l y  t h e  CORM Coordinators.  
Donald A. McSparron, Joseph C. Richmond, John B.  Shumaker, Albert  T. Hattenburg, and 
Diana Nyyssonen, a l l  of NBS, f o r  h e l p f u l  d i scuss ions  and e d i t o r i a l  a s s i s t a n c e .  

W e  are a l s o  g r a t e f u l  t o  

W e  are e s p e c i a l l y  g r a t e f u l  t o  Mrs. Bet ty  Castle f o r  t h e  s k i l l f u l  and conscient ious 
e f f o r t  t h a t  produced t h e  e x c e l l e n t  typing and layout  of t h i s  d i f f i c u l t  t e x t .  W e  a l s o  want 
t o  thank Paul M. Beachley f o r  h i s  capable  he lp  with t h e  f i g u r e s .  

Fred E. Nicodemus, Edi tor  

Henry J. Kostkowski, Program Di rec to r  

Apr i l  1979 
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SELF-STUDY MANUAL on OPTICAL RADIATION MEASUREMENTS 

P a r t  I. Concepts 

This is  t h e  f o u r t h  i n  a series of Technical Notes (910- ) e n t i t l e d  
"Self-Study Manual on Op t i ca l  Radiation Measurements". 
Chapters 7 ,  8, and 9 of t h i s  Manual. Addit ional  chap te r s  w i l l  cont inue 
t o  be published, s i m i l a r l y ,  as they are completed. The Manual i s  a com- 
prehensive t u t o r i a l  t reatment  of t h e  measurement of incoherent r a d i a t i o n  
t h a t  is  complete enough f o r  s e l f  i n s t r u c t i o n .  Detai led chap te r  summaries 
make i t  a l s o  a convenient a u t h o r i t a t i v e  r e fe rence  source.  

It con ta ins  

The manner i n  which t h e  s p e c t r a l  r e spons iv i ty  of a spectroradiometer  
containing a monochromator v a r i e s  with wavelength is t r e a t e d  i n  Chapter 7 .  
The n a t u r e  and c h a r a c t e r i s t i c s  of t h i s  func t ion ,  how it i s  determined, and 
t h e  e f f e c t s  it has  on spectroradiometr ic  measurements are discussed i n  
d e t a i l .  The t r a d i t i o n a l ,  i n d i r e c t  determinat ion,  involving t h e  s l i t - s c a t -  
t e r i n g  funct ion,  is  shown t o  be highly inaccura t e  except f o r  wavelengths 
i n  t h e  c e n t r a l  po r t ion  of t h e  funct ion.  An i n t roduc t ion  t o  t h e  measure- 
ment of s p e c t r a l  l i n e  r a d i a t i o n  i s  a l s o  presented. 

Deconvolution, discussed i n  Chapter 8 ,  i s  t h e  numerical process  of 
recovering an improved s p e c t r a l  d i s t r i b u t i o n  from spectroradiometr ic  
measurements i n e v i t a b l y  smeared s p e c t r a l l y  by t h e  spec t r a l - r e spons iv i ty  
func t ion  of t h e  radiometer.  A simple,  i t e r a t i v e  technique, which i s  
ex tens ive ly  used, w i l l  be completely s a t i s f a c t o r y  i n  almost a l l  radio- 
me t r i c  s i t u a t i o n s .  A more soph i s t i ca t ed  technique, which is  founded on 
a sounder t h e o r e t i c a l  b a s i s ,  should succeed i n  many of t h e  few remaining 
in s t ances  where t h e  s impler  technique f a i l s .  Examples of computer pro- 
grams f o r  t h e  two techniques are given i n  an appendix. Both are appl ied 
t o  a simple i l l u s t r a t i v e  numerical  example with b r i e f  mention of some of 
t h e  sources  of d i f f i c u l t y  and t h e  l i m i t a t i o n s  of deconvolution. F i n a l l y ,  
w e  touch on t h e  quest ion of e r r o r s  and desc r ibe  a couple of u s e f u l  
measures of accuracy. 

The phys ica l  d e f i n i t i o n  of measurement beams, including t h e  i n t e -  
g r a t i o n  l i m i t s  i n  t h e  measurement equat ion,  is  t r e a t e d  i n  Chapter 9 i n  
terms of geometr ical-opt ics  q u a n t i t i e s  and concepts.  The usua l  d e f i n i -  
t i o n s  of geometrical  o p t i c s  are extended t o  s i t u a t i o n s  where de f in ing  
t h e  measurement beam may not involve t h e  imaging of any source.  The 
importance of a p e r t u r e  p a i r s  o r  equivalent  aperture/aperture-image 
p a i r s ,  i n  de f in ing  measurement beams without v i g n e t t i n g ,  is  developed. 
Also discussed are entrance p u p i l s  as r ece iv ing  a p e r t u r e s  i n  radiom- 
e t r y  ( t h e i r  p o s i t i o n s  and dimensions), d i f f u s e r s ,  v i g n e t t i n g ,  and t h e  
e f f e c t s  of beam geometry on o v e r a l l  instrument radiance and i r r a d i a n c e  
r e s p o n s i v i t i e s .  The treatment i s  i n  t e r m s  of simple,  i d e a l ,  geometrical  
o p t i c s ,  with sharp image and shadow boundaries,and only passing mention 
i s  made of pe r tu rba t ions  caused by imperfect imaging, a b e r r a t i o n s ,  
s c a t t e r i n g ,  and d i f f r a c t i o n .  

Key Words: Aperturefaperture-image p a i r ;  a p e r t u r e  p a i r ;  c a l i b r a t i o n ;  
convolution; deconvolution; geometrical-optics radiometry; inversion;  
measurement-beam geometry; r e l a t i v e  s p e c t r a l  r e spons iv i ty ;  s l i t -  
s c a t t e r i n g  funct ion;  s l i t - s c a t t e r i n g  func t ion  co r rec t ions ;  s p e c t r a l  
l i n e  radiometry; spectroradiometer c h a r a c t e r i z a t i o n s ;  spectroradiometry; 
v igne t t i ng .  
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/ /  R e  
/ / / *  

WAVE LENGTHS 
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‘2, WAVE LENGTHS 
OTHER THAN A0 

Figure 7.1. Schematic diagram of a t y p i c a l  spectroradiometer  used f o r  spec t r a l - i r r ad iance  

measurements. Monochromator is  shown set f o r  a wavelength 

f o r  s impl i c i ty ,  d i spe r s ion  i s  shown as tak ing  p lace  a t  t h e  second focusing 

(curved) mir ror  r a t h e r  than a t  t h e  ru led  su r face  of t h e  d i f f r a c t i o n  g r a t i n g .  

Xo. Note t h a t ,  

EX(x,y) -- Spec t r a l  i r r ad iance  a t  t h e  poin t  x ,y  i n  t h e  rece iv ing  ape r tu re  

S -- Averaging sphere 

0 -- Focusing o p t i c s  

D -- Detector  

E -- Elec t ron ic s  

P 

R -- Readout 
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Chapter 7.  The Rela t ive  Spec t r a l  Responsivity and S l i t -Sca t t e r ing  Function of a 
Spec t r o r  ad iomet er 

by Henry J. Kostkowski 

I n  t h i s  CHAPTER. We are concerned wi th  how t h e  s p e c t r a l  respons iv i ty  of a spectroradiom- 
eter containing a monochromator v a r i e s  with wavelength. The need f o r  t h i s  information and 

some t y p i c a l  re la t ive spectral r e s p o n s i v i t i e s  are presented.  The r e l a t i o n s h i p  between t h e  
s p e c t r a l  respons iv i ty  and t h e  s l i t - s c a t t e r i n g  func t ion ,  involving t h e  respons iv i ty  f a c t o r ,  

i s  developed, and a method f o r  experimental iy  determining these  q u a n t i t i e s  i s  out l ined .  

Examples are given of t h e  types of s p e c t r a l  d i s t o r t i o n s  produced by t h e  r e spons iv i ty  

func t ion ,  but  d e t a i l s  on how t o  c o r r e c t  f o r  t hese  d i s t o r t i o n s  are postponed u n t i l  Chapter 8. 

F ina l ly  t h e  radiometr ic  measurement of spec t r a l - l i ne  r ad ia t ion ,  which a l s o  r e q u i r e s  spec t r a l -  

r e spons iv i ty  information, is  introduced. 

NEED f o r  t h e  RELATIVE SPECTRAL RESPONSIVITY i n  SPECTRAL MEASUREMENTS. 

When one is  i n t e r e s t e d  i n  making s p e c t r a l  radiometr ic  measurements, p a r t i c u l a r l y  a t  

many d i f f e r e n t  wavelengths, a spectroradiometer  containing a monochromator i s  usua l ly  used. 

I f  t h e  quant i ty  t o  be measured i s  s p e c t r a l  i r r a d i a n c e ,  a s u i t a b l e  instrument is  t h e  one used 

i n  problem 2 of Chapter 5 L7.11' and shown schematical ly  i n  f i g u r e  7 . 1 .  
equat ion €or  s p e c t r a l  i r r ad iance  when using such an instrument w a s  shown, i n  Chapter 5,  t o  

be [eq.  (5.23)] 

The measurement 

where S(A,AA,Ao) and RQ(x,y,A , A )  are t h e  output  s i g n a l  and spec t ra l - f lux  respons iv i ty  

func t ion2 ,  r e spec t ive ly ,  of t h e  instrument f o r  a wavelength s e t t i n g  of 

of t h e  rece iv ing  aper ture ,  and AX is  t h e  wavelength i n t e r v a l  f o r  which t h e  va lue  of 

i s  not  zero.  For s impl i c i ty  i n  t h e  present  d i scuss ion ,  w e  assume t h a t  t h e  s p e c t r a l  irra- 
d iance E X  and t h e  r e spons iv i ty  Ra are each uniform throughout A,  and w e  focus a t t e n t i o n  

on j u s t  t h e  s p e c t r a l  cons idera t ions  f o r  any given A by wr i t i ng  

0 

A is t h e  area 

RQ 

(7 . la)  

'Figures i n  bracke ts  i n d i c a t e  l i t e r a t u r e  re ferences  l i s t e d  a t  t h e  end of t h i s  .chapter. 

2The word "function" i s  added t o  "spectral-f  l u x  respons iv i ty"  o r  "spec t ra l - i r rad iance  

respons iv i ty"  when w e  wish t o  emphasize t h e  s p e c t r a l  shape of t hese  quan t i t i e s .  

R(x,y,A , A )  may have a d i f f e r e n t  s p e c t r a l  shape; i .e.,  be a d i f f e r e n t  func t ion  of wave- 
length  1, f o r  e a t h  wavelength s e t t i n g  A. of t h e  instrument and f o r  each poin t  x ,y .  For 

b rev i ty  w e  w i l l  o f t en  r e f e r  t o  a t e r m  such as "spec t ra l - f lux  r e spons iv i ty  funct ion" as 

simply t h e  respons iv i ty  funct ion.  

I n  genera l  
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o r  

(7. l b )  

where RE(Ao,A) = A-Ro(Ao,A) [S-W"*m21 i s  t h e  spec t r a l - i r r ad iance  r e spons iv i ty  f i r s t  

introduced i n  Chapter 5 Ieq.  (5.49) [7 .1]1.  

I n  problem 2 of Chapter 5 ,  w e  assumed t h a t  A X  was  s u f f i c i e n t l y  s m a l l  so  t h a t  EX 

changed neg l ig ib ly  over t h i s  wavelength range. I n  t h i s  ca se  

We a l s o  assumed t h a t  a s i m i l a r  equat ion would be v a l i d  when c a l i b r a t i n g  t h e  instrument wi th  

a standard of s p e c t r a l  i r r ad iance  r e s u l t i n g  i n  

where t h e  supe r sc r ip t  s r e f e r s  t o  t h e  s tandard.  Combining eqs. (7.2) and (7.3) w e  ob ta in  

(7.4) 
-2 -1 E:(A~) [w*m *nm I .  

This  is t h e  s implest  and most f requent ly  used r e l a t i o n  f o r  s p e c t r a l  measurements when 

u t i l i z i n g  a spectroradiometer  conta in ing  a monochromator. However, when Ah cannot be 

made s u f f i c i e n t l y  s m a l l  f o r  eq. (7.4) t o  be v a l i d ,  w e  must u t i l i z e  eq. (7 . lb)  d i r e c t l y  i n  

determining EA. 

There are two ways of ob ta in ing  a s o l u t i o n  f o r  E (A) from eq. ( 7 . l b ) .  When t h e  A 
r e l a t i v e  s p e c t r a l  d i s t r i b u t i o n s  of EA(A) and %(Ao,A) are known, t h e  s o l u t i o n  can be 

obtained i n  a manner similar t o  t h a t  used i n  problem 3 of Chapter 5. 

(7.4), t h e  equat ion f o r  EA is  
Then, ins tead  of eq. 

(7.5) 

where r ( A o , A )  = S ( X o , A ) / K  [dimensionless] ,  eA(A) = EA(A)/K1 [dimensionless] ,  and 

t h e  a r b i t r a r y  f a c t o r s  K[S*W-1*m2] and K [W.m-2] are cons t an t s  wi th  respec t  t o  wave- 

length .  The quan t i ty  r(Ao,A) i s  c a l l e d  t h e  r e l a t i v e  respons iv i ty  func t ion .  
1 

I f  t h e  r e l a t i v e  s p e c t r a l  i r r ad iance  eA(A) i s  not  known, it is  s t i l l  poss ib l e  t o  

ob ta in  EX(Ao). The technique f o r  doing t h i s  u t i l i z e s  eq. (7 . lb)  and is  r e f e r r e d  t o  as a 
4 



deconvolution. 

than at j u s t  t h e  wavelength Xo at which Ex is des i r ed .  Also, t h e  r e l a t i v e  r e spons iv i ty  

func t ion  must be known a t  each of these wavelengths. Details r e l a t i v e  t o  t h e  deconvolution 

technique w i l l  be  presented i n  Chapter 8. 

Now however, measurements are required a t  a number of wavelengths r a t h e r  -- 

Even i f  eq. (7.4) is thought t o  be s u f f i c i e n t l y  accu ra t e  f o r  obtaining E A  i n  a 
p a r t i c u l a r  a p p l i c a t i o n ,  it i s  highly d e s i r a b l e  t o  confirm t h i s  with one of t h e  two above 

descr ibed methods. Thus f o r  r e l i a b l e  measurements of s p e c t r a l  i r r a d i a n c e  o r  any o the r  

s p e c t r a l  quan t i ty ,  t h e  corresponding r e l a t i v e  s p e c t r a l  r e spons iv i ty  i s  required.  

TYPICAL and IDEALIZED RELATIVE RESPONSIVITY FUNCTIONS. 

r ( A o , A )  
set on a wavelength ho ,  

ancel  but  d i f f e r e n t  wavelengths, which are d i s t r i b u t e d  over a range l a r g e  enough t o  cover 

t h e  e n t i r e  r e spons iv i ty  funct ion.  

is t h e  r e l a t i v e  r e spons iv i ty  func t ion  Figure 7.2 is  an example of such a p l o t  

f o r  t h e  spectroradiometer i n  f i g u r e  7.1 when t h e  width of t h e  image of t h e  en t r ance  s l i t  is 
equal  t o  t h e  width of t h e  exit s l i t .  I n  gene ra l ,  t h i s  func t ion  w i l l  be  d i f f e r e n t  f o r  d i f -  

f e r e n t  wavelength s e t t i n g s  lo. 

The r e l a t i v e  r e spons iv i ty  func t ion  

of a spectroradiometer may be obtained by i r r a d i a t i n g  t h e  instrument ,  wh i l e  it is  

wi th  a succession of monochromatic beams having t h e  same i r r a d i -  

A p l o t  of t h e  r e s u l t i n g  output  s i g n a l  aga ins t  wavelength 

r(Xo,X). 

I !\ 

I I I i \  I 

I I 
I I \ I I I I I 

1 2  13 

Figure 7.2. Rela t ive  r e spons iv i ty  func t ion  of a spectroradiometer containing 

a monochromator with t h e  image of t h e  entrance s l i t  having t h e  

same width as t h e  e x i t  s l i t .  

Wavelengths shown correspond t o  those  i n  f i g u r e  7.3. 
The wavelength s e t t i n g  is  Xo. 

'We assume t h a t  t h e  r e spons iv i ty  does not  vary with t h e  magnitude of t h e  i r r a d i a n c e ;  t h a t  

is, t h e  instrument is "l inear" .  Otherwise, t h e  r e l a t i v e  s p e c t r a l  r e spons iv i ty  determined 

i n  t h i s  manner would be v a l i d  only f o r  t h e  i r r a d i a n c e  l e v e l  used i n  t h e  determinat ion.  

5 



I n  o rde r  t o  understand why t h e  t y p i c a l  r e spons iv i ty  func t ion  has  t h e  s p e c t r a l  shape 

shown i n  f i g u r e  7.2, l e t  u s  examine c l o s e l y  t h e  r e l a t i v e  p o s i t i o n s  of t h e  ex i t  s l i t  and t h e  

images of t h e  en t r ance  s l i t  f o r  a few of t h e  monochromatic beams with wavelengths c l o s e  t o  

Xo. The images w e  are t a l k i n g  about are loca ted  a t  t h e  i n t e r s e c t i o n s ,  i n  t h e  plane of t h e  

exi t  s l i t ,  of t h e  o p t i c a l  r ays  shown as dashed l i n e s  i n  f i g u r e  7.1. Another view of t h e s e  

images, looking i n  a d i r e c t i o n  perpendicular  t o  t h e  plane of t h e  e x i t  s l i t ,  is  shown i n  

f i g u r e  7.3. 

matic images of t h e  en t r ance  s l i t ,  each of d i f f e r e n t  wavelength, by dashed l i n e s .  The c r o s s  

hatching r ep resen t s  t h e  r a d i a n t  f l u x  i n  t h e  monochromatic image. 

Here t h e  exit slit  is represented by s o l i d  v e r t i c a l  l i n e s  and t h e  monochro- 

As can be seen i n  f i g u r e  7.3, when t h e  wavelength of t h e  monochromatic beam is io, 
t h e  wavelength s e t t i n g  of t h e  instrument,  f l u x  f i l l s  t h e  e x i t  s l i t  r e s u l t i n g  i n  a s i g n a l  

from t h e  instrument corresponding t o  t h e  peak va lue  shown i n  f i g u r e  7.2. When t h e  mono- 

chromatic beam has a wavelength d i f f e r e n t  than but c l o s e  t o  t h e  f l u x  i n  t h i s  image 

w i l l  only p a r t i a l l y  f i l l  t h e  e x i t  s l i t .  , I n  f i g u r e  7 . 3 ,  f l u x  a s soc ia t ed  with wavelengths 

and A 3  

r e spons iv i ty .  The s p e c t r a l  propagance of t h e  spectroradiometer  between t h e  entrance aper- 

t u r e  and t h e  ex i t  s l i t ,  and t h e  s p e c t r a l  r e spons iv i ty  of t h e  de t ec to r ,  u s u a l l y  change only 

s l i g h t l y  over a small wavelength range such as 
approximately p ropor t iona l  t o  t h e  po r t ion  of t h e  e x i t  s l i t  f i l l e d  with f l u x .  
it appears  t h a t  t h e  output s i g n a l s  f o r  t h e  monochromatic beams of wavelengths 

should b e  zero.  However, due t o  imperfect imaging, d i f f r a c t i o n ,  and s c a t t e r i n g ,  a s m a l l  

amount of f l u x  of t h e s e  wavelengths does f a l l  on t h e  e x i t  s l i t  and produces t h e  output 

s i g n a l  i nd ica t ed  i n  f i g u r e  7.2. 

from t h e  e x i t  slit, as i l l u s t r a t e d  i n  f i g u r e  7.4b, some f l u x  a s soc ia t ed  wi th  t h i s  wavelength 

i s  s c a t t e r e d  and d i f f r a c t e d  onto t h e  e x i t  s l i t  r e s u l t i n g  i n  a small but s i g n i f i c a n t  output 

s i g n a l .  That is ,  t h e  r e l a t i v e  r e spons iv i ty  func t ion  is  not  zero even f o r  wavelengths such 

as X5 i n  f i g u r e  7.4a. 

Xo, 

X2 
f i l l s  ha l f  t h e  exit s l i t  and g ives  rise t o  about ha l f  t h e  output s i g n a l  o r  r e l a t i v r  

ho-A2, and t h e r e f o r e ,  t h e  output s i g n a l  i s  

I n  f i g u r e  7 . 3  

h4 X1 and 

Even when t h e  image of t h e  entrance s l i t  i s  posi t ioned f a r  

I 

I n  t h e  l i m i t  of p e r f e c t  imagery and no s c a t t e r i n g  and when t h e  instrument d i spe r s ion ,  

d e t e c t o r  r e spons iv i ty ,  and propagance do no t  vary with wavelength over t h e  wavelength range 

ind ica t ed  i n  f i g u r e  7.3, t h e  p l o t  of t h e  output s i g n a l  a g a i n s t  wavelength of t h e  monochro- 

matic beams would be t r i a n g u l a r  i n  shape. That i s ,  t h e  r e l a t i v e  r e spons iv i ty  func t ion  would 

have t h e  t r i a n g u l a r  shape shown i n  f i g u r e  7 . 5 .  

When t h e  exit slit and t h e  image of t h e  entrance s l i t  do not  have t h e  same width, t h e  

r e l a t i v e  r e spons iv i ty  func t ion  h a s  a s p e c t r a l  shape similar t o  t h a t  i n  f i g u r e  7 .6  r a t h e r  

than t h a t  i n  f i g u r e  7.2. 

l eng th  i n  t h e  d e t e c t o r  r e spons iv i ty  and instrument propagance. 

r e f e r r e d  t o  i n  t h e  previous paragraph, t h e  s p e c t r a l  shape of t h i s  r e l a t i v e  r e spons iv i ty  

func t ion  would be t r apezo ida l .  This  can be confirmed by studying f i g u r e s  7 . 7  and 7 . 8 .  

The s loping top  i s  due t o  small v a r i a t i o n s  wi th  r e spec t  t o  wave- 

Under t h e  i d e a l  cond i t ions  

The width of t h e  r e l a t i v e  r e spons iv i ty  func t ion  is o f t e n  of i n t e r e s t .  

AXw, 

It is  c a l l e d  t h e  

s p e c t r a l  s l i t  width wi th  t h e  symbol as shown i n  f i g u r e s  7 . 5 ,  7 .7  and 7 . 8 ,  and is  

6 
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EXIT SLIT IMAGE 

~ D I A T I O N ,  1, 
SCATTERING 

Figure 7.4. I l l u s t r a t i o n  of r a d i a t i o n  s c a t t e r i n g  g iv ing  r ise  t o  t h e  wings 

of t h e  r e l a t i v e  r e spons iv i ty  func t ion .  

8 



Figure  7.5. Tr iangular  r e l a t i v e  r e spons iv i ty  func t ion  wi th  a s p e c t r a l  s l i t  

width of AXw. The wavelengths correspond t o  those  i n  f i g u r e  1 . 3 .  

Figure  7.6. Re la t ive  respons iv i ty  func t ion  of a spectroradiometer  conta in ing  

a monochromator wi th  t h e  image of t h e  en t rance  s l i t  having a d i f -  

f e r e n t  width than t h e  e x i t  s l i t .  Sloping top  i s  due t o  change i n  

de t ec to r  r e spons iv i ty  and/or  instrument propagance over t h i s  wave- 

l eng th  i n t e r v a l .  Wavelength s e t t i n g  of spectroradiometer  i s  X o .  

9 
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defined as e i t h e r  (1) t h e  width of t h e  func t ion  a t  ha l f  i t s  peak he ight  o r  (2) as t h e  

ratio of t h e  i n t e g r a l  of t h e  func t ion  wi th  r e spec t  t o  wavelength. to  t h e  peak he ight  of t h e  

func t ion;  i.e. , For t h e  idea l i zed  func t ions ,  t r i a n g u l a r  o r  t rape-  /~~r(Xo,h)dh/ r (Xo,Xo) .  
. z o i d a i ,  t h e  two d e f i n i t i o n s  r e s u l t  i n  t h e  same value.  For t h e  t r i a n g u l a r  shape 

where Ax i s  t h e  width of t h e  e x i t  s l i t ,  and dx/dh . i s  t h e  l i n e a r  d i spe r s ion  of t h e  

instrument.  . For t h e  t r apezo ida l  r e spons iv i ty  func t ion  

AXw 5 Ax,/% [nm] (7.7) 

where AxR i s  e i t h e r  t h e  width of t h e  en t rance  s l i t  image o r  t h e  exit s l i t ,  whichever 

l a r g e r .  The width of t h e  base A X B  of t h e  t r apezo ida l  r e spons iv i ty  func t ion  i s  

"B - aximage of 
- ( e n t .  s l i t  

and t h e  width of t h e  f l a t  top  

AXT = 1 aximage of 
ent .  s l i t  

These var ious  equat ions  may be 

eqs.  (7.8) and (7.9),  one sees 

+ Axexit)/ slit [nm] 

AXT of t h i s  func t ion  i s  

- Axexit 1 /$ [nm]. 
sl i t  

is  

(7.9) 

confirmed by s tudying f i g u r e s  7.3, 7.5, 7.7 and 7.8. From 

t h a t  as one of t h e  sl i ts  becomes very narrow r e l a t i v e  t o  t h e  

o t h e r ,  t h e  r e l a t i v e  r e spons iv i ty  p l o t  approaches a r ec t ang le .  

DIRECT DETERMINATION of RELATIVE RESPONSIVITY FUNCTION us ing  SPECTRALLY TUNABLE 

MONOCHROMATIC BEAMS. 

t h e  technique descr ibed i n  t h e  preceding s e c t i o n ;  t h a t  i s ,  i r r a d i a t i n g  t h e  spectroradiometer  

w i th  a monochromatic beam whose wavelength can be var ied  over t h e  wavelength range f o r  which 

t h e  magnitude of t h e  r e spons iv i ty  func t ion  i s  not  zero  and whose i r r a d i a n c e  a t  t h e  rece iv ing  

a p e r t u r e  of t h e  instrument can be kept cons tan t  o r  can be measured as t h e  wavelength is  

changed. The v a l i d i t y  of t h i s  technique i s  e a s i l y  confirmed s t a r t i n g  wi th  t h e  s p e c t r a l  

measurement equat ion,  

The r e l a t i v e  r e spons iv i ty  func t ion  may be obtained experimental ly  by 

or 

S(Ah,Ao) = K/ EX(X)*r(Ao,A)*dh [SI 
A X  

(7 . lo)  

12 



Figure 7.9. I l l u s t r a t i o n  of why t h e  output s i g n a l  of a spectroradiometer  

viewing a narrow s p e c t r a l  l i n e  is  p ropor t iona l  t o  t h e  r e l a t i v e  

r e spons iv i ty  funct ion r(Ao,A'), where A. i s  t h e  wavelength 

s e t t i n g  of t h e  instrument and 
l i n e .  Varying A '  throughout t h e  wavelength range A A  while  

t h e  i r r a d i a n c e  of t h e  beam i s  unchanged, r e s u l t s  i n  a de t e r -  

mination of t h e  r e l a t i v e  r e spons iv i ty  func t ion  f o r  t h e  i n s t r u -  

ment wavelength s e t t i n g  Ao. 

A '  i s  t h e  wavelength of t h e  

where r(Ao,A) i s  t h e  r e l a t i v e  r e spons iv i ty  func t ion  and K is  a constant  with r e spec t  t o  

wavelength, both introduced i n  connection with eq. (7.5). Figure 7.9 shows a t y p i c a l  

r e l a t i v e  r e spons iv i ty  func t ion  and t h e  s p e c t r a l  i r r a d i a n c e  of a monochromatic beam, repre- 

sented by a very narrow s p e c t r a l  l i n e  a t  

narrow s o  t h a t  r(Ao,X) 

A ' .  The s p e c t r a l  l i n e  should be s u f f i c i e n t l y  

may be t r e a t e d  as cons t an t ,  reducing eq. (7.10) t o  

(7.11) 

where t h e  i n t e g r a l  i n  eq. (7.11) is  t h e  i r r a d i a n c e  of t h e  monochromatic beam a t  t h e  re- 

ce iv ing  a p e r t u r e  of t h e  radiometer.  

r e spons iv i ty  func t ion  f o r  t h e  wavelength s e t t i n g  of t h e  spectroradiometer  

a t  t h e  wavelength of t h e  monochromatic beam A ' .  Varying A '  throughout t h e  wavelength 

Thus t h e  output s i g n a l  is  p ropor t iona l  t o  t h e  r e l a t i v e  

A. and evaluated 

1 3  



rangel  

r e l a t i v e  respons iv i ty  func t ion  f o r  t h e  instrument wavelength s e t t i n g  

AX whi le  t h e  i r r ad iance  of t h e  beam i s  unchanged, r e s u l t s  i n  a determinat ion of t h e  

X O '  

This  d i r e c t  method of determining t h e  r e l a t i v e  respons iv i ty  func t ion  has  been used 

in f r equen t ly  because an easy-to-use, s p e c t r a l l y  tunable ,  monochromatic beam has no t  been 
ava i l ab le .  

emerging from t h e  exit s l i t  of a monochromator. The en t rance  s l i t  of t h e  monochromator i s  

i r r a d i a t e d  with t h e  image of a high rad iance  tungsten ribbon lamp o r  carbon arc and t h e  
e x i t i n g  beam i s  monitored wi th  a de tec to r  c a l i b r a t e d  f o r  r e l a t i v e  s p e c t r a l  f l u x  respon- 

s i v i t y .  This  is c e r t a i n l y  not  a convenient ,  easy-to-use source.  Alignment of t h e  compo- 

nen t s  is  c r i t i c a l ,  t h e  source is  not  r e a d i l y  po r t ab le ,  and it is  n o t  as s p e c t r a l l y  narrow 

o r  as high i n  i r r ad iance  as is o f t en  des i red  f o r  r e l a t i v e  respons iv i ty  measurements. How- 

ever  , as a r e s u l t  of t h e  recent  a v a i l a b i l i t y  of s m a l l ,  high-throughput double  monochromators 

and of s i l i c o n  de tec to r  s tandards  of s p e c t r a l  respons iv i ty  wi th  1.5-5% unce r t a in ty ,  t h i s  

d i r e c t  method, using a tunable  incoherent  beam, is  more appeal ing now than it w a s  a few 

years  ago. 

The only tunable  monochromatic incoherent  beam cur ren t ly  a v a i l a b l e  i s  t h a t  

A coherent  source t h a t  can be used i n  t h e  d i r e c t  method i s  t h e  tunable  dye laser. This  

monochromatic beam can be obtained with a much narrower s p e c t r a l  band width and wi th  higher  

i r r a d i a n c e  than t h a t  from a monochromator. However, it i s  less por t ab le ,  no t  a v a i l a b l e  a t  

a l l  wavelengths, and s i g n i f i c a n t l y  more expensive.  I n  add i t ion ,  i n  using i t ,  one mus t , t ake  

s t e p s  [7 .2 ]  t o  i n su re  t h a t  t h e  r e s u l t i n g  r e l a t i v e  respons iv i ty  func t ion  i s  not  a f f ec t ed  by 

t h e  coherence of t h e  beam. Another poss ib l e  problem i s  t h a t  some lasers seem t o  include 

r a d i a t i o n  a t  wavelengths o the r  than t h e  primary wavelength with i r r ad iances  of about 10 

t h a t  of t h e  primary s p e c t r a l  l i n e .  However, t h i s  i n t e r f e r i n g  r a d i a t i o n  can be measured and 

removed by a f i l t e r  o r  d i spe r s ive  device when it presents  a problem. I n  s p i t e  of t hese  

l i m i t a t i o n s ,  t h e  tunable  dye laser appears  t o  be an a t t r a c t i v e  device f o r  t h i s  app l i ca t ion .  

INDIRECT DETERMINATION of RELATIVE RESPONSIVITY FUNCTIONS us ing  FIXED WAVELENGTH 

MONOCHROMATIC BEAMS -- SLIT-SCATTERING FUNCTION and RESPONSIVITY FACTOR. 

-6 

Most measurements of t h e  r e l a t i v e  r e spons iv i ty  func t ions  of spectroradiometers  con- 

t a in ing  monochromators have been made using an i n d i r e c t  method where a fixed-wavelength, 

monochromatic beam and a s tandard source of continuous r a d i a t i o n  are s p e c t r a l l y  scanned wi th  

t h e  monochromator. This  i n d i r e c t  method is  s impler  t o  ca r ry  out and r equ i r e s  less expensive 

appara tus  than t h e  d i r e c t  method, but  c e r t a i n  condi t ions  must e x i s t  f o r  t h e  r e s u l t i n g  rela- 

t i v e  respons iv i ty  func t ion  t o  be accura te .  

q u a n t i t i e s ,  t h e  s l i t - s c a t t e r i n g  func t ion  and t h e  respons iv i ty  f a c t o r ,  t h a t  are requi red  i n  

t h e  i n d i r e c t  method, are discussed i n  cons iderable  d e t a i l .  

I n  t h i s  s ec t ion  these  condi t ions  and two new 

An i n s i g h t  i n t o  why and when t h e  s impler  i n d i r e c t  method works can be  obtained from 

examining, aga in ,  t h e  r e l a t i v e  pos i t i ons  of t h e  e x i t  s l i t  and t h e  image of t h e  en t rance  s l i t  

'Note t h a t  Ah i s  t h e  wavelength i n t e r v a l  i n  which r(Xo,A) # 0; Ah' i s  t h e  much narrower 

i n t e r v a l  i n  which E # 0 ;  A x '  << Ah. 
%ine  
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f o r  t h i s  method and f o r  t h e  d i r e c t  method presented i n  t h e  l a s t  sec t ion .  

7.4 give these  p o s i t i o n s  f o r  t h e  d i r e c t  method where t h e  spectroradiometer i s  set on t h e  

wavelength and output s i g n a l s  are obtained f o r  an inc iden t  monochromatic beam whose 

wavelength is  changed throughout A X ,  t h e  wavelength range f o r  which t h e  r e spons iv i ty  

func t ion  has  a s i g n i f i c a n t  value.  We showed t h a t  when t h e  i r r a d i a n c e  of t h e s e  beams was 
constant  t h e  output  s i g n a l s  were p ropor t iona l  t o  t h e  r e l a t i v e  r e spons iv i ty  func t ion .  Figure 

7.10 g ives  t h e  s l i t  p o s i t i o n s  f o r  t h e  i n d i r e c t  method where t h e  wavelength of t h e  monochro- 

matic beam is  f ixed at  

(scanned) throughout A X .  The r e l a t i v e  p o s i t i o n s  of t h e  e x i t  s l i ts  and t h e  images of t h e  

entrance s l i ts  i n  f i g u r e s  7.3 and 7.10 are t h e  same. 

a s soc ia t ed  with t h e  corresponding "look-alike" f i g u r e s  are d i f f e r e n t ,  except f o r  case c ,  t h e  
wavelength d i f f e r e n c e s  are, r e spec t ive ly ,  t h e  s a m e .  This  i s  t h e  case  because it w a s  as- 

sumed, i n  preparing f i g u r e  7.10, t h a t  t h e  d i spe r s ion  of t h e  instrument w a s  t h e  same f o r  a l l  
t h e  wavelengths ind ica t ed .  This ,  then,  is  one of t h e  required cond i t ions  f o r  t h e  i n d i r e c t  

method t o  apply.  Another condi t ion,  which is  not  apparent from t h e  two f i g u r e s ,  i s  t h a t  t h e  

o p t i c a l  abe r ra t ions ,  s c a t t e r i n g  and d i f f r a c t i o n  must be t h e  same f o r  t h e  look-alike diagrams 

i n  f i g u r e s  7 . 3  and 7.10. Even i f  t hese  cond i t ions  hold,  however, t h e  r e l a t i v e  output s ig -  

n a l s  corresponding t o  each of t h e  two f i g u r e s  may be d i f f e r e n t .  This  is  because t h e  spec- 

t r a l  propagance of t h e  monochromator and of t h e  f o r e  o p t i c s  and t h e  s p e c t r a l  r eepons iv i ty  of 

t h e  d e t e c t o r  w i l l  n o t ,  i n  general ,  be t h e  same f o r  a l l  t h e  wavelengths ind ica t ed .  However, 

when t h e  above condi t ions ho ld , these  f a c t o r s  depend only on t h e  wavelength of t h e  f l u x  and 
no t  on t h e  wavelength s e t t i n g  of t h e  monochromator. 

Figures  7 . 3  and 

Xo 

Xo and t h e  wavelength s e t t i n g  of t h e  spectroradiometer  is  changed 

Also, even though t h e  wavezenqths 

A l l  t h e  above condi t ions t h a t  are required f o r  t h e  i n d i r e c t  method t o  apply can be 

incorporated i n t o  one mathematical statement.  

t i o n  can be w r i t t e n  as a product of two func t ions ,  one depending only on t h e  d i f f e r e n c e  

between t h e  wavelength s e t t i n g  of t h e  monochromator and t h e  wavelength of t h e  f l u x  and t h e  

o the r  funct ion depending only on t h e  wavelength of t h e  f l u x ;  t h a t  is ,  

This  is  t h a t  t h e  r e l a t i v c  r e spons iv i ty  func- 

(7.12) f r(Xo,X) = z(X -A).r ( A )  [dimensionless] ,  
0 

where w e  c a l l  z t h e  s l i t - s c a t t e r i n g  and rf t h e  r e spons iv i ty  f a c t o r .  The 

'The s l i t - s c a t t e r i n g  funct ion i n  eq. (7.12) has  o f t e n  been r e f e r r e d  t o  as simply t h e  s l i t  

funct ion.  However, w e  are no t  cont inuing t h i s  p r a c t i c e  because t h e  C I E  committee TC-1.2 on 

Photometry and Radiometry has  proposed t h a t  t h e  name "slit function" be used f o r  t h e  "rela- 

t i v e  s p e c t r a l  t r ansmi t t ance  of a monochromator as a func t ion  of wavelength f o r  a given 

s e t t i n g  of wavelength and slits". In  a d d i t i o n ,  our new name f o r  z(X -A)  is  more descr ip-  

t i v e  because, although t h e  c e n t r a l  po r t ion  of t h i s  func t ion  i s  determined p r imar i ly  by t h e  

s l i t  widths and d i spe r s ion  of t h e  monochromator, t h e  wings of t h e  func t ion  are determined 

p r imar i ly  by i n t e r n a l  r a d i a t i o n  s c a t t e r i n g .  

0 

(See page 17 f o r  Footnote 2, 
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2Sometimes one sees t h e  argument of t h e  s l i t - s c a t t e r i n g  func t ion  i n  eq. (7.12) wri t ten 
A-A. r a t h e r  than A - A .  Phys i ca l ly ,  t h i s  d i f f e r e n c e  is unimportant. W e  have adopted A - A  

because t h i s  is  t h e  form i n  which convolution i n t e g r a l s  are normally expressed i n  an exten- 

s i v e  l i t e r a t u r e  on deconvolution which is  c i t e d  i n  Chapter 8. A minor disadvantage 'of t h i s  

form is  t h a t  it e s t a b l i s h e s  t h e  r a t h e r  unappealing s i g n  convention by which t h e  argument of 

t h e  s l i t  func t ion  is  nega t ive  f o r  t h e  long wavelength po r t ion  of t h e  func t ion  and v i c e  

ve r sa .  However, w e  f e l t  t h a t  t h e  ex tens ive  use of t h i s  form i n  va r ious  mathematical theo- 

rems and i n  t h e  deconvolution l i t e r a t u r e  outweighed t h i s  s l i g h t  disadvantage.  

0 

essence of t h e  i n d i r e c t  method and eq. (7.12) is  t h a t  t h e  r e l a t i v e  r e spons iv i ty  func t ion  f o r  

a p a r t i c u l a r  wavelength s e t t i n g  of a monochromator can be obtained by varying 

r a t h e r  than by varying A as i n  t h e  convent ional  d i r e c t  method. Since t h e  va lue  of t h e  

s l i t - s c a t t e r i n g  func t ion  z, when t h e  A -A dependence i n  eq. (7.12) is  v a l i d ,  depends 

only on t h e  d i f f e r e n c e  between A. and A ,  it is  immaterial i n  determining t h i s  func t ion  

whether one v a r i e s  A. o r  A.  The advantage of varying A. is  t h a t  then r ( A )  i s  

cons t an t ,  and t h e r e f o r e  a s p e c t r a l  scan of a s i n g l e ,  fixed-wavelength, monochromatic beam 

(constant  A)  can be used t o  ob ta in  z .  The e x p l i c i t  r e l a t i o n s h i p  between t h e  s l i t - s c a t -  

t e r i n g  func t ion  z ( h  -A)  
narrow, i s o l a t e d  s p e c t r a l  l i n e  can be der ived by s t a r t i n g  with t h e  s p e c t r a l  po r t ion  of t h e  

measurement equat ion 

AO A. 

0 

f 

and t h e  output s i g n a l  of a spectroradiometer  when scanning' a 
0 

Assuming t h a t  % ( A o , X )  = K*r(Ao,X) = K*z(Ao-A)*rf(A) [ S e w  -1 *m 2 1, w e  ob ta in  

(7. lb)  

(7.13) 

L e t t i n g  EA(A) be t h e  s p e c t r a l  i r r a d i a n c e  of a narrow s p e c t r a l  l i n e  of wavelength Aline 

and des igna t ing  t h e  wavelength s e t t i n g  of t h e  spectroradiometer  as A ' ,  as indicated i n  

f i g u r e  7.11, 

S(AAline,A') = K*/ E,(X)*z(X'-A).rf(A).dX [SI 

"l ine 

(7.14) 

where AXline 
s i g n i f i c a n t .  I f  both z(A'-A) and r ( A )  change n e g l i g i b l y  over 

is t h e  wavelength range f o r  which t h e  s p e c t r a l  i r r a d i a n c e  of t h e  l i n e  i s  
f 

"l ine * 

lThe terms "scanning" and " s p e c t r a l  scan'' are c o n s i s t e n t l y  used here  f o r  an instrumental  

scan, where t h e  wavelength s e t t i n g  of t h e  instrument is  va r i ed  o r  "scanned". 
17 



and 

Figure 7.11. Spec t r a l  p l o t s  of a narrow s p e c t r a l  l i n e ,  a t y p i c a l  s l i t - s c a t t e r i n g  

func t ion ,  and a respons iv i ty  f a c t o r ,  i nd ica t ing  why a s p e c t r a l  scan 
of such a l i n e  wi th  t h e  spectroradiometer  r e s u l t s  i n  t h e  mir ror  

image of t h e  s l i t - s c a t t e r i n g  func t ion  and not  t h e  s l i t - s c a t t e r i n g  

' l ine  
func t ion  i t s e l f .  Note t h a t  t h e  va lues  shown f o r  

a r e  those f o r  t h e  s i t u a t i o n  depicted i n  f i g u r e  7.10(a) .  
and A '  

2 ( ' 'Aline ) = C*S(Ahline,X') [dimensionless]  

(7.15) 

(7.16) 

Since one usua l ly  is i n t e r e s t e d  only i n  rela- where C is a constant  f o r  a given 

t i v e  va lues  of z, t h e  cons tan t  C is f requent ly  set equal  t o  t h e  r ec ip roca l  of t h e  peak 

va lue  of S ,  making t h e  peak va lue  of z uni ty .  Varying t h e  wavelength s e t t i n g  of t h e  

instrument X' over a s u f f i c i e n t l y  wide range provides ,  from eq. (7.16) ,  a determinat ion of 

t h e  s l i t - s c a t t e r i n g  func t ion  z(X'-X ). Impl i c i t  i n  t h i s  determinat ion is t h a t  t h e  slit- 

s c a t t e r i n g  func t ion  does not  change when t h e  wavelength s e t t i n g  of t h e  instrument ,  i n  t h i s  

ca se  A ' ,  changes. 

' l ine '  

l i n e  
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as indicated i n  f i g u r e  7 . 1 1 ,  t h e  monochromator wavelength 

However t h e  output s i g n a l  f o r  
l i n e '  Note t h a t  when A '  A 

s e t t i n g  is  i n  t h e  long wavelength wing of t h e  s p e c t r a l  l i n e .  
t h i s  s e t t i n g  i s  p ropor t iona l  t o  t h e  va lue  of t h e  s l i t - s c a t t e r i n g  func t ion  evaluated a t  

' l ine  
t e r i n g  funct ion.  

l i n e  (monochromatic beam) and t h e  s l i t - s c a t t e r i n g  funct ion i s  caused by t h e  f a c t  t h a t  i n  t h e  

i n d i r e c t  method t h e  wavelength s e t t i n g  of t h e  spectroradiometer i s  va r i ed  r a t h e r  than t h e  

wavelength of t h e  monochromatic beam as i n  t h e  d i r e c t  method. It might help t o  c l a r i f y  t h i s  

s i t u a t i o n  f u r t h e r  i f  w e  compare f i g u r e s  7.3a and 7.10a. Figure 7.3a d e p i c t s  t h e  d i r e c t  

determinat ion of t h e  r e l a t i v e  r e spons iv i ty  func t ion  a t  a wavelength which i s  

t h e  peak wavelength Ao.  

wavelength s e t t i n g  must s t i l l  be g r e a t e r  than t h e  wavelength of t h e  f l u x  by However, 

s i n c e  t h e  wavelength of t h e  f l u x  i n  t h e  i n d i r e c t  method is  f ixed  and i n  t h i s  ca se ,  as shown 
i n  f i g u r e  7.10a, equal t o  A o ,  t h e  wavelength s e t t i n g  i n  f i g u r e  7.10a must be Ao+AAw. 

Moreover, in  t e r m s  of t h e  s p e c t r a l  scan of a s p e c t r a l  l i n e  r ep resen t ing  t h e  required mono- 

chromatic beam, t h e  s p e c t r a l  p o s i t i o n  represented by f i g u r e  7.10a i s  i n  t h e  long wavelength 

po r t ion  of t h e  scan a t  a wavelength g r e a t e r  than t h e  peak wavelength. Thus t h e  long wave- 

l eng th  s i d e  o r  wing of t h e  s p e c t r a l  scan of t h e  monochromatic beam corresponds t o  t h e  s h o r t  

wavelength s i d e  o r  wing of t h e  s l i t - s c a t t e r i n g  func t ion  and v i c e  ve r sa .  

which i s  i n  t h e  sho r t  wavelength wing (where (A'-A) is  p o s i t i v e )  of t h e  s l i t - s c a t -  

This s p e c t r a l  mirror-image r e l a t i o n s h i p  between t h e  scan of a s p e c t r a l  

AXw less than 

For t h e  equivalent  of f i g u r e  7.3a i n  t h e  i n d i r e c t  method, t h e  

Axw.  

I n  order  t o  determine t h e  r e l a t i v e  r e spons iv i ty  funct ion from eq. (7.12) one must 

determine t h e  r e spons iv i ty  f a c t o r  rf as w e l l  as t h e  s l i t - s c a t t e r i n g  func t ion .  It i s  easy 

t o  demonstrate how t h e  r e spons iv i ty  f a c t o r  can be obtained from a s p e c t r a l  scan of a spec- 

t r a l  standard of continuous r a d i a t i o n .  S t a r t i n g  again with t h e  s p e c t r a l  po r t ion  of t h e  

measurement equation 

(7. lb)  

f We assume t h a t  RE(Ao,A) = K.z(Ao-A)*r ( A )  and EA(A) = E;(A), t he  s p e c t r a l  i r r a d i a n c e  of 

a standard of continuous r a d i a t i o n .  Thus eq. (7. lb)  becomes 

(7.17) 

and i f  Ss(AA,A') 

wavelength s e t t i n g s  

8 ) .  Since E: 

Sometimes a s u f f i c i e n t l y  accu ra t e  s o l u t i o n  f o r  

i s  determined f o r  a s u f f i c i e n t l y  la rge  range and number of monochromator 

eq. (7.17') can be solved f o r  E i . r f  by deconvolution ( see  Chapter 
f A O '  

i s  known, t h i s  w i l l  a l s o  be a. so lu t ion  f o r  t h e  r e spons iv i ty  f a c t o r  r . 
r f  can be obtained without a deconvo- 

l u t i o n .  

i s  s i g n i f i c a n t  and z i s  approximately symmetrical with r e spec t  t o  A o ,  eq. (7.17) can be 

w r i t t e n  as 

I f  E j ( - r f  i s  approximately l i n e a r  over t h e  wavelength range f o r  which z(A - A )  
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(7.18) 

. and 

Ss(AX,Xo) 

K*Ey(ho)*f z(Xo-X) *dX 
AX 

rf(Ao) = [dimensionless] (7.19) 

where a l l  t h e  wavelength-dependent q u a n t i t i e s  on t h e  right-hand s i d e  of eq. (7.19) are 
known o r  measurable. 

Obtaining the r e l a t i v e  r e spons iv i ty  func t ion  by t h e  i n d i r e c t  method, t h a t  is ,  v i a  t h e  

s l i t - s c a t t e r i n g  func t ion  and r e spons iv i ty  f a c t o r ,  is  s i g n i f i c a n t l y  easier than by t h e  

d i r e c t  method. 

continuous r a d i a t i o n  are required.  

from an incoherent source having a s t rong ,  i s o l a t e d ,  narrow s p e c t r a l  l i n e  such as t h e  253.7 

[nm] l i n e  of mercury o r  from a s i n g l e  laser s p e c t r a l  l i n e ,  provided coherence e f f e c t s  are 
adequately accounted f o r  [7.2].  

t h e  v a l i d i t y  of t h e  Xo-X dependence i n  eq. (7.12). I n  t h e  r e l a t i v e l y  s m a l l  wavelength 

range corresponding t o  t h e  c e n t r a l  p o r t i o n  of t h e  r e l a t i v e  r e spons iv i ty  func t ion  (approxi- 

mately A f AXw) , eq. (7.12) is gene ra l ly  q u i t e  accu ra t e .  I n  a d d i t i o n ,  i n  t h i s  c e n t r a l  

region,  t h e  s p e c t r a l  l i n e  can u s u a l l y  have a very d i f f e r e n t  wavelength than t h e  

which t h e  r e l a t i v e  r e spons iv i ty  func t ion  i s  des i r ed .  

monochromator d i spe r s ion  a t  t h e  two wavelengths not  be s i g n i f i c a n t l y  d i f f e r e n t .  

t i o n  is q u i t e  d i f f e r e n t ,  however, f o r  t h e  d i s t a n t  wings of t h e  r e spons iv i ty  funct ion.  W e  

have obtained s p e c t r a l  scans of monochromatic beams with wavelengths 90 [nm] a p a r t  where 

t h e  s p e c t r a l  va lues  d i f f e r e d  by 100% a t  50 [nm] from t h e  peak. Of course,  i f  eq. (7.12) 

had been v a l i d  over t h i s  wavelength range, t h e  s p e c t r a l  shape of t hese  scans would have 

been t h e  same. The d i f f e r e n c e s  are mainly due t o  a d i f f e r e n c e  i n  i n t e r n a l  s c a t t e r i n g .  I n  

a d d i t i o n ,  s p e c t r a l  scans of monochromatic beams sometimes e x h i b i t  s p e c t r a l  bumps and weak 

s p e c t r a l  l i n e s  25 [nm] and more from t h e  peak of t h e  scan. 

r e spec t ive ly ,  t o  m u l t i p l e  r e f l e c t i o n s  from t h e  s i d e s  and va r ious  p a r t s  of t h e  instrument 

and t o  g r a t i n g  ghosts.  

and can be predicted from measurements of a few monochromatic beams with d i f f e r e n t  wave- 

l eng ths ,  but t h i s  does not  appear t o  be t h e  case with t h e i r  amplitudes.  Thus, i n  gene ra l ,  

t h e  i n d i r e c t  method is  not  very accu ra t e  f o r  determining t h e  d i s t a n t  wings of t h e  r e l a t i v e  
r e spons iv i ty  funct ion.  

Only a s i n g l e  wavelength monochromatic beam and a s p e c t r a l  s tandard of 

The single-wavelength monochromatic beam can be obtained 

The major problem or l i m i t a t i o n  of t h e  i n d i r e c t  method is 

0 

Xo f o r  

The s i t u a -  

The major requirement i s  t h a t  t h e  

We b e l i e v e  t h e s e  are due, 

The wavelengths of t h e  g r a t i n g  ghos t s  have a clear-cut  r e g u l a r i t y  

It appears t h a t  s p e c t r a l  scans ,of monochromatic beams using monochromators possessing 

high-qual i ty  holographic (photo-resis t )  g r a t i n g s  are much smoother than those with ru l ed  

g ra t ings .  With monochromators having t h e s e  g r a t i n g s ,  it may be p o s s i b l e  t o  d e f i n e  a more 

general  s l i t - s c a t t e r i n g  func t ion  and apply t h e  i n d i r e c t  method even when t h e  ho-X de- 

pendence of eq. (7.12) does not  e x i s t .  Research d i r e c t e d  a t  t h i s  p o s s i b i l i t y  i s  being 

pursued by t h e  author .  
20 



EXAMPLES of an EXPERIMENTALLY DETERMINED RESPONSIVITY FACTOR and of SLIT-SCATTERING 

FUNCTIONS. Since t h e  r e spons iv i ty  f a c t o r  of a spectroradiometer  depends on t h e  s p e c t r a l  

propagance of t h e  instrument and its de tec to r  r e spons iv i ty ,  t h e  s p e c t r a l  shape of t h i s  

f a c t o r  w i l l  vary g r e a t l y  wi th  instruments  having d i f f e r e n t  types  of o p t i c a l  elements and 

de tec to r s .  However, a f a i r l y  common s p e c t r a l  shape f o r  t h e  respons iv i ty  f a c t o r  of a spec- 

t roradiometer  is  shown i n  f i g u r e  7.12. This  is a p l o t  of t h e  respons iv i ty  f a c t o r  f o r  t h e  

NBS spectroradiometer  used t o  r e a l i z e  and main ta in  t h e  NBS scale of s p e c t r a l  i r rad iance[7 .3]  

Figure 7.12. The r e spons iv i ty  f a c t o r  and c e n t r a l  po r t ions  of s l i t - s c a t t e r i n g  €unct ions 

f o r  a spectroradiometer  cons i s t ing  of a double monochromator w i th  a quartz  

prism and g r a t i n g ,  a photomul t ip l ie r  de t ec to r  w i th  a t r i -a lkal i  cathode, 

and an averaging-sphere rece iv ing  element coated on t h e  i n s i d e  wi th  BaSO4. 

The s l i t  widths  are set a t  one millimeter. 
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The r e spons iv i ty  f a c t o r  w a s  determined with eq. (7.19) using d a t a  from a s p e c t r a l  scan of a 
deuterium lamp standard and a tungsten qua r t z  halogen lamp standard and t h e  manufacturer’s 

published d a t a  on t h e  d i spe r s ion  of t h e  instrument.  This  p a r t i c u l a r  instrument is  similar 

t o  t h e  one shown i n  f i g u r e  7.1 except t h a t  t h e  f o r e o p t i c s  u t i l i z e s  mi r ro r s  and t h e  d i s -  

pers ing po r t ion  of t h e  instrument is a double monochromator containing a qua r t z  prism and a 
g ra t ing .  The i n s i d e  s u r f a c e  of t h e  averaging sphere i n  t h e  NBS instrument is  coated wi th  

barium su lpha te  and t h e  d e t e c t o r  is  a photomult ipl ier  with a tri-alkali cathode and quartz  

window. The rapid decrease i n  t h e  r e spons iv i ty  f a c t o r  below 300 [nm], t h a t  i s  shown i n  

f i g u r e  7.12, i s  p r imar i ly  due t o  t h e  averaging sphere.  

l a r g e l y  due t o  t h e  s p e c t r a l  r e spons iv i ty  of t h e  d e t e c t o r .  

of t h e  g r a t i n g  a l s o  c o n t r i b u t e s  t o  t h e  short-  and long-wavelength f a l l o f f s .  

The decrease a t  long wavelengths i s  
The r e l a t i v e  s p e c t r a l  e f f i c i e n c y  

Also shown i n  f i g u r e  7.12 f o r  t h e  NBS spectroradiometer  are t h e  c e n t r a l  po r t ions  of 

t h e  s l i t - s c a t t e r i n g  func t ions  determined a t  300 [nm] and 700 [nm] f o r  a s l i t  width of one 

millimeter. 
t h e  s p e c t r a l  s l i t  width of t h e  instrument,  v a r i e s  by about 50% over t h i s  wavelength range, 

as indicated.  

over t h i s  wavelength range and an al l -pr ism instrument a much l a r g e r  change. 

The d i s p e r s i o n  of t h e  double monochromator of t h i s  instrument,  and t h e r e f o r e  

An a l l - g r a t i n g  instrument would have a much smaller change i n  d i spe r s ion  

Figure 7.13 shows t h e  long wavelength po r t ion  of t h e  s l i t - s c a t t e r i n g  func t ions  a t  254 

[nm] f o r  two s i n g l e  g r a t i n g  monochromators w i th  a ru l ed  and holographic g r a t i n g ,  respec- 

t i v e l y ,  and f o r  a double monochromator with two holographic g ra t ings .  
by s p e c t r a l l y  scanning a low p res su re  mercury source between 200 [nm] and 254 [nm]. I n  t h e  

case of t h e  double monochromator, a s h o r t  wavelength cut-off f i l t e r  w a s  a l s o  used because 

r a d i a t i o n  from t h e  mercury source f o r  o the r  than t h e  254 [nm] l i n e  w a s  a l s o  s i g n i f i c a n t .  

There was continuum and l i n e  r a d i a t i o n  below 250 [nm] t h a t  produced a s i g n a l  ranging from 

10 t o  500 times t h a t  produced by t h e  s l i t - s c a t t e r i n g  func t ion ;  i .e.,  s c a t t e r i n g  of t h e  254 

[nm] l i n e .  This s i t u a t i o n  w a s  even worse i n  t h e  long wavelength wing of t h e  254 [nm] 

mercury l i n e ;  t h a t  is ,  i n  t h e  s h o r t  wavelength wing of t h e  s l i t  funct ion which i s  no t  shown 

i n  t h e  f igu re .  

50 [nml from t h e i r  peak are 4 x and f o r  t h e  s i n g l e  and double holographic 

g r a t i n g  instruments ,  and are r e p r e s e n t a t i v e  values  i n  t h e  W f o r  good-quality instruments.  

RESPONSIVITY-FUNCTION EFFECTS. The e f f e c t s  of t h e  r e spons iv i ty  func t ion  on spec t ro rad i -  

ometric measurements , can  be i l l u s t r a t e d  by performing c a l c u l a t i o n s  t h a t  s imulate  t h e  meas- 

These were obtained 

The values  of t h e  254 [nm] s l i t - s c a t t e r i n g  func t ions  i n  t h e  wings a t  about 

urement of a few c h a r a c t e r i s t i c  s p e c t r a l  i r r a d i a n c e  d i s t r i b u t i o n s .  We u s e  t h e  s impl i f i ed  

measurement equation 

(7.10) 

and t h e  corresponding equation f o r  a c a l i b r a t i o n  measurement 

(7. loa) 
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Figure 7.13. Long-wavelength side of experimentally determined slit-scattering 

functions for three d,ifferent spectroradiometers, obtained by using 

the mercury line at 254 [nm] and scanning between 254 and 200 [nm]. 
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f o r  t hese  ca l cu la t ions .  In  order  t h a t  t h e  c a l c u l a t i o n s  be independent of t h e  s p e c t r a l  

shape of t h e  s tandard,  we assume t h a t  Es(X) i s  cons t an t  over A h .  Then h 

Ss(AX,ho) = K*Ey(ho)-j r(Xo,h)-dX [SI. 
Ah 

Dividing eq. (7.10) by eq. (7.20) and mult iplying by E; w e  ob ta in  

I Eh(X) * r ( X o , h )  *dh 
-2 - . E :  S = Ah [w-m *nm-']. 

SS r(ho,h)dA 
Ah 

(7.20) 

(7.21) 

But t h e  left-hand s i d e  of eq. (7.21) is  j u s t  t h e  i r r a d i a n c e  w e  would ob ta in  [eq.  (7.411 from 

measurements of S and S without t ak ing  i n t o  account t h e  convolution of Eh(X) and 

r (ho ,  A) . 
s 

Designating t h i s  "observed" i r r a d i a n c e  as EY(ho) , w e  have 

(7.22) 

Thus by normalizing t h e  measurement equat ion wi th  t h e  i n t e g r a l  of t h e  r e spons iv i ty  func t ion ,  

t h e  r e s u l t  i s  t h e  i r r a d i a n c e  w e  would ob ta in  i f  w e  u t i l i z e d  t h e  simple equation 

(7.4) 

Figure 7.14 i l l u s t r a t e s  t h e  r e s u l t  of c a l c u l a t i n g  E: from eq. (7.22) f o r  t h e  r e l a t i v e  

r e spons iv i ty  func t ions  and s p e c t r a l  i r r a d i a n c e  d i s t r i b u t i o n s  shown i n  t h e  f i g u r e .  Figure 

7.14a is the t y p i c a l  s p e c t r a l  s c a t t e r i n g  s i t u a t i o n .  

E; fo r  wavelengths less than X1, even though t h e  a c t u a l  s p e c t r a l  i r r a d i a n c e  i s  ze ro  o r  

very small a t  t h e s e  wavelengths. The integrand i n  t h e  numerator of eq.  (7.22) i s  ze ro  f o r  

wavelengths up t o  X1 (see f i g u r e  7.14a) because Eh(X) i s  zero i n  t h i s  range. But from 

hl t o  longer Wavelengths E ( A )  becomes so l a r g e  t h a t ,  even though r ( X o , X )  is ,  f o r  t h e  

most p a r t ,  very small i n  most of t h i s  r eg ion ,  t h e  cumulative con t r ibu t ion  of t h e i r  product 

t o  t h e  i n t e g r a l  over a l l  wavelengths can be very l a r g e .  Phys ica l ly ,  E i ( h o )  r ep resen t s  an 

accumulation over t h i s  l a r g e  wavelength range, of t h e  s c a t t e r i n g ,  i l l u s t r a t e d  earlier i n  

f i g u r e  7.4b f o r  one wavelength, 

type occurs  when making terrestrial s o l a r  i r r a d i a n c e  measurements below 320 [nm]. 
t i o n  of s o l a r  r a d i a t i o n  by atmospheric ozone produces an 

shown i n  f i g u r e  7.14a. 

s i n g l e  monochromater and a t  290 [nm] wi th  a double monochromator are t y p i c a l l y  too  l a r g e  by 

about a f a c t o r  of two when t h e  r e spons iv i ty  func t ion  i s  not  taken i n t o  account;  t h a t  is ,  
when eq. (7.22) o r  (7.4) is used. 

A s u b s t a n t i a l  va lue  is  obtained f o r  

A 

X5.. An extreme example of s p e c t r a l  s c a t t e r i n g  of t h i s  

Absorp- 

E A  d i s t r i b u t i o n  similar t o  t h a t  

S p e c t r a l  i r r a d i a n c e  measurements a t  300 [nm] when u t i l i z i n g  a 
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Figure 7 . 1 4 .  Examples of how the responsivity function d i s t o r t s  or 
modifies the spectral distribution being measured. 
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I f  t h e  s p e c t r a l  d i s t r i b u t i o n  being measured i s  l i n e a r  over t h e  wavelength range A X  

and t h i s  func t ion  is symmetrical covered by t h e  r e l a t i v e  r e spons iv i ty  func t ion  

with respect  t o  X o y  as p i c tu red  i n  f i g u r e  7.14bY no d i s t o r t i o n  r e s u l t s .  The observed 

s p e c t r a l  i r r a d i a n c e  is i d e n t i c a l  t o  t h a t  being measured. This  i s  so because E;, as seen 

in eq. (7.22), is simply t h e  weighted mean of EX over AX, weighted by t h e  r e l a t i v e  

r e spons iv i ty  func t ion  r(Xo,X). 

a t  Xo is t h e  same as having an E X  t h a t  is constant  over A X .  Put another way, t h e  

smaller con t r ibu t ion  on t h e  "low" EX s i d e  (where h < Xo) is exac t ly  compensated by t h e  

l a r g e r  c o n t r i b u t i o n  on t h e  "high" EX s i d e  (where X > Xo). 

r(Xo,X) 

For t h e  l i n e a r i t y  and symmetry i n  f i g u r e  7.14b, t h e  r e s u l t  

For t h e  s p e c t r a l  d i s t r i b u t i o n  E X ( h )  shown i n  f i g u r e  7.14c, t h e  observed i r r a d i a n c e  

obtained from eq. (7.22) w i l l  be l a r g e r  a t  h 2  and smaller a t  A 4  than t h e  a c t u a l  s p e c t r a l  
i r r a d i a n c e s  a t  these  wavelengths. The weighted 

mean of EX a t  h2 is  higher  and a t  h4 .  lower than t h e  a c t u a l  values  a t  t hese  wavelengths. 

A t  X3,  EX(A) 

Eo(h ) X 3  
d i s t r i b u t i o n  i n  f i g u r e  7 . 1 4 ~  is e i t h e r  t he  same as o r  less than t h a t  of t h e  a c t u a l  o r  t r u e  

s p e c t r a l  d i s t r i b u t i o n .  

There i s  no compensation as in f i g u r e  7.14b. 

is  linear and t h e  s i t u a t i o n  is  similar t o  t h a t  i n  f i g u r e  7.14b s o  t h a t  

is  equal  t o  EX(X3). Note t h a t  t h e  curvature  a t  any po in t  on t h e  observed s p e c t r a l  

E s t i m a t e s  f o r  t h e  magnitude of t h e  d i s t o r t i o n  produced i n  any p a r t i c u l a r  measurement 

can be ca l cu la t ed  using eq. (7.22) i f  t h e  r e l a t i v e  r e spons iv i ty  func t ion  and an est imated 

s p e c t r a l  d i s t r i b u t i o n  f o r  t h e  quan t i ty  being measured are a v a i l a b l e .  I n  f a c t  such calcu- 

l a t i o n s  form t h e  b a s i s  of one deconvolution technique descr ibed i n  Chapter 8. 

When e i t h e r  t h e  RADIOMETRIC QUANTITY o r  t h e  RESPONSIVITY FUNCTION or  both VARY with 
POSITION and DIRECTION. 

t h i s  chapter  has  assumed t h a t  both t h e  radiometr ic  quan t i ty  being measured and t h e  respon- 

s i v i t y  func t ion  are uniform and i s o t r o p i c  throughout t h e  beam of r a d i a t i o n  inc iden t  on the  

monochromator. Ord ina r i ly  t h i s  is  e a s i l y  achieved when measuring s p e c t r a l  i r r a d i a n c e  by in- 

corporat ing an averaging sphere f o r  t h e  f i r s t  o p t i c a l  element of t h e  spectroradiometer .  I n  

t h i s  s e c t i o n ,  we examine t h e  consequences when such an element i s  no t  used. 

The treatment of t h e  r e spons iv i ty  and s l i t - s c a t t e r i n g  func t ion  i n  

L e t  u s  address  t h i s  s i t u a t i o n  by s t a r t i n g  with t h e  gene ra l  measurement equation1 {eq. 

(5.30) [7.1]1 

When t h e  r e spons iv i ty  i s  uniform and i s o t r o p i c  throughout A and w ,  but  t h e  s p e c t r a l  

r ad iance  is  n o t ,  t hen  Ro(x,y,B,$,Xo,X) = RQ(Xo,A) and eq. (7.23) may b e  w r i t t e n  as 

IWe are s t i l l  assuming t h a t  p o l a r i z a t i o n  does not have an e f f e c t ;  t h a t  is, e i t h e r  t h e  i n c i -  

dent  beam is unpolarized o r  t h e  spectroradiometer  is  not  p o l a r i z a t i o n  s e n s i t i v e .  
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where 

(7.25) 

is  t h e  weighted average of t h e  s p e c t r a l  radiance i n  A and w, weighted with r e spec t  t o  

cose,  and %(Xo,X) * Ro(Xo,X) 1 case-dw-dh. Since. eq. (7.24) is  equivalent  t o  eq. 

(7. l b )  , t h e  r e spons iv i ty  and s l i t - s c a t t e r i n g  func t ion  material deve1,oped i n  t h i s  chap te r  f o r  
s p e c t r a l  i r r a d i a n c e  a l s o  a p p l i e s  t o  t h e  weighted average s p e c t r a l  radiance of eq.  (7.25), as 

long as t h e  r e spons iv i ty  is  uniform and i s o t r o p i c .  When t h e  r e spons iv i ty  is  no t  uniform and 

i s o t r o p i c  but t h e  s p e c t r a l  radiance is; t h a t  is ,  eq. (7.23) becomes 

A w  

LX(x,y,B,$,h) = LX(X), 

where 

(7.27) 

i s  t h e  radiance r e spons iv i ty .  Equation (7.26) i s  a l s o  equivalent  t o  eq. (7 . lb ) ,  and there-  

f o r e  t h e  material of t h i s  chapter  a l s o  a p p l i e s  t o  t h e  case of a non-uniform, non-isotropic  

f l u x  r e spons iv i ty  provided t h e  s p e c t r a l  radiance is  uniform and i s o t r o p i c  throughout t h e  

beam being measured. 

When n e i t h e r  LA nor  RQ i s  uniform and i s o t r o p i c  throughout t h e  beam of i n t e r e s t ,  

t h e  beam t o  be measured must be reduced i n  s i z e  (A and w) u n t i l  a t  least one of t h e  

above q u a n t i t i e s  i s  s u f f i c i e n t l y  uniform and i s o t r o p i c  f o r  t h e  accuracy r equ i r ed .  This  

amounts t o  determining t h e  s p e c t r a l  radiance (and r e spons iv i ty )  as a func t ion  of d i r e c t i o n  

and p o s i t i o n  and r e q u i r e s  many more measurements and more d i f f i c u l t  measurements than when 

uniformity and i so t ropy  e x i s t .  

MEASUREMENT of SP,ECTRAL-LINE RADIATION. 

s c a t t e r i n g  func t ion  of a spectroradiometer would not  be complete without a t  least  an in t ro -  

duc t ion  t o  t h e  measurement of s p e c t r a l - l i n e  r a d i a t i o n .  In  radiometry i t  is  u s u a l l y  not  

necessary t o  ob ta in  t h e  s p e c t r a l  d i s t r i b u t i o n  of a s p e c t r a l  l i n e  but  only t h e  radiance of 

t h e  l i n e  r a d i a t i o n  o r  t h e  i r r a d i a n c e  produced by t h e  l i n e  r a d i a t i o n .  ' These are de f ined l  as 

A chap te r  on t h e  r e l a t i v e  r e spons iv i ty  o r  slit- 

and 

(7.28) 

1In eqs.  (7.28) and (7.29),  it is  assumed t h a t  t h e r e  i s  no continuum r a d i a t i o n  p resen t .  
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) = I EX(X)*dX [W-m -2 
E ( '1 i n e  

" l ine 

I n  o rde r  t o  i l l u s t r a t e  t h e  manner i n  

(7.29) 

which t h e  measurement equat ion i s  solved when 

determining t h e  i r r ad iance ,p roduced  by narrow s p e c t r a l - l i n e  r a d i a t i o n ,  we assume t h a t  t h e  

spectroradiometer  i s  set on t h e  wavelength 

t h a t  eq. (7.13) repeated below is v a l i d ,  
io, corresponding t o  t h e  peak of t h e  l i n e ,  and 

(7.13) 

A p l o t  of t h e  va r ious  func t ions  used i n  determining E(Xline) i s  shown i n  f i g u r e  7.15. 

Figure 7.15. Representat ive func t ions  when determining t h e  i r r a d i a n c e  

produced by a narrow s p e c t r a l - l i n e  source.  
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Using these  func t ions ,  eq. (7.13) reduces t o  

S(AX,Ao) = K-z(Xo-Xo)*rf(Xo)-~ EX(X)-dX [SI 

"l ine 
(7.30) 

where rf(A) and z(Ao-A ) {= z ( 0 ) )  have been removed from wi th in  t h e  i n t e g r a l  because 

they vary n e g l i g i b l y  over t h e  wavelength range of t h e  s p e c t r a l  l i n e  
s i v i t y  f a c t o r  evaluated a t  A. and t h e  constant  K can be el iminated by making a measure- 

ment of a standard of s p e c t r a l  i r r a d i a n c e  at  

0 

Ahline. The respon- 

Xo. I n  such a measurement 

Ss(AX,Ao) = K - J  EY(X).z(Xo-X).rf(X)*dA [SI 
AX 

and with t h e  usua l  approximat ions  

Combining eqs. (7.30) and (7.31),  

where 

(7 .13a) 

(7.31) 

(7.32) 

(7.33) 

A l l  t h e  q u a n t i t i e s  on t h e  right-hand s i d e  of eqs.  (7.32) and (7.33) are known o r  can be 

measured. I f  eq. (7.31) is  not  s u f f i c i e n t l y  accu ra t e ,  Ss may be obtained f o r  a l a r g e  

number of wavelengths throughout AX i n  order  t o  determine K . r f  from a deconvolution of 

eq. (7.13a). The E(Aline) may then be determined from eqs.  (7.29) and (7.30). 

If t h e  s p e c t r a l  l i n e  is  too wide t o  be t r e a t e d  i n  t h e  above manner o r  i f  t h e r e  are two 

o r  more s p e c t r a l  l i n e s  wi th in  t h e  c e n t r a l  po r t ion  of t h e  s l i t - s c a t t e r i n g  funct ion,  as shown 
i n  f i g u r e s  7.16a o r  7.16b, one can ob ta in  an approximation f o r  t h e  i r r a d i a n c e  produced by 

t h e  l i n e  o r  l i n e s  by s p e c t r a l l y  scanning and i n t e g r a t i n g  t h e  r e s u l t i n g  output  s i g n a l  over 
t h e  wavelength region f o r  which t h e  s i g n a l  i s  s i g n i f i c a n t .  This is  demonstrated mathe- 

m a t i c a l l y  i n  t h e  following manner. I n t e g r a t i n g  eq. (7.13) over t h e  wavelength range 
AhO 

f o r  which t h e  s i g n a l  S(AA,Ao) is  s i g n i f i c a n t ,  

I S(Ah,Ao)-dho = K-J I E,(X).z(Xo-X).rf(X).dA*dXo [S-nm]. 
A X o  A X  

A A O  

(7.34) 
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Figure 7.16. Representat ive func t ions  when determining t h e  i r r a d i a n c e  

produced by a source emi t t ing  a wide s p e c t r a l  l i n e  o r  two 

narrow s p e c t r a l  l i n e s  separated by a wavelength i n t e r v a l  

comparable t o  t h e  s p e c t r a l  s l i t  width. 
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Assuming t h a t  t h e  r e spons iv i ty  f a c t o r  does no t  change s i g n i f i c a n t l y  over e i t h e r  i n t e g r a t i o n  

i n t e r v a l ,  t h e  r e spons iv i ty  f a c t o r  can be removed from wi th in  both  i n t e g r a l s  and evaluated a t  
t h e  center of the AXo scan a t  wavelength 'mean 9 

I S(AX,ho)*dXo p: K * r  (Amean ).I I EX(X)*z(Xo-A)*dX*dho [S*nm]. 
AXo Ah 

A A O  

(7.35) 

The only f a c t o r  in  the integrand of eq. (7.35) which depends upon io is z(Xo-A). The 
i n t e g r a l  of t h i s  s l i t - s c a t t e r i n g  func t ion  over t h e  e n t i r e  range AXo of Xo values  f o r  

which t h e r e  i s  any instrument response,  y i e l d s  a f ixed  number independent of 
be removed from t h e  i n t e g r a l  over X .  Thus w e  ob ta in  

A, which can 

I S(AA,Xo).dho = K*rf(Xmean).f z(Xo-X).dXo 1 EX(X)-dX [S-nm]. (7.36) 
A X  AhO A X O  

The r e spons iv i ty  f a c t o r  a t  Amean and t h e  cons tan t  K i n  eq. (7.36) may be obtained by a 

measurement of a s p e c t r a l  i r r a d i a n c e  standard a t  

a s l i g h t  modi f ica t ion  of eq. (7.31) o r  
Xmean. This measurement is  represented  by 

(7.31a) 

Note t h a t  the i n t e g r a t i o n  limits of t h e  s l i t - s c a t t e r i n g  func t ion  i n t e g r a l s  i n  eq. (7.31a) 
and (7.36) are d i f f e r e n t .  However, s ince  t h e  magnitude of Ah  w a s  chosen s u f f i c i e n t l y  

l a r g e  so as t o  inc lude  any s i g n i f i c a n t  po r t ion  of  t h e  r e l a t i v e  r e spons iv i ty  func t ion  
{or  z(Ao-X)}, i n t e g r a t i o n  of z(Xo-X) over t h e  l a r g e r  wavelength range A X o  i s  neg l i -  

g ib ly  d i f f e r e n t  from t h a t  over A X .  That is ,  from eq. (7.33), 

I z(Ao-X)*dXo = I z(Ao-A)-dX = z(0)*Aheff [nm]. 
Ah 

A A O  

Combining eqs.  (7.36); (7.31a) and (7.37) r e s u l t s  i n  

(7.37) 

(7.38) 

Refinements and a d d i t i o n a l  d e t a i l s  on t h e  de te rmina t ion  of t h e  i r r a d i a n c e  produced by 

sources  conta in ing  ind iv idua l  o r  mu l t ip l e  s p e c t r a l  l i n e s  and a mixture of l i n e s  and continua 
are p lanned . for  a f u t u r e  chapter  of t h e  Self-study Manual. 
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SUMMARY of CHAPTER 7. For r e l i a b l e  s p e c t r a l  i r r a d i a n c e  measurements, it is  necessary t o  

know t h e  r e l a t i v e  s p e c t r a l  r e spons iv i ty  funct ion i n  t h e  s p e c t r a l  p o r t i o n  of t h e  

measurement equat ion {eq. (7.lb) 1 
r(ho,X) 

(7.10) 

where K * r ( h o 7 A )  E s ( h o 7 X )  and K is  a constant  w i th  r e spec t  t o  wavelength. 

The d i r e c t  method f o r  obtaining r(Xo,X) is  by i r r a d i a t i n g  t h e  spectroradiometer ,  

with it set on wavelength 

same i r r a d i a n c e  but a d i f f e r e n t  wavelength. These wavelengths should be d i s t r i b u t e d  over a 

range l a r g e  enough t o  cover t h e  e n t i r e  r e l a t i v e  r e spons iv i ty  func t ion .  

r e s u l t i n g  output s i g n a l  of t h e  spectroradiometer  a g a i n s t  wavelength is  t h e  r e l a t i v e  respon- 

s i v i t y  func t ion  r ( h o , X )  of t h e  instrument a t  Ao.  For a spectroradiometer  con ta in ing  a 
monochromator, when t h e  width of t h e  e x i t  s l i t  is  equal  t o  t h e  width of t h e  image of t h e  

en t r ance  s l i t  ( i n  t h e  neighborhood of t h e  e x i t  s l i t ) ,  t h e  r e l a t i v e  r e spons iv i ty  func t ion ,  

f o r  a p a r t i c u l a r  instrument s e t t i n g  is  a bell-shaped curve similar t o  t h a t  shown i n  

f i g u r e  7.2. The width of t h e  r e l a t i v e  r e spons iv i ty  func t ion  i s  c a l l e d  t h e  s p e c t r a l  s l i t  

width which i s  def ined as e i t h e r  (1) t h e  width at half-height  or (2)  t h e  r a t i o  

~~~r (Xo ,X)dX/ r (Xo ,Xo) .  
determined p r imar i ly  by t h e  l i n e a r  d i spe r s ion  and t h e  width of t h e  e x i t  s l i t  and t h e  

en t r ance - s l i t  image. The va lue  of t h e  r e l a t i v e  r e spons iv i ty  func t ion  f a r  from t h e  c e n t r a l  

region i s  p r imar i ly  due t o  i n t e r n a l  r a d i a t i o n  s c a t t e r i n g .  D i f f r a c t i o n  and o p t i c a l  aberra-  

t i o n s  a l s o  c o n t r i b u t e  t o  t h e  shape of t h e  r e spons iv i ty  funct ion.  I f  s c a t t e r i n g ,  d i f f r a c -  

t i o n  and a b e r r a t i o n  e f f e c t s  are n e g l i g i b l e  compared t o  t h e  e f f e c t s  of t h e  slits; and i f  t h e  

instrument d i spe r s ion ,  d e t e c t o r  s p e c t r a l  r e spons iv i ty  and s p e c t r a l  propagance change 

n e g l i g i b l y  over t h e  c e n t r a l  (wavelength) po r t ion  of t h e  r e l a t i v e  r e spons iv i ty  func t ion ,  
t h i s  func t ion  has approximately a t r i a n g u l a r  o r  t r apezo ida l  shape depending on whether or 

no t  t h e  s l i t  widths mentioned above are equal.  

i d e a l  r e l a t i v e  r e spons iv i ty  func t ion  is  

io, with a succession of monochromatic beams, each having t h e  

A p l o t  of t h e  

A o ,  

The width of t h e  c e n t r a l  po r t ion  of t h e  r e spons iv i ty  func t ion  i s  

The width of t h e  base AhB of such an 

A x B  = r i m a g e  of -+ Axexit)/(%) slit 
[nml e n t .  s l i t  

where dx/dX i s  t h e  l i n e a r  d i spe r s ion  of t h e  instrument and t h e  Ax's are t h e  s l i t  widths 

r e f e r r e d  t o  above. The width of t h e  top po r t ion  AhT of t h e  t r apezo ida l  (unequal s l i t  
widths) r e spons iv i ty  func t ion  is  

Aximage of - Axexit  
e n t .  s l i t  s l i t  (7.9) 
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Since s u i t a b l e  monochromatic beams f o r  which t h e  wavelength is  tunab le  have no t  been 

r e a d i l y  a v a i l a b l e ,  most measurements of t h e  r e l a t i v e  s p e c t r a l  r e spons iv i ty  func t ion  have 

been made by using an i n d i r e c t  approximate method r a t h e r  than t h e  above descr ibed d i r e c t  

method. I n  t h i s  i n d i r e c t  method, a f ixed  wavelength monochromatic beam i s  s p e c t r a l l y  

scanned by t h e  spectroradiometer .  

image of t h e  p l o t  of a major f a c t o r  of t h e  r e l a t i v e  r e spons iv i ty  func t ion ,  a f a c t o r  t h a t  w e  

c a l l  t h e  s l i t - s c a t t e r i n g  funct ion.  
f a c t o r ,  can be obtained by s p e c t r a l l y  scanning a continuous source standard of s p e c t r a l  

i r r a d i a n c e .  

The s p e c t r a l  p l o t  of t h i s  output s i g n a l  i s  t h e  mi r ro r  

The remaining f a c t o r ,  which we ca l l  t h e  r e spons iv i ty  

The i n d i r e c t  method f o r  determining r ( X o , X )  i s  accu ra t e  only when t h e  va r ious  f a c t o r s  

a f f e c t i n g  t h e  shape of t h e  s l i t - s c a t t e r i n g  funct ion:  d i spe r s ion ,  s c a t t e r i n g ,  d i f f r a c t i o n  

and o p t i c a l  a b e r r a t i o n s ,  change n e g l i g i b l y  over t h e  e n t i r e  wavelength range of t h e  func t ion .  

This  condi t ion is  equivalent  t o  t h e  s l i t - s c a t t e r i n g  func t ion  being a funct ion only of t h e  

d i f f e r e n c e  between t h e  wavelength s e t t i n g  of t h e  monochromator Xo and t h e  wavelength of 

t h e  f l u x .  Then 

r(Xo,X) = z(Xo-A) o r f  ( A )  [dimensionless] , (7.12) 

where z(Ao-A) 
r e f e r r e d  t o  earlier. The X -X dependence i n  eq. (7.12) i s  h igh ly  accu ra t e  only f o r  small 

va lues  of \ X o - X \ ,  approximately equal t o  t h e  s p e c t r a l  s l i t  width o r  less. For much l a r g e r  

va lues  of 

be i n  e r r o r  by 100% o r  more. 

i s  t h e  s l i t - s c a t t e r i n g  func t ion  and rf(X) is  t h e  r e spons iv i ty  f a c t o r  

1 Xo-X \ , t h e  r e l a t i v e  r e spons iv i ty  func t ion  measured by t h e  i n d i r e c t  method may 

The s l i t - s c a t t e r i n g  func t ion  i n  t h e  neighborhood of Xo has a s p e c t r a l  shape similar 

t o  that of t h e  r e spons iv i ty  funct ion because, t h e r e ,  t h e  r e spons iv i ty  f a c t o r  gene ra l ly  

changes much more slowly with wavelength than t h e  s l i t - s c a t t e r i n g  funct ion.  The d i s t a n t  

wings of t h e  s l i t - s c a t t e r i n g  func t ion  t y p i c a l l y  have values  r e l a t i v e  t o  t h e i r  peak of 

and f o r  a s i n g l e  and double monochromator, r e spec t ive ly .  Examples of such s l i t  

func t ions  as w e l l  as a t y p i c a l  example of a r e spons iv i ty  f a c t o r  are shown i n  f i g u r e s  7.13 

and 7.12. 

-4 10 

The d i s t o r t i o n  produced by t h e  r e l a t i v e  r e spons iv i ty  funct ion i n  spectroradiometr ic  

measurements i s  i l l u s t r a t e d  ( f i g u r e  7.14) f o r  a few c h a r a c t e r i s t i c  s p e c t r a l  d i s t r i b u t i o n s .  

These include t h e  f a m i l i a r  "out-of -band" s p e c t r a l  s c a t t e r i n g  s o  common i n  W spectroradi-  

ometry and t h e  reduct ion of s p e c t r a l  cu rva tu re  of convex- and concave-shaped s p e c t r a l  

d i s t r i b u t i o n s .  

The r e spons iv i ty  and s l i t - s c a t t e r i n g  func t ion  material developed i n  t h i s  chap te r  f o r  

s p e c t r a l  i r r a d i a n c e  measurements can a l s o  be appl ied t o  s p e c t r a l  radiance measurements 

provided e i t h e r  t h e  s p e c t r a l  radiance o r  t h e  r e spons iv i ty  func t ion  i s  uniform and i s o t r o p i c  

throughout t h e  measurement beam se l ec t ed  by t h e  spectroradiometer .  

r e a l i z e d  by making t h i s  beam s u f f i c i e n t l y  s m a l l ,  but  then many more measurements are re- 

quired i n  order  t o  cover t h e  o r i g i n a l  s i zed  beam. 

This can always be 
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Since information about t h e  r e l a t i v e  r e spons iv i ty  func t ion  i s  required f o r  radiometr ic  

measurements of s p e c t r a l  lines, an in t roduc t ion  t o  t h i s  sub jec t  i s  included. 

t h a t  t h e  i r r a d i a n c e  produced by an  i s o l a t e d  s p e c t r a l  l i n e  of width small compared t o  t h e  

s p e c t r a l  s l i t  width and without continuum r a d i a t i o n  is  given by 

It is  shown 

I z(A--A)dX 

(7.32a) 

where S(Ao) and S s ( h o )  are t h e  output s i g n a l s ,  r e spec t ive ly ,  of t h e  spectroradiometer 

when measuring a s p e c t r a l  l i n e  source and a s p e c t r a l  s tandard continuum source a t  a wave- 

l eng th  s e t t i n g  Xo corresponding t o  t h e  wavelength of t h e  s p e c t r a l  l i n e .  EY(Xo) is  t h e  

s p e c t r a l  i r r a d i a n c e  a t  A. of t h e  s tandard,  z(Ao-A) i s  t h e  s l i t - s c a t t e r i n g  func t ion  of 

t h e  instrument a t  a wavelength s e t t i n g  ho ,  and z(Xo-Xo) i s  t h e  peak va lue  of t h e  slit- 
s c a t t e r i n g  funct ion.  

When t h e  s p e c t r a l  width of t h e  l i n e  i s  no t  small compared t o  the s p e c t r a l  s l i t  width 

o r  when t h e r e  are two o r  more l i n e s  separated by a wavelength i n t e r v a l  roughly equal  t o  t h e  

s p e c t r a l  s l i t  width, t h e  i r r a d i a n c e  of t h e  l i n e  (o r  l i n e s )  is  given approximately by 

(7.38a) 

where t h e  output s i g n a l  S(AA,Xo) must now be in t eg ra t ed  over a s u f f i c e n t l y  l a r g e  wave- 

l e n g t h  range AXo so  as t o  include a l l  s i g n i f i c a n t  con t r ibu t ions  t o  t h e  s i g n a l  from t h e  

s p e c t r a l  l i n e s .  The wavelength Amean a t  which t h e  s i g n a l  and s p e c t r a l  i r r a d i a n c e  from 

t h e  standard i s  obtained i s  a t  t h e  c e n t e r  of t h e  wavelength i n t e r v a l  

assumed i n  eq. (7.38a) t h a t  no continuum r a d i a t i o n  i s  present .  

AXo and it i s  aga in  
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Chapter 8. Deconvolution 

by John B.  Shumaker 

I n  t h i s  CHAPTER. 

s p e c t r a l  d i s t r i b u t i o n  from spec t roradiometr ic  measurements which inev i t ab ly  are smeared 

s p e c t r a l l y  by t h e  spec t ra l - respons iv i ty  func t ion  of t h e  radiometer.  We f i r s t  p resent  a 

simple i t e r a t i v e  technique which is extens ive ly  used and w i l l  be completely s a t i s f a c t o r y  i n  

almost a l l  radiometr ic  s i t u a t i o n s .  

should succeed i n  many of t h e  ins tances  where t h e  s impler  technique f a i l s  and which i s  

founded on a sounder t h e o r e t i c a l  b a s i s .  Examples of computer programs f o r  t h e  two tech- 

niques are given i n  an appendix. We apply both techniques t o  a simple numerical  example and 

b r i e f l y  mention some of t h e  sources  of d i f f i c u l t y  and t h e  l i m i t a t i o n s  of deconvolution. 

F i n a l l y ,  w e  touch on t h e  quest ion of e r r o r s  and desc r ibe  a couple  of u s e f u l  measures of 

accuracy. 

INTRODUCTION. 

q u a n t i t i e s  such as s p e c t r a l  i r r ad iance  from measurements i n  which t h e  s p e c t r a l  shape of t h e  

measured quan t i ty  has been d i s t o r t e d  by t h e  e f f e c t s  of a respons iv i ty  func t ion .  This  is  an 

example of a genera l  problem which arises i n  any measurement s i t u a t i o n  where t h e  r e so lu t ion  

of t h e  measuring instrument i s  less than p e r f e c t .  Other examples i n  radiometry inc lude  

measurements of t h e  angular ,  temporal,  o r  s p a t i a l  (a rea)  dependence of rad iance  using any 

real  radiometer possessed of non-inf ini tes imal  r e s o l v a b i l i t i e s  i n  these  dimensions. 

ca se  of s p e c t r a l  r e so lu t ion  w e  have {see  eq. ( 5 . 3 2 )  [8.1]12 

We d i scuss  deconvolution, t h e  numerical  process  of recovering an improved 

We a l s o  present  a more soph i s t i ca t ed  technique which 

Deconvolution' r e f e r s  t o  t h e  problem of ex t r ac t ing  s p e c t r a l  radiometr ic  

I n  t h e  

-2 - where EA(A) [W-m w m  '1 
r e l a t i o n s h i p s ,  of course,  e x i s t  f o r  t h e  o the r  s p e c t r a l  radiometr ic  quan t i t i e s . )  

% ( X o , X )  [Sew 
radiometer as a func t ion  of t h e  wavelength A of t h e  r a d i a t i o n  en te r ing  t h e  instrument and 

t h e  (mechanical) s e t t i n g  Xo of t h e  instrument i t s e l f .  I n  p r i n c i p l e ,  as w e  have noted i n  

Chapters 5 [8.1] and 7 ,  

i s  t h e  s p e c t r a l  i r r ad iance  whose va lue  i s  des i red .  (Similar  

-1. 2 m ] i s  t h e  s p e c t r a l  i r r ad iance  respons iv i ty  {eq. ( 5 . 4 9 )  [8 .1]1 of t h e  

% ( A  ,A) can be measured d i r e c t l y  wi th  monochromatic beams. 

' S t r i c t l y  speaking, t h e  terms ''convolution" and "deconvolution" apply t o  i n t e g r a l s  i n  which 

t h e  ke rne l  -- our respons iv i ty  func t ion  -- depends only upon t h e  d i f f e rence  between i t s  two 

arguments. 

u sua l  radiometr ic  case  i n  which 

fe rence  X - A ,  

i .e . ,  on A o r  lo, and can be  handled by a t r i v i a l  gene ra l i za t ion  of t h e  more r e s t r i c t e d  

case.  

However, t h e r e  seems t o  be  no good reason t o  use  a d i f f e r e n t  name t o  cover t h e  

%(Ao,A) ,  i n  add i t ion  t o  depending mainly upon t h e  d i f -  

may a l s o  depend on where on t h e  wavelength s c a l e  t h i s  d i f f e rence  occurs ,  

2Figures  i n  square b racke t s  i n d i c a t e  l i t e r a t u r e  r e fe rences  l i s t e d  a t  t h e  end of this chapter. 
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Figure 8.1 is  an attempt a t  a 3-dimensional sketch of t h e  su r face  as a func t ion  

of Xo and A .  S(Ao) i s  t h e  output s i g n a l  i n  v o l t s  o r  o t h e r  appropr i a t e  u n i t s  when t h e  

instrument is  set a t  A. and views t h e  source of s p e c t r a l  i r r a d i a n c e  EA(?,) .  The integra-  

t i o n  is  c a r r i e d  out  over a l l  A [nm] f o r  which n e i t h e r  RE(Ao,A) nor  EA(A) is  zero.  

Thus, S(Ao) and %(Ao,A) are t h e  q u a n t i t i e s  which can be d i r e c t l y  measured and t h e  

problem is  t o  c a l c u l a t e  t h e  des i r ed  quan t i ty  

%(Ao,?,) 

EA(A) from t h e  i n t e g r a l  equat ion,  eq.  (8 .1) .  

I f  t h e  radiometer had p e r f e c t  s p e c t r a l  r e s o l u t i o n  w e  could writel 

(8.2) 

and eq. (8.1) would become 

I n  t h i s  case E?,(A) 

s p e c t r a l  i r r a d i a n c e  r e spons iv i ty  f a c t o r  RE(A). 

(8.3) i s  equivalent  t o  ignoring t h e  e f f e c t s  of t h e  r e spons iv i ty  funct ion.  
p e r f e c t  s p e c t r a l  r e s o l u t i o n ,  R ( A  ,A) 

both t h e  measurement of t h e  r e spons iv i ty  func t ion  RE(Ao,A) and t h e  c a l c u l a t i o n  of EA(A) 

become much more d i f f i c u l t .  

can be computed d i r e c t l y  from t h e  measurements by d i v i s i o n  by a simple 

The assumption of eq. (8.2) leading t o  eq. f 

With less-than- 

can no longer be represented by a d e l t a  func t ion  and E o  

Before going on, w e  should s t o p  f o r  a moment t o  n o t e  t h e  d i s t i n c t i o n  between t h i s  

s i t u a t i o n  and t h e  s i m i l a r  one of a measurement with a broad-band (broad-spectral-band) 

radiometer covered i n  t h e  d i scuss ion  following eq. (5.32) i n  Chapter 5 [8.1].  Equation 
(5.32) i s  q u i t e  similar t o  eq. (8.1) [ o r  eq. (5.13)],  t h e  important d i f f e r e n c e  being t h a t  

i n  eq. (8.1) t h e  r e spons iv i ty  i s  no t  only a func t ion  of wavelength A, but a l s o  of a 

monochromator wavelength s e t t i n g  Ao. For any one va lue  of Ao, i .e. ,  f o r  j u s t  one meas- 

urement a t  a s i n g l e  monochromator s e t t i n g ,  t h e  s o l u t i o n  t o  eq. (8.1) o r  (5.13) is  j u s t  as 

indeterminate  as t h a t  t o  eq. (5.32) and everything s a i d  i n  t h e  d i scuss ion  of eq.  (5.32) i s  

equal ly  a p p l i c a b l e  t o  t h e  monochromator s i t u a t i o n .  However, w i th  t h e  monochromator, t h e  

inc iden t  r a d i a t i o n  a t  each va lue  of 

of lo. I n  o t h e r  words, t h e  ou tpu t s  a t  s e v e r a l  values  of A. a l l  contain information about 

t h e  input  at  a given va lue  of h 

A, as we l l ) .  It is  t h i s  a d d i t i o n a l  overlapping information which enables  u s  t o  say some- 

t h i n g  about t h e  dependence of E?,(A) upon A. 

A a f f e c t s  t h e  output a t  a number of d i f f e r e n t  values  

(along with information about i npu t s  a t  o the r  va lues  of 

'6(x) i s  t h e  Dirac d e l t a  func t ion  with t h e  p rope r t i e s :  

(8.4) 

6(x) = 0, f o r  x # 0 ,  and 

a 
/ 6(x)*dx = 1, f o r  any a > 0. 
-a 
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A SIMPLE ITERATIVE SOLUTION. 

of t h e  i n t e g r a l  equat ion,  eq. (8 .1) ,  t h e  only one which has  been ex tens ive ly  appl ied  i n  

o p t i c a l  spectrometry is  based upon an i t e r a t i v e  method f o r  t h e  so lu t ion  of simultaneous 

l i n e a r  equat ions  [8.2 - 8.101. I f  w e  assume t h a t  measurements S(Xo) are made at  n 

equal ly  spaced wavelength s e t t i n g s  

summation w e  can rewrite eq. (8.1) a s  

Although many techniques1 have been devised f o r  t h e  so lu t ion  

hk and i f  w e  approximate t h e  i n t e g r a l  i n  eq. (8.1) by a 

k = 1 , 2  ,..., n .  (8.5) 

In  t h i s  equat ion AX [nm] is t h e  wavelength spacing,  S [SI i s  t h e  spectroradiometer  

ou tput  S(hk) when set a t  t h e  kth wavelength, Ei [W-m-2*nni '1 

i r r ad iance  EA(hi) 

and Rki [S*W-1*m2] is  t h e  instrument s p e c t r a l  i r r ad iance  r e spons iv i ty  %(Xk,Xi) ( t h e  

s p e c t r a l  output  per  u n i t  inc ident  spectral i r r ad iance )  t o  monochromatic r a d i a t i o n  a t  t h e  

ith wavelength when t h e  instrument is  set t o  t h e  kth wavelength. 

of any Rki i s  j u s t  t h e  he igh t  of t h e  su r face ,  % ( X o , A ) ,  a t  t h e  poin t  of i n t e r s e c t i o n  of 
t h e  l i n e  drawn on the su r face  at cons tan t  

cons tan t  h = hi. 

k - 
is  t h e  des i r ed  s p e c t r a l  

( t h e  subsc r ip t  h is. omitted f o r  s impl i c i ty )  a t  t h e  ith wavelength 

In  f i g u r e  8 .1  t h e  va lue  

A. = hk wi th  t h e  l i n e  drawn on t h e  su r face  a t  

Equations (8.5) c o n s i s t  of n equat ions  i n  n unknowns where n i n  t y p i c a l  appl ica-  
5 t i o n s  may be a s  small as 50 o r  as l a r g e  a s  10 . Because of t h e  s i z e  of n and because, as 

w e  s h a l l  see l a t e r ,  a mathematically exact  so lu t ion  of eqs. (8.5) i s  no t  needed, an i t e r a -  

t i v e  approximation technique is  used f o r  so lv ing  t h i s  set of equat ions.  

an assumed s o l u t i o n  Ei ( O )  f o r  t h e  El t oge the r  wi th  t h e  

S r )  from eqs. (8 .5) .  Based upon a comparison of t hese  computed va lues  wi th  t h e  measured 

va lues  of Sk t h e  Ei a r e  cor rec ted  and t h e  process  is  repeated.  The d e t a i l e d  s t e p s  are 
as follows: F i r s t  we assume t r i a l  s p e c t r a l  i r r a d i a n c e  va lues  E:) which w e  ob ta in  from 

I n  t h i s  procedure2 
y i e l d s  a computed set of 

The va lue  of E(') i s  j u s t  t h e  va lue  which would have been obtained f o r  Ei i f  decon- 
vo lu t ion  were n o t  attempted [ i . e . ,  by so lv ing  eq. ( 7 . 2 ) l .  Next, us ing  eqs. (8.5) ,  w e  
c a l c u l a t e  what e f f e c t  t h e  r e spons iv i ty  func t ion  would have on t h i s  spectrum: 

i 

IHundreds of papers  have been w r i t t e n  on deconvolution and r e l a t e d  sub jec t s .  

c i t e d  i n  t h i s  chapter  g ive  only a sampling of t h i s  l i t e r a t u r e .  

i n  [8.11,8.12,8.13]. Some i n t e r e s t i n g  techniques which are no t  even h in t ed  a t  i n  t h i s  

chapter  a r e  descr ibed  i n  [ 8.13-8.161 . 

The re ferences  

Fur ther  re ferences  a r e  given 

?-An i l l u s t r a t i v e  computer program f o r  t h i s  procedure is  given i n  Appendix 8 A .  
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k = 1 , 2  ,..., n. (8 .7 )  

These values  of S p )  w i l l  i n  genera l  no t  agree wi th  t h e  measured Sk. Therefore ,  w e  
c o r r e c t  t h e  E(') us ing  t h e  d i f f e rence  between Sk and Sk ('1 so as t o  improve our esti- 
mated va lues  f o r  Ei. Thus, w e  compute1 

i 

k = 1 , 2 ,  ..., n. 

where 4, 
4, 

is a convergence f a c t o r  whose va lue  is  no t  c r i t i ca l .  Frequent ly  a good va lue  f o r  

[ a s  w i l l  be der ived i n  eq. (8.81)] is  

W e  s h a l l  r e t u r n  t o  a f u r t h e r  b r i e f  d i scuss ion  of Now w e  cont inue  i n  t h e  same 
way using va lues  of E:') as a t r i a l  so lu t ion  t o  obta in  b e t t e r  estimates E / 2 ) ,  etc. I n  

4, below. 

general2 

with k = 1 , 2  ,..., n ,  (8.11) 

where t h e  summation over i runs from i = 1 t o  i = n.  

I n  many app l i ca t ions  two o r  t h r e e  i t e r a t i o n s  ( i . e .  v = 2 o r  3) w i l l  s u f f i c e  t o  

reduce t h e  co r rec t ab le  e r r o r s  due t o  responsivi ty-funct ion e f f e c t s  t o  less than t h e  meas- 

urement noise .  I n  f a c t ,  a c r i t e r i o n  based upon cons idera t ion  of t h e  measurement no i se  

should be used t o  te rmina te  t h e  i t e r a t i o n s :  when t h e  computed SF', given by eq. (8.11), 

agree with t h e  measured Sk t o  wi th in  t h e  experimental  n o i s e ,  f o r  example, when t8.101 

I I t  would have been n i c e  t o  be a b l e  invar iab ly  t o  a s s o c i a t e  t h e  subsc r ip t  

instrumental  s e t t i n g  Xo and t h e  subsc r ip t  i with t h e  wavelength A ,  but  t h e  varying 

requirements f o r  t h e s e  dummy i n d i c e s  i n  t h e  d i f f e r e n t  equat ions make any such cons i s t en t  

usage impossible t o  maintain.  

k with t h e  

' I t e r a t i v e  m u l t i p l i c a t i v e  co r rec t ions  ins tead  of a d d i t i v e  co r rec t ions  have been used t8.13, 

8.171: 

(8.12) 

Although r a r e l y  used i t  appears  t h a t  t h i s  technique might be advantageous where 

spans seve ra l  o rders  of magnitude of s i g n a l  l e v e l  with similar r e l a t i v e  accuracy. 
S(Xo) 
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2 5 - sk) 5 n [dimensionless] ,  
k= 1 U 

2 
k 

(8.13) 

with ak [SI being t h e  estimated random experimental  unce r t a in ty  i n  Sk, then t h e  iter- 

a t i o n s  should be stopped. 

introducing spurious s p e c t r a l  d i s t o r t i o n s  i n t o  t h e  Ei which inc rease  with v and which 

are due e n t i r e l y  t o  n o i s e  i n  t h e  

The convergence f a c t o r s  4, 

Further  i t e r a t i o n s  w i l l  begin t o  have a d e l e t e r i o u s  e f f e c t  -- 

Sk 

are sometimes increased (o r  decreased) during t h e  itera- 

and t o  computational round-off e r r o r .  

t i o n  process  i n  an e f f o r t  t o  achieve f a s t e r  convergence. 
[Sk - SP-')] i n  eq. (8.10) w i l l  have decreased t o  zero so t h a t  t h e  va lue  of E?' reached 

no longer  depends upon 4,. Consequently, t h e  only r o l e  played by 4, i s  i n  determining 

t h e  number of i t e r a t i o n s  required t o  achieve convergence by s e t t i n g  t h e  magnitude of t h e  

c o r r e c t i o n  t o  be appl ied i n  each i t e r a t i o n .  Normally, a l l  4 , ' s  would be given t h e  same 

va lue  based upon a t y p i c a l  eva lua t ion  of eq. (8.9) and then,  i f  a f t e r  3 o r  4 i t e r a t i o n s  

convergence is  no t  c lose ,  t h i s  va lue  would be modified upward (o r  downward) by t r ia l -and-  

e r r o r  t o  has t en  convergence (o r  stem divergence) .  Somewhat s i m i l a r l y  t h e  u l t i m a t e  va lues  of 

E(') achieved a t  convergence should not  depend upon t h e  s t a r t i n g  values  E:'). The i n i t i a l  

va lues  given by eq. (8.6) are an  obvious s t a r t i n g  po in t  but  s t a r t i n g ,  f o r  example, w i th  a l l  
E l 0 )  = 0 w i l l  o f t e n  r e q u i r e  only one o r  two more i t e r a t i o n s .  I f  a b e t t e r  set of i n i t i a l  

values  is  a v a i l a b l e  it should,  of course,  b e  used. 

DECONVOLUTION i n  MATRIX NOTATION. Before tu rn ing  t o  a simple numerical example t o  il- 

l u s t r a t e  t h e  a p p l i c a t i o n  of eq. (8.10), l e t  u s  d i g r e s s  f o r  a moment t o  rewrite t h e  equat ions 

as  matr ix  equat ions.  A s  w e  pointed out  i n  Chapter 6 [8.18],  no numerical advantage i s  

gained by t h i s ;  however, matr ix  equat ions are extremely use fu l  i n  organizing c a l c u l a t i o n s ,  

p a r t i c u l a r l y  s i n c e  some computer languages contain e x p l i c i t  matr ix  ope ra t ions  which can 

g r e a t l y  reduce t h e  chore of programming. 

as an n-dimensional vec to r  

A t  convergence t h e  f a c t o r  

i 

k We wri te  t h e  n values  of t h e  observed s i g n a l  S 

S [SI (8.14) 

and s i m i l a r l y ,  t h e  n des i r ed  va lues  Ek of s p e c t r a l  i r r a d i a n c e  
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-[I 

- -  
s1 

s2 

i 

'k 

'n - -  

E (8.15) 

The r e s p o n s i v i t i e s  Rki form an n by n matr ix  

R12 

R22 
R (8.16) 

where t h e  mat r ix  elements,  

%(Ao,A) s u r f a c e  as sketched i n  f i g u r e  8.1. Now, using matr ix  "shorthand", t h e  n simul- 

taneous equat ions represented by eq. (8.5) a r e  exac t ly  what is meant by t h e  one equation 

Rki, a r e  j u s t  t h e  he ights  of t h e  i n t e r s e c t i o n  p o i n t s  on t h e  

(8.17) 

o r  

R12 

R22 

* Rli 

R 2 i  

[ S I .  (8 .la) 

Rk2 Rki 

* Rni 

A t y p i c a l  member of t h i s  set of equat ions is1 

Sk = AAh'(Rkl*E1 + Rk2*E2 + ... + Rki-Ei + ... + \n*En). (8 .Ma) 

~~ 

lThis  n-dimensional matr ix  m u l t i p l i c a t i o n  is an obvious g e n e r a l i z a t i o n  of t h e  4-dimensional 

formulas given i n  Appendix 6 [8.19]. 
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Thus t h e  s i g n a l  obtained a t  t h e  

wi th  t h e  kth row of t h e  s p e c t r a l  r e spons iv i ty  matr ix  R. 
kth wavelength and an i s o l a t e d  s p e c t r a l  l i n e  source of known i r r a d i a n c e  a t  wavelength 

i s  observed (i.e.,  a l l  ER = 0 except E ) t hen  t h e  observed s i g n a l  w i l l  be  j u s t  i 

kth wavelength s e t t i n g  of t h e  radiometer i s  a s soc ia t ed  

I f  t h e  radiometer i s  set a t  t h e  

Ai 

'n a S = A h - R  ki*Ei. I f  t h i s  l i n e  source is tunable  s o  t h a t  it can be moved from A1 t o  K 
complete row of R,i values  can be determined. Moving t h e  radiometer wavelength s e t t i n g  t o  

o t h e r  wavelengths and r epea t ing  these  measurements w i l l  provide o the r  rows of t h e  s p e c t r a l  

r e spons iv i ty  matrix.  

l eng th  while t h e  radiometer s e t t i n g  is moved from A1 t o  An a complete column 

... Rki, ... Rni of R values  can be determined. 

On t h e  o the r  hand,. i f  t h e  s p e c t r a l  l i n e  is  f ixed  a t  t h e  ith wave- 

Rli' R 2 i '  

Going on now t o  eqs.  (8.10) w e  see t h a t  i n  matr ix  n o t a t i o n  they become 

1 0  A2 0 . . .  
A = I o o A, . . . -2 -1. -1 [w-m .m s 1 .  

(8.19) 

(8.20) with 

and 

In  t h e  s l i t - s c a t t e r i n g  funct ion approximation w e  approximate t h e  r e spons iv i ty  funct ion 

by a product [eq.  (7.12); K is  defined following eq. (7.5)] 

(8.22) R(Ao,X)  = K.z(Ao-A).r f ( A )  [S.W-1-m2]. 

In  terms of matrices w e  can say t h a t  t h e  matr ix  

s 1 it - sca t t er ing f unc t ion matr ix  
R is  p ropor t iona l  t o  t h e  product of a 

1 =% 0 

'1 

0 z 

z-l 

'n-1 

'n-2 

'n-3 

z =  [dimensionless] (8.23) 

Z2-n 

Z 1-n 

'3-n 

'2-n 

'0 1-n 

-n z-l 

4 2  



and a responsivi ty-factor  matrix 

Rf = 

f 
1 0 

f 
r2 

0 f 
n . r  

[dimensionless].  

So eq. (8.5) becomes 

s = A A * K . Z . R ~ +  [SI. 

Usually it i s  convenient t o  perform t h e  f i n a l  m u l t i p l i c a t i o n  and d e f i n e  a quan t i ty  

so  t h a t ,  i n  terms of t h i s  

s = AX.K.Z.E' 

(8.24) 

(8.25) 

- 1  r:.E1 

(8.26) 

quan t i ty  eq. (8.5) becomes 

[ S I ,  (8.27) 

which i s  i d e n t i c a l  i n  form t o  eq. (8.17) and can be solved by t h e  i t e r a t i v e  technique w e  are 

discussing.  I f  t h e  r e spons iv i ty  f a c t o r s  ri are known, t h i s  then permits  t h e  
f ca l cu la t ed  from t h e  E;. I f  t h e  ri are not  known i t  is  necessary t o  r epea t  t h e  measure- 

ments and t h e  s o l u t i o n  of eq. (8.27) f o r  a s tandard of known s p e c t r a l  i r f ad iance .  
f 

ri 

Ei t o  be f 

Then t h e  

can be ca l cu la t ed  o r  they may be el iminated by using t h e  r a t i o s  E;/E;(s). That i s ,  

(8.28) -2 E; 
Ei = E;o' Ei(s) [W-m *nm-l]. 

[The argument 

s p e c t r a l  i r r ad iance . ]  Forming t h e  r a t i o s  Sk/Sk(s) before  deconvolution i n  'order t o  avoid 

deconvolution of t h e  standard source d a t a  w i l l  not g ive  t h e  same r e s u l t s  u n l e s s  t h e  r e l a t i v e  

s p e c t r a l  d i s t r i b u t i o n s  of both sources are i d e n t i c a l .  Returning f o r  a moment t o  t h e  slit- 

Sca t t e r ing  funct ion matr ix  of eq. (8.23), n o t i c e  t h a t  a column of t h i s  matr ix  ( a s soc ia t ed  
with a radiomete; wavelength scan of a source of a f ixed  wavelength s p e c t r a l  l i n e )  con ta ins  

t h e  same elements as a.row (associated with viewing a s p e c t r a l  l i n e  of changing wavelength 

a t  a f ixed  radiometer s e t t i n g )  but  i n  r eve r se  order .  This,  of course,  i s  simply another way 

of looking a t  t h e  apparent s l i t - s c a t t e r i n g  funct ion r e v e r s a l  with fixed-wavelength s p e c t r a l  

( s ) ,  here  i s  used t o  denote values  a s soc ia t ed  with t h e  s tandard of known 

4 3  



l i n e s  which has  a l r eady  been mentioned i n  Chapter 7 .  
s c a t t e r i n g  func t ion  approximation when it is appropr i a t e  is t h a t  a t  most only 

va lues  must be s to red  i n  t h e  computer t o  spec i fy  t h e  

i d e n t i c a l  t o  one of these .  For l a r g e  n or  s m a l l  computers t h i s  is a v i t a l  cons idera t ion .  

A NUMERICAL EXAMPLE. 

descr ibed  by eqs. (8.10) wi th  a simple numerical example. 

" t rue" spec t r a l -  i r r ad iance  d ist r i b u t  ion  and an i n s t  rument-respons i v i t y  func t ion  as shown i n  

f i g u r e s  8.2a and 8.2b. Xo - X .  
The product of t h e  simple, piecewise, a lgeb ra i c  express ions  which de f ine  

EA(A) 

The g rea t  advantage of t h e  slit- 

2n + 1 

z matr ix ;  any element of t h e  a r r a y  I s  

I n  t h i s  s ec t ion  w e  wish t o  i l l u s t r a t e  t h e  i t e r a t i v e  deconvolution 

For our  example w e  assume a 

The r e spons iv i ty  func t ion  depends only upon t h e  d i f f e r e n c e  

R(ho,X) and 

can be in t eg ra t ed  t o  g ive  exact  va lues  of t h e  "observedtt s i g n a l  {eq. (8 .1)) :  

S(Ao) = I R(Ao,A)*EA(A)*dX [SI (8.29) 

a t  any va lue  of lo. 

i n t e r v a l s  of 2 ( A X  = 2). Assuming t h a t  measurements wi th  our  radiometer had y ie lded  

these  va lues  of Sk w e  wish t o  ob ta in  va lues  of Ei us ing  t h e  technique of eqs. (8.10). 

I f  a l l  goes w e l l  t hese  should approximate va lues  of 

need a t a b l e  of r e spons iv i ty  va lues  a t  wavelength i n t e r v a l s  of These can be seen by 

inspec t ion  of f i g u r e  8.2b t o  be non-zero only f o r  X = Xo and X = X +-AX. Thus w e  have 

%,k-1 = 2 y  Rkk " and Rk,k+l 
t h e  &.x i n  a mat r ix  it w i l l  look l i k e  

Such va lues  a r e  shown as t h e  second column of t a b l e  8-1 f o r  wavelength 

EX(X) given i n  f i g u r e  8.2a. F i r s t  w e  

2. 

0 
= 2 f o r  any k and a l l  o the r  Rki = 0. I f  w e  a r range  

R = [ R ~ ~ I  = 

- - 
4 2 0 0 . . .  0 0 0 

2 4 2 0 . . .  0 0 0 

0 2 4 2 . . .  0 0 0 

0 0 0 0 . . .  2 4 2 

0 0 0 0 . . .  0 2 4 - - 

(8.30) 

We choose % = 1/12. This is t h e  va lue  given by eq. (8.9) f o r  a l l  k except k * 0 
and k = n of t h e  R a r r a y  of eq,  (8.30). S ince  t h e  va lues  of % only a f f e c t  t h e  r a t e  of 

convergence of t h e  i t e r a ' t i ons  and no t  t h e  f i n a l  r e s u l t s ,  it is usua l  t o  choose 
cons tan t ,  independent of k as w e  have done. The ze ro th  approximation t o  t h e  va lues  of 

according t o  eq. (8.6) is simply the  corresponding va lue  of Si mu l t ip l i ed  by 1/16. Again 

w e  ignore  poss ib l e  e r r o r s  i n  t h i s  f a c t o r  a t  t h e  ends of t h e  wavelength range. These va lues  
of E P )  a r e  given i n  column 3 of t a b l e  8-1. They are exac t ly  t h e  va lues  of s p e c t r a l  

i r r ad iance  which would be obtained i f  t h e  respons iv i ty- func t ion  co r rec t ion  were ignored. 

Now w e  proceed t o  t h e  c a l c u l a t i o n  of t h e  f i r s t  i t e r a t i v e  co r rec t ion  according t o  eqs. (8.10). 

A t  each ins t rumenta l  s e t t i n g ,  k, w e  f i r s t  c a l c u l a t e  t h e  sum 

% t o  be 

Ei 

%imEi (O) and then  t h e  
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Figure 8.2. Spectral irradiance distribution (a), and spectral responsivity function (b), 

assumed f o r  numerical examples in tables 8-1, 8-la, 8-2, and 8-3. 
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cor rec t ion  %*[Sk - A A . 1  \ i * E y ) ] .  For k = 3 ,  f o r  example, ( a t  X = 4 )  w e  have 
i 

. . . + 0.0 + 2.0.02 + 4.0.33 + 2-1.60 + 0.0 . . . = 4.56 and Sk = 5.33. ( 0 )  = R & E i  

io t h e  co r rec t ion  i s  (5.33 - 2-4.56)/12 - -0.32. Thus, w e  ob ta in  E(') = C.33 - 0.32 = 0.01 3 
i n  agreement with t h e  t h i r d  e n t r y  i n  t h e  f o u r t h  column of t a b l e  8-1. I n  a s imilar  f a sh ion  
t h e  o the r  e n t r i e s  i n  t h e  E(1) c o l u m  are ca l cu la t ed .  Then new cor rec t ions  are ca l cu la t ed  

and t h e  second approximation Ei2) obtained. That is, s t i l l  f o r  , k - 3 ,  

*E(1) = 2.(-0.08) + 4.0.01 + 201.23 = 2.34, (5.33 - 2*2.34)/12 = 0.05, :I lki  i 
(8.31) 

(2) = 0.01 + 0.05 = 0.06. Table 8-1 shows successive approximations E:) through E3 
v = 9 .  The next- to- las t  column is t h e  "true" s p e c t r a l  i r r a d i a n c e  taken from t h e  expression 

i n  f i g u r e  8.2a and should be compared t o  t h e  var ious approximations, 

column shows how w e l l  t h e  "observed" signal is reconstructed from t h e  f i n a l  i t e r a t i o n  E 

and t h e  r e spons iv i ty  a r r a y  F$i u s i n s  eqs .  (8.11).  The d i sc repanc ie s  between Sk and 

S F )  are q u i t e  s m a l l  i n  t h e  upper p a r t  of t h e  t a b l e  and s i n c e  t h e  c o r r e c t i o n  t o  be appl ied 

t o  E ("-') is  p ropor t iona l  t o  t h e  d i f f e r e n c e  S - S(')-l) [eq.  (8.10)l t h i s  means t h a t  

convergence is  e s s e n t i a l l y  complete k i  t h i s  p a r t  of t h e  t a b l e .  

END-EFFECTS. I n  t h e  lower p a r t  of t a b l e  8-1 it is  c l e a r  t h a t  t h e r e  i s  a problem which i s  

becoming worse as t h e  number of i t e r a t i o n s  inc reases .  This is  caused by our having ar- 
b i t r a r i l y  terminated t h e  t a b l e  of Sk values  a t  Ak = 60 be fo re  Sk had returned t o  ze ro ,  
and by t h e  f a c t  t h a t  t h e  computational algorithm, i n  e f f e c t ,  proceeds as though a l l  f o r  

A .  > 60 (and f o r  hi  < 0 )  are zero.  I f  the d a t a  had, i n  f a c t ,  exhibi ted a s t e p  from 
S = 128 t o  S = 0 a t  A = 60 t h e  s o l u t i o n  being generated would be c o r r e c t .  I n  t a b l e  8-1 

t h e  i t e r a t i v e  s o l u t i o n  i s  c l e a r l y  v a l i d  up t o  wi th in  2 o r  3 s p e c t r a l  s l i t  widths of t h e  end 

of t h e  d a t a ,  al though wi th  s i g n i f i c a n t l y  most i t e r a t i o n s  t h i s  w i l l  no longer b e  t r u e .  To 

understand why t h e  i t e r a t i o n  algorithm func t ions  as though a l l  values  of Ei o u t s i d e  t h e  

measured range are ze ro  consider  t h e  last equation implied by eq. (8.17) [ s e e  eq. (8.18a)l:  

E'"). The f i n a l  
(9) 

Ei 

1 

Sn = A h * (  . . . + Rnn*En). 

I f  w e  had made one more measurement w e  would b e  wr i t i ng  t h i s  equation 

Sn = A h . (  . . . + Rnn*En + Rn,n+l*En+l). 

[There would, of course,  now be one more equat ion:  

Sn+l = A h * (  . . +Rn+l,n*En + Rn+l,n+l *E  n+l  1 

(8.32) 

(8.33) 

(8.34) 

but w e  a r e n ' t  i n t e r e s t e d  i n  it a t  t h e  moment.] Since S and t h e  R , i  and Ei are a l l  
f ixed  numbers, obviously both eqs. (8.32) and (8.33) can'.t be c o r r e c t  un le s s  

n 

En+l = 0. 
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Thus, i f  w e  u se  eq. ( 8 . 3 0 )  f o r  t h e  mat r ix  R w e  imply t h a t  a l l  Ei = 0 f o r  i < 1 and f o r  

i 

measurements o r  by t h e  use  of s p e c t r a l  f i l t e r s  t o  a s su re  t h a t  t h e  instrument  output  w i l l  be 

n e g l i g i b l e  ou t s ide  t h e  measurement range. I f  t h i s  is  imprac t i ca l  then i t  may be poss ib l e  t o  

extend t h e  t a b l e  of S va lues  by measurement o r  es t imat ion  f a r  enough t h a t  t h e  end-effect  

a f t e r  deconvolution w i l l  no t  a f f e c t  t h e  va lues  of 

In  t h e  example of t a b l e  8-1 t h e  wavelength span i n  which end-effects  can be seen i s  given 

approximately by 

n. The bes t  way t o  avoid t h i s  problem i s  by extending t h e  wavelength range of t h e  

k 

Ei i n  t h e  wavelength region of i n t e r e s t .  

AXw'&, ( 8 . 3 5 )  

where AXw is t h e  s p e c t r a l  slit width (eq. 7 . 3 4 ) .  So, f o r  v i t e r a t i o n s ,  measurements o r  

estimates of 

e i t h e r  end i f  t h e  s i g n a l  is no t  n e g l i g i b l e  the re .  

t h a t  t he  wavelength region of i n t e r e s t  is  from X = 0 t o  A = 46 and t h a t  t h e  Sk 

values  from X = 48 t o  A = 60 were included only t o  avoid t h e  end-effect .  Since t h e  

d a t a  run smoothly t o  ze ro  a t  X = 0 t h e r e  is no end-effect  problem the re .  

Sk should be extended t h i s  f a r  beyond t h e  s p e c t r a l  region of i n t e r e s t  on 

I n  t h e  present  example w e  might assume 

T h e , l a s t  row of t a b l e  8-1 g ives  t h e  rms e r r o r  i n  recons t ruc t ing  S from t h e  cor res -  

ponding column of E:) va lues ,  i .e . ,  t h e  quan t i ty  

( 8 . 3 6 )  

f o r  each i t e r a t i o n .  We have omitted from t h e  sum t h e  va lues  i n  t h e  lower ha l f  of t h e  t a b l e  

( X  > 30)  i n  order  t o  exclude the end-effects  region.  I f  t h e  measurements S a r e  assumed 

t o  be accu ra t e  t o  wi th in  0.1% of t h e i r  maximum then  t h r e e  i t e r a t i o n s  (E 

s u f f i c i e n t  t o  achieve convergence t o  wi th in  t h e  accuracy of t h e  d a t a  and ' the  i t e r a t i o n s  
should be terminated there .  Of course,  t h e  rms value  of t h e  e r r o r  Ei - E:') would be a 

more va luable  s ta t is t ic  but  t h i s  i s  never a v a i l a b l e  i n  a r e a l  measurement s i t u a t i o n  s i n c e  

EA(X) would be unknown. 

d i scuss  e r r o r s  i n  t h e  deconvoluted r e s u l t s ,  

( 3 )  ) are evident ly  

I n  t h e  next  paragraph and near  t h e  end of t h i s  chapter  w e  b r i e f l y  

E('). 

ACCURACY. 

i t e r a t i o n s  i n  t h e  upper p a r t  of t a b l e  8-1 t h e r e  still  remains a s i g n i f i c a n t  discrepancy 

between Ek 
a t t r i b u t a b l e  pr imar i ly  t o  the  e r r o r  i n  approximating t h e  exact  i n t e g r a l  of eq. (8-1) by t h e  

.summation of eq. (8.5). Equation ( 8 . 5 )  i s  exact  i f  the in tegrand ,  R(Xo,X)*E(X), i s  l i n e a r  

between d a t a  poin ts .  €or  Xo = 6 .  

Clear ly ,  i n  any one segment, say from A = 4 t o  X = 6 ,  t h e  integrand i s  f a r  from l i n e a r ;  

however, t h e  e r r o r s  are p o s i t i v e  i n  some p a r t s  of t h e  range of i n t e g r a t i o n  and negat ive  i n  

o t h e r s  so t h a t  they tend t o  cancel .  

improve t h e  accuracy very l i t t l e .  

I n . s p i t e  of t h e  f a c t  t h a t  convergence is  e s s e n t i a l l y  complete a f t e r  a few 

and t h e  "true" Ek, e spec ia l ly  a t  A = 4 ,  6 ,  10, and 1 2 .  These e r r o r s  a r e  (9) 

I n  f i g u r e  8.3 w e  show t h i s  product a s  a func t ion  of 

For t h i s  reason more e l abora t e  i n t e g r a t i o n  formulas 

The c e r t a i n  way t o  improve t h e  accuracy i n  t h e  
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Figure 8 .3 .  Responsivity function, spectral irradiance, and their  
product for lo = 6 .  From example of figure 8 . 2 .  
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neighborhood of r ap id  changes i n  
more da t a .  

i f  t h e r e  exist  measurement e r r o r s  o r  i f  eq. (8.1) is not  obeyed due, f o r  example, t o  a non- 

l i n e a r  d e t e c t o r .  The r e s u l t  of t ak ing  more d a t a  i n  our example is i l l u s t r a t e d  i n  t a b l e  8-la 
i n  which Ah was taken as %. The accuracy of deconvolution a f t e r  a few i t e r a t i o n s  i s  dra- 

ma t i ca l ly  improved over t h e  r e s u l t s  given i n  t a b l e  8-1. 

t i a l l y  t h e  s a m e .  

upper po r t ion  of t a b l e  8-1. 
t h e  o s c i l l a t i o n s  is much g r e a t e r  w i th  t h e  smaller sampling i n t e r v a l  but  t h e  range of wave- 

l eng ths  over which t h e  c a l c u l a t i o n s  are perturbed by t h e  end-effect  is t h e  same. 

S(Ao) is  t o  t a k e  d a t a  with a smaller AX, i .e. ,  t o  t a k e  

Of course,  even wi th  a pexfect  mathematical s o l u t i o n  t h e r e  may s t i l l  be e r r o r s  

The rate of convergence i s  essen- 

Table 8 - l a  shows only t h e  po r t ion  of t h e  c a l c u l a t i o n s  corresponding t o  t h e  

I n  t h e  end-effects  region w e  would see t h a t  t h e  amplitude of 

The INVERSE SLIT-SCATTERING FUNCTION. When the s l i t - s c a t t e r i n g  func t ion  approximation, eq. 

(8.22),  is appropr i a t e  a technique is  a v a i l a b l e  which saves considerable  computational 
e f f o r t  i f  two o r  more s p e c t r a  are t o  be deconvoluted using t h e  same s l i t - s c a t t e r i n g  func t ion  

[8.20]. L e t  u s  wri te  eqs.  (8.5) i n  t e rms to f  t h e  s l i t - s c a t t e r i n g  func t ion  

sk - A A - K - ~  z ~ - ~ - E ;  I S ] ,  k = 1 ,2 , . .  . ,n.  (8.37) 
i 

k- i As i n  eq. (8.23) w e  have used z 

inst rumental  s e t t i n g  and, as i n  eq. 

f a c t o r  rf = rf ( A  ) [dimensionless] 

over a l l  va lues  of E '  and w e  t a k e  i 

i -  i 

E z(Ak-Ai) [dimensionless] where Ak [nm] is t h e  

(8.27), we have combined E wi th  t h e  r e spons iv i ty  i 

t o  g ive  E '  : r f * E  [W*m-2*nm-1]. The summation is 

t h e  s l i t - s c a t t e r i n g  func t ion  z ~ - ~  t o  be ze ro  any t i m e  
i i i  

k- i  

t abu la t ed .  L e t  u s  a l s o  assume t h a t  n is an odd number and r ede f ine  i and k so t h a t  

numbering begins  a t  t h e  mid-points of E and S. Thus if n2 = (n-1)/2 w e  r e w r i t e  eq. 

(8.37) 

t a k e s  on a va lue  ou t s ide  t h e  range f o r  which t h e  s l i t - s c a t t e r i n g  func t ion  has  been 

(8.38) 

Now w e  mu l t ip ly  both s i d e s  of t h i s  equation by a quan t i ty  

sum over k 
v ~ - ~  (ye t  t o  be determined) and 

We see t h a t  i f  t h e  values  

AA*K* EL E; ( EL zk-i*vR-k 

2 k-n 2 i= -n 

of v ~ - ~  could be chosen i n  such a way t h a t 1  

(8.39) 

1 
6ik i n  eq. (8.40) is  t h e  Kronecker d e l t a  funct ion.  It has  t h e  va lue  1 i f  i = k and 

0 i f  i # k. The Kronecker d e l t a  func t ion  has t h e  same e f f e c t  i n  summations as  t h e  Dirac 

d e l t a  func t ion  [eq.  (8.4)J has  i n  i n t e g r a l s .  
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K*cL Zk-i'VR-k = [dimensionless] ,  

2 k=-n 
2 

2 

i = -n2, . . . ,n  

11 = -n2 , . . . ,n  

(8.40) 

then eq. (8.39) would become 

(8.41) 

o r  

(8.42) 

which is  a simple,  d i r e c t  so lu t ion  of eq. (8.38) f o r  E ' .  I f  t h e  z i  a r e  known t h e  

v 

can be evaluated f o r  any number of s p e c t r a ,  S, us ing  eq. (8.42) without recomputing t h e  

v a s  long as t h e  s l i t  func t ion  remains unchanged. Comparison of eqs. (8.38) and (8.42) 

shows t h a t  t h e  vec tor  of vi [s'l*W*~n'~] values  c o n s t i t u t e s  a kind of r ec ip roca l  respon- 

s i v i t y  func t ion  and it a l s o  possesses  t h e  appropr ia te  u n i t  dimensions f o r  t h i s  i n t e r p r e t a -  

t i on .  To ob ta in  t h e  vi from eq. (8.40) w e  f i r s t  mul t ip ly  both s i d e s  by A A  and change 

t h e  s igns  of i, k, and R: 

[S-1*W*m-2] are uniquely determined by eq. (8.40) and t h e  q u a n t i t i e s  Ek [W*m-2*nm-1] 
i 

i 

-"2 
(8.43) 

. Then l e t t i n g  11 = 0 and observing t h a t ,  -8 , - i  = & R i  - 6 i a )  (by i t s  d e f i n i t i o n ,  of course 6 
a s  long as w e  sum over a l l  va lues  of k i n  t h e  range from -n2 t o  n t h e  l i m i t s  on t h e  

summation can be interchanged, w e  ob ta in  
2 

n2 
Ah*Gio = A A * K  *E zi-k*vk [rim], i = -n2,-n2+1, ...,- l , O , l ,  ... n2.  (8.44) 

2 k=-n 

But eq. (8.44) has  exac t ly  t h e  same form as eq. (8.38) so t h a t  any technique f o r  so lv ing  

eqs. (8.38) [ o r  eqs.  (8 .5)]  can be used t o  obta in  t h e  q u a n t i t i e s  simply by s t a r t i n g  

with a "s ignal"  which is  
vi 

A A  at  t h e  cen te r  and zero  everywhere else. 

So,  i n  summary, t o  use  t h i s  technique,  w e  apply eqs. (8.10) t o  so lve  i t e r a t i v e l y  f o r  

va lues  of E:") when Sk is  given numerical ly  by 

k - 1 , 2 ,  ..., n(odd) 
kn2' 

Sk = A X 0 6  (8.45) 
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where 
( V )  
i '  V 

n2 = (n-1)/2 and Rki = K*z Now denoting t h i s  s o l u t i o n  a f t e r  v i t e ra t ions  by k - i '  
i .e . ,  numerically 

(8.46) 

t o  compute a vth order  deconvolution of any set  of real  measure- i w e  can use  t h e s e  v 

ments from 

(8.47) 

For want of a b e t t e r  name w e  w i l l  c a l l  t h e  set of values  v t h e  vth o rde r  i nve r se  

s l i t - s c a t t e r i n g  funct ion.  The idea of t h e  vth o rde r  i nve r se  s l i t t s c a t t e r i n g  funct ion 

could presumably be general ized t o  apply t o  any a r b i t r a r y  r e spons iv i ty  matr ix  by i t e r a t i v e l y  

computing each column V(?) of a complete vth o rde r  i nve r se  r e spons iv i ty  func t ion  matr ix  

using t h e  appropr i a t e  Si = A h 0 6  f o r  j = 1 , 2 ,  ..., n. However, as f a r  as w e  know, t h i s  has  

never been done. I n  t h e  s l i t - s c a t t e r i n g  func t ion  approximation a f u l l  matr ix  of t h e  V 

values  can, of course,  be assembled looking exac t ly  l i k e  t h e  

z everywhere replaced by v(') : i n  t h i s  approximation t h e  inve r se  s l i t - s c a t t e r i n g  func t ion  

matr ix  v'"' 
func t ion  matrix.  This  matr ix  v'"' would s a t i s f y  t h e  matr ix  equat ion 

kJ 

(v) 
kj 

ij 

z matrix of eq. (8.23) with 

has  t h e  s a m e  kind of symmetry1 as t h a t  possessed by t h e  s l i t - s c a t t e r i n g  

(8.48) 

I n  t a b l e  8-2 w e  show t h e  r e s u l t s  of i nve r se  s l i t - s c a t t e r i n g  func t ion  c a l c u l a t i o n s  using 

t h e  same s l i t - s c a t t e r i n g  func t ion  as i n  t h e  example of t a b l e  8-1. I n  columns 3 t o  1 2  w e  

show successive approximations v(') f o r  t h e  del ta-funct ion-l ike S given i n  column 2. 

These are computed using eqs.  (8.10) exac t ly  as t h e  corresponding columns of t a b l e  8-1 w e r e  

computed. I n  t h e  l as t  column w e  show t h e  r e s u l t s  of computing 

k = 1 ,2 , . . . , 31 ,  (8.49) 

lThe symmetry w e  are t a l k i n g  about i n  t h i s  chapter  i s  not  t h e  symmetry t h a t  a mathematician 

has  i n  mind when he speaks of a symmetric matrix.  A symmetric matrix i n  t h a t  sense means 

t h a t  t h e  matr ix  and i t s  t ranspose are i d e n t i c a l .  Thus, a symmetric matr ix  is symmetric 

about i t s  p r i n c i p l e  diagonal ,  which i s  t h e  diagonal  running from upper l e f t  t o  lower r i g h t .  

The s p e c i a l  s l i t - s c a t t e r i n g  func t ion  matr ix  symmetry, o r  row-by-row invariance with which w e  

are concerned is  a kind of symmetry i n  which a l l  elements of any diagonal  p a r a l l e l  t o  t h e  

p r i n c i p l e  diagonal  have t h e  same value.  

symmetry i f  t h e  s l i t - s c a t t e r i n g  func t ion  i s  symmetric but w e  make no use of t h a t  matr ix  

property i n  t h i s  chapter .  

Such a matr ix  w i l l  a l s o  e x h i b i t  t h e  customary 
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where v = 0 i f  j 5 0 or  j 2 32 and where S is  now t h e  "observed" s i g n a l  given i n  

column 2 of t a b l e  8-1. A comparison of t h i s  last  column of t a b l e  8-2 wi th  t h e  E 

column of t a b l e  8-1 shows no d i f f e rences  a s i d e  from t h e  end-effects  a t  t h e  bottom of t h e  

(9) j 

t a b l e .  The advantage of t h e  ca l cu la t ion  of t h e  inverse  s l i t - s c a t t e r i n g  func t ion  v of 
t a b l e  8-2 is  t h a t  any set of d a t a  taken us ing  t h i s  s l i t - s c a t t e r i n g  func t ion  may now be 

deconvoluted using eq. (8.421, whereas without t h i s  c a l c u l a t i o n  t h e  e n t i r e  i t e r a t i v e  process  

must be repeated f o r  each new set  of da ta .  

(1) t o  see convergence one must convolute t h e  inverse  s l i t - s c a t t e r i n g  func t ions  wi th  d a t a ;  
one usua l ly  cannot d e t e c t  convergence i n  t h e  sequence of inve r se  s l i t - s c a t t e r i n g  func t ions  

of success ive  orders .  (2 )  The inve r se  s l i t - s c a t t e r i n g  func t ion  approach, as w e  have out- 

l i n e d  it ,  is v a l i d  only when t h e  respons iv i ty  func t ion  can be  approximated by t h e  product of 

a s l i t - s c a t t e r i n g  func t ion  and a r e spons iv i ty  f a c t o r .  

There are two minor disadvantages,  however: 

UNIQUENESS and NOISE i n  DECONVOLUTION. If R ( h  ,A) is  accura t e ly  known and S ( X o )  is  

measured i t  would seem, i n  p r i n c i p l e ,  t h a t  enough information should be  a v a i l a b l e  t o  cal- 
c u l a t e  E(A) with  about t h e  same degree of accuracy as S ( h  ) possesses .  Unfortunately,  

w e  cannot e x t r a c t  t h i s  much information from eq. (8.1). F i r s t  of a l l ,  t h e  so lu t ion  of eq. 

(8.1) i s  not  mathematically unique. 

respons i v i t y  func t ion  

0 

0 

Consider, f o r  example, t h e  simple r ec t angu la r ly  shaped 

= 0 otherwise. 

Then eq. (8.1) becomes 

Ao+1/2 

Ao-1/2 
S(Ao) = Eh(A)  *dA [SI. 

(8.50) 

(8.51) 

Now suppose w e  have a so lu t ion  

t i o n s  S(Ao) .  Clear ly  
Eh(A) 

OD 

EA(A) + (An*cos2mh + 
n= 1 

which s a t i s f i e s  eq. (8.51) f o r  some set of observa- 

Bn s in2 Tn A) (8.52) 

w i l l  a l s o  s a t i s f y  eq. (8.51) f o r  qny va lues  of t h e  An and Bn because 

A0+1/2 

ho-1/2 ho-1/2 
cos 27rnA*dA = I s i n  27mX.dX = 0. (8.53) 

Thus t h e r e  a r e  an i n f i n i t y  of so lu t ions  t o  eq. (8.51) represented  by eq. (8.52) and t h e  one 

" t rue" so lu t ion  cannot be determined from eq. (8.51) a lone .  

des i red  p rope r t i e s  of t h e  so lu t ion  such as smoothness o r  non-negat ivi ty  t o  f i n d  an accept-  
a b l e  so lu t ion .  

Appeal must be made t o  o the r  

In  the  i t e r a t i v e  deconvolution technique,  f o r  example, w e  ob ta in  a so lu t ion  
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which h a s  t h e  property t h a t  it s a t i s f i e s  eqs. (8.5) w i th in  t h e  measurement unce r t a in ty  and 
e x h i b i t s ,  in  some sense,  minimal depa r tu re s  from t h e  s p e c t r a l  d i s t r i b u t i o n  of t h e  measured 

s i g n a l .  Later w e  w i l l  d i s c u s s  a deconvolution technique which picks out t h e  s o l u t i o n  

which, w i th in  l i m i t s ,  optimizes a measure of t h e  smoothness of 

s t i l l  n o t  p r e c i s e l y  desc r ibe  t h e  t r u e  s p e c t r a l  i r r a d i a n c e  but  they w i l l  u sua l ly  be accept- 

a b l e  s o l u t i o n s  i n  terms of one’s i n t u i t i v e  no t ions  about t h e  n a t u r e  of t h e  s p e c t r a l  i r r a d i -  

ance d i s t r i b u t i o n .  

EX(A). Such s o l u t i o n s  may 

In  p r i n c i p l e  t h e r e  is  another  similar cause of non-uniqueness i n  a real deconvolution 

due t o  t h e  wavelength i n t e r v a l  of sampling, A X .  When S(X ) is  known only a t  a number of 
d i s c r e t e  po in t s ,  t h e  curve of S(Xo) may have any conceivable shape i n  t h e  i n t e r v a l s  A X  

between measured p o i n t s  and each of t h e s e  poss ib l e  

d i f f e r e n t  s o l u t i o n  EX(X); even t h e  values  of EX(Xi) a t  t h e  measured p o i n t s ,  Xi ,  w i l l  

depend upon how S(X ) i s  i n t e r p o l a t e d  between t h e  measured po in t s .  Fortunately,  i n  

p r a c t i c e  one i n t u i t i v e l y  t akes  t h e  wavelength i n t e r v a l  AX s m a l l  enough s o  t h a t  u sua l ly  no 

s i g n i f i c a n t  excursions of S(X ) remain unsampled. I n  any case t h e  choice of t h e  wave- 

l eng th  i n t e r v a l  is  con t ro l l ed  by t h e  experimenter so t h a t  non-uniqueness from t h i s  source 

can be minimized e a s i l y  whereas t h a t  discussed above, which is  due t o  t h e  breadth and shape 

of t h e  reqponsivi ty  funct ion,  can be reduced only by modifying t h e  r e spons iv i ty  func t ion  -- 
by narrowing t h e  sl i ts ,  f o r  example. Presumably, however, i f  t h e  r e spons iv i ty  func t ion  

could have been narrowed, t h e  experimenter would a l r eady  have done t h i s ,  balancing t h e  

improved s p e c t r a l  r e s o l u t i o n  aga ins t  t h e  increased n o i s e  accompanying t h e  lower s i g n a l  

l e v e l s  t o  a r r i v e  a t  over-al l  optimum experimental  cond i t ions  f o r  t h e  t o t a l  measurement t i m e  

ava i l ab le .  

0 

S(Ao) curves w i l l  g ive r ise  t o  a 

0 

0 

Another r e l a t e d  a spec t  of t h e  problem is  t h a t  when t h e  spectroradiometer  phys i ca l ly  

converts  EX(X) i n t o  S(Ao) it performs a smoothing ope ra t ion ,  f l a t t e n i n g  out  t h e  h i l l s  

and f i l l i n g  i n  t h e  v a l l e y s  of 

d e t a i l  i n  EX(A) t h e  more it is smoothed ou t  by t h e  instrument.  Therefore any mathematical 

scheme which r econs t ruc t s  EX(A) from S(X ) must amplify any small bumps and d i p s  of 

S(Xo) t o  r ebu i ld  t h e  h i l l s  and v a l l e y s  of EX(X). 

must be t h e  ampl i f i ca t ion .  The r e s u l t  of t h i s  i s  t h a t  random experimental  n o i s e  i n  t h e  

S(Xo) 
s o l u t i o n  of eq. (8.1) i s  l i k e l y  t o  produce a d i s t o r t e d  s p e c t r a l  i r r a d i a n c e  d i s t r i b u t i o n  

containing a wealth of spurious s p e c t r a l  d e t a i l .  I n  many r e s p e c t s  deconvolution may be 
thought of as equivalent  t o  ca r ry ing  out  t h e  same experiment i n  t h e  same l eng th  of t i m e  but 

with narrowed spectroradiometer  s l i ts  and a smaller wavelength i n t e r v a l :  

of photons c o l l e c t e d  during t h e  experiment i s  t h e  s a m e  but  it is now d i s t r i b u t e d  among more 

samples r e s u l t i n g  i n  a l a r g e  inc rease  i n  t h e  r e l a t i v e  no i se  i n  t h e  high r e s o l u t i o n  samples 

compared t o  t h a t  i n  t h e  o r i g i n a l ,  a c t u a l l y  measured samples. Any at tempt  t o  achieve p e r f e c t  

s p e c t r a l  r e so lu t ion  must r e s u l t  i n  i n f i n i t e  r e l a t i v e  noise .  

physical  smoothing performed by t h e  spectroradiometer is  t h a t  any s p e c t r a l  d e t a i l  i n  EX(X) 

which i s  smoothed t o  t h e  po in t  where it i s  l o s t  i n  t h e  measurement n o i s e  [ a s  t h e  s inuso ida l  

EX(X) (see,  e .g . ,  f i g u r e  7 . 1 4 ~ ) .  In  f a c t ,  t h e  sha rpe r  t h e  

0 
And t h e  f i n e r  t h e  d e t a i l ,  t h e  g r e a t e r  

va lues  w i l l  r ece ive  g rea t  ampl i f i ca t ion  so t h a t  i n  t h e  presence of n o i s e  any exact  

t h e  t o t a l  number 

A f u r t h e r  consequence of t h e  
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terms i n  t h e  example of eq. (8.52) would be] w i l l  be i r r e t r i e v a b l y  l o s t :  

e r a b l e  by any conceivable mathematical manipulation. 

it i s  not  recov- 

We can e a s i l y  see how t h e  i t e r a t i v e  procedure s e l e c t i v e l y  ampl i f i e s  sharp s p e c t r a l  

f e a t u r e s .  Suppose t h e  measurements Sk con ta in  a sharp s p e c t r a l  f e a t u r e  a t  hL. Then, of 

course , E:) w i l l  con ta in  t h i s  same s t r u c t u r e  [ s e e  eq. (8.6) 1. However, t h e  ca l cu la t ed  

va lues  of S r )  i n  t h e  neighborhood of X R  w i l l  contain a much broader ve r s ion  of t h i s  

f e a t u r e  because t h e  c a l c u l a t i o n  
i 

same smoothing operat ion on t h e  E?) as t h e  radiometer does on t h e  phys ica l  spectrum. 

Therefore t h e  c o r r e c t i o n  term 

s l i g h t l y  a t t enua ted  vers ion.  When such c o r r e c t i o n s  are added again and again i n  t h e  course 

of generat ing E'') t h e  magnitude of t h e  excursion a t  At w i l l  have increased by a f a c t o r  

of n e a r l y  At*'. 
f a i t h f u l l y  i n  computing S ( O )  so t h a t  t h e  c o r r e c t i o n  term S - S'') w i l l  quickly 

vanish as v i nc reases .  

= AX.1 R i k * E p )  simply performs mathematically t h e  'k 

(O) w i l l  s t i l l  con ta in  t h e  f e a t u r e  a t  h L  i n  a 'k - 'k 

A very broad s p e c t r a l  f e a t u r e ,  on t h e  o t h e r  hand, w i l l  be  reproduced q u i t e  

A GENERALIZED LEAST-SQUARES DECONVOLUTION. We have descr ibed t h e  i t e r a t i v e  deconvolution 

method i n  d e t a i l  because of i t s  i n t u i t i v e  appeal ,  i ts  frequent  appearance i n  t h e  l i t e r a t u r e ,  

and because it w i l l  work i n  almost a l l  radiometr ic  app l i ca t ions .  The number of i t e r a t i o n s  

required t o  reach a p a r t i c u l a r  degree of p rec i s ion  depends mainly upon t h e  amount of d i s -  

t o r t i o n  t h a t  must be removed (and, of course,  upon t h e  degree of p rec i s ion  r equ i r ed ) .  

Assuming t h a t  t h e  u l t i m a t e  s p e c t r a l  r e s o l u t i o n  sought is comparable t o  t h e  wavelength 

i n t e r v a l  A h ,  i f  A h  is wider than o r  comparable t o  t h e  s p e c t r a l  s l i t  width then a few 

i t e r a t i o n s  w i l l  s u f f i c e .  However, i f  A h  is much smaller than t h e  s p e c t r a l  s l i t  width 

then  dozens o r  even hundreds of i t e r a t i o n s  may be required t o  achieve a s a t i s f a c t o r y  

deconvolution. Although success fu l  i t e r a t i v e  deconvolutions can b e  e f f ec t ed  i n  t h e s e  cases  

[8.2,8.20] -- u s u a l l y  by making use of techniques f o r  a c c e l e r a t i n g  convergence and f o r  

smoothing t o  minimize t h e  ampl i f i ca t ion  of experimental  n o i s e  which accompanies t h e  itera- 
t i o n s  -- t h i s  approach t o  deconvolution is  no t  gene ra l ly  recommended [8.11,8.21] i f  more 

than  5 o r  10 i t e r a t i o n s  prove t o  be required.  

of t h e  i t e r a t i o n s  be fo re  t h e  condi t ion of eq. (8.13) i s  s a t i s f i e d .  The method i s  most 

l i k e l y  t o  f a i l  [8.21] with markedly asymmetric r e spons iv i ty  func t ions ,  with no i sy  d a t a ,  and 

when s p e c t r a l  d e t a i l  narrower i n  width than t h e  s p e c t r a l  s l i t  width is sought. I n  t h e  next 

s e c t i o n s  w e  present  a deconvolution technique which is somewhat less l i k e l y  t o  f a i l .  This  

i s  no t  t o  say t h a t  t h e  s o l u t i o n  w i l l  always be s a t i s f a c t o r y :  a t tempts  t o  e x t r a c t  f i n e  

s p e c t r a l  d e t a i l s  from noisy d a t a  taken wi th  coarse  s l i ts  w i l l  always l ead  t o  s o l u t i o n s  with 

a s u b s t a n t i a l  c r e d i b i l i t y  gap. The technique t o  be descr ibed is a gene ra l i zed  least-squares  

o r  constrained least-squares  deconvolution method and has  been descr ibed i n  va r ious  forms by 
many au tho r s  [8.13,8.21,8.22,8.23]. We w i l l  not  attempt a d e r i v a t i o n  of t h e  method h e r e  but  

w i l l  simply o u t l i n e  t h e  approach. 

Occasionally t h e  method f a i l s  by divergence 
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Consider t h e  following expression evaluated f o r  any a r b i t r a r y  estimate of t h e  s p e c t r a l  

i r r a d i a n c e  func t ion  EX(X) 

(8 .54)  

The integrand of t h e  f i r s t  i n t e g r a l  is t h e  square of t h e  discrepancy between t h e  measurement 

S ( h o )  a t  Xo and t h e  instrument output ca lcu la ted  !faom t h i s  E X ( X ) .  The i n t e g r a l  over 

ho The l a s t  i n t e g r a l  is a 

measure of t h e  roughness of t h e  func t ion  EX(A): i f  t h i s  EA(X) has sharp excursions then 

t h e  second d e r i v a t i v e  w i l l  t a k e  on l a r g e  values  and t h i s  integr .a l  w i l l  be l a r g e .  The com- 

p l e t e  expression is t h u s  simultaneously a measure of t h e  magnitude of t h e  e r r o r  and t h e  

roughness o r  i r r e g u l a r i t y  of t h e  func t ion  EA(X). The parameter y [S *m *nm 3 
determines how much r e l a t i v e  weight is t o  be given t o  these  two a t t r i b u t e s  of EX(A) ( i t  
a l s o  absorbs some dimensional cons tan ts  s i n c e  t h e  dimensions of t h e  two components of ex- 
press ion  (8.54) a r e  otherwise obviously d i f f e r e n t ) .  
wi th  respec t  t o  t h e  parameters which descr ibe  

squares  s o l u t i o n  which simultaneously minimizes e r r o r s  and roughness wi th  a r e l a t i v e  weight- 

ing determined by y.  I n  t h e  case  of d i s c r e t e  measurements,expression ( 8 . 5 4 )  t akes  t h e  form 

is then a meaaure of t h e  t o t a l  e r r o r  throughout t h e  spectrum. 

2*w-2 4 4 

The minimization of expression (8 .54 )  

E X ( h )  then y i e l d s  a general ized l e a s t -  

(8.55) 

and t h e  minimization l e a d s  t o  t h e  s o l u t i o n  

This is a matrix equation i n  which t h e  q u a n t i t i e s  E and s, t h e  s p e c t r a l  i r r a d i a n c e  and 

instrument output v e c t o r s ,  and 

The s u p e r s c r i p t  T 
by interchanging rows and columns: 

symbol means t h e  matr ix  inverse  of t h a t  matrix. 
r e s u l t s  i n  a matr ix  known as t h e  i d e n t i t y  o r  u n i t  matrix1: 

R t h e  respons iv i ty  mat r ix ,  have a l ready  been introduced.  

on a matr ix  symbol means t h e  mat r ix  t ranspose of t h a t  matrix -- obtained 

The s u p e r s c r i p t  -1 on a matr ix  T 
R r , c  = R c , r .  i . e . ,  

The product of a matrix by i t s  inverse  

'The nota t ion  f o r  t h e  matrix inverse  and f o r  t h e  u n i t  matrix b r i n g s  out t h e  analogy between 

t h e s e  q u a n t i t i e s  and t h e  corresponding a l g e b r a i c  q u a n t i t i e s ,  r e c i p r o c a l  and u n i t y .  

n a t e l y  t h e  matr ix  inverse  is d i f f i c u l t  t o  c a l c u l a t e  e s p e c i a l l y  f o r  l a r g e  mat r ices  and t h e  

analogy is f u r t h e r  marred by some of t h e  o ther  i d i o s y n c r a s i e s  of matr ix  expressions such a s  
t h e  importance of t h e  order  of t h e  f a c t o r s  i n  m u l t i p l i c a t i o n .  

d e r i v e  t h e  equat ions i n  t h i s  s e c t i o n ,  f a m i l i a r i t y  with matrix a lgebra  should not  be neces- 

sary.  

I8 .241.  

Unfortu- 

Since we a r e  not  a t tempting t o  

For i n t e r e s t e d  r e a d e r s , b r i e f  in t roduct ions  t o  matr ix  a lgebra  a r e  given i n  [8.13] and 

Complete t reatments  can be found i n  textbooks on matr ix  a lgebra  o r  l i n e a r  a lgebra .  
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A+A I 

The matr ix  H i s  given by 

0 
0 .  
1 

1 
0 

0 

1 1 [ d imen s ion less ] 

H 5  . .  6 - 4  1 0  

1 -4 6 -4 1 I [nm-4~. 

(8.57). 

(8.58) 

The matrix is  symmetrical about both diagonals  and except f o r  t h e  f i r s t  two rows and t h e  

l as t  two rows, a l l  rows are similar. 

The matrix H given i n  eq. (8.58) tends t o  f o r c e  EA(A) i n  t h e  d i r e c t i o n  of l i n e a r -  

i t y .  Other choices  f o r  t h e  matr ix  H are poss ib l e  corresponding t o  d i f f e r e n t  choices  f o r  

t h e  smoothing term i n  expression (8.54). For example, t h e  matr ix  

H =  

-3 3 - 1  0 0 0 0  

10 -12 6 -1 0 0 0 
3 -12 19 -15 6 -1 0 0 

-1 6 -15 20 -15 6 -1 0 

0 -1 6 -15 20 -15 6 -1 

L 1 (8.59) 

corresponding t o  a term [d3:t:A) 2*dA [S2*nm] i n  expression (8.54) tends t o  f o r c e  

E ( A )  toward a quadrat ic .  Usually t h e r e  is  l i t t l e  d i f f e r e n c e  i n  t h e  f i n a l  r e s u l t s .  Other 

examples are given i n  [8.21,8.22,8.25], and e s p e c i a l l y  [8.13].  
x 

When y = 0 i n  eq. (8.56) t h e  s o l u t i o n  reduces t o  

(8.60) 
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which is  t h e  least-squares  s o l u t i o n  f o r  a set of equat ions l i k e  eq. (8.17). 

and t h e  number of equat ions i s  exac t ly  equal  t o  t h e  number of unknowns, as it i s  i n  our 

case, eq. (8.60) f u r t h e r  reduces t o  

When y = 0 

(8.61) 

which is j u s t  t h e  formal,  exact  s o l u t i o n  of eq. (8.17). As w e  have noted t h i s  s o l u t i o n  is  

l i k e l y  t o  be u n s a t i s f a c t o r y  i n  deconvolution because of t h e  problem of n o i s e  ampl i f i ca t ion .  

As y inc reases  eq. (8.56) g ives  s o l u t i o n s  of i nc reas ing  smoothness. Eventually,  f o r  l a r g e  

y, t h e  c a l c u l a t i o n  of t h e  matr ix  inve r se  (RT*R + Y*H)-' w i l l  gene ra l ly  f a i l .  This  

appears  t o  be a numerical  problem as soc ia t ed  with t h e  f a c t  t h a t  t h e  determinant of 

zero.  
H i s  

The p r a c t i c a l  d i f f e r e n c e  between eq. (8.56) and eq. (8.61) as s o l u t i o n s  of t h e  decon- 

em ] 
I f  e x p l i c i t  matr ix  ope ra t ions  are a v a i l a b l e  i n  

i s  not  t o o  l a r g e  t h e  matrix ope ra t ions  can be 

2ew-2 4 vo lu t ion  problem i s  t h a t  because of t h e  smoothing represented by t h e  term 

eq. (8.56) may be solved by exact methods. 
t h e  computer language employed and i f  

c a r r i e d  ou t  d i r e c t l y .  

more t roub le ,  but  s t i l l  s t r a igh t fo rward :  

and algori thms f o r  t h i s  are a v a i l a b l e  i n  most computer c e n t e r s .  

y * H  [ S  

n 

In  languages without e x p l i c i t  matr ix  ope ra t ions  t h e  c a l c u l a t i o n  i s  
t h e  matr ix  inve r s ion  is  t h e  most d i f f i c u l t  s t e p  

So, i n  summary, i n  t h e  general ized l eas t - squa res  technique w e  choose a va lue  of 

y [S2*W-2*m4*nm4] anG compute t h e  va lues  of Ei(Y) [W*m-2*nm-1] using eq. (8.56). One 

might s ta r t ,  f o r  example, with y sz .01R*2 where R* is  t h e  l a r g e s t  element i n  t h e  respon- 
-1 2 s i v i t y  matr ix  

r econs t ruc t ed  s i g n a l  and t h e  measured s i g n a l ,  such as t h e  s tandard dev ia t ion :  

R [SOW 1.m I .  We then eva lua te  some measure of t h e  agreement between t h e  

(8.62) 

Now, depending upon whether U(y) is  l a r g e r  o r  smaller than t h e  est imated random measure- 

ment u n c e r t a i n t i e s ,  a smaller o r  l a r g e r  va lue  of i s  chosen -- say by a f a c t o r  of 10 -- 
and t h e  c a l c u l a t i o n  i s  repeated. 

as l a r g e  a value of 

y 
The goal  is  t o  introduce as much smoothing as p o s s i b l e  -- 

y as p o s s i b l e  -- c o n s i s t e n t  with t h e  measured s i g n a l ,  al lowing f o r  i t s  

unce r t a in ty .  The s o l u t i o n  is  no t  very s e n s i t i v e  

order-of-magnitude w i l l '  not  s e r i o u s l y  a f f e c t  t h e  

I n  t a b l e  8-3 w e  show t h e  r e s u l t s  of so lv ing  
using t h i s  general ized least-squares  technique. 

s o l u t i o n s  obtained using d i f f e r e n t  va lues  of y. 

t o  y and a less-than-optimum choice by an 

r e s u l t s .  

t h e  deconvolution problem of t a b l e  8-1 
The last four  columns of t h e  t a b l e  are 

Notice t h a t  w e  s t i l l  have an end-effect a t  

t h e  bottom of t h e  t a b l e .  

i n  S a t  A = 60 and, as w e  have s a i d ,  t h e  r e s u l t s  would be p e r f e c t l y  c o r r e c t  i f  t h e  meas- 

ured Sk values  a c t u a l l y  dropped ab rup t ly  t o  zero a t  t h i s  po in t .  The s i m i l a r i t y  between 

t h i s  family of s o l u t i o n s  and t h e  successive i terates of t a b l e  8-1 is  apparent .  

This  is  because t h e  technique a t t empt s  t o  recreate t h e  sudden jump 

The las t  row 
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Table 8-3. Generalized least-squares deconvolution 

A 
0 
2 
4 
6 
8 
10 
12 
14 
16 
18 
20 
22 
24 
24 
28 
30 
32 
34 
36 
38 
40 
42 
44 
46 
48 
50 
52 
54 
56 
58 
60 

S 

- 0 0  
.33 
5. 33 
25. &7 
64. 00 

102. 33 
122. 67 
127. 67 
128. 00 
128. 00 
12s. 00 
128. 00 
128. 00 
125.00 
128. 00 
12s. 00 
128.00 
128. 00 
128. 00 
123. 00 
128.00 
128. 00 
12s. 00 
128.00 
128. 00 
128. 00 
128.00 
128. 00 
128.00 
128. 00 
128.00 

- y=.o1 

. 00 
-. 00 

* os 
I. 17 
4. 00 
6. 33 
7. 91 
8. 01 
7. 99 
8. 01 
7. 99 
8. 00 
3. 00 
7. 99 
8. 00 
8. 00 
7. 9s 
3. 06 
7. 89 
8. is 
7. 73 
8. 37 
7. 54 
8. S1 
7. 53 
8. 26 
8. 19 
7. 02 
10. 17 
4. 20 
13. 80 

. 02  

y=. 1 

. 00 

. 00 
-07  
1. 19 
4. 00 
6. 81 
7. 93 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
3. 00 
8. 00 
8. 00 
8. 00 
8. 00 
7. 99 
3. 02 
7. 97 
8. 01 
8. 04 
7. 84 
8. 34 
7. 52 
8. 39 
8. 30 
6. 05 

12. 66 
. O S  

y= 1 

. 0 4  
-. 06 
. 06 

1. 29 
4. 00 
4. 71 
7. 95 
8. 04 
7. 98 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
3. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
7. 9? 
8. 00 
8. 02 
7. 95 
7. 99 
8. 29 
7. 47 
7. 42 

11. 43 
. 3 4  

y=lO 

-. 10 
-. 16 
- 2 0  
I. 59 
4. 00 
4. 41 
7. 81 
8. 14 
8. 07 
7. 99 
7. 93 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 00 
8. 01 
8. 03 
8. 01 
7. 83 
7. 70 
8. 49 

10. 34 
1. 64 
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of t a b l e  8-3 is  again t h e  rms dev ia t ion  of t h e  computed 

f o r  t h e  f i r s t  s i x t e e n  va lues  of t h e  four  columns of Ei values .  For measurement uncer- 

t a i n t i e s  i n  Sk of 0.1% something between y = .1 and y = 1 would apparent ly  be appro- 

p r i a t e .  The matrices R and H used i n  t h i s  s o l u t i o n  have been given i n  eqs.  (8.30) and 

(8.58). 

t h e  appearance of t h e  rest of t h e  matrices involved i n  t h i s  example. 

about t h e  diagonal  running from upper l e f t  t o  lower r i g h t  R and RT are t h e  same. The 

product RT*R is  

AA*lRik*Ei from t h e  measured Sk i 

A s  an a i d  t o  r eade r s  unaccustomed t o  working wi th  matrices w e  w i l l  b r i e f l y  i n d i c a t e  

Since R is  symmetric 

For y = 1 t h e  matr ix  RT*R + y*H becomes 

1 4  5 0 0 0 0  

2 9 1 2  5 0 0 0  

12 30 12 5 0 0 

5 12 30 12 5 0 

l o  O 5 1 : 3 0 1 2 5  

L 

(8.63) 

(8.64) 

A por t ion  of t h e  middle row (o r  column) of t h e  inve r se  of t h e  matrix of eq. (8.64) is  

. . -73 395 -425 -1125 4375 -3125 -15625 46875 ,-15625 -3125 . . .). (8.65) 

Neighboring rows (o r  columns) are s imilar  but displaced j u s t  as i n  eq. (8.64); however, t h e  

depa r tu re s  from t h i s  t y p i c a l  row a t  t h e  edges of t h e  a r r a y  are more pronounced than i n  eq. 

(8.64).  F i n a l l y ,  t h e  product of (RT*R + H)-' by RT f o r  y = 1 gives a matr ix  whose 

middle row ( o r  column) i s  

( -  . . -0004 .0006 -.0032 .0034 .009 -.035 .025 -125 .025 -.035 . . .). (8.66) 

This  matr ix  i s  f u n c t i o n a l l y  t h e  equivalent  of t h e  inve r se  s l i t - s c a t t e r i n g  func t ion  matr ix  
descr ibed earlier.  

v 
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There i s  no requirement i n  t h i s  procedure t h a t  t h e  number of Ei va lues  be equal  t o  

t h e  number of Sk values  or  t h a t  t h e  wavelength spacings be uniform. I n  our numerical 

example, f o r  i n s t ance ,  i f  an a d d i t i o n a l  measurement were made a t  A = 5 ,  i t  would only be 

necessary  t o  i n s e r t  an appropr i a t e  a d d i t i o n a l  row i n t o  
0 

R 

4 2 0 0 0 0  

- R =  
0 2 

(8.67) 

expressing how S(Xo = 5) is  t o  be  ca l cu la t ed  from t h e  E(X) (1 = 0 ,2 ,4 ,6 ,8 ,  ...). The 

mat r ix  R now w i l l  have 32 rows and 31  columns. Matrix m u l t i p l i c a t i o n  r equ i r e s  t h a t  t h e  
number of columns of t h e  f a c t o r  on t h e  l e f t  be equal t o  t h e  number of rows of  t h e  f a c t o r  on 

t h e  r i g h t  and then t h e  product mat r ix  w i l l  conta in  as many rows a s  t h e  f i r s t  mat r ix  and a s  
many columns as t h e  second. The following diagram i l l u s t r a t e s  t h i s  r u l e  schemat ica l ly  

* * * * *  
* * * * *  
* * * * *  
* * * * *  
* * * * *  
* * * * *  1 * * * * *  

[ i i f (8.68) 

I f  t h e  mat r ix  R has m (>  n) rows and n columns then  RT w i l l  have n rows and m 

columns and mat r ix  RT*R w i l l  be  an n by n square matrix.  The mat r ix  then must be 
chosen a s  an n by n mat r ix  and w e  must i n v e r t  an n by n mat r ix  t o  so lve  t h e  de- 

convolution problem. 

of equal ly  spaced Ei va lues  des i r ed  and Ah i s  t h e  spacing of t h e s e  va lues .  

An ITERATIVE SOLUTION f o r  LARGE NUMBERS of POINTS. 

Note t h a t  t h e  s i z e  of t h e  mat r ix  t o  be inver ted  i s  given by t h e  number 

I f  t h e  number of measurement po in t s ,  

n ,  
and increas ing  inaccurac ies  of mat r ix  invers ion  rou t ines  make t h e  d i r e c t  eva lua t ion  of 

i s  l a r g e  -- g r e a t e r  than something l i k e  100 -- l i m i t a t i o n s  of computer memory capac i ty  

E 
by eq. (8.56) exfremely d i f f i c u l t  i f  no t  impossible. I n  t h i s  ca se  an i t e r a t i v e  s o l u t i o n  

s i m i l a r  t o  t h a t  of eqs ,  (8.10) and (8.11) can be c a r r i e d  out .  L e t  u s  w r i t e  

2*w-2 4 T = RT-R + YH [ s  *m 1 (8.69) 
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(8.70) 

then eq. (8.56) can be w r i t t e n  

o r  Q = AA.T+ which is t h e  same form as eq. (8.17). Thus t h e  . i t e r a t i v e  so lu t ion  can be 

w r i t t e n  [by analogy with eq. (8.19)] 

E'"' 
discussed earlier. 
c a r r i e d  f u r t h e r  toward convergence than can t h e  simple i t e r a t i v e  deconvolution scheme of eq. 

(8.10) because t h e  t e r m  y*H prevents  no i se  build-up. Notice t h a t  i f  t h e  mat r ix  A w e r e  

taken a s  t h e  exact  inverse  of 

i s  computed from s by eqs.  (8.6) exac t ly  a s  i n  t h e  simple i t e r a t i v e  deconvolution w e  

The execut ion of t h e  i t e r a t i o n  scheme of eq. (8.72) normally can be 

1 t h a t  is ,  i f  A = n * T - '  w e  would have Ah*T, 

which is  j u s t  eq. (8.71) o r  (8.56). I n  t h i s  ca se  E(') (=E) i s  independent of t h e  t r i a l  

s p e c t r a l  i r r ad iance  vec to r  E(V-1) 

i t e r a t i o n s  requi red .  Therefore ,  i f  A can be chosen as a good approximation t o  
1 

-0T-l t h e  i t e r a t i o n s  of eq. (8.72) can be expected t o  converge very quickly.  Ah 
lowing procedure may be used t o  compute a good approximation t o  &*T-l [S-2*W2*m-4*nm-1]. 

and consequently convergence i s  immediate wi th  no 

The f o l -  

We are looking f o r  a mat r ix  A which s a t i s f i e s  

A-T == -*I 1 [nm-'1, (8.74) Ah 

where I is  t h e  u n i t  matrix. In  obta in ing  A w e  make use  of t h e  f a c t  t h a t  t h e  elements of 

t h e  mat r ix  

d iagonal  
T are everywhere nea r ly  zero  except f o r  a narrow band along t h e  p r i n c i p l e  

T =  (8.75) 



and t h a t  each row i s  i d e n t i c a l  o r  near ly  i d e n t i c a l  t o  i ts  neighbor except f o r  a one-step 

h o r i z o n t a l  displacement.  

wi th  a similar narrow diagonal  band of i d e n t i c a l  non-zero rows which approximately s a t i s f i e s  

eq. (8.74). 

Then we determine t h e  elements of a m a t r i x  A [S-2*W2*m-4*m-11, 

Thus w e  have a matr ix  equation which looks something l i k e  t h i s  

A T 

where t h e  diagonal  bands, because of t h e i r  assumed row-by-row invar iance  look l i k e  

and 

. . . T-2 T-l To T1 T2.  . . 

(8.76) 

(8.76a) 

. .  

(8.76b) 

. . .  T-2 T-l To T1 T2. . . 
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Consider now t h e  equat ions which genera te  a s i n g l e  column near  t h e  middle of t h e  u n i t  

matrix: 

(8.77) 

I n  eqs. (8.77) w e  have assumed t h a t  only t h e  T elements from T-2 t o  T2 are s i g n i f i -  

c a n t l y  d i f f e r e n t  from zero  and t h a t  w e  d e s i r e  a matr ix  

I n  genera l ,  wi th  t h e  number 

nA of A elements d e s i r e d  we w i l l  have nT + nA - 1 equat ions i n  t h e  nA unknown A 
matrix elements. 

1 1  elements which w i l l  d e f i n e  a good band-matrix approximation t o  -*T- AX 
s o l u t i o n  is  given by [compare eq. (8.60)] 

A with only 3 non-zero diagonals .  

nT of such non-zero diagonals  i n  t h e  T matrix and t h e  number 

These equat ions can be solved i n  a least-squares  sense  t o  g i v e  a set of A 
The least-squares  

(8.78) 

Ai where t h e  elements of vec tor  

i = . . . 2,1,0,-1,-2,, . . and T1 
x, from top-to-bottom a r e  t h e  values  

is  t h e  abbreviated nT + nA -1 by nA mat r ix  
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(nA columns) 

1 

T =  

T2 
T1 

TO 

T- 1 

T-2 

0 

0 

0 

T2 

T1 
TO 

T- 1 
T-2 

0 

0 
0 

T2 

T1 * 

TO 
T-l 

T-2 

- 

(nT + nA - 1 rows) (8.79) 

1T 
The mat r ix  T * T I  i n  eq. (8.78) which now must be inver ted  i s  only an nA by nA mat r ix .  

Thus, by us ing  t h i s  approximation and accept ing  t h e  complication of i t e r a t i o n  w e  are a b l e  t o  

reduce t h e  dimensions of t h e  mat r ix  which must be  inver ted  from n by n (n  i s  t h e  t o t a l  

number of measured poin ts )  t o  nA by nA where n is  a small number usua l ly  taken equal  

t o  t h e  number of s i g n i f i c a n t l y  non-zero elements i n  a row of t h e  r e spons iv i ty  mat r ix  

Thus, n w i l l  normally be equal t o  2 o r  3 t i m e s  t h e  nominal s p e c t r a l  s l i t  width i n  u n i t s  A 

of A A ,  so t h a t  t h e  c a l c u l a t i o n  of (T *TI)-’  should pose no problem. Of course ,  nA may 

always be chosen smaller, i f  necessary ,  a t  t h e  expense of a d d i t i o n a l  i t e r a t i o n s .  

A 
R. 

1T 

I f  nA = 1 eqs. (8.77) reduce t o  

T2-A0 = 0 
T1-AO = 0 

TO*AO = l / A A  

T-l-AO = 0 

T-2*A0 = 0 

(8.80) 

wi th  t h e  leas t - squares  s o l u t i o n  

2 2 2 2  2 -2 2 -4 -1 A. = TO/[AX*( . . T2 + T + To + T-l + T-Z . . > ]  [S *W -m *nm 1. 1 (8.81)) 
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This obviously does no t  so lve  eqs. (8.80) very w e l l  bu t  it rep resen t s  t h e  bes t  a v a i l a b l e  

approximation t o  -0T-l 1 
A A i n  a leas t - squares  sense  which c o n s i s t s  of a s i n g l e  diagonal .  

A -  

- - 
A. 0 0 0 . .  
0 A o O  0 

0 0 A o O  

O O O A o  

- - 

(8.82) 

This so lu t ion ,  f o r  
deconvolut ion discussed e a r l i e r  l eads  t o  eq. (8 .9) .  More e l abora t e  A matr ices  cor res -  

ponding t o  nA > 1 
t i o n s  of t h e  genera l ized  leas t - squares  method and w i l l  usua l ly  r e s u l t  i n  more rap id  con- 

vergence. However, one o f  t h e  most appeal ing f e a t u r e s  of t h e  i t e r a t i v e  deconvolution tech- 

n ique  i s  i t s  s impl i c i ty ,  both computational and conceptual ,  and, i n  our  opinion,  t h e  e f f o r t  

requi red  t o  provide an improved 

a l i z e d  leas t - squares  technique o r  a Four ie r  technique [8.6,8.7,8.26,8.27,8.28] t o  one ' s  d a t a .  

nA = 1, when appl ied  t o  t h e  r e spons iv i ty  mat r ix  of t h e  simple i t e r a t i v e  

can be used i n  t h e  s imple i t e r a t i v e  deconvolution j u s t  a s  i n  t h e  itera- 

A matr ix  would be b e t t e r  devoted t o  applying t h e  gener- 

As i n  t h e  simple i terat ive deconvolution t h e  va lue  of t h e  matr ix  A should only a f f e c t  

t h e  r a t e  of convergence, no t  t h e  f i n a l  va lues  of s p e c t r a l  i r r ad iance  obtained a t  convergence. 

I f  t h e  rows of mat r ix  T are no t  i nva r i an t  [ a s  they a r e  i n  eq. (8.79)] , which means t h a t  R 
cannot be approximated by a s l i t - s c a t t e r i n g  func t ion ,  then A w i l l  depend upon which par- 
t i c u l a r  group of n columns of T a r e  chosen f o r  t h e  submatrix T [eq.  (8 .79)] .  Thus 

any p a r t i c u l a r  T may lead  t o  a matr ix  A which i s  inappropr ia te  f o r  o the r  spectral  

reg ions  of t h e  c a l c u l a t i o n  i n  t h e  sense t h a t  convergence may be slow i n  those  reg ions .  

extreme cases it may be necessary t o  c a l c u l a t e  d i f f e r e n t  mat r ices  

s p e c t r a l  reg ions ;  i n  o the r  words, t o  break t h e  problem i n t o  smaller problems i n  each of which 

a s i n g l e  A Q DOT-' provides  adequate convergence. 

1 

t A  

I n  

A f o r  u se  i n  d i f f e r e n t  

1 

For b rev i ty  w e  have presented t h e  genera l ized  leas t - squares  method, f o r  t h e  most p a r t ,  

i n  matrix no ta t ion .  

need no t  use  matrix opera t ions  except  f o r  t h e  s i n g l e  mat r ix  invers ion ,  which can usua l ly  be 

handled by a c a l l  t o  a s u i t a b l e  subrout ine  a v a i l a b l e  i n  most computer-center program l i b r a r -  

ies. Moreover, t o  t h e  ex ten t  t h a t  t h e  mat r ices  are band mat r ices  wi th  inva r i an t  rows, t h e  

mat r ix  m u l t i p l i c a t i o n s  can be replaced by convolut ions.  

computer-memory requirements by s t o r i n g  only t h e  non-zero elements o f  one row of such a 

mat r ix  and obta in ing  o the r  mat r ix  elements by juggl ing  t h e  ind ices  of t h i s  row. 

in s t ead  of 

W e  wish t o  stress t h a t  t h e  implementation of t h e  technique on a computer 

Convolution c a l c u l a t i o n s  reduce 

For example, 
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r = 1,2, ..., n 
and (8.83) 

w e  can write 

n2 
W(i) = T(k)*E(i-k) 

2 k= -n 

and 

r , c  = 1 , 2 , .  . . ,n 

2 i = -n2, . . . , - l ,O, l , . . . ,n  

(8.84) 

"2 n 

2 '  i = -n2, . . . , - l ,O, l , . . . ,n  
2 T  

2 

P ( i )  = R (k)-R(i-k) = R(-k).R(i-k) 

2 k=-n k=-n 

In  these  expressions (T,,), (Rrc) and (Prc) are n by n ma t r i ces  with n assumed t o  

be an  odd number and n2 = %(n - 1). The q u a n t i t i e s  T(k) ,  R(k) and P(k) are t h e  e n t r i e s  

along t h e  i n v a r i a n t  rows of t hese  matrices as i n  eqs.  (8.76) and (8.76a).  
r :  

That is ,  f o r  any 

T(k) = Tr,r+k9 R(k) = Rr,r+k, P(k) = Pr,r+k = (RT*R)r,r+k 
and (8.85) 

Examples of computer programs f o r  both t h e  simple i t e r a t i v e  deconvolution technique and t h e  

i t e r a t i v e  general ized l eas t - squa res  technique are given i n  Appendix 8A. 

use convolution in s t ead  of matr ix  m u l t i p l i c a t i o n  and hence, are app l i cab le  only when t h e  

s l i t - s c a t t e r i n g  func t ion  approximation is  adequate.  The only matr ix  ope ra t ions  used are 

those a s soc ia t ed  with eva lua t ing  eq. (8.78) . 
CONFIDENCE BANDS and t h e  RESIDUAL SPECTRAL RESPONSIVITY FUNCTION. I f  w e  can ob ta in  an 

estimate of t h e  matr ix  which conve r t s  t h e  measured s i g n a l  vec to r  

s p e c t r a l  i r r a d i a n c e  vec to r  

va lues  of Ei are r e l a t e d  t o  t h e  u n c e r t a i n t i e s  i n  t h e  measured Si [8.21]. Ca l l ing  t h i s  

matr ix  L w e  need t o  know L i n  t h e  equation 

Both these  programs 

s i n t o  t h e  deconvoluted 

E then we can c a l c u l a t e  how t h e  random u n c e r t a i n t i e s  i n  t h e  

E = L*S [ ~ . m - ~ - n m - ~ l  (8.86) 

where E, 
convolution. Luckily,  w e  a l r eady  have expressions f o r  L. For t h e  simple i t e r a t i v e  decon- 

vo lu t ion  w e  have [from eq. (8.48)] 

here ,  i s  t h e  ca l cu la t ed  set of s p e c t r a l  i r r a d i a n c e  va lues  which r e s u l t  from de- 
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(8.87) 

For t h e  general ized least-squares  s o l u t i o n  [from eqs. (8.70) and (8.71)] 

(8.88) 

o r ,  i f  t h e  i t e r a t i v e  r o u t i n e  is used 

Now i f  E And s are r e l a t e d  by eq. (8.86) then t h e  u n c e r t a i n t i e s  i n  E are r e l a t e d  t o  t h e  

u n c e r t a i n t i e s  i n  s by 

where cov(s) means t h e  convariance mat r ix  of s, e t c .  For our purposes w e  s h a l l  make t h e  

u s u a l  assumption t h a t  t h e  random e r r o r s  i n  are uncorre la ted ,  t h a t  is, t h a t  t h e  magnitude 

and d i r e c t i o n  of t h e  e r r o r  i n  

measuring any o t h e r  va lue ,  Sk. I n  such a case cov(s) i s  j u s t  t h e  diagonal  mat r ix  

s 
SR, sayy  doesn ' t  depend upon t h e  e r r o r  t h a t  w a s  made i n  

cov(s) - 

- - 
u'1 0 0 

0 u ; o . .  
2 0 0 u3 [S21 Y (8.91) 

Sk. The where uky 

diagonal  elements of t h e  matrix cov(E) computed from eq. (8.90) are s i m i l a r l y  t h e  squares  

of t h e  s tandard devia t ions ,  

descr ibe  t h e  c o r r e l a t i o n  between e r r o r s  a t  d i f f e r e n t  wavelengths but  w e  w i l l  no t  d i scuss  

t h e s e  q u a n t i t i e s  here .  

e r r o r  o y  cov(s) reduces t o  u * I  [S2] where I is  t h e  u n i t  matr ix .  Then eq. (8.90) 

reduces t o  

as i n  eq. (8.13), i s  t h e  s tandard devia t ion  of t h e  measurement of 

of t h e  va lues  of Ek. The off-diagonal elements of cov(E) 'k' 

I n  t h e  s implest  case where 911 Si a r e  subjec t  t o  t h e  same random 
2 

whence 

(8.93) 
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Applying t h i s  formula t o  t h e  example of t a b l e  8-2 using eq. (8.87) w e  f i n d  t h a t ,  since a l l  

r o w s  of t he  matr ix  v are i d e n t i c a l  w e  need only sum t h e  squares  of t h e  column corresponding 

t o  t h e  appropr i a t e  number of i t e r a t i o n s .  For v = 3 i t e r a t i o n s  t h i s  l e a d s  t o  

(8.94) 

o r  Si = 0.18 u f o r  any 

maximum o r  0.13 w e  ob ta in  

dev ia t ions  , 
Ei values .  For example, 

of t h e  E,, 

i. Assuming an unce r t a in ty  i n  t h e  S measurements of 0.1% of t h e  
Once t h e  s tandard 

are known, confidence bands can be drawn around t h e  ca l cu la t ed  

5, = 0.023 o r  about 0.3% of t h e  maximum of E. 

Ei 
t h e  p r o b a b i l i t y  is  0.997 t h a t  t h e  "true" va lues  (deconvoluted 

random-error-free da t a )  are wi th in  t h r e e  s tandard dev ia t ions  of t h e  ca l cu la t ed  values  -- 
between E - 3Ci and E + 35 (The corresponding p r o b a b i l i t y  f o r  two s tandard dev ia t ions  

i s  0.954 and f o r  one standard dev ia t ion ,  0.683.) 
i i i' 

The u n c e r t a i n t i e s  5, are due e n t i r e l y  t o  t h e  random e r r o r  i n  S and do no t  include 

t h e  d i f f e r e n c e  between t h e  deconvoluted spectrum and t h e  t r u e  s p e c t r a l  i r r a d i a n c e  caused, f o r  

example, by premature terminat ion of t h e  i t e r a t i o n  o r  smoothing. These a d d i t i o n a l  e r r o r s  are 
descr ibed by a func t ion  w e  s h a l l  ca l l  t h e  r e s i d u a l  s p e c t r a l  r e spons iv i ty  funct ion.  This i s  

t h e  e f f e c t i v e  r e spons iv i ty  func t ion  of t h e  o v e r a l l  process including measurement and decon- 

volutiorl. I f  E is  t h e  t r u e  s p e c t r a l  i r r a d i a n c e  vec to r  of a source and R i s  t h e  respon- 

s i v i t y  matrix of our spectroradiometer ,  we w i l l  observe a s i g n a l  

l i n e a r i t y ,  no e r r o r  from rep lac ing  i n t e g r a t i o n  by summation, e t c . ,  i s  no t  given exac t ly  by 

s which, even assuming 

(8.95) 

because of t h e  in t roduc t ion  of random experimental  n o i s e  both i n  t h e  beam reaching t h e  

radiometer and i n  t h e  measuring process .  

endeavor t o  r eve r se  t h e  instrumental  smearing descr ibed by 

it i s  mathematically and numerically p o s s i b l e  t o  so lve  eq. (8.95) exac t ly  f o r  t h e  vec to r  

i t  i s  r a r e l y  d e s i r a b l e  t o  do s o  because t h e  

i s f i e s  eq. (8.95) and t h e  d i sc repanc ie s  -- t h e  n o i s e  -- w i l l  b e  enormously amplif ied.  

sequent ly ,  i n  deconvolution w e  a c t u a l l y  c a l c u l a t e  a quant i ty '  

mation t o  E, by a process  

In  following t h i s  measurement by a deconvolution w e  

R. A s  we have noted,  even where 

E, 
s w e  observe i s  not  t h e  quan t i ty  which sat- 

Con- 
A 

E, which is  some approxi- 

(8.96) 

which i s  some approximation t o  t h e  exact inve r se  

l I n  t h i s  section'we d i s t i n g u i s h  between a t r u e  s p e c t r a l  i r r a d i a n c e  

approximation t o  i t  which w e  c a l l  
because it is  usua l ly  obvious from t h e  context whether E o r  E i s  intended. 

E and a ca l cu la t ed  
A 

E. We have not  had t o  make t h i s  d i s t i n c t i o n  previously 
A 
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W e  may t h i n k  of t h e  mat r ix  

eqs. (8.87), (8.88), o r  (8.89) o r  w e  may t h i n k  of it merely a s  s ign i fy ing  t h e  process  of 

deconvolution of The degree t o  which t h e  

process  
mates E is  dependent i n d i r e c t l y  upon t h e  est imated no i se  l e v e l  i n  t h e  d a t a  s because t h e  

no i se  l e v e l  limits t h e  number of i t e r a t i o n s  v o r  governs t h e  amount of smoothing y used 

i n  t h e  deconvolution process  L. We def ine  t h e  r e s i d u a l  s p e c t r a l  r e spons iv i ty  func t ion  F 
as t h e  func t ion  which desc r ibes  t h e  r e l a t i o n s h i p  between E and E. That is  

L i n  eq. (8.96) as an e x p l i c i t  deconvolution mat r ix  as given i n  

s by whatever means -- i .e.,  a s  an opera tor .  

L approximates t h e  exact  'OR-' and consequently t h e  degree t o  which 2 approxi- A X  

A 

(8.98) 

BY s u b s t i t u t i n g  eq. (8.95) , i n  eq. (8.96) and comparing wi th  eq. (8.98) w e  see t h a t  t h e  matr ix  

F i s  given by 

-1 F = LOR trim I ,  (8.99) 

Although F and R i n  t h i s  equat ion are mat r ices  they can be t r e a t e d  column-by-column as 
vec to r s .  I n  o t h e r  words eq. (8.99) can be w r i t t e n  a s  n matr ix  equat ions ,  one f o r  each 

column of R and corresponding column of F: 
- -  
F1 i 

F2 i 

Fn i 
- 

- L *  

- -  
R1 i 

R2 i 

Rn i - -  

i=1 ,2 , .  . . ,n (8.100) 

Since these  equat ions  are exac t ly  t h e  form of eq. (8.96) -- t h e  deconvolution process  -- w e  

see t h a t  t h e  columns of t h e  r e s i d u a l  r e spons iv i ty  func t ion  can be obtained by deconvoluting 

t h e  corresponding columns of t h e  s p e c t r a l  r e spons iv i ty  mat r ix  a s  though t h e  columns of t h e  

r e spons iv i ty  mat r ix  were observed s i g n a l s ,  s. The deconvolution process ,  L, i n  eq. 

(8.100) must be exac t ly  t h e  same matr ix  o r  represent  t h e  same sequence of c a l c u l a t i o n s  which 

w a s  used in  deconvoluting t h e  measurements t o  g ive  t h e  computed s p e c t r a l  i r r a d i a n c e  d i s -  

t r i b u t i o n  E; it must u s e  t h e  same values  of any parameters such as y o r  Ak and t h e  same 

number of i t e r a t i o n s ,  i f  any. The f i n a l  r e s u l t ,  t h e  complete func t ion  F, depending upon 

both  X and Xo, i s  t h e  r e spons iv i ty  func t ion  of an imaginary spectroradiometer  which would 

y i e l d  d i r e c t l y ,  without  deconvolut ion,  a s p e c t r a l  i r r a d i a n c e  output  i d e n t i c a l  t o  t h e  computed 

r e s u l t s  of t h e  real system cons i s t ing  of radiometer p lus  deconvolution. 

s 
h 
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The s i g n i f i c a n c e  of t h e  r e s i d u a l  spectral  r e spons iv i ty  func t ion  i s  t h a t  it desc r ibes  t h e  

t h e  s p e c t r a l  averaging which remains i n  t h e  deconvoluted r e s u l t s  and which i s  normally n o t  

removable by f u r t h e r  deconvolution: 

ex t r ac t ed  from t h e  d a t a  because of t h e  limits imposed by no i se  and imprecis ion i n  t h e  da t a  

i t s e l f .  Consequently, i f  it i s  des i red  t o  compare deconvoluted experimental  s p e c t r a l  i r r a -  

d iance  measurements wi th ,  f o r  example, a theory,  one should f i r s t  convolute t h e  t h e o r e t i c a l  

spectrum w i t h  t h e  r e s i d u a l  r e spons iv i ty  func t ion  -- i n  o the r  words, c a l c u l a t e ,  using eq. 

(8.98), what t h e  t h e o r e t i c a l  spectrum would look l i k e  i f  measured wi th  t h e  imaginary r ad i -  

ometer exh ib i t i ng  a r e spons iv i ty  func t ion  given by t h e  r e s i d u a l  r e spons iv i ty  func t ion  -- and 

then compare these  r e s u l t s  with an appropr i a t e  confidence band of t h e  deconvoluted experi-  

mental r e s u l t s .  

it desc r ibes  t h e  u l t imate '  r e so lu t ion  which can be 

Normally t h e  r e s i d u a l  r e spons iv i ty  func t ion  is  used merely t o  i n d i c a t e  t h e  improvement 

For t h i s  purpose usua l ly  t h e  i n  s p e c t r a l  r e so lu t ion  achieved by t h e  deconvolution process .  

c a l c u l a t i o n  of a s i n g l e  r ep resen ta t ive  column of F is  adequate. 

deconvolution where L = &OR-' t h e  mat r ix  F becomes 

I n  t h e  l i m i t  of a pe r fec t  

where I is  t h e  i d e n t i t y  matr ix .  Each column of F is  then t h e  vec to r  equiva len t  of a 

d e l t a  func t ion  6(Ao-A). 

ou t ,  w e  may t ake  E propor t iona l  t o  s, which is  equiva len t  t o  s e t t i n g 2  L a 1 [ ( eq .  

(8.96)] and w e  ob ta in  

A t  t h e  oppos i te  extreme, where no deconvolution a t  a l l  is  c a r r i e d  
h 

In t h i s  case each column of 

R which, i n  tu rn ,  is  propor t iona l  t o  t h e  observed response of t h e  spectroradiometer  when 
scanned over a sharp,  fixed-wavelength s p e c t r a l  l i n e .  Any r e a l  deconvolut ion,  then ,  w i l l  
l e ad  t o  a func t ion  F(Xo,X) whose dependence upon Xo a t  any f ixed  X i  l i es  somewhere 

between a d e l t a  func t ion  and t h e  raw instrument  d i s t o r t i o n  of a s p e c t r a l  l i n e .  Examples of 

t h e  ca l cu la t ion  of th i s  func t ion  are shown i n  f i g u r e  8.4 f o r  t h e  example of t a b l e  8-la. 

Since R(Ao,A) normally depends s t rong ly  upon Ao-A and only weakly (not  a t  a l l  i n  our 

example) upon X o r  A s epa ra t e ly ,  it i s  usua l  t o  assume a similar behavior f o r  F(Ao,A). 

Then t h e  absc i s sa  can be labe led  

t h e  s p e c i f i c  column of t h e  r e spons iv i ty  matrix f o r  

o v e r a l l  s p e c t r a l  r e s o l v a b i l i t y  of t h e  process  a s  t h e  number of i t e r a t i o n s  increases  i s  

F i s  simply propor t iona l  t o  a column of t h e  r e spons iv i ty  mat r ix  

0 

Ao-A, even though i n  our  example it was ca l cu la t ed  using 

X = 30. The s teady improvement i n  t h e  

lWe assume here  t h a t  t h e  i t e r a t i o n s  were terminated o r  t h e  degree of smoothing was estab-  

l i shed  by r e fe rence  t o  t h e  no i se  content  of t h e  da t a .  If n o t ,  then ,  presumably, some f u r t h e r  

r e so lu t ion  enhancement i s  s t i l l  poss ib le .  

2The symbol a, here ,  i s  t h e  symbol of p ropor t iona l i t y ,  and i s  read ,  "is propor t iona l  to". 
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Figure 8 .4 .  Residual responsivity functions for example of table 8-la. 

Simple iterative deconvolution using 0, 3, and 9 iterations. 

74 



c l e a r l y  shown i n  t h e  f i g u r e  by t h e  sharpening of t h e  c e n t r a l  peak with inc reas ing  

Usually t h e  most important f e a t u r e  of t h e s e  curves from t h e  point  of view of cha rac t e r i z ing  

t h e  r e s o l u t i o n  improvement due t o  deconvolution i s  t h e  f u l l  width a t  ha l f  maximum of t h e  

curve. In  f i g u r e  8.4 t h i s  is  seen t o  change from 4 a t  v = 0 (no deconvolution) t o  1.1 

a t  
whose s l i t  width w a s  n e a r l y  a q u a r t e r  t h a t  of t h e  o r i g i n a l  instrument.  

urement S(A ) of a source i s  of l imi t ed  use fu lness  un le s s  information about t h e  instrument 

s p e c t r a l  bandpass is  a v a i l a b l e ,  s o  t h e  deconvoluted s p e c t r a l  i r r a d i a n c e  i s  not  r e a l l y  

complete un le s s  information about t h e  o v e r a l l  s p e c t r a l  r e s o l u t i o n  is  a v a i l a b l e .  Thus, any 

c a r e f u l  work involving deconvolution should include a computation of t h e  r e s i d u a l  s p e c t r a l  

r esp ons i v  it y f unc t ion. 

SUMMARY of CHAPTER 8.  

d i s t r i b u t i o n  such as s p e c t r a l  i r r a d i a n c e ,  Eh(X), from spectroradiometr ic  measurements 

S(Xo) 

v .  

v = 9 which i s  roughly equivalent  t o  ca r ry ing  ou t  t h e  measurements w i t h  an instrument 

J u s t  as t h e  meas- 

0 

k(A) 

By t h e  process of deconvolution w e  mean t h e  recovery of a s p e c t r a l  

when t h e  two func t ions  are r e l a t e d  by 

In  t h i s  equation RE(Ao,A) 

spectroradlometer and t h e  v a r i a b l e  A. is t h e  wavelength s e t t i n g  of t h e  radiometer.  The 

i n t e g r a l  is  understood t o  extend over a l l  wavelengths, A ,  f o r  which n e i t h e r  %(Ao,A) nor 

Eh(X) vanish.  The so lu t ion  of t h i s  i n t e g r a l  equation f o r  EA(A) is complicated by non- 
uniqueness and, i n  t h e  case of real measurements, by t h e  ampl i f i ca t ion  of measurement no i se .  

i s  t h e  s p e c t r a l  i r r a d i a n c e  r e spons iv i ty  func t ion  of t h e  measuring 

In  any a p p l i c a t i o n  of eq. (8.1) t o  n real  d i s c r e t e  measurements i t  is  necessary t o  

i n t e r p r e t  t h e  i n t e g r a l  as a summation, s o  t h e  s t a r t i n g  point  of a p r a c t i c a l  treatment of 

deconvolution i s  t h e  set of equat ions 

k = 1 , 2  ,..., n ,  (8.5) 

where Sk = s u o  = Ak> [SI 

and Ah = A . - A  [nm] is t h e  spacing between wavelengths, which w e  s h a l l  assume is 

cons tan t .  For t h e  q u a n t i t i e s  Rki [S.W-1*m2] w e  u se  values  of R(Xo,A)  a t  ‘Ao = A k  and 

h = hi, 
More e l a b o r a t e  i n t e g r a t i o n  formulas can s t i l l  be expressed as eq. (8.5) provided t h e  i n t e r -  
p r e t a t i o n  of t h e  hi i s  s l i g h t l y  modified. A s  w r i t t e n ,  eq. (8.5) i s  a set of n equat ions 

i n  n unknowns and can b e  solved exac t ly .  Because of t h e  non-uniqueness and n o i s e  ampli- 

f i c a t i o n  problems of deconvolution, however, t h i s  so lu t ion  w i l l  o f t e n  prove t o  be erratic and 

wholly unacceptable physical ly .  

which a l s o  meets a d d i t i o n a l  c r i t e r i a  of a c c e p t a b i l i t y  such as smoothness. 

1 i-1 

thus  passing from eq. (8.1) t o  eq. (8.5) by t h e  t r apezo ida l  i n t e g r a t i o n  approximation. 

What is  needed is an approximate s o l u t i o n  of eqs.  (8.5) 
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Probably 
radiometry is  

t i o n  S(Ao). 
Ei values  

t h e  most commonly used deconvolution technique i n  spectroscopy and spectro-  

based on r equ i r ing  t h e  s p e c t r a l  d i s t r i b u t i o n  

This  i s  a simple i t e r a t i v e  technique which starts by assuming a t r i a l  set of 
E A ( h )  t o  resemble t h e  d i s t r i b u -  

which i s  j u s t  t h e  set which would b e  accepted i f  no c o r r e c t i o n s  f o r , i n s t r u m e n t a l  s p e c t r a l  

broadening were t o  be made. This  set is s u b s t i t u t e d  i n t o  eqs. (8.5) and t h e  computed va lues  

of 

values .  
computed from 

Sk are compared wi th  t h e  measured ones t o  c a l c u l a t e  a c o r r e c t i o n  t o  t h e  t r i a l  Ei 
I n  gene ra l ,  s t a r t i n g  with t h e  v-lth set of Ei va lues  an improved vth set i s  

J ,  

where 

The %, here ,  are convergence f a c t o r s  whose va lues  

toward t h e  f i n a l  so lu t ion .  Frequently t h e s e  f a c t o r s  
t h e  course o f  t h e  i t e r a t i o n s .  A reasonable  s t a r t i n g  

k = 1 ,2  ,..., n ,  (8.10) 

1 , 2  ,... ,n. (8.11) 

only a f f e c t  t h e  rate of convergence 

are modified by t r i a l - and-e r ro r  during 
va lue  i s  

k = 1 ,2 , . . . , n .  (8.9) 

The i t e r a t i o n s  should be stopped when t h e  reconstructed values ,  Sr) agree wi th  t h e  

measured Sk 

make t h e  s o l u t i o n  more nea r ly  mathematically exact  and less phys ica l ly  acceptable .  

simple i t e r a t i v e  deconvolution i s  u s u a l l y  no t  advocated i f  more than f i v e  o r  t e n  i t e r a t i o n s  

are required because of t h e  problem of no i se  ampl i f i ca t ion ;  however, d i g i t a l  smoothing can 

be added t o  each i t e r a t i o n  s t a g e  t o  permit l a r g e  numbers of i t e r a t i o n s  i f  necessary t8.3, 

8.4,8.20]. 

values  wi th in  t h e  est imated experimental  e r r o r .  Further  i t e r a t i o n s  tend t o  

This  

A u s e f u l  technique, when t h e  s p e c t r a l  r e spons iv i ty  func t ion  can be represented by t h e  

s l i t - s c a t t e r i n g  func t ion  approximation 

R(ho,A) = K*z(Ao-h)-rf(A) [S*W-1*m2]. (8.22) 

is  t o  so lve  eqs. (8.5) f o r  numerical va lues  Sk A A - f i k R ,  k = 1 ,2 , . . . , n  where II is n/2 

o r  (n-1)/2, whichever is an i n t e g e r .  The numerical s o l u t i o n  which r e s u l t s  a f t e r  v 
i t e r a t i o n s  
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(8 .46 )  

i s  e f f e c t i v e l y  an inverse  s l i t - s c a t t e r i n g  func t ion  wi th  t h e  property t h a t ,  f o r  any set of 
real measurements Sky a vth-order so lu t ion  can be ca l cu la t ed  from 

R = 1 , 2 ,  ... ,n  ( 8 . 4 7 )  

and 

where v") [S-1*W*m-2] 

n.  There is  t h u s  no f u r t h e r  need f o r  i t e r a t i o n s  as long as t h e  s l i t - s c a t t e r i n g  func t ion  

doesn ' t  change. 

is  taken t o  be zero  whenever R-k is ou t s ide  t h e  range from 1 t o  R-k 

A d i f f e r e n t  deconvolution technique i n  which t h e  a d d i t i o n a l  c r i t e r i o n  of a c c e p t a b i l i t y  

i s  more e x p l i c i t l y  r e l a t e d  t o  t h e  smoothness of t h e  r e s u l t  is  known by such names as gen- 

e r a l i z e d  leas t - squares  o r  constrained leas t - squares  deconvolution. I n  t h i s  technique t h e  

E, are chosen i n  such a manner as t o  minimize a sum of two terms, one of which i s  a measure 
I 

of t h e  e r r o r  i n  recons t ruc t ing  

t h e  non-smoothness of t h e  E. 

t h e  measured Sky 

For example, i n  t h e  expression 

and t h e  o the r  of which i s  some measure of 

t h e  f i r s t  term i s  t h e  sum of t h e  squares  of t h e  e r r o r s  i n  recons t ruc t ing  

second t e r m  i s  t h e  sum of squares  of an approximate measure of t h e  depar ture  from l i n e a r i t y  

of E i n  t h e  neighborhood of Ai .  The parameter y [S2*W-2 *m *nm ] simply sets t h e  rela- 

t i v e  importance t o  be a t tached  t o  these  two measures contained i n  expression ( 8 . 5 5 ) .  

minimization of such an expression wi th  respec t  t o  t h e  va lues  

t h e  

S while  t h e  

4 

The 

Ei 
which i s  most compactly expressed by t h e  matr ix  equat ion 

l e a d s  t o  a so lu t ion  f o r  

Ei 

T -1. 2 i n  which R [ s -w m ] denotes  t h e  matr ix  t ranspose  of t h e  mat r ix  R and (RT*R + y-H)-' 

denotes  t h e  matr ix  inverse  of t h e  matr ix  (RT*R + v*H). 
(8.56) depends upon t h e  form chosen f o r  t h e  term descr ib ing  non-smoothness i n  expression 

(8.55). 

The matr ix  H [nm-4] i n  eq. 

The commonly used term shown above l e a d s  t o  



1 - 2  1 0  0 0  
[-2 5 -4 1 0 0 1 

1 - 4  6 - 4  1 0  

0 1 - 4  6 - 4 1  H = l  (8.58) 

bu t  o t h e r  choices  f o r  

d i f f e r e n c e  i n  t h e  f i n a l  s o l u t i o n  f o r  E.  
H are o f t e n  used [8.13, 8.21, 8.22, 8.251. Usually t h e r e  i s  l i t t l e  

The complete numerical  procedure f o r  general ized least-squares  deconvolution, then,  is  

t o  eva lua te  E from eq. (8.56) f o r  a range of va lues  of y -- say f o r  y = 0.001R* , 
0.01R*2, and 0,1R*2 where R* i s  t h e  l a r g e s t  element of t h e  s p e c t r a l  r e spons iv i ty  matr ix  

R. For each s o l u t i o n  t h e  standard dev ia t ion  of t h e  e r r o r  i n  r econs t ruc t ing  t h e  measured 
s i g n a l  

2 

(8.62) 

should be ca l cu la t ed .  The proper va lue  of y t o  use  is then t h e  l a r g e s t  one ( t h e  most 

smoothing) f o r  which a(y) i s  not  l a r g e r  than t h e  estimated measurement unce r t a in ty .  

Generally,  a d d i t i o n a l  values  of y o u t s i d e  t h e  range indicated above w i l l  have t o  be t r i e d ;  

however, t h e  s o l u t i o n  i s  not  c r i t i c a l l y  dependent upon y and values  wi th in  an order-of- 
magnitude of t h e  optimum one w i l l  y i e l d  e s s e n t i a l l y  t h e  same set of s p e c t r a l  i r r a d i a n c e  

va lues ,  Ei. 

I f  t h e  number of d a t a  p o i n t s  i s  s o  l a r g e  t h a t  t h e  matr ix  ope ra t ions  of eq. (8.56) are 

n o t  f e a s i b l e ,  an i t e r a t i v e  technique 

can be appl ied i n  which A [S-2-W2*m-4*nm-1] 

This procedure can be expressed i n  much t h e  same way as eq. (8.10) and r e q u i r e s  l i t t l e  more 

computer memory than t h e  simple i t e r a t i v e  deconvolution. 

is only an approximate inve r se  of AA-T.  

si The dependence of e r r o r s  i n  t h e  computed values  of Ei upon measurement e r r o r s  i n  

can be est imated provided t h e  deconvolution c a l c u l a t i o n s  which produce E from s permit 

t h e  e x p l i c i t  evaluat ion of t h e  matr ix  elements Lik i n  L where L i s  def ined by 
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(8.86) 

The matr ix  L i s  an approximation t o  an inverse  respons iv i ty  matr ix  (l/AA) .R-l. I ts  

elements usua l ly  can be  e a s i l y  evaluated during deconvolution {see eqs.  (8 .87) ,  (8.88), and 

(8.89)) and then 

...(E) = L.~~.(S) .L~ [ ~ ~ - m - ~ * n m - ~ ] .  

I n  t h i s  equat ion cov(s) is  t h e  covariance matr ix  of t h e  measured 

diagonal  matr ix  

cov(s) = 

2 
1 U 

0 

0 

0 
2 

u2 
0 

0 
0 .  

2 
3 U 

(8.90) 

Si -- usua l ly  j u s t  t h e  

(8.91) 

The diagonal  elements where u; i s  t h e  measured o r  es t imated s tandard devia t ion  of S,.  
I L 

[cov(E)lii of t h e  covariance matr ix  cov(E) are l ikewise  t h e  squares  of t h e  s tandard 
I~ 

dev ia t ions  of t h e  computed Ei. 
a t  one wavelength are co r re l a t ed  with e r r o r s  a t  another  wavelength and are genera l ly  ignored. 

The off-diagonal  elements of cov(E) desc r ibe  how e r r o r s  

Even i f  t h e r e  were no measurement e r r o r s ,  t h e r e  would s t i l l  remain, a f t e r  deconvolu- 

t i o n ,  some s p e c t r a l  smearing of t h e  s p e c t r a l  i r r ad iance  d i s t r i b u t i o n .  The r e s i d u a l  s p e c t r a l  

respons iv i ty  func t ion  i s  a measure of t h i s  r e s i d u a l  s p e c t r a l  d i s t o r t i o n .  

computed response,  t o  a monochromatic input  beam, of t h e  o v e r a l l  system including measure- 

ment and deconvolution. 

respons iv i ty  func t ion ,  using exac t ly  t h e  same computational s t e p s  as t h e  real  deconvolution 

used, including t h e  same values ,  i f  any, of % and y, and t h e  same number of i t e r a t i o n s .  

The computed s p e c t r a l  d i s t r i b u t i o n  which r e s u l t s  i s  t h e  e f f e c t i v e  s p e c t r a l  respons iv i ty  of 

t h e  t o t a l  measurement-and-deconvolution process  and normally cannot be improved by f u r t h e r  

computations; t h e  r e s i d u a l  respons iv i ty  func t ion  r ep resen t s  t h e  b e s t  s p e c t r a l  d e f i n i t i o n  

which can be achieved i n  view of t h e  no i se  content  of t h e  measurement d a t a .  

This  i s  t h e  

It i s  obtained by dsconvoluting a "s ignal"  numerically equal  t o  t h e  
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Appendix 8 A .  Deconvolution Programs 

by John B. Shumaker 

In  t h i s  appendix w e  present  two computer programs f o r  performing deconvolution. The 

f i r s t  i s  t h e  simple i t e r a t i v e  deconvolution method of eq. (8.10). The second is  t h e  i tera- 

t i v e  general ized least-squares  method of eq. (8.72) with t h e  non-zero elements of a row of 

t h e  band matr ix  A computed by eq. (8.78). They are w r i t t e n  i n  t h e  BASIC language and as 

f a r  as p o s s i b l e  t h e  v a r i a b l e  names agree wi th  t h e  n o t a t i o n  of Chapter 8. The programs are 
intended p r imar i ly  t o  provide an a l t e r n a t i v e  d e s c r i p t i o n  of t h e  deconvolution algori thms and 

a working s t a r t i n g  point  f o r  programming them. Each program is  followed by a cross-refer-  

ence t a b l e . o f  v a r i a b l e  names and l i n e  numbers. The i n e f f i c i e n t  u se  of memory by no t  w r i t i n g  

over program v a r i a b l e s  when they are no longer  needed and e s p e c i a l l y  t h e  d a t a  input  and 

output are i l l u s t r a t i v e  r a t h e r  than p r a c t i c a l .  

Both programs employ t h e  s l i t - s c a t t e r i n g  func t ion  approximation and denote by R and 

E t h e  q u a n t i t i e s  z and E '  of Chapter 8. Thus, i f  t h e  r e spons iv i ty  func t ion  depends 

upon t h e  instrumental  s e t t i n g  Xo and wavelength X only through t h e i r  d i f f e r e n c e ,  Xo-X,  
then t h e  program v a r i a b l e  

v a r i a b l e  E as t h e  s p e c t r a l  i r r ad iance .  The programs a l s o  use D ,  G ,  and N f o r  t h e  

q u a n t i t i e s  A X  (wavelength i n t e r v a l ) ,  y (smoothing parameter),  and v (number of 

i t e r a t i o n s )  of Chapter 8. 

R may be taken as t h e  s p e c t r a l  r e spons iv i ty  and t h e  program 

The number of p o i n t s  i n  R,  E, S and t h e  o t h e r  v e c t o r s  is always taken as an odd 

i n t e g e r .  

bottom of a column of t h e  r e spons iv i ty  matrix -- as i f  obtained by observing a f ixed  wave- 

l eng th  monochromatic source while  tuning t h e  radiometer through t h e  spectrum i n  t h e  same 
d i r e c t i o n  as t h e  measured s i g n a l  d a t a  were taken. 

The s l i t - s c a t t e r i n g  func t ion  d a t a  are assumed t o  be i n  t h e  o rde r  from top-to- 

A l l  matr ix  m u l t i p l i c a t i o n s  are performed by t h e  same convolution r o u t i n e  based on eqs. 

(8.83), ( 8 . 8 4 ) ,  and (8.85): t h e  convolution of X with Y t o  form Z assumes t h a t  t h e  

l eng ths  of a l l  t h r e e  vec to r s  are odd i n t e g e r s  and t h e  indexing is  arranged so t h a t  t h e  

summation which produces t h e  c e n t r a l  e n t r y  i n  2 i nc ludes  t h e  product of t h e  c e n t r a l  

e n t r i e s  of X and Y. Algebra i ca l ly ,  i f  t h e  l eng ths  of v e c t o r s  X ,  Y ,  and Z are 
2x2+1, 2y2+1, and 2z2+1, w e  have 

z = c" xi 'Yj- i  
1 i= i j 

2-x2 where il = j-y2 f o r  j > y 

otherwise i = -x2 1 

2 -y2 i2 = j + y2 f o r  j < x 

otherwise i = x 2 2' 

and 

2 j = -z2,-z2+1,...,-1,0,1,...,z (8A.1) 
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In  BASIC t h i s  t r a n s l a t e s  to 

I n  i t e r a t i v e  c a l c u l a t i o n s ,  us ing  convolution ins tead  of mat r ix  m u l t i p l i c a t i o n ,  t h e r e  i s  

always a ques t ion  of how t o  avoid increas ing  t h e  vec to r  lengths  wi th  every i t e r a t i o n .  

i nc reases  come about because t h e  number of s i g n i f i c a n t  elements of 2 which can be ca l -  

cu la t ed  by t h e  convolution of X wi th  Y is  approximately equal t o  t h e  sum of t h e  numbers 

of s i g n i f i c a n t  elements i n  X and Y.  In  these  programs t h e  following scheme i s  used: i n  

c a l c u l a t i n g  the quant i ty’  W = S - D*R*E (or W = Q - D*T*E i n  t h e  second program) t h e  
l eng ths  of W and S (or  Q) are made l a r g e  enough t o  accommodate a l l  s i g n i f i c a n t  ele- 

ments i n  t h e  convolution of R (or  T) wi th  E. I n  computing t h e  improved E by con- 

vo lu t ion  of A with  W, only t h e  des i r ed  elements are r e t a ined .  

The 

The programs p r i n t  ou t  t h e  complete set of E values  a f t e r  each i t e r a t i o n  followed by 

the rms va lue  of t h e  e r r o r  i n  r econs t ruc t ing  t h e  S va lues  from t h i s  set of E va lues .  I f  

end-effects ( s ee  Chapter 8) are important t h e  rms-error c a l c u l a t i o n  should be r e s t r i c t e d  t o  

t h e  c e n t r a l  wavelength reg ion  which i s  f r e e  of t h i s  problem. 

convolution t h e  i t e r a t i o n s  should be terminated when t h e  r m s  e r r o r  reaches a minimum o r  

becomes comparable w i t h  t h e  experimental  e r r o r .  

t h e  i t e r a t i o n s  should be continued w e l l  beyond t h e  poin t  where t h e  improvement per i t e r a t i o n  

i s  comparable wi th  experimental  accuracy and then t h e  r m s  e r r o r  can be used t o  judge which 

va lue  of t h e  smoothing cons tan t  G i s  most s u i t a b l e .  

I n  t h e  simple i t e r a t i v e  de- 

I n  t h e  genera l ized  leas t - squares  program 

1The a s t e r i s k  s t ands  f o r  t h e  convolution opera t ion .  That i s ,  R*E IRj - i*Ei ,  o r  t h e  

equiva len t  i n t e g r a l .  This  no ta t ion  i s  commonly used i n  t h e  l i t e r a t u r e ,  probably because i t  

sugges ts  ma t r ix .mul t ip l i ca t ion ,  which i s  what convolution becomes when t h e  s l i t - s c a t t e r i n g  

func t ion  approximation i s  inappropr i a t e  and t h e  f u l l  mat r ices  must b e  used ,  

i 

83 



84 



85 



U
 

0
 

b
 
9
 

0
 

0
 

m
 

9
 
0
 

0
 

P.4 
9
 

0
 

*E, 

9
 

0
 

0
 

3%
 

D
 
0
 

0
 

02 
n
 

0
 

0
 
9
 

n
 

0
 

0
 

b
 

n
 

0
 

0
 

c3 
D

 
0
 

0
 

Q. 4
 
0
 

0
 

m
 

d
 
0
 

4
 

86 



87 



88 



89 



90 



chapter  9. Physical ly  Defining Measurement-Beam Geometry by Using Opaque Barriers 

by Fred E. Nicodemus 

- I n  t h i s  CHAPTER. 

r e spec t  t o  pos i t i on  and d i r e c t i o n  (Chapter 2 [9.1J1 and Chapter 4 [9 .2 ] ) ,  w e  merely assumed 

t h a t  opaque b a r r i e r s ,  such as t h e  opaque screens i n  f i g u r e  2.2 [9 .1] ,  could be used t o  d e f i n e  

beams by blocking a l l  r ays  t h a t  are not  a p a r t  of t h e  des i r ed  beam. Now w e  want t o  examine 

more c l o s e l y  t h e  way i n  which such opaque barriers are used t o  phys i ca l ly  d e f i n e  or l i m i t  t h e  

ex ten t  of r a d i a t i o n  beams i n  making radiometr ic  measurements. 

of throughput,  t h e  in t eg ra t ed  product of projected area and s o l i d  angle  (o r  area and pro- 

j e c t e d  s o l i d  ang le ) ,  and t h e  l i m i t s  of t h e  throughput i n t e g r a l ( s ) ,  because they are t h e  

q u a n t i t a t i v e  measures of beam geometry. Even though exact numerical evaluat ion of t hese  

q u a n t i t i e s  may not be needed very o f t e n ,  i t  is  only i n  these  t e r m s  t h a t  an adequate under- 

s tanding of t h e i r  s ign i f i cance  can be achieved, including t h e  a b i l i t y  t o  conf iden t ly  decide,  

i n  a l l  cases, whether o r  not  t h e  numerical evaluat ion i s  required.  

I n  previous d i scuss ions  of t h e  d i s t r i b u t i o n  of o p t i c a l  r a d i a t i o n  with 

W e ' l l  do t h i s  mostly i n  terms 

The geometrical-optics o r  ray-optics l i m i t s  provided by opaque b a r r i e r s  are t h e  s t a r t i n g  

po in t  f o r  ass igning t h e  l i m i t s  of i n t e g r a t i o n  f o r  t h e  s p a t i a l  parameters of area and s o l i d  

ang le  ( p o s i t i o n  and d i r e c t i o n )  i n  t h e  measurement equation {e.g. ,  eq. (5.5) [ 9 . 3 ] ) .  When 

accuracy requirements are not  t oo  s t r i n g e n t ,  t h e s e  l i m i t s  may be adequate without refinement.  

However, i n  most i n s t ances ,  t h e  e f f e c t s  of s c a t t e r i n g ,  d i f f r a c t i o n ,  o r  optical-system aber- 

r a t i o n s  (imperfect imaging) may extend t h e  r e spons iv i ty  of a radiometer s u b s t a n t i a l l y  beyond 

t h e  nominal l i m i t s  of t h e  ray-optics beam boundaries. Hence, f o r  optimum accuracy, t h e  i n t e -  

g r a l s  of t h e  measurement equation must l i kewise  be extended beyond those nominal l i m i t s ,  t o  

t h e  extent  determined by experimental  checks of instrument r e spons iv i ty  as a func t ion  of 

p o s i t i o n  and d i r e c t i o n .  

chap te r ,  then,  while they are very important f o r  design purposes and as a s t a r t i n g  point  f o r  

a n a l y s i s ,  are no more than that -- a s t a r c i n g  point  o r  f i r s t  approximation -- and must never 

be considered as abso lu te  l i m i t s  t h a t  cannot be exceeded. With t h a t  cavea t ,  however, w e ' l l  

devote t h e  rest of t h i s  chap te r ,  except f o r  an occasional  reminder about t h e  real  world, t o  

t h e  simpler domain of i d e a l  geometrical  o p t i c s  with sharp ray-defined shadows and p e r f e c t  

images i n  clear non-scattering media. 

The opaque-obstacle-shadow boundaries t h a t  we d i scuss  i n  t h i s  

The chapter  starts with a d i scuss ion  of t h e  s implest  phys i ca l  d e f i n i t i o n  of a r a d i a t i o n  

beam -- by two ape r tu re s  i n  

where a l l  r ays  are s t r a i g h t  

simple case. 

opaque screens i n  a 

l i n e s .  The concept 

homogeneous ( iso-refract ive- index)  medium 

of v i g n e t t i n g  is  a l s o  i l l u s t r a t e d  f o r  t h i s  

lFigures  i n  square brackets  i n d i c a t e  l i t e r a t u r e  r e fe rences  l i s t e d  a t  t h e  end of t h i s  chapter. 

2Another approach, and i n  some ways a sounder approach, is t o  always extend t h e  i n t e g r a t i o n  

l i m i t s  as f a r  as poss ib l e  -- e.g. ,  0 5 6 5 a12 [ r ad ]  and 0 5 4 5 2a [ r ad ]  -- even though 

t h e  integrand may vanish over much of each i n t e r v a l .  
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There fol lows a d i scuss ion  of t h e  beam defined by two a p e r t u r e s  wi th  a t h i n  l e n s  between 

them. This b r i n g s  out t h e  way i n  which a p e r t u r e  and/or aperture-image p a i r s  can be equiva- 

l e n t  t o  t h e  earlier simple case of two a p e r t u r e s  de f in ing  a beam of s t r a i g h t - l i n e  r ays  i n  a 

homogeneous medium. The concepts of ob jec t  space and image space are developed, br inging out  

t h a t  both members of a beam-def in ing  aperturelaperture-image p a i r  e x i s t  i n  t h e  s a m e  "space". 

The geometrical-optics concepts of a p e r t u r e  s t o p  and f i e l d  s top ,  and t h e i r  images i n  

o b j e c t  space,  t h e  entrance p u p i l  and en t r ance  window, r e s p e c t i v e l y ,  are developed. This is  
followed by a d i scuss ion  of t h e  somewhat "loose" way i n  which t h e s e ' t e r m s  are used i n  r ad i -  

ometry. 

are a l s o  b r i e f l y  def ined.  

i n f i n i t y  ( en t r ance  window a t  i n f i n i t y )  is  t r e a t e d .  

The e x i t  p u p i l  and exit window, t h e  images of t h e  r e s p e c t i v e  s t o p s  i n  image space 

In  add i t ion ,  t h e  s p e c i a l  case of an o p t i c a l  system focused on 

Some p r a c t i c a l  problems r e l a t i n g  t o  t h e  r o l e  of en t r ance  p u p i l s  as  r ece iv ing  a p e r t u r e s  

i n  radiometr ic  measurements are discussed,  followed by a d i scuss ion  of d i f f u s e r s  and t h e i r  

use i n  connection wi th  t h e  measurement of i r r ad iance .  A t t en t ion  i s  given t o  t h e  problem of 

t h e  exact  p o s i t i o n  of t h e  en t r ance  p u p i l  ( r ece iv ing  ape r tu re )  and t h e  e f f e c t s  of d i f f u s e r s  

empi r i ca l ly  shaped t o  achieve a "cosine response" c h a r a c t e r i s t i c .  

F i n a l l y ,  t h e r e  are b r i e f  d i scuss ions  of t h e  r o l e  of b a f f l e s ,  of some more a s p e c t s  of 

v i g n e t t i n g ,  and of t h e  e f f e c t s  of beam geometry on o v e r a l l  instrument radiance and i r r a d i a n c e  

r e s p o n s i v i t i e s .  

BEAM GEOMETRY i n  RADIOMETRY. I n  Chapter 5 of t h i s  Manual, w e  found [ 9 . 3  (p.90)] t h a t  t h e  
measurement equat ion has  b a s i c a l l y  t h e  same form f o r  a l l  radiometr ic  measurements {eq. 

(5.30b)) 

Here S(A,w,AX) [SI i s  t h e  output s i g n a l  of an  instrument wi th  spec t r a l - r ay  f l u x  respon- 

s i v i t y  Ro(x,y,B,$,A) [S*W-l] f o r  t h e  inc iden t  f l u x  element 

d@(x,y,B,$,A) E LX(xYy,B,$,h).cosB*dw*dA*dw [W] 

-2 -1 assoc ia t ed  with t h e  r ay ,  of s p e c t r a l  radiance LX(x,y,B,$,A) [W*m -sr 
2 t h e  receiving-aperture-area element dA [m ] a t  t h e  po in t  x,y, w i th in  t h e  sol id-angle  

element dw [ s r ]  from t h e  d i r e c t i o n  e,$, and wi th in  t h e  spectral-wavelength element 

dX [nm] a t  t h e  wavelength A .  The e f f e c t s  of t h e  r a d i a t i o n  parameters of t i m e  o r  f r e -  

quency-f (of f l u c t u a t i o n  o r  modulation; f << w ) ,  and of p o l a r i z a t i o n  (see Chapter 6 [9.4])  

have been ignored h e r e  and, f o r  s i m p l i c i t y ,  w e  w i l l  cont inue t o  ignore them in t h i s  chap te r  

while  we examine t h e  way i n  which measurement-beam geometry is  phys ica l ly  def ined.  

look a t  t h e  phys ica l  cons ide ra t ions  t h a t  determine t h e  va lues  of such q u a n t i t i e s  as t h e  

s p a t i a l  l i m i t s  of i n t e g r a t i o n ,  t h e  area A and t h e  s o l i d  ang le  w [ a c t u a l l y ,  w(x,y)], i n  

eq. (9.1) t h a t  d e f i n e  t h e  beam and i ts  throughput 

-nm-l], i nc iden t  on 

We'll 

( 0  E //cose*dw*dA, see next  s e c t i o n ) .  
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W e ' l l  d i s cuss  t h e  choice of r e fe rence  s u r f a c e  t o  f a c i l i t a t e  t h e  beam (throughput) d e f i n i -  

t i o n  and w i l l  emphasize t h e  purely ray-optics or  geometrical-optics cons ide ra t ions .  

Even when t h e  phys ica l  l i m i t s  t h a t  d e f i n e  t h e  throughput are c l e a r l y  and unambiguously 

i d e n t i f i e d ,  accu ra t e  measurements t o  e s t a b l i s h  t h e  va lues  of t h e  a r e a ( s )  and s o l i d  ang le ( s )  

involved can be q u i t e  d i f f i c u l t .  

problems i n  t h i s  chapter  but w i l l  concern ourselves  pr imari ly  with t h e  ways i n  which t h e  

phys ica l  l i m i t s  are es t ab l i shed .  

However, we won't go i n t o  such precision-measurement 

J u s t  because t h e s e  measurements are so d i f f i c u l t ,  w e  t r y  t o  avoid t h e  need f o r  accu ra t e  

eva lua t ion  of t h e  throughput wherever p o s s i b l e  i n  making radiometr ic  measurements, pa r t i cu -  

l a r l y  when t h e  b e s t  accuracy i s  required.  That ' s  why, i n  a l l  t h r e e  i l l u s t r a t i v e  problems 

i n  Chapter 5 [9.3] ,  c a l i b r a t i o n  measurements aga ins t  a standard source are made under 

cond i t ions  t h a t  are enough l i k e  those of t h e  a c t u a l  measurement so t h a t  a l l  of t h e  geomet- 

r ical  f a c t o r s  cance l  and do not  appear i n  t h e  f i n a l  expression f o r  t h e  measured quan t i ty .  

However, a thorough understanding of t h e  phys ica l  l i m i t s  i s  needed: (1) t o  be s u r e  t h a t  

t h e  beam geometry i s ,  i n  f a c t ,  no t  s i g n i f i c a n t l y  changed between t h e  c a l i b r a t i o n  measure- 

ment of a standard and t h e  corresponding measurement of an unknown radiometr ic  quan t i ty ,  

(2) t o  i n s u r e  adequate s p e c i f i c a t i o n  of t h e  measurement beam i n  any complete r e p o r t  of a 
radiometr ic  measurement, (3) t o  eva lua te  t h e  adequacy of throughput estimates used i n  

planning a measurement, p a r t i c u l a r l y  i n  e s t a b l i s h i n g  t h e  required d e t e c t o r  c a p a b i l i t y ,  and 

( 4 )  as an e s s e n t i a l  f a c t o r  i n  an e r r o r  a n a l y s i s  t o  estimate t h e  unce r t a in ty  of t h e  r e s u l t s  

of a radiometr ic  measurement. 

SIMPLE BEAM-DEFINING APERTURES. I n  t h e  "thought experiment" t o  develop t h e  concept of 

radiance i n  Chapter 2 ( f i g u r e  2.2 [9.1]) w e  introduced one of t h e  s implest  beam-defining 

a p e r t u r e  configurations--a beam of a l l  r ays  through a p a i r  of a p e r t u r e s ,  one i n  each of two 

opaque screens.  

c l e a r l y  and unambiguously def ined a t  e i ther  aperture as cons i s t ing  of a l l  rays through 
every point  of t ha t  aperture wi th in  the so l id  angle subtended a t  each point  by the other 
aperture. 
beam { s e e  eq. (2.27) [9 .1]) ,  w e  can choose e i t h e r  a p e r t u r e  (plane) as t h e  r e fe rence  su r face  

( s e e  f i g u r e  9.1) and eva lua te  

With no o the r  obs t ruc t ions  from source t o  r e c e i v e r ,  t h e  se l ec t ed  beam is  

I f  w e  need t o  eva lua te  t h e  throughput 0 of t h e  a p e r t u r e  p a i r  f i l l e d  by t h e  

(9.2) 0 = 11  cose-dw*dA [m2-s r ] ,  
A W(X,Y) 

where 

2 
A [m ] i s  t h e  reference-surface a p e r t u r e  area ( includes t h e  i n t e r s e c t i o n  of every 

r ay  of t h e  beam with t h e  r e fe rence  s u r f a c e ) ,  

w(x,y) [ s r ]  i s  t h e  s o l i d  angle  subtended by t h e  o the r  a p e r t u r e  A' 
x ,y  wi th in  t h e  a p e r t u r e  area A ( includes every r a y  

t h a t  i n t e r s e c t s  t h a t  p o i n t ) ,  

2 
dA [m ] i s  an element of reference-surface area a t  t h e  point  x , y  
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a t  t h e  po in t  

of t h e  beam 

dA = dx*dy],  



8 [ r a d ]  is  t h e  polar  angle  from t h e  normal t o  dA a t  x,y t h a t ,  toge ther  with 

t h e  azimuth angle  4 [ rad]  from t h e  X-axis i n  t h e  reference-surface 

plane,  c o n s t i t u t e  s p h e r i c a l  co-ordinates about x ,y ,  and 

dw [ s r ]  is  an element of s o l i d  angle  i n  t h e  d i r e c t i o n  e,$ from x,y (within w); 

[dw - sin0*d0*d4] .  

A 

A'  

Figure 9.1. Evaluation of t h e  throughput between two aper tures .  
The beam c o n s i s t s  of a l l  rays  ( s t r a i g h t  l i n e s )  through t h e  a p e r t u r e s  A 

(chosen as t h e  re ference  sur face)  and A ' .  Its throughput 0 is  eval-  
uated by t h e  double i n t e g r a l  of eq. ( 9 . 2 ) ,  i n t e g r a t i n g  o r  summing over 

a l l  sol id-angle  elements dw wi th in  w, t h e  s o l i d  angle  subtended by 

A' a t  each point  x,y of A ,  and over a l l  a r e a  elements dA wi th in  

A.  Each sol id-angle  element dw makes an angle  0 with t h e  normal to 

t h e  area element dA a t  t h e  poin t  x,y.  
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VIGNETTING.  Away from t h e  two ape r tu re  screens of f i g u r e  9.1, ac ross  any o the r  plane t h a t  

i n t e r sec t s  the e n t i r e  beam, there  is v igne t t ing  so tha t  the  s o l i d  angle w(x,y) 
p o i n t s  x ,y  i n  t h a t  plane is not  defined by j u s t  one of t h e  beam-defining ape r tu re s .  This  

s i t u a t i o n ,  and t h e  meaning of t h e  term "vignetting",  i s  bes t  explained by r e fe rence  t o  

f i g u r e s  9.2 and 9.3. 

coax ia l  c i r c u l a r  ape r tu re s ,  A1 and A2. The extreme rays  a - a through corresponding 

p o i n t s ,  together  with extreme rays  b - b through opposi te  po in t s ,  bound d i f f e r e n t  regions 

of t he  defined beam (made up of a l l  r ays  t h a t  pass  through both a p e r t u r e s ) .  When a point  

x ,y  of an i n t e r s e c t i n g  plane,  such as t h e  plane c - c ,  l i e s  within one of t h e  c e n t r a l  

regions,  ( 2 ) ,  ( 4 ) ,  o r  ( 6 ) ,  t h e r e  i s  no v i g n e t t i n g  because t h e  s o l i d  ang le  w(x,y) f i l l e d  

by a l l  r ays  of t h e  beam t h a t  i n t e r s e c t  a t  x ,y  i s  a s o l i d  angle  subtended a t  t h a t  po in t  by 

j u s t  one of t h e  ape r tu re s .  In regions (2) [ a s  shown] and ( 6 )  t h i s  is  a p e r t u r e  A*; i n  

region ( 4 )  i t  i s  AI. However, except i n  t h e  planes of t h e  a p e r t u r e s ,  every such 

i n t e r s e c t i n g  plane c - c a l s o  c ros ses  regions ( l ) ,  ( 3 ) ,  o r  ( 5 ) ,  where th ings  are d i f -  

f e r e n t .  Consider t h e  po in t  x ,y  on t h e  i n t e r s e c t i n g  plane c - c i n  f i g u r e  9 . 3 ,  where it 

i s  shown i n  region ( 5 )  wi th  t h e  extreme rays  bounding t h e  s o l i d  angle  w(x,y): t h e  

uppermost r ay  through t h e  a p e r t u r e s  is  l imi t ed  by a p e r t u r e  

l imi t ed  by a p e r t u r e  A1. 

x ,y  do not completely f i l l  e i t h e r  of t h e  a p e r t u r e s ,  a condi t ion c a l l e d  "vignetting".  It 

is  e a s i l y  seen t h a t  t h e  same holds t r u e  f o r  a l l  po in t s  i n  t h e  cross-hatched regions,  

( 3 ) ,  and (5) .  When v i g n e t t i n g  occurs,  as descr ibed he re ,  it becomes extremely d i f f i c u l t  t o  

spec i fy  the  l i m i t s  of t h e  s o l i d  angle  

(9.2). 

r e l a t i v e l y  simple v i g n e t t i n g  i s  found i n  [9 .5] .  Thus, t h e r e  is  a clear advantage, when 

de f in ing  o r  analyzing any beam and i t s  parameters,  t o  choosing one of t h e  two aperture-  

screen planes,  where t h e r e  i s  no v i g n e t t i n g ,  as t h e  r e fe rence  su r face .  

a t  some 

Figure 9.2 shows a plane s e c t i o n  through t h e  cen te r s  of two p a r a l l e l  

A2 while  t h e  lowest one is  

Thus t h e  r ays  of t h e  beam t h a t  i n t e r s e c t  a t  t h i s  p a r t i c u l a r  point  

( l ) ,  

w(x,y) i n  order  t o  eva lua te  t h e  throughput by eq. 

A good example of t h e  complexi t ies  i n  a case involving j u s t  a s m a l l  amount of 

A BEAM-DEFINING APERTURE PAIR.  S i m i l a r  v i g n e t t i n g  complications arise i f  any of t h e  r ays  

from source t o  r e c e i v e r ,  t h a t  would otherwise pass  through both a p e r t u r e s ,  are blocked by 

any obs t ruc t ion  o r  obs t ac l e  a t  a t h i r d  l o c a t i o n ,  whether between t h e  a p e r t u r e s  o r  e x t e r n a l  

t o  them. Accordingly, i n  t h e  design of instruments and experimental  conf igu ra t ions ,  

e spec ia l ly  when t h e  highest  accuracy is needed, and p a r t i c u l a r l y  when i t  is  necessary t o  

compute t h e  value of t h e  throughput,  i t  i s  d e s i r a b l e  t o  arrange t o  have a beam defined by 

j u s t  two ape r tu re s  with no o the r  obs t ruc t ions  t o  cause v igne t t i ng .  

unvignetted p a i r  of ape r tu re s  as a beam-defining a p e r t u r e  p a i r  o r ,  most of t h e  t i m e ,  as 

j u s t  an ape r tu re  p a i r .  

We'll des igna te  such an 

So f a r ,  we've looked only a t  t h e  s i t u a t i o n  where both a p e r t u r e s  and a l l  of t h e  space 

between them are i n  t h e  same uniform, i s o t r o p i c  medium so t h a t  a l l  r ays  between them are 
s t r a i g h t  l i n e s .  

except when e x p l i c i t l y  s t a t e d  otherwise.  However, t h e r e  are many o p t i c a l  systems where 

W e  in tend t h a t  t hose  condi t ions be implied by t h e  t e r m  a p e r t u r e  p a i r ,  

lSee "More on Vignetting" la ter  i n  t h i s  chap te r ,  e s p e c i a l l y  f i g u r e  9.8. 
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t h e r e  are focusing o p t i c a l  elements t h a t  d e f l e c t  t h e  r a y s  between two beam-defining aper- 

t u r e s .  I n  t h e  next  s ec t ion ,  w e  analyze such a case.  W e  f i n d  t h a t  it is always poss ib l e ,  

f o r  purposes of a n a l y s i s  and throughput computation, t o  r ep lace  any such p a i r  of beam- 

de f in ing  a p e r t u r e s  t h a t  has intervening focusing o p t i c a l  elements by an equivalent  ape r tu re /  

aperture-image p a i r  t h a t  has no focusing elements s o  t h a t  a l l  r ays  between t h i s  equivalent  

p a i r  are s t r a i g h t  l i n e s .  

A T H I N  LENS between TWO APERTURES: BEAM-DEFINING APERTURE/APERTURE-IMAGE PAIRS. 

Figure 9.4 d e p i c t s  two v e r t i c a l  screens with coax ia l  c i r c u l a r  a p e r t u r e s  A1 and A2 

a l igned  along t h e  h o r i z o n t a l  o p t i c a l  a x i s  of a t h i n  c i r c u l a r  l e n s  L l oca t ed  between them. 

In  ( a ) ,  t h e  extreme rays  between t h e  margins of t h e  two a p e r t u r e s  are again shown by s o l i d  
l i n e s  a - a and b - b,  as i n  f i g u r e  9 .2 ,  but now they are de f l ec t ed  by r e f r a c t i o n  as 

they pass through t h e  l ens .  On t h e  right-hand s i d e  of t h e  l e n s ,  t h e  r a y s  from t h e  l e f t -  

hand s i d e  have a l s o  been extended through t h e  l e n s  as undeviated s t r a i g h t  dashed l i n e s  t h a t  

i n t e r s e c t  a t  p o i n t s  on t h e  margin of a v i r t u a l  image1 

corresponding t o  s i m i l a r  p o i n t s  of i n t e r s e c t i o n  of t h e  s o l i d  l i n e s  a t  t h e  margin of aper- 
A; ( a l s o  shown by dashed l i n e s )  

t u r e  %. 
It is  clear t h a t  

t h e r e  a t  A1 as they 

by i t s  v i r t u a l  image 

t o  form t h e  subtended 

i n  t h e  expression f o r  

t h e  r a y s  of t h e  beam t h a t  c r o s s  a t  a p e r t u r e  

would be i f  t h e  l e n s  were removed and t h e  a p e r t u r e  

A;. That i s ,  t h e  r ays  between A1 and A2 t h a t  i n t e r s e c t  a t ,  A1 

s o l i d  angles  wl(xl,yl) a t  p o i n t s  xl,yl w i th in  t h e  a p e r t u r e  

t h e  throughput of t h e  aperture- lens  combination 

A1 are exact ly  t h e  same 

were replaced A2 

A1 

'A r ea l  image is  formed when r a y s  from each ob jec t  point  converge, a f t e r  dev ia t ion  by a fo- 

cusing mirror  o r  l e n s ,  t o  i n t e r s e c t  a t  a corresponding image po in t .  I f  s t rong enough 

v i s i b l e  l i g h t  i s  used, such a r ea l  image can be seen on a ground g l a s s  o r  o the r  s c a t t e r i n g  

o r  d i f f u s i n g  material placed a t  t h e  loca t ion  of t h e  image. A v i r t u a l  image is formed when 

t h e  r ays  diverge,  a f t e r  dev ia t ion  by t h e  l e n s  o r  mi r ro r ,  and i n t e r s e c t  only when extended 

back, as s t r a i g h t  l i n e s ,  again past  t h e  d e f l e c t i n g  mi r ro r  o r  l ens .  Since t h e  i n t e r s e c t i n g  

l i n e s  a t  each v i r t u a l  image point  are only extensions of t h e  r a y s ,  which do not  a c t u a l l y  

pass  through t h a t  po in t ,  they cannot be seen t h e r e  on a ground g l a s s  l i k e  those  of a real  

image. In s t ead ,  f o r  example, t h e  v i r t u a l  image A; of t h e  a p e r t u r e  5 would be seen, 

and appear t o  be loca ted  a t  t h e  p o s i t i o n  of 
from t h e  left-hand s i d e  a t  t h e  r ays  coming through i t  from t h e  real o b j e c t ,  t h e  a p e r t u r e  

A2. 
from A i ,  r a t h e r  than from 

v i r t u a l  images are, of course,  those t h a t  w e  see of ourselves  and our surroundings i n  a 

common plane mi r ro r  o r  looking g l a s s .  

A;, only by looking back through t h e  l e n s  

In  t h e  v i c i n i t y  of A1, looking back through t h e  l e n s ,  those r ays  appear t o  be coming 

A2, because of t h e  r e f r a c t i o n  by t h e  l ens .  The most f a m i l i a r  
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A 2 ) .  (a)  Throughput between AI and A; ( v i r t u a l  image of 

A 2  

(b) Throughput between A i  ( v i r t u a l  image of A1> and A*. 

Figure 9.4.  Two ape r tu re s  wi th  a t h i n  l e n s  between them. 

( V e r t i c a l  s c a l e  exaggerated by a f a c t o r  of 2 . )  
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are exac t ly  t h e  same as those t h a t  would come from corresponding p o i n t s  of an a p e r t u r e  a t  
t h e  v i r t u a l  image A; i f  t h e  l e n s  and A2 w e r e  removed. Consequently, w e  can eva lua te  

t h e  throughput most r e a d i l y  on t h a t  b a s i s  -- between A1 and A; i n  t h e  absence of t h e  

l e n s  L and ape r tu re  A2' 

In  f i g u r e  9.4(b),  i n  exac t ly  t h e  s a m e  way, is  shown t h e  v i r t u a l  image A i  of A1. 

And it combines, s i m i l a r l y ,  with %, i n  t h e  absence of A1 and L, t o  e s t a b l i s h  s o l i d  

angles  w2(x2,y2), subtended by i n t e r s e c t i n g  s t r a i g h t - l i n e  r ays  from A i  a t  po in t s  x2,y2 

a c r o s s  A2, f o r  evaluat ing t h e  throughput 

o = j j  cosO2-dw2-dA2 [m2-sr] .  
A2 W2(X2'Y2) 

(9.9) 

In  Chapter 2 [9.1],  i n  t h e  d i scuss ion  following eqs. (2.28) and (2.29), w e  e s t a b l i s h  

t h e  geometrical  invariance of throughput f o r  any beam as long as no r ays  are added o r  

removed. Consequently, t h e  throughput a t  t h e  two l o c a t i o n s ,  given by eqs. (9.8) and (9.9) ,  

must be exac t ly  t h e  same. For those who f i n d  a numerical example more s a t i s f y i n g  than t h i s  

a n a l y t i c a l  conclusion, computations of t h e  two throughputs are c a r r i e d  o u t ,  i n  Appendix 9A, 

f o r  both aperturelaperture-image p a i r s ,  using eq. (A3-15) [9 .6] ,  f o r  an assumed configura- 

t i o n  of a p e r t u r e  and l e n s  dimensions, pos i t i ons ,  and f o c a l  length.  

Generally,  when t h e r e  are focusing o p t i c s  between two a p e r t u r e s  t h a t ,  t oge the r ,  d e f i n e  

a r a d i a t i o n  beam, an equivalent  beam-defining a p e r t u r e  p a i r  ( joined by undeviated s t r a i g h t -  

l i n e  rays)  is  formed by e i t h e r  a p e r t u r e  and t h e  image of t h e  o t h e r  a p e r t u r e  produced by a l l  

of t h e  intermediate  o p t i c a l  elements. 

OBJECT SPACE and IMAGE SPACE. Note t h a t ,  i n  f i g u r e s  9.4(a) and ( b ) ,  t h e  s t r a i g h t - l i n e -  

equivalent  r ays  between each of t h e  equivalent  beam-defining aperturelaperture- image p a i r s  

co inc ide  with t h e  a c t u a l  r ays  ( s o l i d  l i n e s )  on j u s t  one s i d e  of t h e  l ens .  They are ex- 

tended as s t r a i g h t  dashed l i n e s  pas t  t h e  l e n s  and t h e  second s t o p  as though those o p t i c a l  

elements were not t h e r e ,  t o  i n t e r s e c t  a t  t h e  v i r t u a l  image of t h a t  s top.  .Th i s  s i t u a t i o n  is  

b r i e f l y  descr ibed i n  geometrical  o p t i c s  by s t a t i n g  t h a t  both t h e  a p e r t u r e  and t h e  a p e r t u r e  

image of a p a i r ,  and t h e  s t r a i g h t - l i n e  r ays  between them, e x i s t  i n  t h e  same space: t h e  

o the r  p a i r  e x i s t s  i n  a second space. One "space" is  a s soc ia t ed  with t h e  r ays  on t h e  l e f t  

s i d e  of t h e  l ens ,  where both a c t u a l  and equivalent  r ays  coincide;  t h e  o t h e r  is  a s soc ia t ed  

with t h e  a c t u a l  ( r e f r a c t e d )  r ays  on t h e  r i g h t  s i d e  of t h e  l e n s  where, aga in ,  t h e  a c t u a l  and 

equivalent  r ays  coincide.  

The conventions and terminology of geometrical  ( ray)  o p t i c s  are, t y p i c a l l y ,  r e l a t e d  t o  

s i t u a t i o n s  involving imaging. In  radiometry,  however, w e  o f t e n  use focusing o p t i c s  i n  si t-  

ua t ions  where w e  are not concerned with forming an image of an ob jec t  o r  source of r ad ia -  

t i o n  but ,  r a t h e r , , w i t h  de f in ing  a beam of r a d i a t i o n  from t h a t  source.  When focusing o p t i c s  

are used f o r  imaging, t h e  space a s soc ia t ed  with t h e  r ays  between t h e  ob jec t  o r  source and 

t h e  focusing o p t i c s ,  and t h e  s t r a i g h t - l i n e  extensions of t hose  r ays  pas t  any o p t i c a l  ele- 

ments as though they w e r e  not  p re sen t ,  i s  r e f e r r e d  t o  as ob jec t  space.  S imi l a r ly ,  t h e  
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space assoc ia ted  wi th  t h e  deviated ( r e f r a c t e d )  r a y s  emerging from t h e  l as t  focusing element 

and t h e i r  s t r a i g h t - l i n e  ex tens ions  back p a s t  a l l  o p t i c a l  elements as though they w e r e  no t  

present ,  is c a l l e d  image space,  s i n c e  it is t h e s e  r a y s  t h a t  may i n t e r s e c t  t o  form a real 

image (or t h e i r  ex tens ions  may i n t e r s e c t  t o  form a v i r t u a l  image) of t h e  source o r  o b j e c t .  

Both spaces  over lap  completely and coexis t  on both s i d e s  of t h e  o p t i c s .  

f a c t o r  i s  t h e  s i d e  on which t h e  r a y s  themselves (not  t h e i r  s t r a i g h t - l i n e  extensions)  a c t u a l l y  

e x i s t .  

The determining 

Customarily, a source o r  ob jec t  i s  i l l u s t r a t e d  as being on t h e  l e f t  of a focusing l e n s  

o r  lenses, with t h e  r a d i a t i o n  propagating through from l e f t  t o  r i g h t  t o  form a real image, 

i f  any, of t h e  source o r  ob jec t  on t h e  right-hand s i d e  of t h e  o p t i c s  ( o r  a v i r t u a l  image on 

t h e  l e f t  s i d e  by s t r a i g h t - l i n e  ex tens ions  of t h e  right-hand-side r a y s ) .  

un le s s  e x p l i c i t l y  s t a t e d  otherwise,  w e  w i l l  usua l ly  r e f e r  t o  t h e  space assoc ia ted  wi th  t h e  

a c t u a l  r a y s  on t h e  l e f t  as ob jec t  space and t h a t  assoc ia ted  with a c t u a l  r ays  on t h e  r i g h t  

as image space.  A1-A; 
i n  ob jec t  space,  while  t h e  p a i r  Note t h a t  t h i s  

is  cons i s t en t  with t h e  f a c t  t h a t ,  i n  v i s i b l e  l i g h t ,  t h e  rays  between A1 and A; appear 

p e r f e c t l y  s t r a i g h t  when viewed from t h e  objec t  s i d e  of t h e  l e n s ,  whi le  c a n ' t  even be 

seen from t h e  image ( r i g h t )  s i d e ,  i . e . ,  i t  doesn ' t  "ex is t"  i n  image space,  e t c .  

Accordingly, 

For example, t h e  ape r tu re  p a i r  [ f i g u r e  9.4(a)]  would be sa id  t o  be 

A;-A2 [ f i g u r e  9.4(b)] i s  i n  image space.  

A i  

S imi la r  r e l a t i o n s h i p s  e x i s t  with respec t  t o  a focusing o r  imaging mir ror  element,  but  

then  w e  c a n ' t  speak of t l e  r a y s  on d i f f e r e n t  s i d e s  of t h e  element because t h e  r e f l e c t i o n  

r e t u r n s  a l l  r a y s  t o  t h e  s a m e  s ide .  I n s t e a d ,  w e  must then d i s t i n g u i s h  between t h e  inc ident  

r a y s  i n  objec t  space ( those  coming from t h e  ob jec t  or source toward t h e  element) and t h e  

e x i t e n t  rays  i n  image space ( those  leav ing  t h e  element) ,  and t h e i r  r e spec t ive  s t r a i g h t - l i n e  

ex tens ions  pas t  t h e  element t o  form v i r t u a l  images beyond (behind) i t .  

APERTURE STOPS, FIELD STOPS, and THEIR IMAGES: PUPILS and WINDOWS. I n  Chapter 5 [ 9 . 3 ]  of 

t h i s  Manual, f i g u r e  5.1 (repeated here  as f i g u r e  9.5) shows t h e  phys ica l  conf igura t ion  used 

i n  a labora tory  measurement of t h e  radiance of t h e  glowing f i lament  of a tungsten-ribbon 

lamp. I n  simple cases l i k e  t h i s ,  where a r e l a t i v e l y  s m a l l  source on t h e  o p t i c  a x i s  ( t h e  

t a r g e t  area W) is  imaged on a r ece ive r  ( t h e  en t rance  s l i t  S1), t h e  ape r tu re  t h a t  l i m i t s  

t h e  penc i l  o r  s o l i d  angle  of r a y s  from t h e  source which is  accepted by t h e  instrument i s  

c a l l e d  t h e  ape r tu re  s top ,  wherever it may be loca ted  i n  t h e  instrument.  I n  t h i s  case, t h e  

ape r tu re  A i n  t h e  l e n s  mounting l i m i t s  t h e  s i z e  of t h e  accepted beam t o  which t h e  in s t ru -  

ment responds and, hence, t h e  s o l i d  angle  t h a t  i t  subtends a t  t h e  t a r g e t  W, so it i s  t h e  

ape r tu re  s t o p  of t h e  system. 
s t o p  may be loca ted  between some of t h e  elements,  we  r e f e r  t o  t h e  image of t h e  ape r tu re  

s t o p ,  formed by a l l  elements t h a t  precede it ( those  between it and t h e  source) ,  as t h e  

en t rance  pup i l  of t h e  system. 
mines t h e  beam t h a t  can be accepted by t h e  instrument ,  i .e . ,  i t s  throughput,  is c a l l e d  t h e  

f i e l d  s top .  It l i m i t s  t h e  s o l i d  angle  w(x,y) f i l l e d  by t h e  i n t e r s e c t i n g  rays  of t h e  beam 

a t  each poin t  x ,y  ac ross  t h e  ape r tu re  s top .  I n  t h i s  case ( f i g u r e  9 . 5 ) ,  t h e  f i e l d  s t o p  i s  

t h e  en t rance  s l i t  S1. 

With more complicated multi-element o p t i c s ,  where t h e  ape r tu re  

A second ape r tu re  t h a t ,  a long wi th  t h e  ape r tu re  s t o p ,  de t e r -  

The image of t h e  f i e l d  s t o p ,  formed by a l l  focusing elements t h a t  

101 



n
 

m 

r
l 
B 

4 &
 I 

r
l 

rd 
&

 
u
 

G
 

d
 

5 
m 
r
l 

4
 

cd 

d
 

rd 
CI 
-rl 
4J a 
0
 

- c) al 
a
 

m
 

*j 
a, 
a
 

a, 
r
l 

M
 

G
 

d
 

m
 

&
 
0
 

w
 

Id 
r
l 

a, 

Id 
Q

 
4J 
c m 2 

$ h
 

u
 

r
l 
u 
4
 

n
 

r
l 

Id 
G

 
M

 

- - 
r
l 

.! m 
M

 
G

 
r
l 

m
 

m al 
c) 
0
 

&
 
a
 

u
 

U
 

1
 

0
 

u
 rd 

M
 

u
 

R
 

Fr 
d
 

rd 
G

 
M

 
4
 

m fi 
m M

 
1

 
U

 
&

 
m a 
cd 

rcI 
0
 

- m 1 
w

 0 
a
 

h
 

rd 
d
 

r
l 
d
 

.-I 
m

 
a, 
0
 

rd 
a
 G
 

rd 
'ci 
m 
.rl 
Q

 
&

 
0
 

rcI 
W

 

M
 

G 
-4

 
rd 
al 
&

 
cd 

&
 
0
 

\
 

Q
 

G
 

rd 
M
 
3
 

G
 
0
 

m c) 
*rl 

4J 
a, 
M

 
Q

 
cd 
4.l 

;rl 
&

 
u
 a 
0
 

w
 

.rl 
d
 

W
 

B 
5 

z .rl 
m 1 
c) 
0
 

rcI 

*rl 
3
 

a
 h 0 0 al 

LI 

m 
E 

G
 
0
 

m
 

c) 
*rl 

&
 

u
 c) 

a, 
r
l 
a, 

% 
r
l 

W
 

.. a, 
4.l 

2; 

B 5 u
 m M
 

u
 

u
 s 0 
a
 rd 

m &
 

u
 al 

M
 

u
 % 

In 
m

 al 

I I 
I I 
5
 

I I 
0
 

I 

4
 

I 1 
W

 

I I 
d
 

Y
 

N
 
1
 

M
 

102 



precede i t ,  is t h e  en t rance  window, in  t h i s  case t h e  t a r g e t  a r ea  W . l  

s imple case (smal l  a x i a l  source imaged on r ece ive r )  t h e  accepted beam o r  throughput i s  

defined by t h e  en t rance  window W i n  combination wi th  t h e  en t rance  pup i l  A,  both i n  

ob jec t  space. 

Accordingly, i n  t h i s  

More complicated, multi-element o p t i c a l  systems may a l s o  involve repeated reimaging. 

However, i f  t h e  instrument i s  sharp ly  focused t o  accept r a d i a t i o n  only from a well-defined 

po r t ion  of an  extended source,  t h i s  means t h a t  s o m e  s top  or  l i m i t i n g  a p e r t u r e  i s  imaged 

the re ,  at  t h e  source. It is  t h a t  s top  t h a t  i s  designated a s  t h e  f i e l d  s top  and i ts  image 

t h e r e  on t h e  source ( i n  ob jec t  space) i s  t h e  en t rance  window. S imi l a r ly ,  a t  least  i n  most 

well-designed o p t i c a l  systems f o r  rad iometr ic  instruments,  another s top  o r  a p e r t u r e  re- 

s t r i c t s  t h e  accepted s o l i d  angle  o r  penc i l  of r ays  from any poin t  of t h e  en t rance  window 

tha t  can pass  through t h e  o p t i c a l  system without obs t ruc t ion .  It determines t h e  t r ansve r se  

dimensions of t he  beam en te r ing  t h e  instrument.  It i s  c a l l e d  t h e  a p e r t u r e  s top  and i t s  

image i n  ob jec t  space is  t h e  en t rance  pup i l .  Together, t h e  en t rance  window and en t rance  

p u p i l  form a beam-defining aperture(-image) p a i r  i n  ob jec t  space. They e s t a b l i s h  the 

maximum accepted beam, t h e  one conta in ing  a l l  poss ib l e  r ays  t h a t  can pass through t h e  

o p t i c a l  system without obs t ruc t ion .  The measure of t h i s  beam i s  t h e  throughput 0 of t h e  

o p t i c a l  system. 

DESIGNATIONS of STOPS, PUPILS, and WINDOWS i n  RADIOMETRY. The defined throughput o r  

maximum accepted beam of t h e  o p t i c a l  system, j u s t  descr ibed ,  e x i s t s  whether o r  no t  t h e r e  is  

a c t u a l l y  an  extended source  a t  t h e  en t rance  window. I n  radiometry,  it i s  not  uncommon t o  

f i n d  s i t u a t i o n s  where focusing o r  imaging of a source  does not  t ake  p lace  but where, never- 

t h e l e s s ,  an o p t i c a l  system serves  t o  d e f i n e  t h e  accepted beam i n  the  way j u s t  descr ibed ,  

i . e . ,  by two s tops  whose images i n  ob jec t  space form a beam-defining aperture(-image) p a i r .  

The member of t h i s  p a i r  f a r t h e s t 2  from t h e  instrument i s  loose ly  c a l l e d  t h e  en t r ance  window 

and t h e  assoc ia ted  s top ,  t h e  f i e l d  s top ;  t h e  o the r  image and s top ,  s i m i l a r l y ,  being termed 

t h e  en t rance  pup i l  and t h e  a p e r t u r e  s top ,  r e spec t ive ly .  

conventions of geometrical  o p t i c s  apply,  s t r i c t l y ,  only t o  s i t u a t i o n s  involving an ob jec t  

and i t s  image. I n  f a c t ,  t h e  r u l e s  f o r  a s s ign ing  t h e  des igna t ions  of a p e r t u r e  s top  and 

f i e l d  s top  are based on t h e  object-point l oca t ion  and t h e  des igna t ions  may be d i f f e r e n t  f o r  

d i f f e r e n t  l oca t ions  of an ob jec t  wi th  r e spec t  t o  t h e  same o p t i c a l  system [ 9 . 7 , 9 . 8 , 9 . 9 ] .  

However, f o r  radiometry it i s n ' t  r e a l l y  important which member of t h e  beam-defining aper- 

ture(-image) p a i r  is t h e  en t rance  pup i l  and which i s  t h e  en t rance  window. Accordingly, w e  

won't a t tempt  t o  go i n t o  t h e  geometrical-optics r u l e s  here.  Those who need them w i l l  f i n d  

them i n  t h e  c i t e d  t e x t s  [ 9 . 7 , 9 . 8 ] .  Meanwhile, w e  w i l l  cont inue ,  i n  most i n s t ances ,  t o  

fo l low t h e  "loose" but convenient p r a c t i c e  j u s t  described i n  des igna t ing  t h e  a p e r t u r e  and 

f i e l d  s tops  of most o p t i c a l  systems. I n c i d e n t a l l y ,  s i n c e  they are a l s o  used occas iona l ly  

We say "loosely" because t h e  

'Thus, S1 de te rmines . the  t a r g e t  area W o r  " f i e ld"  from which t h e  instrument accep t s  

r a d i a t i o n  f o r  measurement; hence t h e  des igna t ion  " f i e l d  stop' ' .  

21t may even be "at i n f i n i t y "  -- see next s ec t ion .  
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i n  radiometry,  w e  should mention t h a t  t h e  image of t h e  a p e r t u r e  s t o p  formed by a l l  o p t i c a l  

elements t h a t  fol low it (convent ional ly  t o  t h e  r i g h t )  is  c a l l e d  t h e  e x i t  p u p i l  and, simi- 

l a r l y ,  t h e  image of t h e  f i e l d  s top  formed by a l l  fol lowing o p t i c a l  elements i s  c a l l e d  t h e  

e x i t  window. The e x i t  p u p i l  and e x i t  window, thus ,  form a beam-defining aperture(-image) 

p a i r  in image space. 

OPTICAL SYSTEM FOCUSED on INFINITY. There remains one important s p e c i a l  case t h a t  is  not  

adequately covered by t h e  foregoing t reatment .  

f o r  use i n  t h e  f i e l d ,  is  focused on i n f i n i t y ,  t h e  f i e ld - s top  image t h a t  is  t h e  en t r ance  

window is a t  i n f i n i t y .  Consequently, i t ' s  no longer a c c e s s i b l e  so  w e  c a n ' t  eva lua te  t h e  

throughput as determined by t h e  en t r ance  window and entrance p u p i l  as a beam-def in ing  

aperture(-image) p a i r .  

When an instrument,  u sua l ly  one intended 

Actual ly ,  t h i n g s  are made simpler by t h e  f a c t  t h a t ,  when t h e  system i s  focused on 

i n f i n i t y ,  t h e  angular  spread of t h e  inc iden t  r a y s  of t h e  beam t h a t  i n t e r s e c t  a t  each po in t  

of t h e  en t r ance  pup i l  is  t h e  same f o r  a l l  such po in t s .  

a l l  r ays  of t h e  beam i n t e r s e c t i n g  a t  t h e  point  x,y of t h e  entrance-pupi l  area A is then 

The s o l i d  ang le  w(x,y>, containing 

Figure 9.6. A simple o p t i c a l  system focused on i n f i n i t y  

( f o r  f i e l d  use  with d i s t a n t  t a r g e t s  o r  sources) .  

2 A -- entrance-pupil  area [m 1 

sa -- a p e r t u r e  s t o p  
P 

Sf -- f i e i d  s top  

w -- f i e l d  s o l i d  ang le  [ s r ]  

Bh -- h a l f - f i e l d  angle  [ r ad ]  

I 
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a constant  f o r  a l l  such po in t s :  w(x,y) = w, a constant .  This is  evident  i n  f i g u r e  9.6, 

i l l u s t r a t i n g  how a t h i n  l e n s  focuses inc iden t  p a r a l l e l  beams of dashed r a y s  a t  opposi te  

p o i n t s  on t h e  margin of t h e  f i e l d  s top  i n  i t s  f o c a l  plane.  

same s o l i d  angle  w wherever they i n t e r s e c t  a t  t h e  entrance pup i l  which, i n  t h i s  simple 

case, i s  t h e  a p e r t u r e  s top  formed by t h e  margins of t h e  l e n s ,  i t s e l f .  Also, i n  t h i s  case, 

eva lua t ion  of t h e  s o l i d  angle  is q u i t e  simple; it i s  j u s t  t h e  s o l i d  ang le  subtended a t  

t h e  c e n t e r  of t h e  l ens  

gene ra l ly ,  with a t h i c k  l e n s  o r  with mul t ip l e  primary o p t i c a l  elements,  t h i s  would be t h e  
s o l i d  angle  subtended a t  t h e  rear nodal point’  of t h e  primary o p t i c s  ( in  most cases, with 

a l l  elements i n  t h e  same medium, a i r ,  t h i s  is  t h e  same as t h e  rear p r i n c i p a l  po in t ’ ) ,  
r a t h e r  than a t  t h e  cen te r  of t h e  l e n s  0. Once w is  e s t a b l i s h e d ,  t h e  throughput i s  q u i t e  

simply evaluated as t h e  product of t h e  entrance-pupil  area 
ang le  R = I cose-dw Ieq. (2.30) [9 .1]] .  I f ,  with t h e  usua l  c i r c u l a r  f i e l d  s top ,  w 

is t h e  s o l i d  angle  a t  t h e  apex of a r i g h t  c i r c u l a r  cone of half-apex angle  
A2-5 [9.10]), w e  found i n  Appendix 2, eq. (A2-14) [9.10] t h a t  t h e  corresponding projected 

These extreme rays  enclose t h e  

w 

0 by t h e  undeviated r ays  from t h e  margins of t h e  f i e l d  s top .  More 

A and t h e  p ro jec t ed  s o l i d  

eh ( s e e  f i g u r e  

s o l i d  angle  i s  

R =  

Then, by eq. (2.30) [9 .1] ,  t h e  

2 n - s i n  eh [ s r ] .  

throughput is  

A - R  = A*a.sin 2 eh [m2*sr1. 

(9.10) 

(9.11) 

FLEXIBILITY i n  CHOICE of REFERENCE SURFACE f o r  SPATIAL PARAMETERS. Although w e  cons i s t -  

e n t l y  use t h e  r ece iv ing  a p e r t u r e  o r  entrance p u p i l  of a radiometer as t h e  l o g i c a l  r e fe rence  

s u r f a c e  f o r  t h e  inc iden t  r a d i a t i o n  t o  which an instrument responds,  it w a s  pointed out  i n  

Chapter 2 19.11, p a r t i c u l a r l y  i n  connection with t h e  t ransformation equat ions,  eqs. (2 .41 )  
and (2.42) o r  (2.41a) and (2.42a), t h a t  any, convenient r e fe rence  su r face  t h a t  i n t e r s e c t s  

t h e  e n t i r e  beam may be used f o r  t h e  designat ion of t h e  s p a t i a l  parameters of p o s i t i o n  x ,y  

and d i r e c t i o n  e , $ .  This follows from the  invariance of throughput which, accordingly,  

may be evaluated a t  any su r face  t h a t  i n t e r s e c t s  t h e  e n t i r e  beam. From what w e  have seen 

he re  about t h e  e f f e c t s  of v i g n e t t i n g ,  t h e  most convenient choices  w i l l  su re ly  be a s top  o r  

beam-defining a p e r t u r e ,  o r  an image of such a s top ,  but it may be any one, depending on 

where t h e  p e r t i n e n t  l eng ths  and angles  are most e a s i l y  evaluated.  

ENTRANCE PUPILS as RECEIVING APERTURES -- SOME PRACTICAL PROBLEMS. We have seen t h a t ,  i n  

an imaging o r  focusing o p t i c a l  system, it is  t h e  en t r ance  p u p i l  t h a t  c o n s t i t u t e s  t h e  re- 

ceiving ape r tu re  from t h e  s tandpoint  of l i m i t i n g  t h e  t r ansve r se  dimensions of t h e  inc iden t  

beam of r ays  ( i n  ob jec t  space) t h a t  is accepted by t h e  instrument.  When t h e  entrance pup i l  
is  a v i r t u a l  image of an a p e r t u r e  s top ,  i nacces ib ly  loca t ed  behind a l e n s ,  i t  may be d i f -  

f i c u l t  t o  measure i ts  dimensions and p o s i t i o n  when these  d a t a  are needed. Fortunately,  

lSee any standard t e x t  on geometrical  o p t i c s  [9 .7 ,9 .8] .  
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they are not  required f o r  solving t h e  measurement equation i n  t h e  i l l u s t r a t i v e  problems of 

Chapter 5 19 .31 .  For radiance measurements, such as those of Problem 1, it i s  only neces- 

s a r y  t o  be s u r e  t h a t  the dimensions and p o s i t i o n  of t h e  entrance pup i l  o r  r ece iv ing  aper- 

t u r e  remain exac t ly  t h e  s a m e  f o r  a l l  of t h e  measurements. They then cancel  o u t ,  so  t h e i r  

va lues  don ' t  e n t e r  i n t o  t h e  f i n a l  r e s u l t ,  as i n  eq. (5.11) o r  eq.  (5.20) [ 9 . 3 ] .  For irra- 

diance measurements, as i n  Problems 2 and 3 ,  uniform, i s o t r o p i c  i r r a d i a t i o n  of t h e  mono- 

chromator en t r ance  p u p i l  and constant.interna1-beam geometry are insured by t h e  use  of a 

d i f f u s e r  ahead of t h e  focusing o p t i c s .  An a p e r t u r e  i n  f r o n t  of t h e  d i f f u s e r  i s  then t h e  

r ece iv ing  a p e r t u r e  f o r  t h e  o v e r a l l  system. In  t h e  next s e c t i o n ,  w e  d i scuss  some consider- 

a t i o n s  r e l a t i n g  t o  such d i f f u s e r s  and t h e  a p e r t u r e s  i n  f r o n t  of them. However, when f i e l d  
measurements are made, with an instrument focused on i n f i n i t y ,  of t h e  i r r a d i a n c e  from 

d i s t a n t  t a r g e t s  o r  sources ,  it is o f t e n  not  f e a s i b l e  t o  use a d i f f u s e r  and then i t  may be 

q u i t e  important t o  know t h e  exact p o s i t i o n  of t h e  entrance pup i l  o r  receiving ape r tu re .  

There are two compelling reasons f o r  not  using a d i f f u s e r  f o r  t hese  f i e l d  measurements. 

F i r s t ,  a d i f f u s e r  reduces t h e  d e t e c t i v i t y  of t h e  instrument s u b s t a n t i a l l y ,  o f t e n  beyond t h e  

point  where it is adequate t o  respond t o  t h e  low i r r a d i a n c e  from very d i s t a n t  sources.  

Second, i s o l a t i o n  of t h e  r a d i a t i o n  of t h e  source o r  t a r g e t  from t h a t  of o the r  unwanted 

background sources i n  t h e  uncontrol led f i e l d  environment, along with an  adequately l a r g e  

r ece iv ing  ape r tu re ,  can be achieved only with focusing o p t i c a l  elements. 

For f i e l d  measurements of d i s t a n t  sources  t h a t  subtend very small  ang le s  a t  t h e  r ad i -  

ometer, it may no longer be e s s e n t i a l  t o  have i s o t r o p i c  r e spons iv i ty ,  even ac ross  a rel- 

a t i v e l y  narrow f i e l d  of view of t h e  instrument.  However, i f  t h e  r e spons iv i ty  i s  not 

i s o t r o p i c ,  it i s  important t o  know t h e  va lue  of t h e  r e spons iv i ty  as a func t ion  of d i r e c t i o n  

together  with t h e  d i r e c t i o n  of t h e  source wi th in  t h e  instrument f i e l d  a t  t h e  t i m e  of t h e  

measurement. This poses some d i f f i c u l t  p r a c t i c a l  problems f o r  moving sources ,  such as 

a i r c r a f t  and missiles, i n  add i t ion  t o  t h e  problem of deal ing wi th  background r a d i a t i o n ,  

e.g. ,  t h a t  from t h e  sky, and i t s  con t r ibu t ion  t o  t h e  output of t h e  measuring instrument.  

Returning t o  t h e  problem of t h e  dimensions and pos i t i on  of t h e  entrance pup i l  o r  

r ece iv ing  ape r tu re ,  i t s  area A cance l s  out and does not appear i n  t h e  f i n a l  s o l u t i o n  of 

t h e  measurement equation f o r  i r r ad iance .  For example, it appears i n  both eqs. (5.27) and 

(5.28), so t h a t  it is  el iminated when t h e  quo t i en t  between them i s  taken i n  eq. (5.29).  

However, t h e  e x a c t . p o s i t i o n  of t h e  entrance pup i l  may s t i l l  be very important.  

ance-standard lamp i s  usua l ly  c a l i b r a t e d  and c e r t i f i e d  f o r  t h e  values  of i r r a d i a n c e  

o r  s p e c t r a l  i r r a d i a n c e  E;(h) ,  at a given distance, so w e  must be a b l e  t o  v e r i f y  t h a t  t h e  

r e fe rence  su r face  e s t ab l i shed  by t h e  en t r ance  p u p i l  i s ,  i n  f a c t ,  a t  t h a t  spec i f i ed  d i s t ance  

from t h e  standard source (lamp).l 

entrance p u p i l  i s  a v i r t u a l  image of an ape r tu re  s t o p  and is  inaccess ib ly  located behind a 

l e n s  o r  l enses .  

An i r r a d i -  

E', 

A s  already pointed ou t ,  t h i s  may be d i f f i c u l t  i f  t h e  

The s implest  s o l u t i o n  f o r  p rec i s ion  work i s  t o  i n s t a l l  an a c c e s s i b l e  

lThis  problem may not  arise with a collimated-beam standard of s p e c t r a l  i r r a d i a n c e  i f  t h e  

unknown i s  a l s o  col l imated o r  very f a r  away. 
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a p e r t u r e  s top i n  f r o n t  of t h e  e n t i r e  o p t i c a l  system, making s u r e  t h a t  it becomes t h e  

l i m i t i n g  aperture by making it j u s t  small enough so  tha t  no rays of t h e  measurement beam 

can q u i t e  reach t h e  edges of t h e  i n t e r n a l  s top ,  which i s  then no longer  t h e  a p e r t u r e  s top  

f o r  t h a t  measurement. This w i l l  somewhat reduce t h e  f l u x  i n  t h e  beam but it w i l l  probably 
be a s m a l l  p r i c e  t o  pay f o r  t h e  improved accuracy i n  e s t a b l i s h i n g  t h e  dimensions and loca- 

t i o n  of t h e  a p e r t u r e  s top  (serving a l s o  as entrance p u p i l  and r ece iv ing  a p e r t u r e ) .  

important t o  make su re ,  a l s o ,  t h a t  it does form a beam-defining a p e r t u r e  p a i r  with t h e  

f i e l d  s top o r  i t s  image, i .e . ,  t h a t  from every po in t  w i th in  t h e  a p e r t u r e  s top  r ays  can 

pass ,  without obs t ruc t ion  a t  some o the r  po in t ,  through every point  w i th in  t h e  f i e l d  s top .  

It i s  

The f i e l d  s o l i d  angle  w, o r ,  with c i r c u l a r  o p t i c a l  elements and s t o p s ,  t h e  h a l f -  

f i e l d  angle  O h ,  i s  a l s o  r e l a t i v e l y  easy t o  measure d i r e c t l y .  A d i s t a n t  s m a l l  source,  a t  

least o p t i c a l l y  d i s t a n t  (e.g. ,  by m e m s  of a c o l l i m a t o r ) ,  is  observed a t  d i f f e r e n t  ang le s  

0 

o r  receiving ape r tu re ) .  

where t h e r e  is no longer any instrument response. With a steady source,  t h i s  can a l s o  

be made a measurement of t h e  d i r e c t i o n a l  r e spons iv i ty  c h a r a c t e r i s t i c ,  t h e  r e l a t i v e  respon- 

s i v i t y  as a func t ion  of d i r e c t i o n  r ( 0 , @ ) .  With good symmetry, t h e  r e spons iv i ty  may be 

independent of $ and a funct ion only of t h e  angle  from t h e  a x i s  r ( 0 ) .  In  any case ,  t h i s  

information w i l l  help t o  i n s u r e  t h a t  t h e  i r r a d i a n c e  measurement i s  a c t u a l l y  made with t h e  

source w e l l  wi thin a c e n t r a l  region of i s o t r o p i c  d i r e c t i o n a l  r e spons iv i ty  t o  t h e  ex ten t  

t h a t  thi's is  required ( see  Chapter 5, problems 2 & 3 19.31). 

DIFFUSERS. 

used f o r  measuring i r r a d i a n c e  ( including s p e c t r a l  i r r ad iance )  o f t e n  employ a d i f f u s e r ,  such 

as an averaging sphere,  as  t h e  f i r s t  o p t i c a l  element i n  order  t o  achieve t h e  required iso- 

t r o p i c  d i r e c t i o n a l  f l u x  r e spons iv i ty  ( o r ,  a s  an approximate equ iva len t ,  a lambertian response 

t h a t  v a r i e s  as the  cos ine  of t h e  angle  of incidence when i r r a d i a t e d  by a well-coll imated, 

iso-radiance,  i nc iden t  beam t h a t  i s  wide enough t o  completely f i l l  t h e  r ece iv ing  a p e r t u r e  

a t  a l l  t imes) .  When used as t h e  f i r s t  o p t i c a l  element, a d i f f u s e r  terminates  t h e  inc iden t  

beam and becomes a new source f o r  t h e  e x i t e n t  beam; t h e r e  is  no ray-to-ray con t inu i ty  

between t h e  two beams. For t h i s  purpose, t h e  best  d i f f u s e r  f o r  measurements of optimum 

accuracy is probably a good i n t e g r a t i n g  o r  averaging sphere with i t s  entrance p o r t  ( re-  

ce iv ing  ape r tu re )  defined by a sharp-edged a p e r t u r e  of well-defined p o s i t i o n  and dimensions 

( see  "More about Vignetting" below, e s p e c i a l l y  f i g u r e  9.9). Even then,  i n t e r n a l  b a f f l e s  o r  

screens may be needed t o  i n s u r e  t h a t  a l l  r a y s  of t h e  e x i t e n t  beam have not  been r e f l e c t e d  

d i r e c t l y  from po in t s  exposed t o  t h e  d i r e c t  i nc iden t  beam. 

from t h e  o p t i c a l  a x i s  (with t h e  ve r t ex  of t h e  angle  a t  t h e  c e n t e r  of t h e  entrance pup i l  

The edge of t h e  f i e l d  s o l i d  ang le  o r  t h e  angle  €Ih i s  t h a t  angle  

I n  problems 2 and 3 of Chapter 5 [9 .3 ] ,  w e  have a l r eady  seen t h a t  instruments  

Sometimes, when t h e  use of a sphere i s  not convenient,  o the r  forms of d i f f u s e r  may be 

employed, such as a f l a t - p l a t e  d i f f u s e  r e f l e c t o r  o r  a t r ansmi t t i ng  ground-glass, opal- 

g l a s s ,  o r  t r ans lucen t -p l a s t i c  element. The r e s u l t  may be g r e a t e r  v a r i a t i o n  i n  d i r e c t i o n a l  

r e spons iv i ty  o r  narrowing of t h e  s o l i d  angle  within which t h e  response t o  inc iden t  r a d i a t i o n  

i s  acceptably i s o t r o p i c .  

f o r  measurement includes r a d i a t i o n  only from a des i r ed  po r t ion  of t h e  d i f f u s i n g  element may 
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a l s o  be aggravated. 

d i f f u s e r  is sometimes "improved" by ad jus t ing  i t s  shape t o  achieve a more nea r ly  lambert ian 

o r  t tcosinet l  response,  empir ica l ly  compensating f o r  t h e  f a c t  t h a t  i t  is not  a pe r fec t  d i f -  

f u s e r .  

On t h e  o ther  hand, t h e  d i r e c t i o n a l  r e spons iv i ty  of a t r ansmi t t i ng  

A t y p i c a l  empir ica l ly  "shaped" d i f f u s e r  is  something l i k e  t h a t  depic ted  i n  f i g u r e  

9.7(b) .  The width of a uniform ( iso-radiance)  co l l imated  beam of p a r a l l e l  r a y s  s t r i k i n g  

t h e  f l a t  d i f f u s e r  of f i g u r e  9.7(a) i s  reduced by t h e  f a c t o r  cos0 as t h e  angle  of i n c i -  

dence 0 is  increased.  However, most d i f f u s i n g  materials are not  p e r f e c t l y  d i f f u s i n g .  

Also, r e f l e c t i o n  l o s s  a t  t h e  f i r s t  su r f ace  tends  t o  increase  wi th  increas ing  0 .  I n  

genera l ,  such d i f f u s e r s  become less e f f i c i e n t  d i f f u s e  t r a n s m i t t e r s '  a t  l a r g e r  angles  of 

incidence so t h a t  t h e  f l u x  reaching t h e  de t ec to r  beneath t h e  d i f f u s e r  is  reduced by more 

than t h e  f a c t o r  of cose.  By r a i s i n g  t h e  cen te r  of t h e  element and ad jus t ing  i t s  shape by 

t r i a l  and e r r o r ,  it is  poss ib l e  t o  i n t e r c e p t  a s l i g h t l y  wider beam a t  t h e  l a r g e r  angles  of 

incidence,  as shown i n  f i g u r e  9.7(b) ,  t o  compensate f o r  t h e  l o s s e s .  I n  t h i s  way, t h e  f l u x  

reaching t h e  de t ec to r ,  and hence i t s  response,  can be made t o  fol low q u i t e  c lose ly  a des i r ed  

"cosine response" as t h e  angle  of incidence of a uniform col l imated ( p a r a l l e l )  beam i s  

changed. However, t h e  beam from a r e l a t i v e l y  c l o s e  lamp of f i n i t e  dimensions c a n ' t  be 

expressed as t h e  sum of such convenient ly  uniform beams of p e r f e c t l y  p a r a l l e l  rays .  A t  

p resent ,  w e  don ' t  know how t o  e s t a b l i s h  a receiving-area o r  reference-surface d i s t a n c e  o r  

l oca t ion  f o r  such shaped d i f f u s e r s  t h a t  w i l l  g ive  cons i s t en t  r e s u l t s  f o r  measurements of 

beams with q u i t e  d i f f e r e n t  s p a t i a l  d i s t r i b u t i o n s  of f l u x  o r  beam geometries.  

I 

DETECTOR DETECTOR 

Figure 9.7. Dif fuser -de tec tor  conf igura t ions  f o r  measuring i r r a d i a n c e .  

Note t h a t ,  f o r  i s o t r o p i c  f l u x  r e spons iv i ty  over t h e  widest  

poss ib l e  angle ,  it is  usua l ly  d e s i r a b l e  t o  make t h e  de t ec to r  

wide enough t o  c o l l e c t  as much as poss ib l e  of t h e  d i f f u s e l y  

t ransmi t ted  r a d i a t i o n  coming from t h e  back (underside) of t h e  

d i f fus ing  element,  as shown. 
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When it is known that t h e  beam geometry and t h e  s p a t i a l  d i s t r i b u t i o n  (both  p o s i t i o n  

and d i r e c t i o n )  of f l u x  wi th in  t h e  beam are exac t ly  t h e  s a m e  f o r  both t h e  unknown source and 

the c a l i b r a t i o n  source,  t h e r e  is, of course,  no problem. Then any sample of t h e  same 

por t ion  of each beam can se rve  as a measurement of the e n t i r e  beam o r  any po r t ion  of i t  i n  

each case, so i t ' s  only necessary t o  use  t h e  same re fe rence  su r face  c o n s i s t e n t l y  f o r  both 

measurements. The problem of iden t i fy ing  t h e  exact receiving-area d i s t a n c e  f o r  t h e  i r r a d i -  

ance measurement assumes importance only t o  t h e  ex ten t  t h a t  t h e  two beam geometries (un- 

known-source and ca l ibra t ion-s tandard  s p a t i a l  d i s t r i b u t i o n s  of f lux)  d i f f e r .  Unfortunately,  

w e  have no t  been a b l e  t o  dev i se  any genera l  method f o r  e s t a b l i s h i n g  t h e  r ece iv ing  area o r  

re ference-sur face  d i s t a n c e  i n  such s i t u a t i o n s .  

I n  summary, most real d i f f u s e r s  f a l l  cons iderably  s h o r t  of t h e  i d e a l ,  producing t r u l y  

i s o t r o p i c  f l u x  r e spons iv i ty  f o r  t h e  instrument only over a l imi t ed  s o l i d  angle  o r  range of 

d i r e c t i o n s  rather than t h e  des i r ed  f u l l  hemisphere. This makes i t  p a r t i c u l a r l y  important 

t o  measure t h e  d i r e c t i o n a l  r e spons iv i ty  and t o  make s u r e  that a l l  s i g n i f i c a n t  sources (both 

unknown and standard) are c l e a r l y  wi th in  t h e  i so t rop ic - r e spons iv i ty  reg ion .  On r a r e  occa- 

s ions ,  i f  t h e  beam geometry of bo th  unknown and standard sources  i s  i d e n t i c a l ,  measurements 

of samples of t h e  beam taken i n  t h e  s a m e  way can e s t a b l i s h  an adequate comparison regard- 

less of v a r i a t i o n s  i n  r e spons iv i ty  a s  a func t ion  of d i r e c t i o n  a s  long a s  it i s  t h e  same f o r  

bo th  measurements. However, i n  almost a l l  i n s t ances ,  wi th  a standard source t h a t  has  a 

geometr ica l  conf igura t ion  q u i t e  d i f f e r e n t  from t h a t  of t h e  unknown source ,  accu ra t e  i r r a d i -  

ance measurements cannot be made without an instrument of adequately i s o t r o p i c  f l u x  respon- 

s i v i t y .  

BAFFLES. When t h e  defined beam completely f i l l s  both of j u s t  two beam-defining a p e r t u r e s  

o r  s tops ,  wi th  no o the r  obs t ruc t ion  o r  v i g n e t t i n g ,  t h i s  means t h a t  a l l  o the r  a p e r t u r e s  

through which t h a t  beam passes  are then  l a r g e  enough so t h a t  they do n o t  block any r ays  

t h a t  are passed by both beam-defining ape r tu re s .  The o the r  a p e r t u r e s  a r e  then e i t h e r  

b a f f l e s ,  introduced t o  i n t e r c e p t  and reduce s c a t t e r e d  r a d i a t i o n ,  o r  they are suppor ts  f o r  

t h e  o p t i c a l  elements. Ba f f l e s  are used t o  block s t rong  r ays  t h a t ,  whi le  they cannot pass 

d i r e c t l y  through a l l  of the s tops  o r  beam-limiting a p e r t u r e s ,  might reach t h e  d e t e c t o r  o r  

t ransducer  by r e f l e c t i o n  o r  s c a t t e r i n g  from t h e  i n t e r n a l  su r f aces  of t h e  instrument chamber. 

MORE on VIGNETTING.  

between t h e  s tops  as i l l u s t r a t e d  i n  f i g u r e s  9 .2  and 9.3, but a l s o  a t  t h e  nominal s tops  when 

some of t h e  r ays  between p o i n t s  wi th in  t h e  nominal s tops  are blocked by obs t ruc t ions  e l se -  

where, e i t h e r  between o r  beyond t h e  nominal s tops ,  as i n  f i g u r e s  9.8(a) o r  (b ) .  For those  

blocked r ays ,  the nominal s top  i s  no longer t h e  a c t u a l  s top ;  i n s t ead ,  t h e  o b s t a c l e  becomes 

t h e  s top  (beam-limiting-aperture margin) f o r  t h e  blocked r ays ,  so t h a t  t h e r e  i s  no longer 

j u s t  a beam-defining a p e r t u r e  p a i r  o r  p a i r  of s tops .  

Vignet t ing  t a k e s  p l ace ,  no t  only a t  t h e  edges of a beam beyond or  

Even when w e  do have j u s t  a beam-defining a p e r t u r e  p a i r  o r  p a i r  of s t o p s ,  i t  can be 

d i f f i c u l t  enough t o  eva lua te  t h e  i n t e g r a l s  i n  
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Figure 9.8. Two cases of v igne t t i ng .  

A and B are t h e  nominal s t o p s  (beam-defining ape r tu re  p a i r ) .  

In t roduct ion  of ape r tu re  C causes  v igne t t i ng  where unobstructed 

r a y s  of t h e  beam through each poin t  of 

po in t s  of B, and v i c e  versa .  There are now extreme r a y s  a - c 

on one s i d e  and a - b on t h e  o t h e r .  

A can no longer  reach a l l  
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because t h e  s o l i d  angle  w(x,y), 

element dA ( a t  each point  x , y  over t h e  area A) i s  o f t e n ,  as ind ica t ed ,  a s i g n i f i c a n t  

func t ion  of t h e  p o s i t i o n  coordinates  x , y  of t h a t  element. That ' s  why w e ' r e  always glad 

t o  t ake  advantage of t h e  published t a b l e s  of conf igura t ion  f a c t o r s ,  as descr ibed i n  Appen- 

d i x  3 [9.6],  t o  eva lua te  such throughputs as t h a t  between two p a r a l l e l  c o a x i a l  c i r c u l a r  

a p e r t u r e s  i n  eq. (A3-15) [9 .6] .  When t h e  l i m i t s  of w involve t h e  margins of more than 

one a p e r t u r e  or  b a r r i e r  a t  d i f f e r e n t  d i s t a n c e s  ( i . e . ,  when t h e r e  is  v i g n e t t i n g ) ,  eva lua t ion  

of t h e  throughput becomes even more complicated and d i f f i c u l t  [ 9 . 5 ] .  

f i l l e d  by r a y s  of t h e  beam t h a t  i n t e r s e c t  each area 

Note a l s o  t h a t ,  un less  t h e  s tops  have t h i n  sharp 

obl ique rays  a t  t h e  edges of a s top  ( s e e  f i g u r e  9 . 9 ) .  

by t h e  f r o n t  edge of t h e  s top ;  on t h e  f a r  s i d e  by t h e  

t h e  plane of t h e  l i m i t i n g  margin changes cont inuously 

col l imated beam. A well-designed s top  o r d i n a r i l y  has  

d i c u l a r  t o  t h e  o p t i c a l  a x i s .  

edges,  t h e r e  can be v i g n e t t i n g  of 

On t h e  near  s i d e ,  they are l imi ted  

back edge. I f  t h e  edge is rounded, 

around t h e  s t o p  f o r  an obl ique,  w e l l -  

sharp edges l y i n g  i n  a plane perpen- 

Figure 9.9. Vignet t ing by an a p e r t u r e  i n  a t h i c k  w a l l .  

The f r o n t  (upper) edges and t h e  rear (lower) edges form c i r c u l a r  s t o p s  

i n  d i f f e r e n t  planes.  Oblique p a r a l l e l  r a y s ,  as i l l u s t r a t e d ,  are l i m i t e d  

by t h e  f r o n t  (upper) edge on t h e  near  ( l e f t )  s i d e  and by t h e  rear (lower) 

edge on t h e  f a r  ( r i g h t )  side.. Of course,  i f  t h e s e  were j u s t  s l i g h t l y  

diverging r ays  from a poin t  source,  o r  one smaller  than t h e  a p e r t u r e ,  

t h e  rear (lower) edge would become t h e  l i m i t i n g  a p e r t u r e  i f  t h e  source 

w e r e  accura te ly  al igned on t h e  a x i s ,  perpendicular ly  above t h e  a p e r t u r e .  

However; i n  general ,  r a d i a t i o n  from a more extended source w i l l  inc lude  

p a r a l l e l  bundles of r a y s ,  inc ident  a t  angles  away from t h e  normal, w i t h  

t h e  e f f e c t  shown. 
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RESPONSIVITIES and BEAM GEOMETRY. In  an  instrument wi th  uniform, i s o t r o p i c ,  l i n e a r  f l u x  

r e spons iv i ty  [R@(x,y,B,$) = R#, 

radiance r e spons iv i ty  % is  d i r e c t l y  r e l a t e d  t o  t h e  f l u x  r e spons iv i ty  R# by t h e  through- 

put 0: 

a cons t an t ,  f o r  a l l  r ays  t h a t  reach t h e  d e t e c t o r ] ,  t h e  

Note t h a t ,  al though we don ' t  have a d i f f e r e n t  symbol, t h e s e  are now o v e r a l l  instrument 

r e s p o n s i v i t i e s .  They would be average r e s p o n s i v i t i e s  i f  t h e  individual-ray r e spons iv i ty  
R@(x,y,B,$) dS/d# were not  t h e  same f o r  a l l  rays .  Here @ [=//L.cosB.dw*dA] i s  t h e  

t o t a l  f l u x  i n  t h e  beam t o  which t h e  instrument responds,  

L i s  t h e  radiance of an iso-radiance inc iden t  beam t h a t  completely f i l l s  t h e  throughput 0 

(o r  t h e  average radiance of such a beam i f  t h e  radiance i s  not  everywhere t h e  same through- 

out  t h e  beam). 

S i s  t h e  r e s u l t i n g  output s i g n a l ,  

Equation (9.12) i s  t r u e ,  r e g a r d l e s s  of v i g n e t t i n g  [ a s  long as t h e  e f f e c t  of t h e  vignet-  

t i n g  is c o r r e c t l y  accounted f o r  i n  t h e  eva lua t ion  of t h e  throughput 0, e .g . ,  by choosing 

t h e  c o r r e c t  l i m i t s  f o r  w(x,y> as i t  v a r i e s  from point  t o  point  i n  eq. (9 .1)] .  However, 

t h e  corresponding r e l a t i o n  between f l u x  r e spons iv i ty  Ro and i r r a d i a n c e  r e spons iv i ty  

i n  eq. (5.49) [9.3] 

-1 2 RE = S/E = A.Ro [S-W .m 3 ,  (9.13) 

is v a l i d ,  f o r  t h e  f u l l  a p e r t u r e  o r  entrance-pupil  area A,  

t i n g .  This is  apparent i f  w e  s t o p  t o  t h i n k  i n  terms of a uniform inc iden t  beam t h a t  i s  

w e l l  col l imated ( p a r a l l e l  r ays  from n e a r l y  t h e  same d i r e c t i o n ) .  

such an inc iden t  beam swings f a r  enough away from t h e  normal o r  a x i a l  d i r e c t i o n ,  s o  t h a t  

r ays  through p a r t  of t h e  nominal r ece iv ing  a p e r t u r e  o r  en t r ance  pup i l  are blocked by t h e  

v i g n e t t i n g  obs t ac l e  elsewhere i n  t h e  o p t i c a l  system, t h e  r e s u l t  is  a reduct ion of t h e  

a c t u a l  ape r tu re  area A and a corresponding reduct ion i n  t h e  i r r a d i a n c e  r e spons iv i ty  

given by eq. (9.13). Accordingly, such instruments  should be used, i f  p o s s i b l e ,  only f o r  

i nc iden t  beams o r  sources  t h a t  l i e  w e l l  w i th in  t h e  angular  f i e l d  o r  entrance window (away 

from d i r e c t i o n s  t h a t  involve t h e  v i g n e t t i n g )  where t h e  i r r a d i a n c e  r e spons iv i ty  RE 

constant .  

v i g n e t t i n g  c a n ' t  be avoided. 

only when t h e r e  is  no vignet-  

I f  t h e r e  i s  v i g n e t t i n g  and 

is  
W e  won't even at tempt  t o  d e a l  h e r e  wi th  a l l  of t h e  problems t h a t  can arise i f  

SUMMARY of CHAPTER 9. 
two ape r tu re s .  The beam then c o n s i s t s  of a l l  r ays  t h a t  pass  through both ape r tu re s .  They 

are c a l l e d  beam-defining a p e r t u r e s  i f  r ays  from each po in t  of t h e  plane ac ross  one a p e r t u r e  

r each  a l l  p o i n t s  w i th in  t h e  o the r  a p e r t u r e  and i f  a l l  such r a y s  through both a p e r t u r e s  

extend f o r  t h e  f u l l  l eng th  of t h e  beam, from source t o  r e c e i v e r ,  without encountering any 

In radiometry,  a r a d i a t i o n  beam is  usua l ly  def ined phys ica l ly  by 

1 1 2  



o t h e r  obs t ac l e .  I f ,  i n  a d d i t i o n ,  t h e  medium between t h e  a p e r t u r e s  is  homogeneous (iso- 

r e f r ac t ive - index) ,  s o  t h a t  a l l  r ays  between them are s t r a i g h t  l i n e s ,  w e  ca l l  them a beam- 

de f in ing  a p e r t u r e  p a i r ,  o r  j u s t  an a p e r t u r e  p a i r .  

are one o r  more focusing elements between t h e  beam-defining a p e r t u r e s ,  t h e  r a y s  between 
them w i l l  be r e f r a c t e d  (deviated)  by t h e  focusing element(s).  Then t h e  beam (throughput) 

a t  e i t h e r  a p e r t u r e  (chosen as t h e  r e fe rence  ape r tu re )  is i d e n t i c a l l y  t h e  same as t h a t  

def ined by an equivalent  a p e r t u r e  p a i r  c o n s i s t i n g  of t h a t  ( reference)  a p e r t u r e  paired with 

t h e  image of t h e  o the r  a p e r t u r e  formed by t h e  intervening o p t i c a l  element(s) { s e e  f i g u r e  

9.4(a) and (b ) ) .  

a c t u a l  r a y s  of t h e  beam i n  t h e  region about t h e  r e fe rence  a p e r t u r e  and extend, undeviated,  

pas t  t h e  intervening o p t i c a l  elements as though those elements were no t  p re sen t .  

When focusing o p t i c s  are used and t h e r e  

The s t r a i g h t - l i n e  r ays  j o i n i n g  t h i s  equivalent  p a i r  co inc ide  with t h e  

Beam-defining a p e r t u r e s  i n  a focusing o p t i c a l  system are c a l l e d  s tops .  The s top  t h a t ,  

r e g a r d l e s s  of i ts  l o c a t i o n  i n  t h e  system, determines t h e  width of t h e  beam where it e n t e r s  

o r  is  inc iden t  on t h e  o p t i c a l  system is designated as t h e  a p e r t u r e  s top .  The image of t h e  

a p e r t u r e  s top ,  formed by any o p t i c a l  elements t h a t  precede it (elements t r ave r sed  by t h e  

inc iden t  beam before reaching it),  is  c a l l e d  t h e  entrance pupi l .  I f  t h e r e  are no such 

elements,  t h e  s top  i t s e l f  is t h e  p u p i l  (see f i g u r e  9.5) .  The en t r ance  p u p i l  s e rves  as t h e  

r ece iv ing  a p e r t u r e  of t h e  instrument (with r e spec t  t o  inc iden t  r ays  and t h e i r  undeviated 

s t r a i g h t - l i n e  extensions p a s t  any focusing o p t i c a l  elements preceding t h e  entrance pup i l )  . 
The entrance pup i l  i s  t h e  image of t h e  a p e r t u r e  s top  i n  ob jec t  space,  t h e  space a s soc ia t ed  

with t h e  source o r  o b j e c t ,  u s u a l l y  shown t o  t h e  l e f t  of t h e  o p t i c a l  system i n  i l l u s t r a t i o n s  

wi th  inc iden t  r ays  coming from t h e  l e f t .  Object space a l s o  includes t h e  undeviated s t r a i g h t  

l i n e  extensions of those inc iden t  r ays  past  any focusing o p t i c a l  elements i n t o  t h e  region 

t o  t h e  r i g h t  of them { a s  though they were not  p re sen t ,  as i n  f i g u r e  9.4(a)}.  

S imi l a r ly ,  t h e  s top  t h a t ,  r ega rd le s s  of i t s  l o c a t i o n  i n  t h e  o p t i c a l  system, determines 

t h e  s o l i d  angle  f i l l e d  by i n t e r s e c t i n g  inc iden t  r ays  of t h e  beam a t  each point  ac ross  t h e  

en t r ance  p u p i l  i s  c a l l e d  t h e  f i e l d  s top.  

elements t h a t  precede i t ,  i .e. ,  t h e  image of t h e  f i e l d  s top  i n  o b j e c t  space,  is  c a l l e d  t h e  

entrance window. The entrance window and entrance p u p i l ,  both i n  ob jec t  space,  form a 

beam-defining aperture(-image) p a i r .  When t h e  magnitude of t h e  beam throughput is  needed, 

it i s  o f t e n  convenient t o  eva lua te  it as t h e  throughput of t h i s  aperture(-image) p a i r  

(entrance window and entrance pup i l ) .  

i s  presented i n  Appendix 9A. In  add i t ion ,  t h e  s o l i d  angle  subtended by t h e  en t r ance  window 

a t  t h e  cen te r  of t h e  entrance pup i l  i n  ob jec t  space i s  c a l l e d  t h e  angular  f i e l d ,  o r  some- 

times j u s t  t h e  f i e l d ,  of t h e  o p t i c a l  system. For systems with coax ia l  c i r c u l a r  elements 

and s tops ,  t h e  half-ver tex ang le  of t h e  r i g h t  c i r c u l a r  cone formed by t h e  en t r ance  window 

as i ts  base and t h e  c e n t e r  of t h e  entrance p u p i l  as its v e r t e x  i s  c a l l e d  t h e  h a l f - f i e l d  

ang le  of t h e  o p t i c a l  system. 

Although not  o f t e n  used i n  radiometry,  our l i s t  of r e l a t e d  geometrical-optics quant i -  

The image of t h e  f i e l d  s t o p  formed by a l l  o p t i c a l  

A simple i l l u s t r a t i o n  of such numerical eva lua t ions  

t ies  and concepts a l s o  includes t h e  e x i t  pup i l ,  t h e  image of t h e  a p e r t u r e  s top  i n  image 

space, i .e.,  t h e  image formed by a l l  o p t i c a l  elements t h a t  fol low it (ape r tu re  stop), and 
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t h e  e x i t  window, t h e  image of t h e  f i e l d  s t o p  i n  image space.  

mari ly  f o r  completeness. 
They are included he re  p r i -  

In t h e  s p e c i a l  ca se  of an instrument focused on i n f i n i t y  (entrance window a t  i n f i n i t y ) ,  

i t  i s  not  f e a s i b l e  t o  eva lua te  t h e  throughput as t h a t  of t h e  aperture(-image) p a i r  formed 

by t h e  entrance window and entrance pup i l  i n  ob jec t  space. 

s o l i d  ang le  has  t h e  same value a t  a l l  p o i n t s  of t h e  entrance p u p i l  ( s ee  f i g u r e  9.6) so  t h e  
corresponding projected s o l i d  angle  i s  a l s o  a constant  as a funct ion of p o s i t i o n  ac ross  t h e  

entrance pupi l .  Accordingly, t h e  throughput which, i n  gene ra l ,  i s  t h e  i n t e g r a l  of t h e  prod- 

u c t  of projected area and s o l i d  ang le  (or  area and projected s o l i d  angle)  over t h e  entrance- 

pup i l  r e f e rence  su r face  ( see  f i g u r e  9.1) then becomes simply t h e  product of t h e  en t r ance  

p u p i l  area and t h e  constant  projected s o l i d  ang le  10 = JldA-cose-dw = A - Q  [m2.sr]3. 

However, i n  t h i s  case t h e  f i e l d  

Vigne t t ing  t akes  p l ace  when a beam does not completely f i l l  both of two nominal s tops  

o r  beam-defining a p e r t u r e s ,  i . e . ,  when i t  is  l imi t ed  i n  one t r ansve r se  d i r e c t i o n  by one 

a p e r t u r e  margin and i n  o the r  t r ansve r se  d i r e c t i o n s  by one o r  more a d d i t i o n a l  a p e r t u r e s  o r  

obs t ac l e s  ( see  f i g u r e s  9 . 3  and 9.8).  When v i g n e t t i n g  occurs ,  i t  becomes very d i f f i c u l t  t o  

eva lua te  t h e  beam throughput o r  r e l a t e d  measures of beam geometry, o r  even t o  make s u r e  

t h a t  they are t h e  s a m e  (phys i ca l ly  unchanged) f o r  two d i f f e r e n t  radiometr ic  measurements. 

In  most of t h i s  chap te r ,  t h e  geometrical-optics q u a n t i t i e s  and concepts are t r e a t e d  i n  

terms of throughput and t h e  l i m i t s  of t h e  throughput i n t e g r a l ( s ) ,  because they are t h e  

q u a n t i t a t i v e  measures of beam geometry. It i s  only i n  these  terms t h a t  an adequate under- 

s tanding of t h e i r  s i g n i f i c a n c e  can be achieved, including t h e  a b i l i t y  t o  conf iden t ly  

decide,  i n  a l l  cases, whether o r  not a numerical eva lua t ion  of t h e  throughput may occasion- 

a l l y  be required.  

In  an instrument with uniform, i s o t r o p i c ,  l i n e a r  f l u x  r e spons iv i ty ,  where 

RQ(x,y,9,$) = RQ 
o p t i c a l  system), t h e  radiance r e spons iv i ty  

s i v i t y  RQ by t h e  throughput 0 :  

is  constant  f o r  a l l  r ays  t h a t  reach t h e  d e t e c t o r  ( a r e  no t  blocked by t h e  

\ i s  d i r e c t l y  r e l a t e d  t o  t h e  f l u x  respon- 

This i s  t r u e  r ega rd le s s  of v i g n e t t i n g ,  as long as t h e  e f f e c t  of t h e  v i g n e t t i n g  is  c o r r e c t l y  

accounted f o r  i n  t h e  evaluat ion of t h e  throughput 0. However, t h e  corresponding r e l a t i o n  
between f l u x  r e spons iv i ty  Ro and i r r a d i a n c e  r e spons iv i ty  %, 

is  v a l i d ,  f o r  t he  f u l l  a p e r t u r e  o r  entrance-pupil  area A, 

t ing . 
only when t h e r e  is  no vignet-  
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Customarily, when t h e  defined beam completely f i l l s  both of j u s t  two beam-defining 

ape r tu re s  o r  s tops ,  wi th  no o the r  obs t ruc t ion  o r  v igne t t i ng ,  a l l  o the r  a p e r t u r e s  through 

which t h a t  beam passes are e i t h e r  b a f f l e s  o r  suppor ts  f o r  t h e  o p t i c a l  elements. Ba f f l e s  

a r e  employed t o  reduce o r  e l imina te  s c a t t e r e d  r a d i a t i o n  by blocking s t rong  r ays  t h a t ,  whi le  

they cannot pass d i r e c t l y  through a l l  s tops  o r  beam-limiting a p e r t u r e s ,  might reach t h e  

d e t e c t o r  o r  t ransducer  by r e f l e c t i o n  o r  s c a t t e r i n g  from the  i n t e r n a l  su r f aces  of t h e  i n s t r u -  

ment chamber. 

The rece iv ing  a p e r t u r e  o r  en t rance  pup i l  of a radiometer i s  c o n s i s t e n t l y  used, he re ,  

as t h e  l o g i c a l  r e fe rence  su r face  f o r  i nc iden t  r a d i a t i o n  t o  which t h e  instrument responds. 

However, any unvignetted s t o p  o r  beam-defining a p e r t u r e  (of a p a i r ) ,  o r  an image of s a m e ,  

i . e . ,  any pup i l  o r  window, may be t h e  r e fe rence  su r face  f o r  t h e  s p a t i a l  parameters of posi-  

t i o n  and d i r e c t i o n ,  depending on where t h e  p e r t i n e n t  lengths  and ang le s  are most e a s i l y  

evaluated. 

D i f fuse r s  a r e  o f t e n  used t o  achieve  t h e  i s o t r o p i c  f l u x  r e spons iv i ty  needed f o r  i r r a d i -  

They are usua l ly  loca t ed  j u s t  ance measurements ( see  problems 2 and 3 of Chapter 5 [9 .3 ] ) .  

behind a well-defined rece iv ing  a p e r t u r e  where they te rmina te  t h e  inc ident  beam and become 

a new source f o r  t he  i n t e r n a l  beam through t h e  remaining o p t i c a l  components. I d e a l l y ,  t h e  

rad iance  of every ray  i n  t h a t  i n t e r n a l  beam i s  d i r e c t l y  propor t iona l  t o  t h e  t o t a l  i nc iden t  

f l u x  and i s  not  a f f e c t e d  by any changes i n  t h e  s p a t i a l  d i s t r i b u t i o n  of t h a t  f l u x  i n  t h e  

e x t e r n a l l y  inc iden t  beam. 

are d iscussed  i n  some d e t a i l  i n  t h i s  chap te r ,  inc luding  t h e  u n c e r t a i n t i e s  i n  t h e  rece iv ing-  

a p e r t u r e  loca t ion  when empir ica l ly  "shaped" d i f f u s e r s  a r e  used i n  a t tempts  t o  compensate 

f o r  imperfec t ly  d i f f u s i n g  materials. 

The use  of d i f f u s e r s  involves a number of s p e c i a l  problems t h a t  

The treatment of geometrical-optics q u a n t i t i e s  and concepts i n  t h i s  chapter  i s  a l l  i n  

terms of i d e a l  o p t i c a l  elements t h a t  produce p e r f e c t l y  sharp images and shadow boundaries.  

In add i t ion ,  we've ignored a t t e n u a t i o n  l o s s e s ,  s i n c e  we've a l ready  seen how, a t  least i n  
p r i n c i p l e ,  t o  in t roduce  t h e  propagance ( see  Chapter 2 [9 .1]>  i n  order  t o  account f o r  them. 

However, r e a l  instruments a l s o  s u f f e r  from abe r ra t ions  t h a t  produce imperfect images and 

from s c a t t e r i n g  and d i f f r a c t i o n  t h a t  produce a t t enua t ion  of some rays  and augmentation of 

o t h e r s ,  r e s u l t i n g  i n  a s p a t i a l  r e d i s t r i b u t i o n  of f lux .  W e  hope t o  treat  t h e  r e s u l t i n g  

problems i n  f u t u r e  chapters  of t h i s  manual. Accordingly, w e  must re-emphasize t h e  state- 

ment a t  t h e  beginning of t h i s  chapter  t h a t  t h e  m a t e r i a l  presented he re ,  while it i s  very  

important f o r  design purposes and as a s t a r t i n g  poin t  f o r  a n a l y s i s ,  is  no more than  tha t  -- 
a s t a r t i n g  poin t  o r  f i r s t  approximation -- and must never be considered as e s t a b l i s h i n g  

exact va lues  o r  abso lu t e  l i m i t s  ( e .g .  , i n t e g r a t i o n  l i m i t s  i n  t h e  measurement equation) t h a t  

cannot be exceeded. 

F i n a l l y ,  although t h e  geometrical-optics concepts of pup i l s  and windows are conven- 

t i o n a l l y  defined i n  terms of an objec t  (source) and i t s  image, they are defined he re ,  f o r  

radiometry,  wi th  respec t  t o  a r a d i a t i o n  beam which may o r  may not  involve imaging of t h e  

r a d i a t i o n  source. These des igna t ions  are r a t h e r  widely used i n  t h e  l i t e r a t u r e  on radiometry 
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and such an extension of t h e  customary geometr ical-opt ics  d e f i n i t i o n s  is  needed t o  provide 

a cons i s t en t  b a s i s  for d i s t ingu i sh ing  between ape r tu re  s t o p s  and pup i l s  and f i e l d  s t o p s  and 

windows when t h e r e  i s  no source imaging involved. However, t h e  r e a l l y  important consider-  

a t i o n  i n  radiometry is  t o  c l e a r l y  recognize and understand t h e  s ign i f i cance  of beam-defining 

ape r tu re s  and equivalent  aper turelaperture- image p a i r s ,  r ega rd le s s  of which i s  designated 

as t h e  ape r tu re  s t o p  o r  pup i l  and which t h e  f i e l d  s t o p  or window. 
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Appendix 9A.  Numerical Evaluat ion Confirming Invar iance  of Throughput f o r  Beam through 
Thin Lens between Two Beam-Def in ing  Apertures 

by Fred E. Nicodemus 

I n  Chapter 9 ,  w e  have t r e a t e d  t h e  case  of a t h i n  l e n s  between two beam-defining aper- 

t u r e s .  

space,  t h a t  d e f i n e  t h e  beam of a l l  r ays  through both aper tures .  

pu t  va lues  are given,  r e s p e c t i v e l y ,  by eqs. (9.8) and (9.9).  The argur.,ent f o r  t h e  invar i -  

ance of throughput i n  a given beam, when no r ays  are added o r  removed, which fol lows eqs.  

(2.28) and (2.29) i n  Chapter 2 [9 .1] ,  i s  of genera l  v a l i d i t y  and r e q u i r e s  no f u r t h e r  proof 

as t h e  b a s i s  f o r  a s s e r t i n g  t h a t  t h e  throughput given by eqs.  (9.8) and (9.9)  must be exac t ly  

the same. Nevertheless ,  some readers  may f i n d  i t  s a t i s f y i n g  t o  cor robora te  t h i s  a n a l y t i c a l  

conclusion numerically.  

aper turelaperture- image p a i r s ,  using eq. (A3-15), may help t o  br ing  out more c l e a r l y  t h e  

way i n  which a p e r t u r e s  and a p e r t u r e  images e n t e r  i n t o  t h e  eva lua t ion  of t h e  throughput a s  

w e l l  as t o  phys ica l ly  d e f i n e  a beam. 

We f i n d  two aperturelaperti ire-image p a i r s ,  one i n  o b j e c t  space and one i n  image 

The corresponding through- 

Also, car ry ing  out t h e  numerical  throughput c a l c u l a t i o n s  f o r  both 

Both f i g u r e s ,  9.4(a) and ( b ) ,  are drawn approximately t o  s c a l e  f o r  t h e  dimensions 

given below except t h a t ,  f o r  clearer i l l u s t r a t i o n  of t h e  r e l a t i o n s h i p s ,  t h e  v e r t i c a l  

dimensions are exaggerated by a f a c t o r  of two. W e  choose t h e  l e n s  f o c a l  l e n g t h  as 

f = 7.00 [cm] and i t s  r a d i u s  as r w 1 [cm] ( l a r g e  enough t o  pass  a l l  necessary r ays  

without  obs t ruc t ion) .  A1 is  a c i r c u l a r  a p e r t u r e  of r a d i u s  r = 0.500 [cm] i n  a v e r t i c a l  

p lane  a t  a d i s t a n c e  t o  t h e  l e f t  of t h e  c e n t e r  of t h e  l e n s ,  which w e  desig- 

n a t e  as the o r i g i n  0. A2 ,  s i m i l a r l y ,  has  a r a d i u s  r2  = 0.600 [cm] a t  a d i s t a n c e  

x2 = 2.000 [cm] t o  the r i g h t  of 0. 

v i r t u a l  image, we make use  of t h e  th in- lens  formula' 

1 
x1 = 3.00 [cm] 

I n  order  t o  determine t h e  s i z e  and p o s i t i o n  of each 

1 
f 
- [cm-'~, 1 + -  = 1 - 

X X 
0 i 

(9A.1) 

where x is  t h e  objec t  d i s t a n c e  (from 0 ) ,  xi i s  t h e  image d i s t a n c e  ( a l s o  from 0 ) ,  

and f is t h e  f o c a l  l e n g t h  of t h e  l ens .  We a l s o  need t h e  f a c t  that  image s i z e  i s  i n  

d i r e c t  proport ion t o  d i s t a n c e  from 

r a y  (drawn with long dashes) through 0 and t h e  corresponding o b j e c t  p o i n t .  Thus A; 

has a r a d i u s  r '  = 0.840 [cm] and i s  loca ted  a t  a d i s t a n c e  x i  = 2.800 [cm] t o  t h e  r i g h t  

of 0; A i  has  a r a d i u s  r i  = 0.875 [cm] and i s  loca ted  x '  = 5.250 [cm] t o  t h e  l e f t  of 

0. 

0 

0, s i n c e  each image poin t  must l i e  on t h e  undeviated 

2 
1 

AI and A; then c o n s t i t u t e  a c i r c u l a r  a p e r t u r e  p a i r  of r a d i u s  r = 0.500 [cm] 1 
and r i  = 0.840 [cm], 

Using eq. (A3-15) [9.6], t h e  throughput f o r  t h i s  a p e r t u r e  p a i r  i s  evaluated a s  

r e s p e c t i v e l y ,  separated by a d i s t a n c e  D1 = x1 + X I  = 5.800 [cm]. 2 

0 = 0.0503 [cm'*sr]. I n  t h e  same way, A; and A2 c o n s t i t u t e  a c i r c u l a r  a p e r t u r e  1 

'See any s tandard t e x t  on geometr ical  o p t i c s  [9 .7 ,9 .8 ] ,  o r  almost any general-physics t e x t .  
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p a i r  of r ad ius  r i  = 0.875 [cm] and r = 0.600 [cm], r e spec t ive ly ,  separa ted  by 

D2 = xi + x2 = 7.250 [cm]. 

s i m i l a r l y  as 0 = 0.0507 [cm2*sr ] .  

2 
The throughput f o r  t h i s  second a p e r t u r e  p a i r  i s  evaluated 

2 
Since t h e  th in- lens  formula i s  an  approximation, derived f o r  p a r a x i a l  r ays  ( r ays  devi- 

a t i n g  from t h e  a x i a l  d i r e c t i o n  by angles  small enough so t h a t  we can use  t h e  approximations 

s in6  w 6,  f o r  0 measured i n  [ r a d ] ,  and cos6 l), t h i s  agreement t o  less than  one per 

cen t  f o r  t h e  two throughput va lues  i s  g r a t i f y i n g  confirmation of the v a l i d i t y  of t h i s  

approach. 
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ERRATA and ADDENDA f o r  NBS Tech Notes 910-1 and 910-2: 

1. Table A1-3 (p. 58 of TN 910-1): Add note:  A more complete ve r s ion  of t h i s  
t a b l e  appears  as t a b l e  4-1 on p. 3 of TN 910-2. 

2. Table Al-4 (p. 59 of TN 910-1): Add note:  This t a b l e  a l s o  appears as 
t a b l e  4-2 on p. 5 of TN 910-2. 

3 .  Table A1-6 (p. 61 of TN 910-1): Add no te :  This t a b l e  a l s o  appears  as 
t a b l e  4-3 on p. 6 of TN 910-2. 

4. Table A1-6 (p .  6 1  of TN 910-1) and t a b l e  4-3 (p. 6 of TN 910-2): 
The modif ier  f o r  t h e  f i r s t  t h r e e  e n t r i e s  should be changed from "photon" 
t o  "photon-flux", j u s t  as i n  t h e  f i f t h  and succeeding e n t r i e s .  
t h a t  t h i s  change is  p a r t i c u l a r l y  important i n  t h e  case of t h e  f i r s t  
e n t r y ,  photon-flux energy Q (= I@ Sdt ) ,  because of t h e  very wide 

P P 
and w e l l  e s t ab l i shed  use of t h e  t e r m  "photon energy" f o r  hv, t h e  
energy per  photon, i .e .  t h e  energy of a s i n g l e  photon or quantum. 

Note 

5. Table Al-4 (p. 59 of TN 910-1) and Table 4-2 (p. 5 of TN 910-2): 
Add a l t e r n a t i v e  t e r m  f o r  t h e  f i r s t  quan t i ty  l i s t e d  s o  t h a t  i t  r eads ,  
"luminous energy; quan t i ty  of l i gh t " .  

6. Table A1-6 (p. 61 of TN 910-1) and Table 4-3 (p. 6 of TN 910-2): 
Add a l t e r n a t i v e  t e r m  f o r  t h e  f i r s t  quan t i ty  l i s t e d  so  t h a t  it reads ,  
"photon-flux energy; number of photons". 

ADDENDUM t o  t a b l e s  A1-6 (p. 61 of TN 910-1) and 4-3 ( p .  6 of TN 910-2), 

Units  f o r  Photon-Flux Radiometry 

The r e l a t i o n s h i p  of t h e  photon-flux q u a n t i t i e s  of Tables A1-6 and 4-3 t o  t h e  corre-  

sponding radiometr ic  q u a n t i t i e s  of Tables A1-3 and 4-1 may be s t a t e d  e x p l i c i t l y  as follows: 

-1 where QP [ q * s  ] is t h e  photon f l u x  i n  t h e  s p e c t r a l  i n t e r v a l  A1 t o  A 2  [nm] i n  a beam 

cha rac t e r i zed  by t h e  s p e c t r a l  r a d i a n t  f l u x  @ ( A )  [W-nm-'], and where Planck's constant  
h = (6.626 176 i 0.000 036) x [J-s], t he  vacuum speed of e lectromagnet ic  r a d i a t i o n  

c = (2.997 924 580 k 0.000 000 012) x 1017 [nm-s-'] i s  

t h e  wavelength, s o  t h a t  t h e  energy per quantum (per  photon) i s  (h.c/A) [ J -q  1 .* Similar  

e,  

= 3 x lo8  [m-s- l ] ,  and .  X [nm] 
-1 

* S t r i c t l y ,  t h e  energy per  quantum i s  

is t h e  vacuum wavelength and 

i n  which t h e  wavelength ' is  X [nm]. 
A. i n  [nm]; and IJ = l/Ao [cm-'1 only when A. i s  given i n  [cm]. 

(h*c/Ao) = {h-c/(n.X)) 

Also, v * c/Ao [THz] f o r  c = 3 x l o 5  [km.s-'] and 

[J-q-'], where io = n.1 [nm] 

n [dimensionless] is  t h e  index of r e f r a c t i o n  of t h e  medium 
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r e l a t i o n s  e x i s t  f o r  a l l  of t h e  o ther  corresponding q u a n t i t i e s  and t h e i r  s p e c t r a l  d i s t r i b u -  
-1 -2 t i o n s ,  e .g . ,  f o r  photon-flux ( sur face)  dens i ty  Ep[q-s  .m I ,  where t h e  s p e c t r a l  i r r a d i -  

ance is  E ( A )  [W-m *nm 1, -2 -1 
e ,  A 

I f  t h e  s p e c t r a l  d i s t r i b u t i o n  is  with respec t  t o  frequency v [THz], t h i s  becomes 

where t h e  energy per  quantum is  now given as h - v  [ J - q  -1 1. Simi lar  r e l a t i o n s  can a l s o  be 

given f o r  s p e c t r a l  d i s t r i b u t i o n s  i n  terms of wave number u [cm-']. 
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ERRATA: Several errors have been noted i n  the labe l l ing  i n  Figure A2-4 on page 68 of 
NBS TN 910-1. It should be corrected t o  appear a s  follows: 

Figure A2-4. An element of s o l i d  angle 

dw = dA / p 2  = sine.de*d+ [rad 1 2 
s 
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