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Differential Sampling Measurement of a 7 V
RMS Sine Wave With a Programmable

Josephson Voltage Standard
Alain Rüfenacht, Charles J. Burroughs, Jr., Paul D. Dresselhaus, and Samuel P. Benz, Fellow, IEEE

Abstract—A 10 V programmable Josephson voltage standard
has enabled sine waves with voltages up to 7 V RMS to be
accurately measured with a differential sampling measurement
technique. Expanding the voltage range for this technique enables
the direct calibration of the low-frequency ranges of commercial
calibrators in the ac voltage mode. This paper reviews the prac-
tically achievable performance and challenges of the differential
sampling measurement technique that arise when measuring RMS
voltages greater than a few volts. A relative Type A uncertainty of
4 parts in 107 was achieved with the technique when measuring a
7 V RMS sine wave generated by a calibrator at 62.5 Hz.1

Index Terms—Analog-digital conversion, Josephson arrays,
power measurement, quantization, signal synthesis, standards,
superconductor–normal–superconductor devices, voltage
measurement.

I. INTRODUCTION

THE National Institute of Standards and Technology
(NIST) recently developed a 10 V programmable Joseph-

son voltage standard (PJVS) [1], [2] that allows ac voltage
measurements to be extended up to 7 V RMS. Previously, we
demonstrated how to implement a differential sampling method
with a 2.5 V PJVS for measuring 1.2 V RMS amplitudes for
a new electrical power standard at NIST [3]. This straight-
forward sampling method can characterize any signal up to
the maximum voltage of the PJVS by the use of a stepwise-
approximated sine wave that is synthesized with the PJVS [4]–
[9]. The first demonstrations of the sampling method were
accomplished by comparing two PJVS waveforms [4], [5].
Each step of the PJVS waveform provides a quantum-accurate
voltage reference at each sample point. The residual differen-
tial voltage is measured with a sampling voltmeter in a null-
detector configuration. This differential sampling measurement
technique is particularly suited for waveform frequencies below
400 Hz. The limitations inherently due to the transients that oc-
cur when switching between the quantized voltage steps of the
PJVS waveforms [10], [11] are eliminated. Increasing the PJVS
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voltage to 10 V enables the direct calibration of instruments
such as calibrators and digital voltmeters (DVMs) for ac mea-
surements, which currently are calibrated with ac/dc difference
measurements by the use of thermal voltage converters.

This paper investigates the performance of the differential
sampling technique with the NIST 10 V PJVS, an Agilent
3458A sampling DVM, and a Fluke 5720A calibrator at voltage
amplitudes up to 7 V RMS.2 Comprehensive experimental
results are presented that characterize the performance of the
instruments, including a calibration curve of the calibrator from
0.5 V to 7 V. Finally, the application of differential sampling by
the use of dual PJVS references is presented.

II. DIFFERENTIAL SAMPLING

The differential sampling method combines three main com-
ponents: a sine-wave voltage source of high spectral purity and
stability, a PJVS system to provide the reference voltage wave-
form, and a sampling DVM to measure differential voltages
(see Fig. 1). Other measurement methods that directly apply
synthesized waveforms from the PJVS [12]–[14] are limited
to applications with high-impedance loads, and the stepwise-
approximated waveforms contain harmonics that significantly
contribute to the total RMS voltage [15]. The advantage of
the differential sampling method is that the output of the
sine-wave source can be used directly to drive low-impedance
loads [16]. The accuracy of the differential sampling method is
limited by the stability of the sine-wave voltage source and the
performance of the sampling DVM. All these methods [3]–[9],
[12]–[18] implement PJVS systems because they can produce
voltages up to 10 V [1], [19]–[21]. Pulse-driven Josephson
voltage standards produce intrinsically accurate low-harmonic-
content waveforms, but their RMS amplitudes are presently
limited to 275 mV [22].

To meet the requirement of spectral purity and stability, we
choose a commercial calibrator (Fluke 5720A) as the sine-wave
voltage source. The PJVS system is based on the NIST 10 V
PJVS array with 265 116 Josephson junctions [1]. The custom
bias-current source for the 10 V PJVS system is optimized for
both the dc voltage and the stepwise-approximated waveform
generation. Since the 10 V PJVS system is not intended to

2Certain commercial equipment, instruments, or materials are identified
in this paper to facilitate understanding. Such identification does not imply
recommendation or endorsement by NIST, nor does it imply that the materials
or equipment that are identified are necessarily the best available for the
purpose.
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Fig. 1. Block diagram of the differential sampling measurement system.

be used for direct waveform synthesis, due to the limitations
induced by the transients [10], [11], a relatively slow current-
source rise time (τ ∼= 2 μs) is chosen to minimize the ringing of
the stepwise-approximated waveform. Pi filters with 0.8 MHz
cutoff frequency are used on the current bias, leading to the
reduction of the current noise imposed on the PJVS subarrays.
Current noise has the effect of reducing the operating margins.
Details of the development and implementation of the PJVS
are described elsewhere [1], [2], [23]–[25]. The input of the
sampling DVM (Agilent 3458A) is connected to the high of
both waveforms (see Fig. 1). This configuration simplifies the
implementation of the differential sampling in the electrical
power standard measurement setup, where two voltage sine
waves are compared to the PJVS reference waveform and where
the grounding scheme is complex [3]. However, the accuracy
of the differential sampling measurements, with this config-
uration, relies on the common-mode rejection ratio (CMRR)
capabilities of the sampling DVM. The error induced by the
CMRR of the Agilent 3458A is about 1 part in 107 (140 dB)
[8]. The guard of the DVM is driven by the calibrator sine wave
in order to reduce the influence of capacitive effects.

As shown in the block diagram (see Fig. 1), all three compo-
nents are time synchronized with the same 10 MHz reference
time base. The sampling DVM was modified in order to be
locked to an external 20 MHz reference. An optically isolated
trigger signal is generated at the start of the PJVS waveform and
is provided to the trigger input of the sampling DVM. The DVM
sampling windows can be shifted with respect to the trigger
signal by an adjustable hardware time delay. This sampling
delay aligns the sampling windows relative to the PJVS voltage
steps in order to avoid contributions from the PJVS transients.
The time alignment is optimized for every new PJVS waveform
by the use of an automated procedure.

The amplitude of the PJVS waveform is adjusted to match the
amplitude of the sine wave. In order to use the sampling DVM
in a null-detector configuration, the phase of the calibrator must
be adjusted relative to the PJVS waveform to minimize the
differential voltage. The calibrator signal frequency is synchro-
nized to that of the PJVS through an intermediary arbitrary
waveform generator (AWG) that uses the 10 MHz reference
signal as its clock. The AWG produces a square wave at the
signal frequency of both the PJVS and calibrator. The relative
phase alignment of the calibrator signal with respect to the
PJVS signal is accomplished by adjusting the phase of the AWG
signal.

The differential voltage is measured over multiple periods of
the calibrator sine wave (typically 50 periods). The calibrator

sine wave is reconstructed by adding the calculated PJVS step
voltages to the corresponding measured differences. Since the
sampling DVM is integrating the voltage during the aperture pe-
riod TDVM, all the reconstructed amplitudes must be corrected
with the transfer function sin(π · f · TDVM)/(π · f · TDVM),
where f is the frequency of the signal waveform. A three-
parameter sine fit algorithm [26] is applied to the reconstructed
waveform in order to extract the amplitude and relative phase of
the fundamental, the first ten harmonics, and the residual con-
tributions at the power-line frequency (60 Hz) of the calibrator.
The uncertainty is not calculated in the fitting procedure. The
full measurement sequence is repeated typically 50 times to
obtain an averaged value for the fundamental (VCALIBRATOR).
The Type A uncertainty Unc.(VCALIBRATOR) reported is the
standard deviation of the mean of VCALIBRATOR. The quan-
tities reported graphically (see Figs. 3–11) are VCALIBRATOR

and Unc.(VCALIBRATOR) with k = 2. The contribution of the
harmonics and dc offset to the total RMS voltage of the calibra-
tor is negligible compared to the measured Type A uncertainty
of the fundamental.

III. SAMPLING AND MEASUREMENT CONSTRAINTS

The waveform generated by the PJVS system is a stepwise-
approximated sine wave, where the voltage on the jth step is
given by VP · sin(2πj/N) + δj , where N is the number of
PJVS steps per period, VP is the nominal peak amplitude of the
calibrator, and δj is the correction due to the quantization of the
PJVS voltage. δj is smaller than the voltage given by the least
significant bit of the NIST 10 V array (230 μV, which is equiv-
alent to the voltage step produced by six Josephson junctions
with an applied microwave frequency of 18.275 GHz). The
sampling voltmeter integrates the voltage difference between
the PJVS waveform and the calibrator sine wave for every PJVS
step over a time interval TDVM (see Fig. 2). The aperture ratio
is defined as r = TDVM/TSTEP, and the duration of each PJVS
step is TSTEP = (N · f)−1. The value of r is chosen to fulfill
the condition TSTEP − TDVM ≥ 30 μs so that the sampling
DVM has enough time to complete its required setup time and
provide its highest accuracy.

This sampling method is slightly different from the one used
in the previous work [6], where two sampling windows were
used for each PJVS step and the window aligned with the
transients between steps was discarded. In the current work,
we achieve 20% longer sampling times (r = 0.7) by using
a single sampling window for each PJVS step and adjusting
the sampling delay so that the window excludes the transient
regions between steps.

The integrated voltage difference for the jth sampling win-
dow is given by the expression

ΔVDVM(j) = VP · sin(2πj/N) + δj − VCN/(2πr)
· [cos (2π(j − r/2)/N + φ)− cos (2π(j + r/2)/N + φ)]

where VC is the peak voltage of the calibrator and φ is the “rel-
ative phase difference” of the calibrator sine wave with respect
to the PJVS waveform. ΔVDVM is the voltage difference of the
integrated value of the calibrator sine wave with respect to the
PJVS step voltage (graphically represented as a dot in the center
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Fig. 2. (Color online) Time-alignment sketch of the three differential sam-
pling components. (Black) PJVS stepwise-approximated sine wave. (Red)
Calibrator sine wave. (Gray rectangular boxes) Voltmeter sampling window.
For each PJVS voltage step, the sampling voltmeter integrates the (gray area)
voltage difference between the PJVS and the calibrator. For each sampling
window, the (red dot) measured differential voltage ΔVDVM is displayed
relative to the PJVS waveform step voltage.

of the sampling window in Fig. 2). The voltage differences at
the beginning (ΔVL) and at the end (ΔVR) of each sampling
window are

ΔVL(j) =VP · sin(2πj/N) + δj − VC

· sin (2π(j − r/2)/N + φ) , and
ΔVR(j) =VP · sin(2πj/N) + δj − VC

· sin (2π(j + r/2)/N + φ) .

In the ideal case, when the phase is perfectly adjusted (φ =
0) and VC = VP , the maximal voltage difference (ΔVMAX)
occurs on the j = 0 step

ΔVMAX = ΔVR(0) = −ΔVL(0) = VC · sin(π · r/N)
∼= VC · π · r/N.

The voltage range selected for the sampling DVM must be
larger than ΔVMAX. Measurements on the 1 V range of the
DVM result in higher measurement noise compared with the
100 mV range. In order to measure the differential voltage on
the 100 mV range (ΔVMAX ≤ 100 mV) with a calibrator am-
plitude of 7 V RMS (equivalent to a peak value VC = 10 V), the
ratio N/r must be at least 315. In reality, this ratio is larger since
a perfect phase alignment is difficult to achieve. Increasing N
or decreasing r leads to the same consequence: a reduction
of the aperture time of the DVM and a corresponding increase
in the measurement noise. The dependence of the DVM noise
on the aperture time is described in [5]. Fortunately, if the sine-
wave source has good short-term and long-term stabilities, then
this effect can be compensated with longer averaging.

IV. MEASUREMENTS

A. Differential Measurements at 7 V RMS

A complete set of measurements was conducted in order
to verify that the measurement method produces results that
are sufficiently independent of the measurement parameters.
The ability to measure the RMS voltage of the calibrator with

Fig. 3. Dither-current flat-spot measurement for verifying the quantization (or
“flat spot” operating margin) of the PJVS waveform. Both amplitudes (7 V
and 1.2 V) show flat constant-voltage plateaus over a current range of at least
0.9 mA.

the differential sampling method must be independent over a
reasonable range of the following:

1) PJVS settings, such as the dither current [1], [10], [11]
and the number of steps per period;

2) the phase of the calibrator sine wave;
3) the sampling delay of the DVM integration window;
4) the amplitude mismatch between the sine wave and PJVS

waveform.

For most of the measurements presented in this section, the
calibrator was set to a constant RMS amplitude of VNOM = 7 V
and a frequency of f = 62.5 Hz. The range of the sampling
voltmeter was 1 V. With N = 80 and r = 0.7, the transfer
function correction factor is 0.999 874 064.

Before and after every differential measurement sequence,
the quantization of the array at 10 V was confirmed by use of
the dc dither-current flat-spot procedure [1]. Additionally, the
quantization of the PJVS array in ac mode was verified while
generating the 7 V RMS stepwise-approximated waveform.
Fig. 3 shows the measured calibrator amplitude for VNOM =
7 V and VNOM = 1.2 V as a function of the dither current.
The voltage noise of the calibrator at 1.2 V is lower than
that at 7 V, allowing a more precise determination of the flat-
spot limits. The rounding observed at each end of the plateau
indicates the current where the PJVS begins to deviate from
quantum behavior. Within the measurement uncertainty, the
PJVS produces a constant voltage over a current range of at
least 0.9 mA, confirming that all of the junctions in the array
are generating quantized behavior to produce the stepwise-
approximated waveform. Fig. 4 shows no variation of the cali-
brator amplitude when the number of PJVS steps per period is
varied from 40 to 256. This result confirms that the differential
sampling method is independent of N in the range from 40 to
256 and within the measured uncertainty.

Each sampling voltmeter integration window needs to be
carefully aligned with respect to its corresponding PJVS wave-
form step in order to avoid the transients occurring between the
steps. Fig. 5 shows the measured calibrator amplitude versus
the sampling delay. The sampling delay is achieved by shifting
the sampling window by a delay tS relative to the center of the
PJVS step. For clarity, the abscissa of Fig. 5 is defined as
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Fig. 4. Measurement of the calibrator amplitude as a function of the number
of PJVS waveform steps per period (N) shows that the measurement is
independent of step number over the range from 40 to 256.

Fig. 5. Measurement of the calibrator RMS amplitude for different sampling-
time delays between the sampling voltmeter integration window and the PJVS
waveform (see upper left corner of Fig. 2 and text for details). The solid line
represents the mean value, and the dashed lines represent the standard deviation
(k = 2) of VCALIBRATOR between dS = −0.6 and dS = 0.9.

a normalized quantity dS = 2tS/(TSTEP − TDVM) = 2tSNf ·
(1− r). VCALIBRATOR is constant over the delay range from
−0.6 to +0.9, within the measured uncertainty of 4.8 μV
(k = 2). The measured amplitude deviates from the nominal
value very gradually near the dS = −0.8 corner due to the finite
rise time of the bias electronics (τ ∼= 2 μs).

To take full advantage of the differential sampling method,
the sampling voltmeter must be used in a null-detector con-
figuration. The relative phase alignment of the calibrator sine
wave must be correctly adjusted in order to minimize the
differential voltage. However, the measurement method should
still produce the correct amplitude even if the phase of the
calibrator is not perfectly aligned. Fig. 6 shows the calibrator
amplitude as a function of the relative phase. The measured
calibrator amplitudes, over a ±2◦ range of variation of the
phase, give the same result as the measurements performed
at 0◦, where VCALIBRATOR − VNOM = (15.8± 5.7) μV,
(k = 2). The method was not tested outside of this range.

As described earlier in the sampling and measurement
constraints section, it is important to evaluate the performance
of the sampling DVM as the differential voltage within the
sampling windows is increased. One measurement is to vary
the aperture ratio (r) of the DVM while keeping the DVM
range unchanged at 1 V. Based on earlier measurements

Fig. 6. Dependence of the measured calibrator amplitude versus its phase
alignment relative to the PJVS waveform. The averaged calibrator amplitude
with a phase alignment at 0◦ is represented by the horizontal solid line, and the
standard deviation (k = 2) is represented by the two dashed lines.

Fig. 7. Measurement of the calibrator RMS amplitude versus the aperture
ratio of the voltmeter.

Fig. 8. Measurement of the calibrator RMS amplitude for different DVM
ranges demonstrating reproducibility of the measurement technique and inde-
pendence of DVM range. The measurement duration lasts 3 min for a single
measurement point and 5 h for the entire sequence represented.

performed between two PJVS systems [5], reducing the DVM
aperture time is expected to increase the uncertainty of the
measured calibrator amplitude. However, large aperture times
produce large voltages at the beginning and at the end of each
integration window (see the quantities ΔVL and ΔVR defined
earlier). In Fig. 7, no variation of either the amplitude or its
associated uncertainty is observed for aperture ratios up to 0.9.
Increasing N and reducing r allow the measurement of the
differential voltage on the lower 100 mV range of the sampling
DVM instead of the 1 V range. Fig. 8 shows a number of
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Fig. 9. Dependence of the (top) k = 2 Type A uncertainty and (bottom) cali-
brator RMS measured amplitude versus the number of acquisition periods used
for determination of VCALIBRATOR with the sine fit. The arrow indicates the
standard number of acquisition periods used (50) for all the other measurements
described in this paper.

measured results that were produced with different DVM
range and aperture settings and different numbers of PJVS
steps. The mean values of the measured calibrator amplitudes
(N=80), VCALIBRATOR−VNOM=(13.4± 5.2) μV and
VCALIBRATOR−VNOM=(15.8±3.6) μV for the 100 mV and
the 1 V range, respectively, agree within their measured uncer-
tainties (k = 2). The results of Figs. 7 and 8 strongly suggest
that the uncertainty of these measurements is not limited by the
sampling voltmeter capabilities, but rather is dominated by the
amplitude stability and phase jitter of the calibrator. The effects
described in the sampling and measurement constraints section
remain, and a source with better performance is required to
characterize the measurement limitations.

The amplitude of the calibrator is derived from a sine fitting
of the reconstructed waveform. The uncertainty of the measured
amplitude depends on the number of periods used for the sine
fit. As shown in Fig. 9, at least 50 acquisition periods of
the 62.5 Hz calibrator sine wave are necessary to minimize
the uncertainty. The measured Type A uncertainty (k = 2)
of the calibrator at 7 V and 62.5 Hz is 2.6 μV, corresponding to
a relative uncertainty of 4 parts in 107.

B. Linearity of the Calibrator

The 10 V amplitude of the NIST PJVS system allows the
differential sampling method to directly calibrate the sine-
wave amplitude of calibrators, over its first five ranges (100%
coverage of the 2.2 mV–2.2 V ranges and 32% coverage of
the 22 V range). The differential sampling method measures
the gain and linearity of the calibrator ranges automatically,
and the measurements can be performed more quickly than
conventional methods that use thermal transfer standards. The
traceability to the primary standard is similarly as direct as
the methods commonly used for calibrating secondary dc
standards. Fig. 10 shows the voltage difference between the
measured and nominal values of the calibrator from 0.5 V to 7 V

Fig. 10. Dependence of the (bottom) calibrator RMS amplitude on the nom-
inal amplitude for three different frequencies for the three lowest calibrator
voltage ranges. (Top) Corresponding relative Type A uncertainty (k = 2).

generated on three calibrator output ranges (2.2 V, “7 V,” and
22 V). Note that the “7 V” range mentioned in this paper
cannot be selected directly on the instrument. It appears that the
amplitude feedback ac/dc transfer module inside the calibrator
uses an internal 7 V range. The voltages vary monotonically
from the nominal values differently for each range (around
40 μV for the 2.2 V range and 100 μV for the “7 V” range).
These values are still smaller than the uncertainty quoted by
the calibrator manufacturer. A discontinuity in the measured
calibrator amplitudes occurs at 6.96 V due to the internal range
switch. Nearly identical voltage dependences are observed
for the three different frequencies that were measured. These
frequency and amplitude variations are characteristics of this
calibrator. Similar behavior was observed by Jeanneret et al.,
by the use of a different measurement method [27], suggesting
that these results may be typical of the Fluke calibrators. Our
differential sampling method can perform direct calibrations up
to frequencies of 400 Hz (not shown). At f = 400 Hz and with
N = 50 and r ≤ 0.4, the criteria TSTEP − TDVM = (1− r) ·
(N · f)−1 ≥ 30 μs are still satisfied. A faster sampling DVM,
with similar noise characteristics as that of the Agilent 3458A
in the dc sampling mode, will be required in order to measure
the calibrator at higher frequencies [5].

C. Dual-Amplitude PJVS Reference Waveform

In the previous work for calibrating electrical power meters
[3], we developed a differential sampling method capable of
measuring two sine waves of different amplitudes by the use of
one PJVS system that synthesized a dual-amplitude reference
waveform [3], [6]. Each sine wave has its own dedicated sam-
pling DVM. The dual-amplitude waveform consists of multiple
periods of the first reference waveform juxtaposed with the
same number of periods of the second reference waveform. The
concept of dual waveform can easily be extended to three or
more references with different amplitudes and frequencies. The
10 V PJVS current bias source memory is currently limited to
2048 samples, which allows the generation of two juxtaposed
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Fig. 11. Measurement of the calibrator RMS voltage with dual and single
PJVS references. The measurement duration lasts 2 min for a single measure-
ment point and 7 h for the entire sequence represented.

PJVS reference waveforms with N = 80 step/periods repeated
over 12 periods each. The first measured period of each wave-
form is discarded from the fitting procedure in order for the
sampling DVM to recover from the overloaded state that occurs
while the alternate waveform of mismatched amplitude pro-
duces undesirable large differential voltages to the DVM input
[6]. Fig. 11 presents the results of alternating measurements of
a single PJVS reference at 7 V RMS and a dual PJVS reference
with 12 periods of 7 V RMS amplitude followed by 12 periods
of 1 V RMS. The RMS amplitude of the calibrator is set to
VNOM = 7 V. No difference in the measured amplitude of the
calibrator is observed, confirming the validity of the dual PJVS
reference method with waveforms of larger amplitude. Note
that the measured uncertainty achieved with the dual PJVS
reference is slightly larger as a result of the smaller number of
acquisition periods (11 periods) used for the fitting algorithm
(see Fig. 8).

V. CONCLUSION

The results obtained confirm the capabilities of using the
NIST 10 V PJVS system to measure sine-wave sources with
RMS amplitudes up to 7 V with the differential sampling
method. Now that higher PJVS voltages are available, differ-
ential sampling can be applied to a wider range of voltage
metrology applications, such as the direct calibration of com-
mercial calibrators for both dc and ac voltages. The differ-
ential sampling method has the advantage of providing direct
traceability to a quantum standard. However, two obstacles
remain in order to extend the application range of PJVS systems
with the differential sampling method. First, in order to be
applicable to RMS calibrations, the PJVS must be integrated
with a sine-wave voltage source with low harmonic content that
has excellent short-term and long-term stabilities. Calibrators
provide a good temporary solution for this source, but the
phase jitter and the short-term amplitude fluctuation limit their
accuracy to the range from 0.2 to 1 part in 106. Sources with
better amplitude and jitter performance are critical for reducing
the measurement uncertainty and implementing the differential
sampling method for precision ac measurements [28]. The
second obstacle is extending the frequency range of the PJVS
differential sampling method above 400 Hz. Implementation

of the technique with a high-resolution high-speed analog-to-
digital converter will be necessary.
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