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Abstract

Recently, there has been significant research investigating new optical technologies for
dimensional metrology of features 32 nm in critical dimension and smaller. When
modeling optical measurements a library of curves is assembled through the simulation of
a multi-dimensional parameter space. A nonlinear regression routine described in this
paper is then used to identify the optimum set of parameters that yields the closest
experiment-to-theory agreement. However, parametric correlation, measurement noise,
and model inaccuracy all lead to measurement uncertainty in the fitting process for
optical critical dimension (OCD) measurements. To improve the optical measurements,
other techniques such as atomic force microscopy (AFM) and scanning electronic
microscopy (SEM) can also be used to provide supplemental a priori information. In this
paper, a Bayesian statistical approach is proposed to allow the combination of different
measurement techniques that are based on different physical measurement. The effect of

this approach will be shown to reduce the uncertainties of the parameter estimators.
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Introduction

Recently, there has been significant research investigating new optical technologies for
dimensional metrology of features 32 nm in critical dimension and smaller. Among them
are scatterometry and more recently scatterfield microscopy, a technique that combines
well-defined angle-resolved illumination with image-forming optics [1][2][3].
Experimental results using these optical techniques have demonstrated nanometer
accuracy across a range of target dimensions as small as 40 nm with pitch values 1/10 the
measurement wavelength [4]. To achieve these results using the angle-resolved
scatterfield technique, reflected intensities are measured using a well-characterized
optical microscope operated in a scanned illumination mode. In addition, electromagnetic
scattering simulations are generated using idealized geometric representations of the
measured features. These representations are designed so that the quantitative parameters
that define the dimensions and material properties of the idealized structures correspond
to the physical attributes of interest, such as line width and line height. Comprehensive
libraries of simulated reflectivity curves are generated using well-developed rigorous
coupled waveguide or finite difference time domain electromagnetic scattering models
[5][6][7]1[8] with input parameters that cover the actual physical values. Quantitative
critical dimension measurements can then be achieved through a comprehensive

parametric analysis, in which the experimental signature is compared against the



simulation library. This method of parametric fitting is often used in quantitative
scatterometry. Not only can a set of parameters be found that best describes the measured
object, but the parametric fitting process can also yield quantitative critical dimension
measurements with measurement uncertainties that include all instrumentation and
sample components that contribute to the measurement uncertainty [9]. In the work
presented here, we develop a method to embed a priori measurement information in the

regression fitting algorithm and achieve reduced measurement uncertainties.

When modeling optical measurements a library of curves is assembled through the
simulation of a multi-dimensional parameter space. A nonlinear regression routine is
then used to identify the optimum set of parameters that yields the closest experiment-to-
theory agreement. This approach assumes that the model is adequately describing the
physical conditions and that an acceptable goodness-of-fit is achieved with the best set of
parameters. However, parametric correlation, measurement noise, and model inaccuracy
all lead to measurement uncertainty in the fitting process for optical critical dimension
(OCD) measurements as shown in [9]. To improve the optical measurements, other
techniques may be used to augment the parametric fitting. As an example reference
measurements for critical dimensions can assist in the definition of the central starting
point and the boundaries of the multi-dimensional parameter space. Reference metrology
techniques such as atomic force microscopy (AFM) and scanning electronic microscopy
(SEM) that are used to provide supplemental a priori information can also be used to
validate the library fitting results. Historically, in the statistical regression analysis optical

metrology simulation and experimental data are treated independently from the



supplemental reference metrology data obtained from AFM or SEM, for example. In this
paper we establish rigorous statistical methods to combine measurement information
from different metrology sources directly in the parametric fitting process and thereby

improve the measurement uncertainty.

The Bayesian statistical approach proposed in this paper allows the combination of
different measurement techniques that are based on different physical measurement
principles (e.g., probe scanning, electron scanning, etc.) that often have varying
sensitivities to physical properties such as edge runout and surface roughness.
Additionally, this approach allows the inclusion of measurements of the sample optical
properties from a different hardware platform (e.g. an ellipsometer) and rigorously
incorporates these measurements and their uncertainties in the regression algorithm.
Including independently obtained information on the optical constants, feature geometry,
or any other attribute of the measurement system, influences the best fit values and their
associated uncertainties. In Section 2, we discuss the use of nonlinear regression models
in scatterfield microscopy for OCD analysis. In Section 3, a Bayesian statistical approach
is introduced to use a priori information of the parameters and thus to obtain optimal
posterior parameter estimators and their corresponding uncertainties. The effect of this
approach will be shown to reduce the uncertainties of the parameter estimators. As a
detailed illustration, two physical examples are presented in Section 4 followed by

conclusions.

2. Nonlinear regression models for OCD study



The technique of scatterfield microscopy has been described elsewhere in detail

[11[2][3][10] . A complete set of scatterfield microscope measurements includes vy, ..., yy
which are the measured values of an interested variable Y , e.g., intensity, and x,..., Xy,
which represent the measurement conditions, e.g., the values of wavelength or angle,
under which the N data points y,,...,y, are obtained correspondingly. As mentioned in
the Introduction, electromagnetic scattering simulations can be performed at each of
X,,.., Xy Dased upon a representation of the sample defined using K measurement/tool

parameters. The simulated optical response is denoted by y(x;a),i=1..,N , where

a={a,..,a,} isa parameter vector representing the floating (i.e. variable) parameters,
for example, line height, line width, line edge roughness (LER), and sidewall height, etc.
Our goal is to compare {y,,..., Y} with {y(x;a)}, i=1.., N, the simulated values under
the condition of x,i=1,..,N for the parameters a={a,,...,a,} , to find an optimal

estimator of the parameter vector a.

One illustration of a, used also for Section 4, is shown below as Figure 1. Here, five lines
show five parameters that completely define a geometric model of the sample. The
dotted lines represent the top, middle, and bottom line widths. The solid lines indicate

the pitch, p, and the line height, h, of this periodic structure. Any number of these

parameters may be floated, with the remainder defined by fixed values. Additional

floating parameters may be included to improve the model, such as the optical constants,



n and k, of the material. The individual floating parameters used in the model are the

components of the vector a.

In general y(x;;a) is a nonlinear function of the parameter vectora . Treating y(x;;a)as a
mean response of y., we have a nonlinear regression for y, and y(x,a) for i=1,...,N
given by

Vi =Yy(x,a)+e;, fori=1.. N, ¢D)
where ¢, is the corresponding random error with zero mean. Using a first order Taylor
expansion at a specific point of the vector a (e.g., an initial value or an optimal value),

a(0) ={a,(0),...,a, (0)}" , a linear approximation of that nonlinear function is given by

oy (x;;a)

y(%;a) ~ y(x;a(0)) + Z|: o

} (a —2a(0)), 2)
a=a(0)

where y(x;;a(0)) is the simulated value of y(x;a) at a(0) . From (1) we have an

approximation of the nonlinear regression model given by

oy (x;;a)

Yi = y(Xi;a(O))+Z|: a

} (a, —a.(0)+¢, i=1..,N, 3
a=a(0)



where {%} is the value of the partial derivative of y(x;;a)with respect to a,
k a=a(0)

at a=a(0) . See [11] p. 473. The covariance matrix of ¢ ={¢,,...,&, } is denoted by V . In
this paper, we assume that the random variables{e;} are uncorrelated. Namely, Vis a
diagonal matrix denoted by V =diag[c’,...,c5]. In general, V does not have to be a

diagonal matrix. By re-parameterization, the linear model in (3) is expressed as

yi(o):ZDik(O)ﬂk(0)+8i1 i=1..,N, 4)
where B (0) =2, -a,(0), )
o.0-| | ®
a _
a=a(0)
and
Y;(0) =y, - y(x;a(0)) . (7

In (4), B.(0) for k=1,...,K are the regression parameters. D, (0) and y,(0) are the

values for the explanary or predictor variables and the response variable of the regression

model, respectively. A matrix form of (4) is given by

Y(0) =D(0)-B(0) +¢, (8)

where Y(0) = (y,(0),..., y, (0))" isa N by 1 vector and



D,,(0).....D,, (0)
D)= ........ )
D,;(0).....Dy (0)

is a N by K matrix. B(0)=(5,(0),..., 3. (0))" and £=(g,...&,)" . The mean of ¢ is
0 and the covariance matrix of Y(0) and € isV . The best linear unbiased estimator

(B.L.U.E.) of B(0) is the generalized least squares (GLS) estimator given by

B(0) = (D) V'D(®)) D©) VY(0). (10)

See [12], p. 123. Namely, among all the linear unbiased estimators of B(0), ﬁ(O) is the
one with the smallest variance. See e.g., [13], p. 88. Here, a linear estimator of (0) based
on (8) is a linear combination of y,(0),...,y, (0) . In the case that V is a diagonal matrix,

the model in (8) is a weighted least squares regression. See [13], p. 164. From (5), the

B.L.U.E.of a={a_;k=1..,K} is a given by
8, = .(0)+2,(0), (11)
for k=1,...,K . An example of best-fit data are shown in Figure. 2. The covariance

matrix of a={4,,...,4,} isgiven by

Cov[i] = Cov[p(0)] = (D(®)' -V*-D(®)) . (12)



See [12], p. 124. The standard deviations or standard uncertainties of ﬁk (0) or &,
k =1,...,K are given by the square roots of the diagonal elements of Cov[a] and denoted
by o; . Note that when {¢;} are Gaussian distributed, from (10) and (11) ﬁ(O) and aare

also Gaussian distributed. Note also that we can use the Gauss-Newton method [14], p.
40 — 41 to iteratively improve a and keep improving the estimates until there is no
change. Thus, we can assume that a(0) ={a, (0),...,a, (0)} in (2) is an estimate vector

from the Gauss-Newton method.

3. Bayesian statistical analysis and the use of prior information of parameters

Recent studies have shown that OCD measurements are fundamentally limited by
correlation of the fitting parameters [15]. Although it is possible that the simulated library
of curves and the experimental data are in good agreement, the uncertainty in the fitting
process may be greater than desired due to measurement noise and correlation between
the fitting parameters. However, quantitative information regarding these parameters,
either from other measurement techniques or a priori manufacturing knowledge of
material parameters such as their optical constants, n and k, may be available and used to
improve measurement uncertainties. For example, for the parameter of middle height, we
may use another nondestructive tool, such as AFM to get an estimate of middle height
with its own uncertainty. We can treat this information based on AFM measurements as

prior information for that parameter and apply a Bayesian statistical approach.



In Bayesian analysis, model parameters such as B(0) in (8) or equivalently, {a,},
k=1,..,K are treated as random and have their own probability distributions. In
particular, we assume that among the K parameters, the first p ( p<K) parameters,
a,,...,a, have prior information with their means given by

Ela]=a =(a;,...a,)" (13)
and a known covariance matrix. From (5), the means of the corresponding adjusted

regression parameters are given by

E[5,(0]=23,-a(0) (14)

and denoted by A (0) for k =1,..., p. We assume that {a;i=1,..., p}are uncorrelated

from each other and the covariance matrix of (a,,...,a,)" or equivalently the sub-vector

of B(0) denoted by B,(0) =(5,(0),.... 5, (0))" is given by

02.,0,0,...,0
0,052 ,0,...,0

2ﬁp(O) - (15)
0,0,........ o’

In general, {a,}can be correlated leading to a non-diagonal covariance matrix in (15).

Referring to the regression model in (8), from [15], p. 382 — 384, we treat the prior

information on B,(0) as p additional “data points” of the response variable in (8). For

10



example, for the first parameter S,(0), we assume that it has a prior distribution with a
mean of 3 (0) = a, —a,(0) and a variance of o . Considered as a function of £,(0), the

prior distribution can be viewed as an “observation” A (0) with all “explanatory

variables” in the regression model equal to zero except the first one. Namely, an

additional regression equation similar to (8) is given by

181* (0) = B (0)+ Enao (16)

where E[g,,,]=0 and Var[gN+1]:a§l. In general, for k=1,2,..., p, we have

ﬂ; (0) = B, (0) + &y (17)
where

5 (0)=a, —a,(0). (18)
Combining (16) and (17) with (8), we have an expanded linear model given by

Y'(0)=D'(0)-B(0) +<, (19)

where the (N + p) by K matrix

11



Dll(o)! B DlK (0)
D, (0),..., Dy, (0)
D' (0)= DO _ 1(N)10 NK 0 (20)
! 0’1’0’ 10
0,0,0..0,1,0,....0

with 1 a p x K matrix consisting of p row vectors of length of K with only a single 1

in each row and the other elements in each row are zeros as shown in the second equality.

In (18),
Y'(0) = (¥,(0),-, ¥y (0), 5 (0), .., 5, (0)) (21)
and
€ = (& Ey o Enatron Ensp) (22)
with E[¢"]=0 and the covariance matrix of £ given by
V*=C0V[8*]:diag[012,...,0',i,051,...,0;]. (23)

Similar to (10), the posterior estimators of B(0) based on the GLS are given by

'O =(D'0" VD'©) DO VY0 (24)

with the posterior covariance matrix of the parameter estimators given by

12



Cov[a"]= Cov[p*(0)]=(D"(0)' -V"*-D"(®)) ", (25)
where a* :ﬁ#(0)+a(0) are the posterior estimators of the original parameters a. It is
clear that ﬁ#(O) is the B.L.U.E. of B(0)based on the expanded model in (19). Namely,

under the model in (19) among all the linear unbiased estimators of B(0), ﬁ#(O) is the

one with the smallest variance. Here, a linear estimator of $(0)based on (19) is a linear
combination of y,(0),..., v, (0), 5 (0),.... £;(0) . Note that both B*(0) and B(0) are
unbiased estimators of B(0). The standard uncertainties of the posterior estimators &/,
k=1,..,K are given by the square roots of the diagonal elements of Cov[a*] and
denoted by O

Following that ﬁ#(O) in (24) is the B. L. U. E. of B(0), it is demonstrated in Appendix 2

that ﬁ#(O) is also a linear function of ﬁ(O) and p"(0) as well as a function of the

variances and covariances of these estimators. In particular, when K =2 and p =1,

£ (0) =

. . 0
1110l p0)+jo ALQ VaLAOT = b (26)
Q) o, (Covi3,(0), 4,(0)]

2
631

where |Q| and|Q,| are the determinants of D"(0)" V*'D"(0) in (25) and D(0)" V'D(0)in

(12), respectively, and g, are the second components of D(0)' VY(0) (see A.19). From

(26), it is obvious that when o, =, i.e, there is no prior information for the first

13



parameter, and ,5# (O):ﬁ(O). Note that Note that when the random errors, {¢} are

Gaussian distributed, from (24) and (11) ﬁ#(O) and a” are also Gaussian distributed.

We investigate the posterior covariance matrix in (25). By expanding it, we have

vo '
D* (0)T _V*—1 -D* (0) _ (D(O)T ’lT )( J {D(O)j

0.2 0 ) 1
V70 (DO
=(D(0)T,1T)[ . ]( ()j (27)
0,2, 1
=D(0)" -V DO)+1"Z, 1.
In (27),
1/o%,..,0,..,0
2 DI |
ITZ[;l(O)l: 0,...,]/(7ap,...,0 | O (28)
" 0y 01 10,0
R ,0

where 0 indicates a zero matrix with an appropriate size. We compare the variances of
the estimators given by (10) and the variances of the posterior estimators given by (25).

In Appendix 1, it is shown that
Var[ 5 (0)] < Var[ 4, (0)] (29)
for k =1,...,K . Or equivalently, Var[4]]< Var[4,] for k =1,...,K . This indicates that the

variance of a posterior parameter estimator is equal to or smaller than that of the

14



corresponding usual GLS estimator without prior information of the model parameters. In
addition, no matter which parameter the prior information is used for, the variances of all

posterior estimators are equal to or smaller than those of the corresponding usual GLS

estimators. The two variances are the same if and only if Gji =ow fori=1..,p, ie, if

there is no prior information for all these p model parameters. Note that since both
estimators are unbiased estimators of the model parameters, the posterior estimators have
smaller mean squared errors than those of the corresponding usual GLS estimators,

correspondingly.

In addition, we also compare the variances of the posterior estimators with the prior

variances of the model parameters. In Appendix 1, it is shown that
Var[ 5 (0)] < o2 (30)
for i=1,..., p. Thus, the posterior variances are smaller than the prior variances of the

model parameters, correspondingly.

From (29) and (30), it is clear that when we use prior information about the regression
model parameters from other metrology sources to OCD study, the resultant
uncertainties of the posterior estimators are smaller than both the prior uncertainties and
the uncertainties of the regular GLS estimators of the model parameters. Therefore, by
using the Bayesian analysis to combine measurement results from multiple sources, the

resultant uncertainties are improved.
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4. Two examples

To illustrate the methodology, two sets of measurements were performed on etched
features on well-characterized wafers. A first set of experiments involved the
measurement of line arrays on a silicon-on-silicon wafer produced by SEMATECH*
using the OMAG-3 reticle set [17]. There are multiple nearly identical arrays on the
wafer, each nominally 100 nm in line width with a 200 nm space, yielding a 300 nm pitch
and thus are labeled on the wafer as “L100P300” arrays. The actual line widths vary
among arrays located throughout the wafer due to pattern variations induced by various
combinations of lithographic exposure dose and focus across the wafer in a focus-
exposure matrix. As illustrated in Figure 2, measurements were conducted by performing
two orthogonal scans for one polarization, and then repeated for a second polarization,
yielding four scans for each array. Measurements were made at 17 angles for each scan
with four scans per target (two polarizations at each of the two orthogonal scan angles)
resulting in N = 68 for each experimental data set. As indicated in Figure 2, for this
example, the variable Y is the reflectivity and the variable X represent the measurement
conditions, the angle and the corresponding polarization and scan direction. In Equation 3,

y. (i=1,...,68) are the measured reflectivity and y(x;a) (i=1,...,68) are the simulated
values of reflectivity. In the simulation, there are three floating parameters (K =3), i.e.,

top, middle, and bottom line widths as shown in Figure. 1. The matrix for the

explanatory variables in the regression model, D(0)in (8) and (9) is a 68 x 3 matrix
calculated by (6) based on simulations and spline interpolations. The Y(0) from (8) is a

vector of size of 68. The covariance matrix of ¢, V is a 68 x 68 diagonal matrix based on

16



measurements. The original parameters a(0) = (121,115,141)" are a set of optimal values
for top, middle, and bottom line widths. From (10), the GLS of the adjusted parameters

are given by [Ai(O):(—1.32,—3.68,2.24)T and from (11) the original parameters

a(0) = (119.68,111.32,143.24)" for top, middle, and bottom line widths. The

corresponding standard deviations, i.e., standard uncertainties are 0.84, 2.23, and 1.32, as
shown in Table 1. In this example, quantitative reference information from AFM

metrology is available. Table 1 lists the mean values of the three parameters given by
a’ =(119.21,117.32,132.87)" with the corresponding standard uncertainties equal to 0.75

in the corresponding parentheses from AFM metrology. In this example we only use the
means and standard uncertainties for the parameters of top and middle line widths as

prior information and thus, treat these two pieces of information as two data points in
(18), i.e., p=2. Now the covariance matrix V" in (23) is a 70 x 70 diagonal matrix with
the last two diagonal elements equal to 0.75. From (24), the Bayesian estimators of the
three adjusted and the original parameters are ﬁ#(O) =(0.27,1.03,-0.54)" and
corresponding  a* =(121.27,116.03,140.46)" with the corresponding standard

uncertainties o, = (0.30,0.68,0.44)" . It is obvious that the uncertainties of ﬁ# (0)are also

smaller than the prior uncertainty of 0.75. The results show a change in the estimates of
the parameters as well as an improvement in the uncertainties. The resulting uncertainties
from the combined measurements are smaller than each of the individual measurement

results.
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A similar second set of experiments was completed for line patterns etched into a nitride
film on a polysilicon substrate. These gratings were measured in the same manner as
before, although here 21 angles per scan were measured. The four combinations of
polarizations and scan axes yield an experiment for which N = 84. Notably, the
simulation library was expanded to five floating parameters (K = 5). These nitride
patterns were parameterized by again using the top, middle, and bottom line widths from
Figure. 1. In addition, the height of the line and the optical constant n of the nitride film
were also allowed to vary. The optical constant variable n is expressed here as a
percentage of a nominal value provided a priori but without an uncertainty. Reference
metrology data were also acquired using an AFM, yielding the height and the top, middle,

and bottom widths.

Both the Type A and Type B uncertainties were evaluated based on the optical
reflectivity data. The Type A uncertainty was evaluated from the standard deviation of
the mean reflectivity at each data point and can be approximated as 5 % of the measured
reflectivity. The Type B uncertainties were evaluated through parametric uncertainty
analysis and estimations of the spectral width of the light-emitting diode (LED), the
choice of simulation model, the reflectivity changes from adding 1 nm of line-edge
roughness (LER), and the calibration of the incident angle. Model choice and spectral
width contributed insignificantly to the Type B estimate, while the largest component
was the possibility of LER, which also is approximately 5% of the reflectivity. The
uncertainty from angular calibration contributes to the Type B as a function of increasing

angle. Between cross-correlation among floating parameters and the combined
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uncertainties related to the reflectivity measurements, the parametric uncertainties for the
OCD fitting results for this example are large, as seen in the OCD fitting column of Table

2.

Comparisons were made between the measured data and the simulation library with and
without the AFM reference data. Calculations were carried out in the same way as for the
previous example. Table 2 shows the parametric results and the measured AFM values

as well as their corresponding standard uncertainties in the parentheses.

Embedding the four AFM parameters into the parametric fitting affects each of the best-
fit parametric values and their uncertainties differently. For example, the standard
uncertainty for the top line width from the embedded metrology is just slightly better than
that provided from AFM. However, the standard uncertainty for the bottom line width
has decreased by almost a factor of two with respect to that for the AFM measurement.
The embedded AFM reference values allow the standard uncertainty for the optical
constant n for the nitride film to be halved with respect to the OCD measurement. The
goodness-of-fit of this embedded metrology parameterization for OCD is shown as

Figure 3. The goodness of fit data are quite good with small residuals.

5. Conclusions

In this paper, a Bayesian statistical approach has been applied to combine measurement

information from other reference metrology platforms into OCD regression analysis. The
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resultant estimators of the model parameters have smaller variances and smaller mean
squared errors than those based on the measurements from optical measurements alone.
The measurement uncertainties are also improved. The new methodology has important
implications in devising measurement strategies that take advantage of the best
measurement attributes of each individual technique. This method may be applied to
other metrology methods such as model-based scanning electron microscopy or

quantitative ellipsometry.

A key result of this is approach is that a combination of measurements may be conceived
that optimizes measurement uncertainty for a given measurement throughput. For
example by combining film thickness measurements and optical constants measurements
on one platform with OCD measurements and known manufacturing variations, a
substantial gain in measurement uncertainty can be achieved with simultaneous
improvements in throughput. A second important possibility is improved calibrations
and measurement uncertainties. This approach has immediate appeal to combine
measurement techniques that achieve the lowest overall uncertainty for a given structure.
In the midst of sub - 20 nm sized features of increasing geometric complexity, this
method will allow the best rigorous combination of metrology platforms, each best suited
to a particular aspect of the measurement, resulting in the most complete and lowest

uncertainties.
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Appendix 1: Proof of Equations 29 and 30.

First we consider the case of K = 2. Since the cases of p =1 can be treated as a special
case of p =2 by letting the corresponding a; =00, we will discuss the case of p =2

only. We denote the symmetric matrix D' (0)V'D(0) in (11) by Q,, i.e.,

Q, =D(0) V'D(0) = {q“’ 2 ] (A.1)

12+ U2z
Assuming that D(0)has a full column rank, D(0)' V'D(0)is a positive definite matrix
because V is positive definite by Theorem 4.2.1, p. 140 from [18]. The determinant of
Q, is given by|Q|=q,0,, — a5, >0. By Corollary 4.2.2, p. 140 in [18], ¢,,> 0, q,,> 0.
The corresponding term in (25) denoted by Q is expressed as

Q=D"(0)' V''D'(0)
=D0) V'DO)+1'z, 1 (A.2)

B,(0) " -
O t %ﬁ 1O,
1
02,0, t 2
O,

The determinant of Q is given by

1
Q=[Qf+ B+ >0, (A3

a, a a A
From (25) and (A.3), the variance of the posterior estimator of the first parameter is given

by
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1
Opt—

~ o'az
Varlf O =——— (A4)
|Ql| +5+ % + 2 2

2
O'az Gal O-alo-az

while from (12) and (A.1)

Var[;, (0)] = |%2| .

The difference between the two variances is given by

Var[ 3, (0)] - Var[ 5 (0)]

2 2
q22 + q12 + q22
2 2 2 2

(o) O O, 0
a. & a
== - L= >0

Q1q

Similarly, the result holds for f,(0) . Thus, the variance of a posterior parameter

estimator is smaller than that of the usual GLS estimator without prior information of

model parameters.

If D(0)does not have a full column rank,

Var[ 3, (0)] - Var[ 3 (0)]

2 2
O , Yo 02
02 + 0_2 + 2 2
__ & 2 L) 0

Q<

For (30), from (A.4) the difference of the prior variances of the model parameter, e.g.,

i =1 and the corresponding posterior variance is given by
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2
2 0,10,
O-31 |Ql| + 2 .
o, —Var[f/(0)]= R = >0.
11 2
|Q1|+T+T+ ool

a & )

Now we consider a case with three parameters, i.e., K = 3. Since the cases of p <3 can
be treated as special cases of p = 3 by letting the corresponding afj.i =00, we will discuss

the case of p=3.

We denote the symmetric matrix D(0)' V'D(0) in (12) by Q,, i.e.,

Gh1s G2y Gis
Q =D(0) V'D(0) =| qy,, G221 023 |- (A.5)
Gi3: O23: Oss

Assuming that D(0) has a full column rank, D(0)' V'D(0)is a positive definite matrix
because V is positive definite by Theorem 4.2.1, p. 140 from [18]. The corresponding

term in (25) denoted by Q is expressed as

Q=D'(0) V'D'(0)
=D0) V'DO)+1'2;" 1 (A.6)

B3(0) © -
q11+/V2,q12,q13
o
= G2yl t 2 103
Gaz
1 1 +
O3+ U231 Q33 %ai

The determinant of Q can be expressed as

M M M 1
|Q|:|Q1|+ 211+ 222 + 233 + ?332 + ?222 + 9112 TR - (A7)
Oy, a, O, 0,,0a, 0q0s 03,0, 050,0,
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where the determinants,

q22’ q23
q23’ q33

qll’ q13

q13 ! q33

qll’ q12

121 q22

22—

M, = and M, =

are the (1,1), (2,2), and (3,3) minors of matrix Q,. See [19], p. 143. Without loss of

generality, we only need to check the variances for the first parameter. From (24) and

(A.7), the variance of the posterior estimator of the first parameter is given by

q33 q22
M, +—5+"5+

2 2 2
~ O (o) O, O
# a a, a, "~ a
Var[ﬂ 1 (O)] = M M M : ? : : l
11 22 33 q33 q22 qll
Ql + 2 + 2 + 2 + 2 2 + 2 2 + 2 2 + 2 2 2
L 3 O-aa O-al O-az Ual O-as Gaz O-as 031 O-az O-aa
(A.8)

while from (12) and (A.5)

Mll

[l

In (A.8), the matrices of the correspondingM,,, M,,, and M, are positive definite (or

Var[ 4, (0)]=

semidefinite positive when D(0)does not have a full column rank) and q,,> 0, q,,> 0,

05> 0 by Corollary 4.2.2, p. 140 in [18]. The difference between the two variances is

given by

Var[ 3, (0)]- Var[ 3 (0)]

M121 n MM, _q33|Q1| n M;;Mg;—0q,, |Q1| + OssM 4 n 0,,My; " 0 My, —|Q1| N 1
2 2 2 2 2 2 2 2 2 2 2 2
— 0-31 O-az O-as 0-31 O-az O-a1 O-as O-az O-as O-ﬂ1 O-ﬂz O-ﬂs
Q9
(A.9)
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It can be shown that

MM, — 0| Q| = (0505 — 0,05)° =M 2 0. (A.10)
Similarly,
M1, Ma; = 05, | Q1] = (GG — thsze)* = M3, 2 0. (A.11)
In (A.9),

Q11M11 _|Q1| = Q12M12 - Q13M13
= q122q33 - 2q12q13q23 + q123q22

We show this term is also non-negative. We first consider the case that q,,q,; > 0. In this

case,

Q122QS3 - 2q12q13Q23 + q123q22
= Q122q33 - 2\/ U3302, G305 + 2\/ O33022 Gh3¥2s — ZQ12q13q23 + q123q22

- (qu\/q73‘3 - qls\/@)2 + 20,05 (m B qzs)

>0

(A.12)

The inequality holds because M, =0,,0;;—0% >0 and q,,q,, >0 leading to

0035 > 0| When g,,0,, <0, corresponding to (A.12),

qlzzqss - 2q12q13q23 + q123q22
= q122q33 +20 |q12q13| + q123q22

= 05503 — 2+/OlsaUz | OhoOha| + 24/ Olaallzz | O Ohs| + 20155 |Ga Ol + G302 (A.13)

= (|Q12|@_|q13|\/@)2 +2|leq13|(\/(122qss +(123)

>0
From (A.9) — (A.13), Var[3, (0)]- Var[3(0)]=0.

The general case for K >3 follows in the foot-steps of the case of K =3.
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For (29), from (A.8) the difference of the prior variances of the model parameter, e.g.,

k =1 and the corresponding posterior variance is given by

2 2 2
M Myo, Mgo, auo,
|Q1| 1T 7 T 2 2 2
2 V ot 0)] = O-az 033 O-az O-aa 0
Gal - ar[ﬂl ( )] - M M M 1 > .
|Q |_|_ 1 T 788 Q33 + q22 + q11 +
1 2 2 2 2 2 2 2 2 2 2 2 2
O'al O'az O'a3 O-alo-az O'alo'a3 O'aZO'a3 O'alo'aZO'a3

Appendix 2: An expression of ﬁ# (0) in (26).

We consider the case with K =2 and p =2. From (20) and (23),

D,,(0),..., D,(0),0,1

D*(O)T:[Du(o),...,DNl(o),1,oJ:(D(O)T,((1),CiD andy = o{aaf’oJ (AL

From (A.1) and (A.2),

Q=D'(0)' V"'D'(0)

0';2,0
=D©0)' V'DO)+| " | (A.15)
1O
B Oy, + 0-;12 1 Oz
02,0 + 0;22
From (A.1),
{%2’_%2}
-1 _ T -1 -1 _ _qu ! qll
=(DO)'V D(O)) = M2/ (A.16)

o
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From (A.3), [Q|=|Q,] +%+q—2§ +—1  From (A.15) and (A.16),

2 2
EY) 8 O-al O_az

(DO VD) =Q”

- o
_ L (qﬂ’ q12j+ o (A17)
|Q|_ —0h2, Oy O,Ual
:i_|Q1|(D(0)TV'ID(0))l+ %0
Q| 0.0,
From (A.14),
Vo
D' (0)' V= =| D) ,(1’ OD [032 , 0}
01))lo,| *
0,0;22

D)’ V! 7410
B ’ 0, 0';22

and from (15)

¥:(0)
o 2 0))
D'(0) V'Y (0)= (D(O)T \a [ 0 GZJJ yhi (0) (A18)
* /| B (0)
/3 (0)

=D(0) V'Y(0)+ EZ 0B (0)
Denote

D(0)' V'Y(0) = (gl j . (A.19)

From (12), (24), (A. 16), (A.17), (A.18) and (A.19),
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B = (D' V"'D'©) D) VY (0)

[IQll(D(O) VD)) +(§a;’2ﬂ[n(0f VIY(0)+ X B (0) ]

ol 0
|Q|[|Q1|(D(0) VD)) DO VY(©0)+Q|(DO) V'D®) ;! ;B (0)

_2’0
+[% ]D(O) viveys £ O

O,aal %04,

) o )
1 s e | | BO)
o Q[ B(0)+|Q, | CovIBO)IZ,; )8 (0) + g, | oto?

o,
- o
o’
=ﬁ Qb0 10 ooz + 2113 O+
ol )

(A.19)

Note that 1/|Q,| and 1/|Q|are the generalized variances of B(0)and B (0), respectively.

From (A.19), B7(0) is a linear function of B(0) and B"(0) as well as their generalized

variances, and variances and covariances of p(0).

For a special case that p =1, we have

B*(0) =

0
Qi)+ o @ VaTAOL ), 9| (A20)
IQI an [ Cov[A.(0), 4,(0)]
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Table captions:

Table 1. Parametric optical criticial dimension (OCD) fits to the data from in Figure 2

before and after the inclusion of data from an atomic force microscope (AFM).

Table 2. Parametric optical criticial dimension (OCD) fits to the data in Figure 3 before
and after the inclusion of data from atomic force microscopy (AFM). The five floating
parameters are top width, middle width, bottom line width, line height, and the percent

variation of the optical constant, n.
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Table 1.

OCD Fitting AFM OCD w/AFM

éik(aék) ay (O'a:) & (0'55)
Top 119.68 (0.84) 119.21 (0.75) 121.27 (0.30)
Middle 111.32 (2.23) 117.32 (0.75) 116.03 (0.68)
Bottom 143.24 (1.32) 132.87 (0.75) 140.46 (0.44)
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Table 2.

OCD Fitting AFM OCD w/AFM
4 (0,) a (o,) & (o)
Top 33.7 (10.8) 37.6 (1.8) 39.2 (1.7)
Middle 48.9 (6.0) 447 (2.8) 50.1 (2.1)
Bottom 68.9 (8.3) 49.6 (5.9) 63.9 (3.1)
Height 60.0 (2.2) 55.5 (1.4) 58.4 (0.6)
n (% of nominal) 98.1 (1.0 98.1 (0.5)
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Figure captions:

Fig. 1. Cross-sectional view of a periodic line structure that serves as an input to the
electromagnetic scattering simulations. The solid lines ending in diamonds are the height,
h, and the pitch, p, The dotted lines ending in circles are the width of lines at the top,
middle, and bottom. In the first example in Section 4, the height and pitch will remain
fixed to reduce computational time, and the three line widths will be floated. Therefore,
the vector a will have three components, but in general could have more or less.

Fig. 2. Examples of experimental data (markers) and library data fits (lines) for three line
arrays from the overlay metrology advisory group (OMAG) 3 wafer. The four curves in
each plot correspond to the four combinations of scan direction and orthogonal linear
polarizations shown in the schematic.

Figure 3. An example set of experimental data (markers) and library data fits (lines) for
the reflectivity from a patterned nitride line array on polysilicon.
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