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The nonlinear elasticity of thin supported membranes assembled from length purified single-wall

carbon nanotubes is analyzed through the wrinkling instability that develops under uniaxial compression.

In contrast with thin polymer films, pristine nanotube membranes exhibit strong softening under finite

strain associated with bond slip and network fracture. We model the response as a shift in percolation

threshold generated by strain-induced nanotube alignment in accordance with theoretical predictions.
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Thin membranes of single-wall carbon nanotubes
(SWNTs) show considerable promise for a number of
potential applications [1]. The high conductivity and shape
anisotropy of the nanotubes enable the formation of con-
ductive quasi-2D networks at remarkably low surface den-
sity [2], and the mechanical properties of the individual
SWNTs can be outstanding [3]. Recent advances in the
separation of SWNTs by length [4] and electronic type [5]
allow for the production of membranes with precisely
tunable properties, and the tremendous potential of these
films for flexible-electronics applications demands a
deeper understanding of the coupling between deforma-
tion, microstructure, and charge transport. Compressive
wrinkling [6,7] has emerged as a powerful tool for engi-
neering [8] and characterizing [9] thin supported films, and
we use this approach here to study the nonlinear mechanics
of membranes assembled from length purified SWNTs.
Our measurements reveal a material that is remarkably
stiff under infinitesimal deformation, but which softens
dramatically at finite strains. We link this strongly non-
linear behavior to an upward shift in percolation threshold
triggered by strain-induced nanotube alignment, an effect
correspondingly apparent as an anisotropic decrease in
conductivity. Our results are in agreement with theoretical
models of percolation in anisotropic rigid-rod networks.

The mechanical characteristics of individual SWNTs
can be measured through the amplitude and wavelength
associated with periodic buckling under the compressive
strain imposed by a flexible polymer substrate [10].
Applying a continuum model to such data yields a
SWNT elastic modulus of 1.3 TPa, a remarkable value
that accords well with predictions [10]. Analogous me-
chanical data for SWNT films are limited, however. In one
recent study [11], polydisperse chemically functionalized
nanotubes were deposited on a stretched polydimethylsi-
loxane (PDMS) substrate and the mechanics of the cross-
linked network queried through the wavelength and

amplitude of wrinkling after release of a single prestrain.
Although chemical functionalization is known to have an
adverse effect on intrinsic SWNT properties [12], uncross-
linked nanotube contacts will be governed by van der
Waals attraction, excluded-volume repulsion, and sliding
friction [13], raising the possibility of bond slip and net-
work fracture. It is then unclear if the existing theoretical
framework, which presumes a homogeneous film with a
strain-independent modulus, would be applicable to the
pristine SWNT networks of interest here.
Details related to sample preparation, characterization,

and analysis can be found in the supporting information
[14]. Length-sorted SWNT fractions (>95% purity) with
an enrichment in the (6, 5) semiconducting species were
prepared from cobalt-molybdenum catalyst (CoMoCat)
nanotubes using a dense liquid centrifugation method [4].
The fractions had mean lengths L ¼ ð130; 210; 820; and
950Þ nm (�10%) with mean diameter a ¼ 0:75 nm. For
each fraction, thin membranes of controlled surface mass
density c were prepared by forced filtration of a specific
volume of SWNT surfactant solution through acetone-
soluble filter paper followed by repeated forced rinsing to
remove surfactant. The percolation threshold for each
length fraction was determined through impedance spec-
troscopy [15] and small sections of each membrane were
deposited on PDMS by placing them SWNT-face down
and dissolving the exposed filter paper with acetone.
The effective film thickness h is a critical parameter and

we used atomic-force microscopy (AFM) and near-
infrared (NIR) fluorescence microscopy to measure the
mean thickness �h, where h ¼ �h=f and f ¼ c=h�s denotes
SWNT volume fraction in the dry membrane. The mea-
sured mean thickness (10 nm< �h < 100 nm) increased
linearly with c independent of L with the inverse slope
�s ¼ ð0:7� 0:3Þ g=cm3. The structure and topography of
the compressed membranes were characterized with reflec-
tion optical microscopy, small-angle light scattering
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(SALS), AFM, scanning electron microscopy (SEM), and
transmission electron microscopy (TEM). For impedance
spectroscopy, an aluminum mask was used to deposit two
pairs of interdigitated electrodes on the films, one oriented
to measure conductivity along the prestrain axis and the
other rotated 90� with respect to this. The elastic modulus
of the PDMS substrate was measured to be 1.8 MPa. This
material is nearly incompressible, and a Poisson ratio of
0.48 was used. The Poisson ratio of SWNT films is re-
ported to be between 0.1 and 0.3 and a value of 0.3 was
assumed here [11,16].

A useful point of reference is the continuum model of a
thin stiff layer deposited on a much thicker and softer
solid that has been stretched to a specified prestrain �
[17]. Upon release of the prestrain, a homogeneous film
of thickness h and modulus Ef develops a sinusoidal

wrinkling pattern of wavelength �0 ¼ 2�hð �Ef=3 �EsÞ1=3
and amplitude A0 ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�=�c � 1

p
when the � exceeds a

critical value �c ¼ 1
4 ð3 �Es= �EfÞ2=3, where �Ei ¼ Ei=ð1�

�2
i Þ is the plane-strain modulus in terms of the elastic

modulus Ei and Poisson ratio �i of the film (i ¼ f) or
substrate (i ¼ s). At larger strains [17], the substrate is
modeled as a neo-Hookean solid and �0 is rescaled by a

geometrical prefactor to give � ¼ �0=ð1þ �Þð1þ �Þ1=3
and A ¼ A0

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p
=ð1þ �Þð1þ �Þ1=3, where � ¼

5�ð1þ �Þ=32.

The SWNT films are mesoporous [Fig. 1(b)] with
reciprocal-space structure [Fig. 1(c)] that resembles the
2D diffusion-limited aggregation of rodlike particles with
long-range attractive interactions [18]. The exponent D ¼
1:72 is insensitive to changes in L and c, consistent with
what has been observed in the high-aspect-ratio limit
(L=a ! 1) for the diffusion-limited cluster aggregation
of rigid-rod colloids [19]. The primary particle size should
have less influence once the nanotubes assemble into a
network. Aspect ratio does, however, dictate the percola-
tion threshold, as shown in Fig. 1(d) and as predicted
theoretically [15]. Wrinkling does not become apparent
until roughly a decade into the regime of electrical perco-
lation. Although rigidity percolation is predicted to emerge
at higher densities than connectivity percolation, such
differences become relatively small for large aspect ratio
[20]. An alternative explanation can be found in the ex-
pression for �c. As shown below, the membrane modulus
Ef increases sharply with nanotube area fraction �. This

implies a large �c just beyond the percolation threshold �c

that decreases rapidly with increasing �, and the window
of stability reflects the strain interval used in the
experiments.
The wrinkling pattern reflects the disordered mesostruc-

ture of the membranes, as shown in Fig. 2. In contrast to a
pure sinusoid, the deformation is hierarchical with multiple
harmonics at progressively smaller length scales [21]. The
wrinkle crest of the largest feature contains smaller undu-
lations or folds that can be resolved with AFM and SEM.

FIG. 1 (color online). (a) Optical micrograph of unstrained
membrane (L ¼ 130 nm, c ¼ 3:5 �g cm�2, scale ¼ 10 �m).
(b) SEM shows a porous assembly of SWNT bundles (L ¼
820 nm, c ¼ 0:02 �g cm�2, scale ¼ 200 nm). (c) SALS pro-
files of unstrained membranes with the exponent D (L ¼
130 nm, c ¼ 3:5 �g cm�2; L ¼ 210 nm, c ¼ 1:7 �g cm�2;
L ¼ 820 nm, c ¼ 0:3 �g cm�2). (d) Wrinkling diagram in the
c-L plane. The lower line is the percolation threshold and the
upper line denotes the onset of wrinkling (squares).

FIG. 2 (color online). Optical micrographs of membrane wrin-
kling (L ¼ 130 nm, c ¼ 3:5 �g cm�2) for � ¼ (a) 2.5%,
(b) 5%, (c) 10%, and (d) 20%. (e) AFM and (f) SEM images
reveal the complex topography of wrinkling at smaller length
scales (� ¼ 5%). The scale in each image is 5 �m.
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The patterns also contain defect points where the crests
merge, bifurcate, or disappear. The dominant wavelength
decreases dramatically with �, as indicated in Fig. 3(a).
Although the decline is much steeper than predicted by the
continuum nonlinear theory, the model can explain these
observations if Ef is formally allowed to depend on strain,

with the expectation that this softening arises from a pro-
gressive strain-induced rupturing of network contacts. The
fitted curves in Fig. 3(a) are thus generalizations of the
nonlinear model to include Efð�Þ ¼ Ef0ð1þ �=�0Þ�	,

where Ef0 is the modulus with respect to infinitesimal

deformation, �0 is the yield strain, and our data specifically
suggest 	 � 2:5. The softening [Fig. 3(b)] eliminates the
usual increase in Að�Þ predicted by the continuum model.
The wavelength used to extract Ef0 is an ensemble average

over multiple regions of a membrane.
The dramatic increase in modulus with increasing con-

centration [Fig. 3(d)] and the continuous yielding under
finite strain are very reminiscent of behavior observed in
sheared 3D carbon-nanotube networks [22–24]. The ex-
tracted zero-strain modulus Ef0 saturates at a value near

250 GPa well below the modulus of an individual SWNT,
presumably due to the same dominance of contact forces
that arises in concentrated fiber networks [25]. From the
exponent D, simple scaling arguments [14] in d ¼ 2 give
the power-law exponents shown in Fig. 3(d), Ef0 /
½�=�cðLÞ � 1�
 and �0/½�=�cðLÞ�1��� with 
 ¼ 10

and � ¼ 6:6. These independently give �0 / E�2=3
f0 , sug-

gesting a possible relation between �0 and �c. Indeed, in-

serting the measured film modulus into �c¼ 1
4ð3 �Es= �Ef0Þ2=3

gives �0 / �c [14], which suggests a single characteristic
strain �c. The data also support L only entering the prob-
lem through �cðLÞ, since data for different lengths all fall
on the same curve when plotted against �=�cðLÞ � 1.
Insight into the exact origin of the softening is provided

by the electrical conductivity, which decreases normal to
the direction of the prestrain [Fig. 4(a)]. This clearly
indicates that conductive pathways are being broken by
the anisotropic deformation of the film, presumably the
same breakdown of network junctions responsible for soft-
ening. We visualize this strain-induced anisotropy directly
using TEM. In such images [Fig. 4(b)], the most striking
contrast comes from SWNT bundles aligned normal to the
strain by the stress imposed on the membrane through the
compression and Poisson expansion of the polymer sub-
strate. This alignment is also evident in the structure factor
of the membranes measured with SALS [Fig. 4(d)]. The
connection between this anisotropy and the decrease in
film stiffness and conductivity follows if we consider that
the orientation of extended particles reduces the percola-
tion threshold, as recently demonstrated in sheared carbon-
nanotube melt composites [26] and stretched SWNT-
polymer composites [27].
More quantitatively, the empirical power-law

expressions imply a strain dependent percolation
threshold �cð�Þ=�c0 ¼ ð1þ �=�0Þ� with � ¼ 	=
 � 1

4

[Fig. 3(c)]. We model this using a simplified expression
for �c in anisotropic rigid-rod networks [28];

FIG. 4 (color online). (a) Complex conductivity spectra (L ¼
130 nm, c ¼ 3:5 �g cm�2), where the black trace is the � ¼ 0
response. A 5% prestrain yields a decrease normal to the pre-
strain (y), but little change parallel to the prestrain (x). (b) TEM
images of the strained membranes show SWNT bundles aligned
normal to the prestrain (20% prestrain, L ¼ 130 nm, c ¼
3:5 �g cm�2, scale ¼ 5 �m, and 100 nm for inset). (c) Digital
structure factor from an ensemble of optical micrographs and
(d) the corresponding SALS pattern (10% prestrain, L ¼
130 nm, c ¼ 2:9 �g cm�2, scale ¼ 3 �m�1).
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FIG. 3 (color online). (a) Wavelength of the dominant wrin-
kling mode [legend shown in (b)]. Curves are fits to the strain-
softening model derived in the text and the black dashed curve is
the nonlinear elastic response [17]. (b) Scaling plot of the soft-
ening in Ef, where the black curve is the empirical power-law

expression (	 ¼ 2:5) and the dashed (c1 ¼ 1:6, w ¼ 1) and gray
(c1 ¼ 2:6, w ¼ 0:8) curves are from Eq. (3). The black and gray
curves are nearly indistinguishable. (c) A plot analogous to (b)
for the inferred increase in �cð�Þ. (d) Film modulus (circles) and
yield strain (stars) with the suggested power-law behavior; L ¼
130 nm (cross), 210 nm (dot), 820 nm (open), and 950 nm
(hatch).
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�cð�Þ
�c0

¼
�
5

�
hj sin�ji

��1
; (1)

where � is the orientation angle of a rod with respect to the
alignment axis and the brackets denote an average over the
orientational distribution function (ODF) pð�Þ. An initial
approximation for the ODF [14] that neglects rod-rod
interactions, and thus underestimates anisotropy, follows
from the relaxation of the PDMS, pð�Þ / ½ð1þ
�Þ2sin2�=ð1� �s�Þ2 þ cos2���1. Defining the 2D orienta-
tional order parameter S ¼ 2hcos2�i � 1, this ODF gives
S ¼ 0:14 at � ¼ 20%. To include interactions and account
for yielding, we generalize this to

pð�Þ / 1

ð1þ c1�=�0Þwsin2�þ cos2�
; (2)

with fitting parameters c1 andw, which has the correct � !
0 limit. This gives

�cð�Þ
�c0

¼
�
�2

10

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ c1zÞw � 1
p

tanh�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1þ c1zÞ�w

p (3)

and

S ¼ ð1þ c1zÞw=2 � 1

ð1þ c1zÞw=2 þ 1
; (4)

where z ¼ �=�0. The dashed curves in Figs. 3(b) and 3(c)
follow from Eq. (3) with c1 ¼ 1:6 and w ¼ 1 (S ¼ 0:7 at
z ¼ 20) and the gray curves in Figs. 3(b) and 3(c) corre-
spond to c1 ¼ 2:6 and w ¼ 0:8 (S ¼ 0:65 at z ¼ 20). A
comparison of Figs. 4(c) and 4(d) suggests that the anisot-
ropy in the microstructure is greater than that in the wrin-
kling pattern, the SALS data being consistent with the
fitting results c1 ¼ 2:6 and w ¼ 0:8.

A remarkable aspect of these films is the degree of
microscale anisotropy that develops under modest strain.
As noted above, a dilute SWNT coating would be antici-
pated to exhibit S ¼ 0:14 at � ¼ 20%, but both the TEM
and SALS data suggest much stronger anisotropy than this.
The films in question have effective SWNT volume frac-
tions approaching 0.5, where the combined effects of ex-
cluded volume and attractive van der Waals interactions
will favor a closely packed arrangement of aligned nano-
tubes in response to a weak perturbation. Such regions are
directly revealed by TEM [Fig. 4(b)]. Although this align-
ment is irreversible, there is a surprising degree of revers-
ibility at small strains [14]. Somewhat analogous behavior
is observed in stretched collagen gels, which strain harden
through irreversible fiber alignment in the absence of
physical crosslinks [29].

Our generalization of the nonlinear continuum model to
films with a strain dependent modulus is successful in
capturing essential aspects of wrinkling in SWNT mem-
branes, and simple scaling arguments can account for
changes in film mechanical properties with concentration
and stress. The hypothesis of network destruction due to

nanotube alignment has been independently confirmed
through conductivity measurements, and is very reminis-
cent of the type of strain-softening behavior exhibited by
a broad class of polymer-nanocomposite systems.
Applications that require flexible SWNT coatings will
seek to exploit the window of stability in Fig. 1(d), where
conductive films can accommodate up to 20% strain with-
out wrinkling. The measurements and analysis presented
here should help guide the production of such films. A
greater challenge will be engineering membranes that
wrinkle reversibly without chemical crosslinking, perhaps
though the introduction of a second interpenetrating poly-
mer network.
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