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1. INTRODUCTION

Confidence regions for parameters of a linear model are important both in theory and applications of
statistics. In the classical linear model setting, with a given matrix of error covariances, the exact 1 − α
confidence ellipsoids are well understood. However if the error covariance matrix is not known up to a
scalar factor, it is much more difficult to find a confidence region with a guaranteed coverage probability.

Consider the general linear model, Y ∼ Nn(Xθ,Σ) with a diagonal matrix Σ. Thus with θ denoting
an r-dimensional parameter, r ≤ n, and X a design matrix of size n × r of rank r,

Y = Xθ + ε. (1)

The vector ε formed by independent Gaussian errors εj , j = 1, . . . , n, has zero mean and unknown
variances σ2

j . In the particular, common mean case, when r = 1, X = e is the n-dimensional vector

of ones. The classical least squares estimate θ̂, determined from the equation, XT Σ−1Xθ̂ = XT Σ−1Y ,
clearly depends on Σ which typically is (at least partially) unknown.

We work with linear unbiased estimators of the form δ = WY , where W is a r × n matrix. Then
WX = I, and Var(δ) = WΣW T is the covariance matrix of δ. Here and further I denotes the identity
matrix whose size is clear from the context. An alternative form is δ = (XT QX)−1XT QY with a n × n

matrix Q, where Q is interpreted as a guess about Σ−1. Thus, W = (XT QX)−1XT Q. If Σ = Q−1, then
Var(δ) = (XT QX)−1. However, even if Q̂−1 is an unbiased estimator of Σ, the commonly used matrix
statistics (XT Q̂X)−1 typically underestimates Var(δ).

The new estimator ̂Var(δ) of the covariance matrix of δ suggested by the author [15, 17] is designed
to mitigate this bias and to assure conservative nature of the corresponding confidence region. Put

̂Var(δ) = [Y T (I − XW )T Q(I − XW )Y ](XT QX)−1. (2)
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A confidence ellipsoid for θ based on δ is given by

(δ − θ)T ̂Var(δ)
−1

(δ − θ) ≤ t2. (3)

Actually in (2) one can have a more general quadratic form in the residuals (I − XW )Y , but the
present choice minimizes the expected volume of (3) when Q−1 is the true error covariance matrix [17].
The appropriate choice of the matrix Q is an important issue in using our method. In many problems
of meta-analysis one has to combine results of m independent but heterogeneous studies, where
each study produces an unbiased estimate of its linear function(s) of θ of uncertain accuracy. Then
XT = (X1, . . . ,Xm)T , with Xi representing a known ni × r matrix, i = 1, . . . ,m, n = n1 + · · · + nm.
Under a similar partitioning of εT = (ε1, . . . , εm)T , the ni-dimensional normal vector εT

i has independent
components with common variance σ2

i , which can be estimated on the basis of available (but commonly
scarce) data. Then Q can be formed by diagonal matrix blocks qiI, i = 1, . . . ,m, with q−1

i being the
estimate of σ2

i in the ith study.
Under this scenario, Shalaevsky [18] obtained an approximation to the coverage probability of

confidence ellipsoids for θ when min ni → ∞. This condition is rarely if ever met in applications. Fuller
and Rao [6] investigated a two-stage estimation procedure when m → ∞. Carroll and Ruppert [5]
suggested several parametric models for heteroscedasticity. Wu [20] devised some versions of jackknife
variance estimators and compared them to the bootstrap method. The asymptotic behavior of these
methods was elucidated in [13] and [19].

While these authors are mainly interested in point estimation of the parameters, our approach is
motivated by construction of confidence regions. In a similar vein, Adkins and Hill [1] explored the
coverage probability and the volume of a percentile bootstrap confidence ellipsoid centered at the Stein
estimator.

Our goal is to determine the coverage probability of (3) for any Σ at least for large t. In Section 3
we discuss the asymptotic behavior of this probability which matches that of the probability when t2

is a multiple of Fr,n−r(α), the αth percentile of F-distribution with r and n − r degrees of freedom.
Section 2 contains needed results about the moments of quadratic forms in Gaussian random variables
relating them to multiple hypergeometric functions known as Dirichlet averages [4] and to zonal
polynomials [13]. The least favorable variances leading to the worst coverage probability depend only on
the matrices X and Q, and can be found as a solution to the optimization problem formulated and studied
in Section 4. The situation when these variances are equal is also described there. The optimization
problem can be viewed as maximization of a function of r multilinear forms in reciprocals of the variances
for a given value of their product. Section 5 gives some examples. All proofs are collected in the Appendix.

2. MOMENTS OF QUADRATIC FORMS IN NORMAL VARIABLES

This section contains basic mathematical results needed to derive conservative confidence ellipsoids.

2.1. Asymptotics and F-Approximation

Let Sr be the unit sphere in r-dimensional space parametrized by ω1, . . . , ωr,
∑

ω2
i = 1. Then with

dω denoting the normalized uniform distribution over Sr, define for λi > 0, i = 1 . . . , r, and real q

Rq(λ1, . . . , λr) =
∫

Sr

[ ∑

i

λiω
2
i

]q
dω. (4)

The following result is proven in [17].

Theorem 2.1. Let Z1, . . . , Zn, n ≥ r, be independent standard normal variables, and λr+1, . . . , λn

be fixed positive numbers. As λ1, . . . , λr → 0,

lim
P

(∑r
i=1 λiZ

2
i >

∑n
k=r+1 λkZ

2
k

)

R(n−r)/2(λ1, . . . , λr)
=

Γ(n/2)
√

λr+1 · · ·λnΓ(r/2)Γ((n − r + 2)/2)
,

where the function R(n−r)/2(λ1, . . . , λr) is defined by (4).
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When λi = t−2, i = 1, . . . , r, R(n−r)/2 = tr−n, λk = 1, k = r + 1, . . . , n, this formula agrees with
the known result for the tail probabilities of Fr,n−r, an F random variable with r and n − r degrees of
freedom. Indeed as t → ∞,

P

(

Fr,n−r >
(n − r)t2

r

)

∼ Γ(n/2)
Γ(r/2)Γ((n − r + 2)/2)tn−r

.

According to Theorem 2.1 for t → ∞,

P

( r∑

i=1

λiZ
2
i > t2

n∑

k=r+1

λkZ
2
k

)

∼ P

(
(λr+1 · · ·λn)1/(n−r)

[R(n−r)/2(λ1, . . . , λr)]2/(n−r)
Fr,n−r >

(n − r)t2

r

)

. (5)

Thus, in the tail probability approximation for the ratio of two quadratic forms,
∑r

i=1 λiZ
2
i and

∑n
k=r+1 λkZ

2
k , the λk’s in the denominator are to be replaced by their geometric mean, while the λi’s

in the numerator are replaced by their spherical average [R(n−r)/2(λ1, . . . , λr)]2/(n−r).

The formulas in Section 7.2 [17] show that the probabilities (5) can be expressed via sums of integrals,
∫

Sr

(∑

i

λit
−2ω2

i

)(n−r)/2 ∏

k

( ∑

i

λit
−2ω2

i + λk

)−νk−1/2
dω.

Since each of these integrals is bounded by R(n−r)/2(λ1t
−2, . . . , λrt

−2)
∏

k λ
−νk−1/2
k , one has for any

fixed t,

P

( ∑r
i=1 λiZ

2
i∑n

k=r+1 λkZ
2
k

> t2
)

≤
R(n−r)/2(λ1t

−2, . . . , λrt
−2)Γ(n/2)

√
λr+1 · · ·λnΓ(r/2)Γ((n − r + 2)/2)

.

According to the Okamoto inequality [11, p. 303],

P

( ∑r
i=1 λiZ

2
i∑n

k=r+1 λkZ
2
k

> t2
)

≤ P

( ∑r
i=1 λiZ

2
i

(λr+1 · · ·λn)1/(n−r)
∑n

k=r+1 Z2
k

> t2

)

= P

(
r
∑

i λiω
2
i

(n − r)(λr+1 · · ·λn)1/(n−r)
Fr,n−r > t2

)

∼
R(n−r)/2(λ1, . . . , λr)Γ(n/2)

tn−r
√

λr+1 · · ·λnΓ(r/2)Γ((n − r + 2)/2)

as t → ∞. Thus, our F-approximation for the ratio of the quadratic forms is conservative by giving an
upper bound on the probability of large values of this ratio.

2.2. Dirichlet Averages

We discuss now the properties of functions (4) whose role is important in the study of such tail
probabilities for the ratio of two quadratic forms. The function Rq(λ1, . . . , λr) is a special case of the
so-called Dirichlet averages,

Rq(b, z) =
∫ ( r∑

1

zkuk

)q

dμb(u),

where integration is over a unit simplex in Rr, u1, . . . , ur ≥ 0,
∑

ui = 1, and μb is the Dirichlet
distribution with parameter b [4]. Indeed, in our notation,

Rq(λ1, . . . , λr) = Rq(b, (λ1, . . . , λr))

with b = (1
2 , . . . , 1

2).
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If λi are eigenvalues of an r × r positive definite symmetric matrix Λ (notation: λi = λi(Λ)), then with
ZT = (Z1, . . . , Zr) for q > −r/2,

Rq(λ1, . . . , λr) =
Γ(r/2)

2qΓ(q + r/2)
E(ZT ΛZ)q =

E(ZT ΛZ)q

E(ZT Z)q
. (6)

Thus, the Dirichlet averages can be used to express moments of quadratic forms in normal variables.
In (4) some of the λ’s (say, s of them, s = 0, 1, . . . , r − 1) can vanish. For positive q,

Rq(0, . . . , 0, λs+1, . . . , λr) =
Γ(q + (r − s)/2)Γ(r/2)
Γ(q + r/2)Γ((r − s)/2)

Rq(λs+1, . . . , λr). (7)

This formula shows that (6) holds for positive semidefinite r × r matrices Λ.
Two basic equations,

∑

k

∂

∂λk
Rq = qRq−1 (8)

and
∑

k

λk
∂

∂λk
Rq = qRq,

follow from the definition.
According to Euler’s transformation (Theorem 6.8-3 in [4]),

R(n−r)/2

(
1
λ1

, . . . ,
1
λr

)

=
(∏

i

√
λi

)

R−n/2(λ1, . . . , λr). (9)

This fact allows to relate moments of quadratic forms in normal variables defined by a positive definite
matrix and by its inverse [16].

For 0 < q < r/2,

R−q(λ1, . . . , λr) =
1

B(q, r/2 − q)

1∫

0

uq−1(1 − u)r/2−q−1 du
∏

i

√
1 − u + uλi

,

R−r/2(λ1, . . . , λr) =
1

∏
i

√
λi

,

and the formulas for R−n/2(λ1, . . . , λr), n > r, can be obtained from these by repeated use of (8).

It follows from [4] that for n ≥ r/2, r ≥ 1, λ1, . . . , λr > 0,

R−n/2(λ1, . . . , λr) ≥
(∏

i

λi

)−n/(2r)

≥
(∑

i λi

r

)−n/2

(10)

with equality attained in either of these inequalities if and only if λi ≡ λ.
When r = 2, and n is a semi-integer, functions Rn(λ1, λ2) are essentially complete elliptic integrals

of the second and the first kind,

R−1/2(λ1, λ2) =
2
π

π/2∫

0

dφ
√

λ1 cos2 φ + λ2 sin2 φ
=

2
π
√

λ1
K

(√
λ1 − λ2

λ1

)

,

R1/2(λ1, λ2) =
2
π

π/2∫

0

√

λ1 cos2 φ + λ2 sin2 φ dφ =
2
√

λ1

π
E

(√
λ1 − λ2

λ1

)

,

when λ1 ≥ λ2.
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For arbitrary positive integer q, one can use zonal polynomials Cκ(Λ) to get

Rq(λ1, . . . , λr) =
∫

(eT
r OΛOT er)q dO =

∫

[tr(ere
T
r OΛOT )]q dO

=
∑

κ

∫

Cκ(ere
T
r OΛOT ) dO =

∑

κ

Cκ(ere
T
r )Cκ(Λ)

Cκ(I)
,

where κ denotes partitions of the number q into r parts, and integration is over the group of all r × r
orthogonal matrices O. Here and further ei will denote unit basis vectors whose dimension is clear from
context. Above one can take er = (0, . . . , 0, 1)T .

Since Cκ(ere
T
r ) = 0, unless κ = (q) is the partition q = q + 0 + · · ·+ 0, in which case Cκ(ere

T
r ) = 1,

Rq(λ1, . . . , λr) =
C(q)(Λ)
C(q)(I)

=
C(q)(Λ)Γ(q + 1/2)Γ(r/2)

√
πΓ(q + r/2)

.

Thus,

Rq(λ1, . . . , λr) =
Γ(q + 1/2)Γ(r/2)√

πΓ(q + r/2)

∑

κ

cκMκ(Λ)

with positive coefficients cκ (which can be found from recurrence formula (14), Section 7.4 in [12]). The
monomial symmetric functions, Mκ(Λ) =

∑∏s
k=1 λνk

ik
, are defined by the partition κ with s nonzero

parts ν1, . . . , νs, and the summation is over the distinct permutations i1, . . . , is of s different integers out
of 1, . . . , r.

It follows that for a positive integer q,

Rq(λ1, . . . , λr) ≤
Γ(q + 1/2)Γ(r/2)√

πΓ(q + r/2)

(∑
λi

)q
, (11)

which is true for any positive (possibly non-integer) q, q ≥ 1. When 0 < q < 1, Rq(λ1, . . . , λr) ≤
[(
∑

λi)/r]q (formula (2.14) in [3]).
Integration by parts shows that for all pairwise different λk,

1
2

[
∂Rq

∂λk
− ∂Rq

∂λ�

]

= (λk − λ�)
∂2Rq

∂λk∂λ�
= q(q − 1)(λk − λ�)

∫

Sr

ω2
kω

2
� [

∑
λiω

2
i ]

q−2 dω,

so that when q(q − 1) ≥ 0,

(λk − λ�)
[
∂Rq

∂λk
− ∂Rq

∂λ�

]

≥ 0.

Then Rq(λ1, . . . , λr) is a Schur-convex function (Schur-concave when q(q − 1) < 0). According to the

Minkowski inequality for q > 1, R
1/q
q (λ1, . . . , λr) is a convex function.

3. CONSERVATIVE CONFIDENCE REGIONS: AN OPTIMIZATION PROBLEM

In this section we use the following result proven in [17]. Recall that Fr,n−r denotes a F random
variable with r and n − r degrees of freedom.

Theorem 3.1. Let δ = WY be a linear unbiased estimator of θ in (1). With ̂Var(δ) defined by (2)
and

μi = λi

(
(WQ−1W T )−1/2(XT Σ−1X)−1(WQ−1W T )−1/2

)
, i = 1, . . . , r,

one has

lim
t→∞

tn−rPΣ

(
(δ − θ)T ̂Var(δ)

−1
(δ − θ) > t2

)
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=
R(n−r)/2(μ1, . . . , μr)Γ(n/2)

det(XT Σ−1XWQ−1W T )1/2 det(ΣQ)1/2Γ(r/2)Γ((n − r + 2)/2)

= lim
t→∞

tn−rP

(
rFr,n−r

n − r
> t2

[
det(XT Σ−1XWQ−1W T ) det(ΣQ)

R2
(n−r)/2(μ1, . . . , μr)

]1/(n−r))

. (12)

According to (12), our confidence ellipsoid (3) has the approximate confidence coefficient 1 − α for
fixed Σ, when

t2 =
rFr,n−r(α)

n − r

[ R2
(n−r)/2(μ1, . . . , μr)

det(XT Σ−1XWQ−1W T ) det(ΣQ)

]1/(n−r)

.

As Σ is unknown, a conservative procedure corresponds to

t20 =
rFr,n−r(α)

(n − r)[det(WQ−1W T ) det(Q)]1/(n−r)
sup
Σ

[ R2
(n−r)/2(μ1, . . . , μr)

det(XT Σ−1X) det(Σ)

]1/(n−r)

. (13)

Determination of t20 is the central problem of this work. It is tantamount to solving the optimization
problem in (13) with regard to all positive definite matrices Σ. However, there are situations where it is
reasonable to restrict the error covariance matrices Σ to a smaller set.

The most important case is described in Section 1. For simplicity assume that for i = 1, . . . ,m,

Yi = X0θ + εi,

where X0 is a p × r matrix of rank r, r ≤ p, and εi ∼ Np(0, σ2
i I). Then with Y T = (Y T

1 , . . . , Y T
m ), (1)

holds for XT = (XT
0 , . . . ,XT

0 ), n = pm. It is natural to take Q having the same form as Σ, i.e., let
Q̂ = Q be formed by diagonal matrix blocks qiI, i = 1, . . . ,m, where

q−1
i = σ̂2

i =
1

p − r
(Yi − X0δi)T (Yi − X0δi)

and

δi = (XT
0 X0)−1XT

0 Yi.

Then XT Σ−1X = (
∑

σ−2
i )XT

0 X0, and since (WQ−1W T )−1 = XT QX = (
∑

qi)XT
0 X0, all eigen-

values μi in (12) are equal, μi ≡ (
∑

qi)/(
∑

σ−2
i ). It follows that for block scalar matrices Σ,

sup
Σ

R2
(n−r)/2(μ1, . . . , μr)

det(XT Σ−1X) det(Σ)
= max

σ2
1 ,...,σ2

m

(
∑

qi)n−r

(
∑

σ−2
i )n(

∏
σ2

i )p det(XT
0 X0)

=
(
∑

qi)n−r

mn det(XT
0 X0)

,

so that with ωi = qi/(
∑

j qj), i = 1, . . . ,m,

t20 =
rFr,n−r(α)

(n − r)mn/(n−r)
∏

ω
p/(n−r)
i

. (14)

Notice that δ =
∑

ωiδi, and

̂Var(δ) =
[ ∑

i

ωi(Yi − X0δ)T (Yi − X0δ)
]

(XT
0 X0)−1.

Thus the ellipsoid (3) has the form

(δ − θ)T (XT
0 X0)(δ − θ) ≤ t20

∑

i

ωi(Yi − X0δ)T (Yi − X0δ),

where t20 is given by (14).
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When r = 1,

R2
(n−r)/2(μ) = μn−1 =

(
1

(WQ−1W T )(XT Σ−1X)

)n−1

.

For a given value of det(Σ) =
∏

j σ2
j , the minimum of XT Σ−1X =

∑
j X2

j1σ
−2
j is attained when

σ2
j ∝ X2

j1, so that

inf
Σ

(XT Σ−1X)n det(Σ) = nn
n∏

1

X2
j1.

Thus, if now ωi = qiX
2
i1/(

∑
qjX

2
j1), then

t20 =
F1,n−1(α)

(n − 1)nn/(n−1)
∏

ω
n/(n−1)
i

,

which coincides with (14). Note that δ =
∑

ωiYi/Xi1, and

̂Var(δ) =
∑

ωi(Yi/Xi1 − δ)2.

With Tn−1 denoting a t-distributed random variable with n − 1 degrees of freedom, we have [15]

sup
Σ

lim
t→∞

tn−1PΣ

(
(δ − θ)T ̂Var(δ)

−1
(δ − θ) ≥ t2

)
= lim

t→∞
tn−1P

(
T 2

n−1

n − 1
> t2

[ n∏

1

(nωi)
]1/(n−1))

,

so that δ ± tn−1(α/2)
∏

(nωi)−1/(2(n−1))

√
̂Var(δ)/(n − 1) is an approximate (1−α) confidence interval

for β.

The same optimization problem (minimization of
∑

j B2
j σ−2

j for the given value
∏

j σ2
j ) occurs for

larger values of r, which are considered in the next section. Before doing that we reduce (13) to a
canonical form. Notice that WQ−1W T = XT QX, so that

λi

(
(WQ−1W T )−1(XT Σ−1X)−1

)
= λi

(
(XT QX)(XT Σ−1X)−1

)
.

Let A = Q1/2X(XT QX)−1/2, so that AT A = I. By replacing the original design matrix X by A, one
obtains

XT Σ−1X = (XT QX)1/2[AT (Q1/2ΣQ1/2)−1A](XT QX)1/2

and

det(XT Σ−1X) = det(XT QX) det(AT (QΣ)−1A).

Since Q is diagonal,

sup
Σ

[ R2
(n−r)/2(μ1, . . . , μr)

det(XT Σ−1X) det(Σ)

]1/(n−r)

= sup
Σ

R2
(n−r)/2

(
λ1((AT Σ−1A)−1), . . . , λr((AT Σ−1A)−1)

)

det(AT Σ−1A) det(Σ)
det(Q)

det(XT QX)
.

4. LEAST FAVORABLE VARIANCES AND LOWER BOUNDS

According to (13),

t20 =
rFr,n−r(α)

n − r
G(A), (15)
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where

G(A) = sup
Σ

[R2
(n−r)/2

(
λ1((AT Σ−1A)−1), . . . , λr((AT Σ−1A)−1)

)

det(AT Σ−1A) det(Σ)

]1/(n−r)

.

In general, determination of G(A), which can be interpreted as an adjustment factor to the percentile
of an F-distribution, involves a solution of an optimization problem, where Σ is an arbitrary positive
definite matrix.

An alternative representation for G(A) is obtained from (9)

G(A) = sup
Σ

[R2
−n/2 (λ1, . . . , λr)

det(Σ)

]1/(n−r)

, (16)

λi = λi(AT Σ−1A), i = 1, . . . , r.

By putting Σ = I, we get G(A) ≥ 1, but a stronger inequality follows from (10),

[G(A)]n−r ≥ sup
Σ

[

det(Σ)
(

tr(AT Σ−1A)
r

)n]−1

.

The minimum of the function, tr(AT Σ−1A) = tr(AAT Σ−1) =
∑

ij a2
jiσ

−2
j , for the given value det(Σ) is

attained when σ2
j ∝

∑
i a

2
ji, with aji, j = 1, . . . , n, i = 1, . . . , r, denoting the elements of the matrix A.

It follows that

[G(A)]n−r ≥
(

r

n

)n ∏

j

1
∑

i a
2
ji

. (17)

This bound is attained when all λ’s are equal, in particular, if r = 1, but in general, there is no explicit
formula for the maximizing matrix in (16) or for G(A). However, Theorem 4.1 proven in the Appendix
shows that any stationary point Σ = diag(σ2

1 , · · · , σ2
n) has the form

Σ = diag(AFAT ), (18)

where F is a r × r matrix polynomial in AT Σ−1A of degree r − 1 whose scalar coefficients depend only
on the eigenvalues λ1, . . . , λr of AT Σ−1A.

It follows that the maximizing vector, diag(Σ), is in the subspace spanned by the vectors with
coordinates a·ia·k, 1 ≤ i ≤ k ≤ r. This subspace K has the dimension at most r(r + 1)/2, and its
orthogonal complement is {x : AT (diag x)A = 0}. In practice, r(r + 1)/2 
 n, so that reduction to
the solution space is substantial.

Also

tr(Σ) =
∑

j

σ2
j = tr(AFAT ) = tr(FAT A) = tr(F ),

and the vector (σ2
1 , . . . , σ

2
n) is majorized by the vector of the eigenvalues of the matrix AFAT , formed by

n− r zeros and r eigenvalues of the matrix F , which are shown in Lemma 2 to coincide with the gradient
−∇ log R2

−n/2.

For a matrix B denote by

B

⎛

⎝
k1 · · · kr

j1 · · · jr

⎞

⎠

its minor corresponding to the rows indexed by k1, · · · , kr and columns indexed by j1, · · · , jr .

Here is the formulation of our main result.
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Theorem 4.1. The matrix Σ = diag(σ2
1 , . . . , σ

2
n) which maximizes (16) admits representation (18).

The vector (σ2
1 , . . . , σ

2
n)T belongs to the positive orthant of the defined above subspace K of

dimension at most r(r + 1)/2. The lower bound (17) is valid, and the estimate (39) holds for any
q = 1, . . . , r. For q = r − 1 it has the form

G(A) ≥
[
Γ(r/2)Γ((n − r + 1)/2)

Γ(n/2)Γ(1/2)

]2/(n−r) 1
(n − r + 1)(n−r+1)/(n−r)

× max
1≤j1<...<jr−1≤n

AAT

(

j1 · · · jr−1

j1 · · · jr−1

)

[
∏

j �=j1,...,jr−1
AAT

(
j1 · · · jr−1 j

j1 · · · jr−1 j

)]1/(n−r)
. (19)

The upper bound (40) and (19) show that G(A) is finite if and only if all r × r submatrices of A are
non-singular.

The proof of Theorem 4.1 shows that the optimization problem can be split in two parts. As
F = ODOT , the first consists in minimization of

∏
j eT

j AODOT AT ej over all orthogonal matrices

O for a fixed diagonal matrix D = D(λ1, . . . , λr) = − diag(∂/∂λ1, . . . , ∂/∂λr) log R2
−n/2. The second

subproblem is that of maximization in λi of R2
−n/2(λ1, . . . , λr)[minO

∏
j eT

j AODOT AT ej]−1. Thus,

[G(A)]n−r = sup
D

R2
−n/2(λ1, . . . , λr)

minO
∏

j eT
j AODOT AT ej

. (20)

As an example, consider the minimization problem in Σ of the function det(Σ) det(AT Σ−1A)n/r (i.e.,
replace R−n/2 in (16) by the first lower bound in (10)). According to Theorem 4.1, any stationary point
has the form

Σ =
n

r
diag(A(AT Σ−1A)−1AT )

as in this situation F = nr−1 det(AT Σ−1A)(AT Σ−1A)−1.

It follows that the vector of diagonal elements of D is
(

∂

∂λ1
, . . . ,

∂

∂λr

)

log det(AT Σ−1A) =
(

1
λ1

, . . . ,
1
λr

)

,

and

[G(A)]n−r ≥
(

r

n

)n

sup
Σ

[det(AT Σ−1A)]−n/r

det
(
diag(A(AT Σ−1A)−1AT )

)

=
(

r

n

)n

sup
λ1,...,λr

(λ1 · · ·λr)−n/r

minO det
(
diag(AODOT AT )

) .

It is of interest to investigate the situation when the least favorable variances are equal, in which case
G(A) can be found from (17). The next result deals with a slightly more general case when AT Σ−1A is
a scalar matrix. Denote

C =
n

r
diag(AAT )

and let B � B be the Schur (Hadamard) square of B. The role of the Schur product in statistical
applications, in particular, in variance estimation is discussed by Horn and Horn [9].

MATHEMATICAL METHODS OF STATISTICS Vol. 18 No. 4 2009



384 RUKHIN

Theorem 4.2. Assume that for a stationary point diag(Σ) of (16), AT Σ−1A = I. Then

AT C−1A = I,

i.e.,

AT [diag(AAT )]−1A =
n

r
I, (21)

and Σ = C . Conversely, if (21) holds, the diagonal matrix C leads to a stationary point. This
point corresponds to a maximum if and only if the matrix

I +
n − r

n(r + 2)
eeT − n(n + 2)

r(r + 2)
(BO � BO)(BO � BO)T (22)

is positive semidefinite for any r × r orthogonal matrix O and B = C−1/2A.

5. TWO-DIMENSIONAL PARAMETER, r = 2

5.1. Examples

When r = 2, to evaluate G(A) in (16) one needs R−n/2(λ1, λ2), which satisfies the equation

R−n/2(λ1, λ2) =
R(n−2)/2(λ1, λ2)
(λ1λ2)(n−1)/2

. (23)

It is more practical to calculate the ratio

Hm(λ1, λ2) =
Rm+1(λ1, λ2)
Rm(λ1, λ2)

=
λ1λ2

H−m−1(λ1, λ2)

by using the recurrent formula (identity (5.9-25) in [4])

Hm(λ1, λ2) =
(2m + 1)(λ1 + λ2)

2(m + 1)
− mλ1λ2

(m + 1)Hm−1(λ1, λ2)
.

If n/2 is an integer, the initial value is H0(λ1, λ2) = (λ1 + λ2)/2; when n/2 is a semi-integer, one
has to use H−1/2(λ1, λ2) = R1/2(λ1, λ2)/R−1/2(λ1, λ2) via the formulas for elliptic integrals given in
Section 2.2. The formulas

Rm+1(λ1, λ2) =
∏

0≤k≤m

Hm−k(λ1, λ2), m integer,

Rm+1(λ1, λ2) =
∏

0≤k<m

Hm−k(λ1, λ2)R−1/2(λ1, λ2), m semi-integer,

give a computationally efficient way to calculate Rm even for large m.
The function Hn/2−1 = Hn/2−1(λ1, λ2) provides the values of negative log-derivatives of the func-

tion R2
−n/2(λ1, λ2) denoted by d1 and d2. Indeed, because of (8), λ1d1 + λ2d2 = n and d1 + d2 =

nR−n/2−1/R−n/2 = n(λ1λ2)−1Hn/2−1. Lemma 2 shows that the diagonal matrix of eigenvalues of
AT Σ−1A is D = diag(d1, d2).

According to Theorem 4.1, instead of maximizing a function of n variables, it suffices to minimize for
fixed λ1, λ2, ρ = (d1 − d2)/(d1 + d2), tan φj = aj2/aj1, |φj | ≤ π/2, j = 1, . . . , n,

∏

j

eT
j AODOT AT ej =

∏

j

(a2
j1 + a2

j2)
(
d1 cos2(φj + φ) + d2 sin2(φj + φ)

)

= 2−n(d1 + d2)n
∏

j

(a2
j1 + a2

j2)
∏

j

(
1 + ρ cos 2(φj + φ)

)

over 2 × 2 orthogonal matrices O = [cos φ, sin φ;− sin φ, cos φ], and then to optimize a function of two
variables λ1 and λ2. The first task is an example of a classical problem of finding extrema of trigonometric
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polynomials (see Section VI, [14]). If φ̂ = φ̂(λ1, λ2) = arg minφ
∏

j(1 + ρ cos 2(φj + φ)), then the least

favorable variances are σ2
j ∝ 1 + ρ cos 2(φj + φ̂).

Without a generality loss we can assume that λ1 = x ≤ 1 = λ2. Then from (20) and (23)

G(A) =
2n/(n−2)

nn/(n−2)
∏

j(a
2
j1 + a2

j2)1/(n−2)

× max
x : 0≤x≤1

x1/(n−2)[Rn/2−1(x, 1)]2/(n−2)

[Hn/2−1(x, 1)]n/(n−2)[
∏

j(1 + ρ cos 2(φj + φ̂))]1/(n−2)
. (24)

When x → 0, we have ρ → 1 and x/(1 − ρ) → (n − 1)/2. One can show that
∏

j

(
1 + ρ cos 2(φj + φ̂)

)

1 − ρ
→ 2n−1 min

k

∏

j : j �=k

sin2(φj − φk),

which is positive provided that all angles φj are different. By (7),

Rn/2−1(x, 1) → Γ((n − 1)/2)√
πΓ(n/2)

and

Hn/2−1(x, 1) → n − 1
n

.

Therefore, taking the limit when x → 0 in (24), one gets

G(A) ≥ [Γ((n − 1)/2)]2/(n−2)

(n − 1)(n−1)/(n−2)π1/(n−2)[Γ(n/2)]2/(n−2)

× 1
[
∏

j(a
2
j1 + a2

j2)]1/(n−2) mink[
∏

j : j �=k sin2(φj − φk)]1/(n−2)

=
[Γ((n − 1)/2)]2/(n−2)

(n − 1)(n−1)/(n−2)π1/(n−2)[Γ(n/2)]2/(n−2)
max

k

(a2
k1 + a2

k2)∏
j �=k |ak1aj2 − ak2aj1|2/(n−2)

, (25)

which coincides with (19) and which is a sharp bound.
For example, when n = 3, −π/2 < α < π/2,

A =
1√
2

⎡

⎣ cos α cos(α + π/3) cos(α − π/3)

sinα sin(α + π/3) sin(α − π/3)

⎤

⎦

T

.

Then φ1 = α, φ2 = α + π/3, φ3 = α − π/3, and for a fixed ρ,

min
φ

∏

j

(
1 + ρ cos 2(φj + φ)

)
= 1 − 3ρ2

4
− ρ3

4
.

Since ρ = 1 + x − 2x/H1/2(x, 1), the function xR2
1/2(x, 1)H−3

1/2(x, 1)(1 − 3ρ2/4 − ρ3/4)−1 of x, 0 ≤
x ≤ 1, is monotonically increasing and its maximum is attained when x = 1, i.e., when Σ = I. The same
fact can be obtained from Theorem 4.2, since diag(AAT ) = 2/3e, C = I, and the matrix (22) is positive
definite.

If n = 4, the function of x in (24) can reach its maximum either at x = 1, or at x = 0, or in the middle
of the unit interval. For example, if for 0 < α < π/2,

A =
1√
2

⎡

⎣ cos α − sin α 0 1

sin α cos α 1 0

⎤

⎦

T

,
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Fig. 1. The graphs of G2(A) as a function of α and of (25) (dash-dotted line) when n = 4, r = 2; G(A) is given by the
dotted line up to arcsin(1/

√
3) = 0.6155 . . ., becomes equal to the solid line, which is the value of (17), up to the point

π/2 − arcsin(4/(3
√

3))/2 = 1.1315 . . ., after which it equals to the value given in (25).

so that C = I, Theorem 4.2 shows that the (global) maximum is attained at x = 1 when and only
when arcsin(1/

√
3) ≤ α ≤ π/2 − arcsin(4/(3

√
3))/2. Otherwise x = 1 is a saddle point. When 0 <

α < arcsin(
√

2/3)/2, the global maximum is attained in the middle of the unit interval; if π/2 −
arcsin(4/(3

√
3))/2 < α < π/2, the maximum is at the boundary x = 0. The lower bound (19) for G(A)

in this situation is 4/(3
√

3 sin 2α) (see Fig. 1).

When n ≥ 5, the maximum typically is attained at x = 1, so that (19) reduces to an equality. For
example, if

aj1 = a0
j1 =

√
2
n

cos
π(j − 1)

n
, aj2 = a0

j2 =

√
2
n

sin
π(j − 1)

n
, j = 1, . . . , n,

so that for the matrix A0 formed by these entries, diag(A0A
T
0 ) = 2n−1e, and Σ = I is a stationary point.

Theorem 4.2 can be used to show that the global maximum can be attained there only if n ≤ 6, and it is
a saddle point for n ≥ 7. Before demonstrating this fact and the extremal nature of the matrix A0, we can
conclude that for large n this method recommends prescribing the variance zero to the study j which is
the most similar to other studies in the sense that it minimizes

∏
k : k �=j |ak1aj2 − ak2aj1|.

To show that a0
j1, a0

j2 minimize the bound (25) over all design matrices A, notice that for a fixed k,
∏

j : j �=k sin2(φj − φk) is a Schur-concave function of φ2 − φ1, . . . , φn − φn−1, φ1 − φn. It follows that

∏

j

(a2
j1 + a2

j2)min
k

∏

j : j �=k

sin2(φj − φk) ≤
(

2
n

)n n−1∏

j=1

sin2 πj

n
=

(
1
2n

)n−2
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(see formula (1.393) in [7]). Thus for any A

G(A) ≥ 2n[Γ((n − 1)/2)]2/(n−2)

π1/(n−2)[Γ(n/2)]2/(n−2)(n − 1)(n−1)/(n−2)
.

This inequality confirms that for n ≥ 7, G(A) > 1, and Σ = I cannot be the point of maximum.

5.2. Application

As an example we consider the telephone switching data set presented in [10]. This data provides
penetrations of new switching systems in five states taken over a period of twelve years. The square root
of the penetration measure given by the vector Y T = (Y1, . . . , Y5)T seems to be fitted well by a linear
function of time. See Fig. 2.
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2 4 6 8 10 12 2 4 6 8 10 12

2 4 6 8 10 12

0.2

0.4

0.6

0.8

Fig. 2. The telephone switching data.

We used the replicated linear model with r = 2, m = 5, p = 12 and n = 5 × 12 = 60 assuming as
in derivation of (14) that the error variances for each state are equal. They can be estimated by the
within state residual variances, so that one can take as qi the reciprocals of these variances or rather the
unbiased estimates of σ−2

i . The first column of the matrix X0 is formed by the vector of ones, the second
is formed by time (in years), and in these units the linear estimator δ = (XT

0 X0)−1XT
0

∑
ωiYi, equals to

(0.184, 0.050)T .
Calculations after (14) give t20 = 0.125. Fig. 3 depicts the 95% conservative confidence ellipsoid for θ

along with the traditional (smaller) confidence ellipsoid

(δ − θ)T (XT QX)(δ − θ) ≤ χ2
2(0.95).
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Fig. 3. Confidence ellipsoids for the parameters in the telephone switching study.

6. APPENDIX

6.1. Elementary Symmetric Polynomials: Lemma 1

Let for 1 ≤ ki ≤ n,

Ak1...kr = A

⎛

⎝
k1 · · · kr

1 · · · r

⎞

⎠ . (26)

The Binet–Cauchy formula (Section 0.8.7, [8]) shows that

det(AT Σ−1A) =
1
r!

∑

k1,...,kr

A2
k1...kr

σ−2
k1

· · · σ−2
kr

=
∑

1≤k1<...<kr≤n

A2
k1...kr

σ−2
k1

· · · σ−2
kr

,

which is a multilinear form in σ−2
1 , . . . , σ−2

n , as Ak1...kr = 0, unless all indices k1, . . . , kr are different.
The following lemma provides an extension of this fact to any elementary symmetric polynomial.

Lemma 1. If S�(λ1, . . . , λr), � = 0, 1, . . . , r, is the �th elementary symmetric polynomial in the
eigenvalues of the matrix AT Σ−1A, then

S�(λ1, . . . , λr) =
1
r!

(
r

�

) ∑

k1,...,kr

A2
k1...kr

σ−2
kr−�+1

· · · σ−2
kr

.

Proof. Since AT A = I, the characteristic polynomial of the matrix AT Σ−1A has the form

φAT Σ−1A(λ) = det(AT Σ−1A − λI) = det(AT (Σ−1 − λI)A)

=
1
r!

∑

k1,...,kr

A2
k1...kr

(σ−2
k1

− λ) · · · (σ−2
kr

− λ)

=
1
r!

∑

k1,...,kr

A2
k1...kr

r∑

�=0

(−1)r−�λr−�
S�(σ−2

k1
, . . . , σ−2

kr
)

=
1
r!

r∑

�=0

(−1)r−�λr−�

(
r

�

) ∑

k1,...,kr

A2
k1...kr

σ−2
kr−�+1

· · · σ−2
kr

.
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It follows that
r∑

�=0

(−1)r−�λr−�
S�(λ1, . . . , λr) =

r∏

1

(λi − λ) = φAT Σ−1A(λ)

=
1
r!

r∑

�=0

(−1)r−�λr−�

(
r

�

) ∑

k1,...,kr

A2
k1...kr

σ−2
kr−�+1

· · · σ−2
kr

,

and this proves Lemma 1.

By equating the trace of �th compound matrix of AT Σ−1A [8], which is known to be an elementary
symmetric function S�, to its expression in Lemma 1, we see that for any fixed indices j1, . . . , j�,
1 ≤ � ≤ r,

1
(r − �)!

∑

k�+1,...,kr

A2
j1···j�k�+1...kr

= AAT

⎛

⎝
j1 · · · j�

j1 · · · j�

⎞

⎠ . (27)

In terms of the normalized elementary symmetric functions of λ1, . . . , λr,

E�(λ1, . . . , λr) =
[(

r

�

)]−1

S�(λ1, . . . , λr) =
[(

r

�

)]−1 ∑

1≤i1<...<i�≤r

λi1 · · · λi� ,

the identity of Lemma 1 means that for � = 0, 1 . . . , r,

E�(λ1, . . . , λr) =
1
r!

∑

k1,...,kr

A2
k1...kr

σ−2
kr−�+1

· · · σ−2
kr

. (28)

Because of Lemma 1, the gradient of det(AT Σ−1A),

∇ det(AT Σ−1A) =
(

∂

∂σ−2
1

, . . . ,
∂

∂σ−2
n

)

det(AT Σ−1A),

as the function of σ−2
j , j = 1, . . . , n, has coordinates

[∇ det(AT Σ−1A)]j = [∇Er]j =
r

r!

∑

k2,...,kr

A2
jk2...kr

σ−2
k2

· · · σ−2
kr

.

More generally, by differentiating (28) with respect to σ−2
j , one obtains

∂

∂σ−2
j

E�(λ1, . . . , λr) =
�

r!

∑

k2,...,kr

A2
jk2...kr

σ−2
kr−�+2

· · · σ−2
kr

, (29)

so that for � = 1, . . . , r,
∑

j

∂

∂σ−2
j

E�(λ1, . . . , λr) = �E�−1(λ1, . . . , λr).

6.2. Derivatives of Eigenvalues: Lemma 2

Let M be the r × r matrix with elements

Mk� =
∂

∂λk
E�(λ1, . . . , λr) =

[(
r

�

)]−1 ∑

1≤k1<...<k�−1≤r, ki �=k

λk1 · · ·λk�−1
, (30)

and denote by E the n× r matrix whose (j, �)th element is given by (29). Then with the matrix L formed
by elements ∂

∂σ−2
j

λi, j = 1, . . . , n, i = 1, . . . , r,

E = LM. (31)
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If

Δsj2...jr = A

⎛

⎝
j2 · · · js js+1 . . . jr

1 · · · s − 1 s + 1 · · · r

⎞

⎠

is the cofactor of the element ajs in the matrix A, then Ajj2...jr =
∑

s(−1)j+sajsΔsj2...jr . Thus, one gets
from (29) a useful representation for the elements of the matrix E :

∂E�

∂σ−2
j

=
�

r!

∑

j2,...,jr,s,u

(−1)s+uajsajuΔsj2...jrΔuj2...jrσ
−2
jr−�+2

· · · σ−2
jr

= eT
j AH�A

T ej. (32)

Here the r × r matrix H�, � = 1, . . . , r, has the elements

�(−1)s+u

r!

∑

j2,...,jr

Δsj2...jrΔuj2...jrσ
−2
jr−�+2

· · · σ−2
jr

, u, s = 1, . . . , r.

Clearly, Hr is the (classical) adjoint of the matrix AT Σ−1A. For � = 1, . . . , r − 1,

(� + 1)H� =
∑

j

∂H�+1

∂σ−2
j

.

Induction on this recurrent formula proves that if AT Σ−1A is a nonsingular matrix, then

H� =
[(

r

�

)]−1 r∑

k=�

(−1)k−�

(
r

k

)

Ek(λ1, . . . , λr)(AT Σ−1A)�−k−1.

The Cayley–Hamilton formula according to which
r∑

k=0

(−1)r−k

(
r

k

)

Ek(λ1, . . . , λr)(AT Σ−1A)r−k = 0,

shows that in the general case for � = 1, . . . , r,

H� =
[(

r

�

)]−1 �−1∑

k=0

(−1)k
(

r

� − k − 1

)

E�−k−1(λ1, . . . , λr)(AT Σ−1A)k. (33)

In particular, H1 = r−1I, H2 = 2(tr(AT Σ−1A)I −AT Σ−1A)/[r(r − 1)], and all matrices H� commute.
Now (31), (32), and (33) imply the first statement of the following lemma.

Lemma 2. Assume that all λi, i = 1, . . . , r, are different, so that the matrix M in (30) is nonsingu-
lar. With M−

i� denoting the elements of the matrix M−1, one has

∂λi

∂σ−2
j

= eT
j A

( ∑

�

M−
i� H�

)
AT ej, (34)

where the matrices H�, � = 1, . . . , r, satisfy (33). If AT Σ−1A = OΛOT with the diagonal matrix
Λ = diag(λ1, . . . , λr) and an orthogonal r × r matrix O, then

∂λi

∂σ−2
j

= (eT
j AOei)2. (35)

To prove the second statement of this lemma notice that (33) implies that
(

r

�

)

λs(H�) =
�−1∑

k=0

(−1)kλk
sS�−k−1(λ1, . . . , λr)
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=
�−1∑

k=0

(−1)kλk
s

[
λsS�−k−2(λ1, . . . , λs−1, λs+1, . . . , λr)

+ S�−k−1(λ1, . . . , λs−1, λs+1, . . . , λr)
]

= S�−1(λ1, . . . , λs−1, λs+1, . . . , λr) =
(

r

�

)

M�s.

Thus, assuming without generality loss that all λ’s are different, we see that
∑

�

M−
i� H� = O

( ∑

�

M−
i� diag(λ1(H�) . . . , λr(H�))

)
OT

= O
( ∑

�

M−
i� diag(M�1, . . . ,M�r)

)
OT = OeiMM−1eT

i OT = Oeie
T
i OT ,

which because of (34) proves (35).

6.3. Proof of Theorem 4.1

6.3.1. Proof of (18). In the maximization problem determining G(A), a stationary point (σ2
1 , . . . , σ

2
n)

satisfies the equations for j = 1, . . . , n,

∂

∂σ−2
j

[
2 log R−n/2(λ1, . . . , λr) − log det(Σ)

]
= σ2

j −
∑

i

di
∂λi

∂σ−2
j

= 0,

where di = −2
∂ log R−n/2

∂λi
, i = 1, . . . , r. Therefore, with d = (d1, . . . , dr)T and the matrix L defined in

Section 6.2, diag(Σ) = Ld. Lemma 2 implies (18) for the matrix F =
∑

i,� diM
−
i� H� = ODOT , D =

diag(d1, . . . , dr), so that the eigenvalues of F are equal to d.
Thus, if the maximum is attained when σ2

j > 0, the coordinates of any stationary point admit
representation (18).

6.3.2. Maximum at the boundary. We show here that if the maximum is attained at the boundary, then
the representation (18) still holds. This fact is more conveniently proven by the direct use of (12) rather
than (16).

To do so it suffices to look at the case when σj1 = · · · = σjq = 0 for fixed indices j1, . . . , jq, 1 ≤ j1 <

· · · < jq ≤ n. Indeed, if for some j, σj → ∞, then with μi = 1/λi(AT Σ−1A),

R2
(n−r)/2 (μ1, . . . , μr)

det(AT Σ−1A) det(Σ)
→ 0.

Denote by A1 a sub-matrix of A formed by the rows with these indices, and let A2 be the complementary
(n − q) × r sub-matrix (composed by the rows whose indices are different from j1, . . . , jq).

Then with a similar partitioning Σ1, Σ2 of Σ,

det(AT Σ−1A) = det(AT
1 Σ−1

1 A1 + AT
2 Σ−1

2 A2)

= det(AT
2 Σ−1

2 A2) det(Σ−1
1 ) det

(
Σ1 + A1(AT

2 Σ−1
2 A2)−1AT

1

)
.

Thus, if Σ1 → 0,

det(Σ1) det(AT Σ−1A) ∼ det(AT
2 Σ−1

2 A2) det
(
A1(AT

2 Σ−1
2 A2)−1AT

1

)
.

Similarly,

(AT Σ−1A)−1 = (AT
2 Σ−1

2 A2)−1− (AT
2 Σ−1

2 A2)−1AT
1 [Σ1 + (A1(AT

2 Σ−1
2 A2)−1AT

1 )−1]A1(AT
2 Σ−1

2 A2)−1,

and for Σ1 → 0,

(AT Σ−1A)−1 ∼ Ξ = (AT
2 Σ−1

2 A2)−1 − (AT
2 Σ−1

2 A2)−1AT
1 [A1(AT

2 Σ−1
2 A2)−1AT

1 ]−1A1(AT
2 Σ−1

2 A2)−1.
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Since the matrix

(AT
2 Σ−1

2 A2)−1/2AT
1 [A1(AT

2 Σ−1
2 A2)−1AT

1 ]−1A1(AT
2 Σ−1

2 A2)−1/2

is idempotent and has the rank equal to q, the rank of Ξ is r − q. It follows that μi → 1/ξi = λi(Ξ),
i = 1, . . . , r − q, μi → 0, i = r − q + 1, . . . , r. Therefore the maximum can be attained at the boundary,
σj1 = · · · = σjq = 0, only if q < r, as otherwise the limit vanishes.

For notational convenience we take now indices j1, . . . , jq , 1 ≤ q < r, to be 1, . . . , q, and demonstrate
first that the elementary symmetric polynomials of ξ1, . . . , ξr−q are multilinear forms in σ−2

q+1, . . . , σ
−2
n .

To this end observe that because of Lemma 1 when � = 0, 1, . . . , r − q,

lim
Σ1→0

det(Σ1)Sr−�(λ1, . . . , λr) =
q!
r!

(
r

�

)(
r − �

�

) ∑

kq+1,...,kr

A2
1···qkq+1...kr

σ−2
kq+�+1

· · · σ−2
kr

=
1

(r − q)!

(
r − q

�

) ∑

kq+1,...,kr

A2
1···qkq+1...kr

σ−2
kq+�+1

· · · σ−2
kr

,

and the limit is zero if � > r − q. For � = 0, this formula gives

det(AT
2 Σ−1

2 A2) det
(
A1(AT

2 Σ−1
2 A2)−1AT

1

)
=

1
(r − q)!

∑

kq+1,...,kr

A2
1···qkq+1...kr

σ−2
kq+1

· · · σ−2
kr

. (36)

It follows that for � ≤ r − q,

lim
Σ1→0

Sr−�(λ1, . . . , λr)
Sr(λ1, . . . , λr)

=
(

r − q

�

)∑
kq+1,...,kr

A2
1···qkq+1...kr

σ−2
kq+�+1

· · · σ−2
kr

∑
kq+1,...,kr

A2
1···qkq+1...kr

σ−2
kq+1

· · · σ−2
kr

.

Since
Sr−�(λ1, . . . , λr)
Sr(λ1, . . . , λr)

= S�(λ−1
1 , . . . , λ−1

r )

→ S�(ξ−1
1 , . . . , ξ−1

r−q, 0, . . . , 0) = S�(ξ−1
1 , . . . , ξ−1

r−q) =
Sr−q−�(ξ1, . . . , ξr−q)
Sr−q(ξ1, . . . , ξr−q)

,

one obtains

Sr−q−�(ξ1, . . . , ξr−q)
Sr−q(ξ1, . . . , ξr−q)

=
(

r − q

�

)∑
kq+1,...,kr

A2
1···qkq+1...kr

σ−2
kq+�+1

· · · σ−2
kr

∑
kq+1,...,kr

A2
1···qkq+1...kr

σ−2
kq+1

· · · σ−2
kr

.

By putting � = r − q, it follows that

ξ1 · · · ξr−q = Sr−q(ξ1, . . . , ξr−q) =

∑
kq+1,...,kr

A2
1···qkq+1...kr

σ−2
kq+1

· · · σ−2
kr∑

kq+1,...,kr
A2

1···qkq+1...kr

=
det(AT

2 Σ−1
2 A2) det(A1(AT

2 Σ−1
2 A2)−1AT

1 )
det(AT

2 A2) det(A1(AT
2 A2)−1AT

1 )
,

and, more generally, for � = 0, . . . , r − q,

E�(ξ1, . . . , ξr−q) =

∑
kq+1,...,kr

A2
1···qkq+1...kr

σ−2
kr−�+1

· · · σ−2
kr∑

kq+1,...,kr
A2

1···qkq+1...kr

, (37)

i.e., all elementary symmetric polynomials in ξi = 1/λi(Ξ), i = 1, . . . , r− q, are multilinear forms in σ−2
j ,

j = q + 1, . . . , n.
Returning to the proof of (18), we use (7) and derived above formulas, to see that when Σ1 → 0,

R2
(n−r)/2(μ1, . . . , μr)

det(AT Σ−1A) det(Σ)
→

R2
(n−r)/2(ξ

−1
1 , . . . , ξ−1

r−q, 0, . . . , 0)

det(AT
2 Σ−1

2 A2) det(A1[AT
2 Σ−1

2 A2]−1AT
1 ) det(Σ2)
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=
[
Γ(r/2)Γ((n − q)/2)
Γ(n/2)Γ((r − q)/2)

]2[
det(AT

2 A2) det(A1(AT
2 A2)−1AT

1 )
]−1 R2

(n−r)/2(ξ
−1
1 , . . . , ξ−1

r−q)

ξ1 · · · ξr−q det(Σ2)
.

Thus, according to (9),

sup
Σ: Σ1=0

R2
(n−r)/2(μ1, . . . , μr)

det(AT Σ−1/2A) det(Σ)
= max

q

[
Γ(r/2)Γ((n − q)/2)
Γ(n/2)Γ((r − q)/2)

]2

×
[
det(AT

2 A2) det(A1(AT
2 A2)−1AT

1 )
]−1 sup

Σ2

R2
(q−n)/2(ξ1, . . . , ξr−q)

det(Σ2)
. (38)

By repeating the argument leading to the formulas (32) and (18) now for the maximizing matrix Σ2, we
see that diag(Σ2) belongs to the space K.

6.3.3. Lower bound. The same argument as used to prove (17), applied now to (38) shows that

G(A) ≥ max
q

[
Γ(r/2)Γ((n − q)/2)
Γ(n/2)Γ((r − q)/2)

]2/(n−r)[
det(AT

2 A2) det(A1(AT
2 A2)−1AT

1 )
]−1/(n−r)

× sup
Σ2

[
1

[(ξ1 + . . . + ξr−q)/(r − q)]n−q det(Σ2)

]1/(n−r)

.

When indices 1, . . . , q are replaced by j1, . . . , jq , identity (36) with � = 1 gives

ξ1 + · · · + ξr−q

r − q
=

∑
kq+1,...,kr

A2
j1···jqkq+1...kr

σ−2
kr∑

kq+1,...,kr
A2

j1···jqkq+1...kr

=

∑
kq+1,...,kr

A2
j1···jqkq+1...kr

σ−2
kr

(r − q)! det(AT
2 A2) det(A1(AT

2 A2)−1AT
1 )

.

As in (17), the minimum of the linear (in elements of Σ−1
2 ) function, ξ1 + . . . + ξr−q, for the fixed value

of det(Σ2) is attained when

σ2
j ∝

∑

kq+1,··· ,kr−1

A2
j1···jqkq+1···kr−1j , j = j1, . . . , jq.

Thus,

min
Σ2

[
ξ1 + . . . + ξr−q

r − q

]n−q

det(Σ2) =
[

n − q

(r − q)! det(AT
2 A2) det(A1(AT

2 A2)−1AT
1 )

]n−q

×
∏

j �=j1,...,jq

∑

kq+1,··· ,kr−1

A2
j1···jqkq+1···kr−1j .

A lower bound on G(A) obtains

G(A) ≥ max
q=1,...,r−1

[
Γ(r/2)Γ((n − q)/2)
Γ(n/2)Γ((r − q)/2)

]2/(n−r)[(r − q)!
n − q

](n−q)/(n−r)

×
[
det(AT

2 A2) det(A1(AT
2 A2)−1AT

1 )
](n−q−1)/(n−r)

×
[ ∏

j �=j1,...,jq

∑

kq+1,··· ,kr−1

A2
j1···jqkq+1···kr−1j

]−1/(n−r)

= max
q

[
Γ(r/2)Γ((n − q)/2)
Γ(n/2)Γ((r − q)/2)

]2/(n−r) (r − q)!1/(n−r)

(n − q)(n−q)/(n−r)

× max
j1,...,jq

[∑
kq+1,...,kr

A2
j1···jqkq+1...kr

](n−q−1)/(n−r)

[∏
j �=j1,...,jq

∑
kq+1,...,kr−1

A2
j1···jqkq+1...kr−1j

]1/(n−r)
.
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The formula (27) implies that

G(A) ≥ max
q=1,...,r−1

[
Γ(r/2)Γ((n − q)/2)
Γ(n/2)Γ((r − q)/2)

]2/(n−r)( r − q

n − q

)(n−q)/(n−r)

× max
j1,...,jq

[

AAT

(
j1 · · · jq

j1 · · · jq

)](n−q−1)/(n−r)

[
∏

j �=j1,...,jq
AAT

(
j1 · · · jq j

j1 · · · jq j

)]1/(n−r)
. (39)

Note that (17) can be considered as a particular case of (39) when q = 0.
When q = r − 1, (39) gives the exact value of the right-hand side of (38), so that the bound (19) holds.

For large n, (19) commonly turns out to be an equality. It also follows from (39) that G(A) can be finite
only if all principal r × r subdeterminants of AAT are strictly positive, which means that A2

k1...kr
> 0 for

all 1 ≤ k1 < · · · < kr ≤ n.

6.3.4. Upper bound. As another application of (28) we show here that G(A) is finite if

A = min
k1 �=···�=kr

A2
k1...kr

> 0.

Indeed, by using (11) and Lemma 1 we see that with

A = max
k1,...,kr−1

∑

j

A2
k1...kr−1j

when n − r ≥ 2,

[G(A)]n−r ≤
[
Γ(r/2)Γ((n − r + 1)/2)

Γ(n/2)Γ(1/2)

]2

max
Σ

(Sr−1(λ1, . . . , λr))n−r

det(AT Σ−1A)n−r+1 det(Σ)

=
[
Γ(r/2)Γ((n − r + 1)/2)

Γ(n/2)Γ(1/2)

]2

max
Σ

(
∑

k1,...,kr
A2

k1...kr
σ−2

k1
· · · σ−2

kr−1
/(r − 1)!)n−r

(
∑

k1...kr
A2

k1...kr
σ−2

k1
· · · σ−2

kr
/r!)n−r+1σ2

1 · · · σ2
n

≤
[
Γ(r/2)Γ((n − r + 1)/2)

Γ(n/2)Γ(1/2)

]2 A
n−r

An−r+1 max
Σ

[Sr−1(σ−2
1 , . . . , σ−2

n )]n−r
Sn(σ−2

1 , . . . , σ−2
n )

[Sr(σ−2
1 , . . . , σ−2

n )]n−r+1

=
[
Γ(r/2)Γ((n − r + 1)/2)

Γ(n/2)Γ(1/2)

]2
[(

n
r−1

)
A

]n−r

[(n
r

)
A

]n−r+1 ,

with the last identity following from the log-concavity in r of normalized elementary symmetric functions
Er(σ−2

1 , . . . , σ−2
n ) for fixed σ2

1 , . . . , σ
2
n (Section 1.12, [2]).

Thus,

G(A) ≤
[
Γ(r/2)Γ((n − r + 1)/2)

Γ(n/2)Γ(1/2)

]2/(n−r) r

n − r + 1

[(
n

r

)]−1/(n−r) A

A(n−r+1)/(n−r)
. (40)

When n − r = 1, G(A) ≤ A/(2nA2).

6.4. Proof of Theorem 4.2

If AT Σ−1A = I, then F = fI is a scalar matrix. One has

r = tr(AT Σ−1A) = tr(Σ−1AAT ) = f−1 tr([diag(AAT )]−1AAT ) = nf−1,

so that f = nr−1. Theorem 4.1 shows that Σ = C = nr−1 diag(AAT ) is a stationary point when and
only when (21) holds.
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Let B = C−1/2A, so that BT B = I and diag(BBT ) = diag(C−1/2AAT C−1/2) = rn−1e. There is a
simple relationship between G(A) and G(B),

[G(A)]n−r = max
Σ

R2
−n/2(λ1(AT Σ−1A), . . . , λr(AT Σ−1A))

det(Σ)

= max
Σ1

R2
−n/2(λ1(BT Σ−1

1 B), . . . , λr(BTΣ−1
1 B))

det(C ) det(Σ1)
= det(C )−1[G(B)]n−r,

and the maximizer for G(A) is C if and only if the maximizer for G(B) is I. Thus, we can assume that the
stationary point is Σ = I. According to Lemma 2, L = AO � AO, and Le = ∇ tr(AT Σ−1A) = rn−1e.

The formulas in Section 2.2 show that the gradient of the function R = − log R2
−n/2(λ1, · · · , λr)

evaluated at λ1 = · · · = λr = 1 is ∇R = d = nr−1e, and its Hessian ∇2R is

∇2R = −n(n + 2)
r(r + 2)

I +
n(n − r)
r2(r + 2)

eeT .

Thus the gradient of the function of σ−2
1 , . . . , σ−2

n in (16) is diag(Σ) + Ld, and its Hessian H is

H = −Σ2 − L∇2RLT −
∑

i

di∇2λi,

where ∇2λi is the Hessian of λi. One has
∑

i

di∇2λi =
n

r
∇2

∑

i

λi =
n

r
∇2 tr(AT Σ−1A) = 0,

so that at Σ = I,

H = −I + L
[
n(n + 2)
r(r + 2)

I − n(n − r)
r2(r + 2)

eeT

]

LT = −I − n − r

n(r + 2)
eeT +

n(n + 2)
r(r + 2)

LLT

= −I − n − r

n(r + 2)
eeT +

n(n + 2)
r(r + 2)

(AO � AO)(AO � AO)T .

For Σ = I to be the point of maximum, the matrix above must be negative semidefinite for any
orthogonal O, and this happens if and only if (22) holds.
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