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Cell morphology and migration linked to substrate rigidity
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A mathematical model, based on thermodynamics, was developed to demonstrate how substrate
rigidity influences cell morphology and migration. The mechanisms by which substrate rigidity
are translated into cell-morphological changes and cell movement are described. The model takes
into account the competition between the elastic energies in the cell-substrate system and work of
adhesion at the cell periphery. The cell morphology and migration are dictated by the minimum of
the total free energy of the cell-substrate system. By using this model, reported experimental
observations on cell morphological changes and migration can be better understood with a
theoretical basis. In addition, these observations can be more accurately correlated with the
variation of substrate rigidity. This study indicates that the activity of the adherent cell is dependent

not only on the substrate rigidity but also is correlated with the relative rigidity between the cell and

substrate. Moreover, the study suggests that the cell stiffness can be estimated based on the substrate

stiffness corresponding to the change of trend in morphological stability.

1. Introduction

Cell adhering to a flat deformable substrate can sense the
mechanical stimuli,"® respond to changes in the balance of
cellular forces (intra- and extracellular forces),”® and regulate
many important physiological processes.” !¢ Previous in vitro
studies using cells cultured on substrates have shown that cell
activity is influenced by substrate mechanics in the following
ways. 1) Cells are able to sense the variation in substrate
rigidity since certain types of cells on stiffer substrates have
less rounded morphologies, and are more likely to extend
into branched morphologies than the same cells on softer
substrates.'”'” In contrast, some experimental studies show
that other cell types extend into more branches on softer
substrates, and exhibit no preference to branching on stiffer
ones.”*?? 2) It has also been observed that when cells are
cultured on a cyclically stretched substrate, the cells tend to
elongate perpendicularly to the direction of stretch.>*7¢ 3)
Experiments have shown that cells prefer to migrate towards
stiffer regions on a substrate with a stiffness gradient, which is
known as durotaxis.>’~° A number of models based on thermo-
dynamics have recently appeared in the literature as an attempt
to elucidate the complexities of effects due to mechanical
interactions between the cell and substrate on cellular organiza-
tion,>'3* cell adhesion®>*>* and migration.%J19 However,
how exactly the substrate rigidity influences the cell morphology
and migration, and how the mechanisms by which substrate
rigidity are translated into cell-morphological changes and
cell movement, still remain elusive. Our objective is to formulate
a mathematical model and analysis that will provide insight
into the dependency of cell morphology and migration on
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substrate rigidity. This insight cannot be deduced from the
experimental observations alone.

In vitro studies using cells adherent to various flexible
substrates have detected and quantified cellular tractions
associated with the focal adhesion (FA), a molecular complex
known as a mechanosensor, which is formed at the site of the
cell adhesion to the substrate (i.e., cell periphery).*®>! Through
the FAs, cells sense physicochemical signals that mutually
transmit between the cell and substrate, and the tractions
balance the mechanical forces generated internally through the
intracellular contractile machinery, or applied externally
through the extracellular matrix.’>>* As a result, cells can
guide mechanosensitive cellular activities, such as morpholo-
gical changes, stability and migration, and the development of
FAs even if the surrounding chemical signals are identical (see
recent reviews>®). More importantly, these mechanosensitive
activities, which in turn are mediated by the tractions, can
convert mechanical signals (forces) into changes in cellular
biochemistry to direct the cell growth and development.

Guided by the aforementioned experimental observations,
we have developed a mathematical model of cell-substrate
adhesion, which effectively reflects the mechanical changes in
the extracellular environment, to explain the dependency of
cell morphology and migration on substrate rigidity. The
hypothesis in the model is that the morphology of a cell
adhering to a substrate is characterized by the competition
between strain energies (in the cell and substrate) and
interfacial energy (work of adhesion at the cell periphery),
and that the final configuration (or stability) of the cell
morphology is determined by the minimum of the total free
energy of the cell-substrate system. Thus, the cell changes
into its energetically favorable shape by the assembling/
disassembling of focal adhesions distributed around the cell
periphery. The phase-field method, which provides a mathe-
matical description to free-boundary problems for phase
transitions,> is adapted to simulate cell migration associated
with evolving cell morphology due to the variation of substrate
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rigidity. Our analyses on the morphological changes and migra-
tions are consistent with experimental observations reported in
the literature for various types of cell-substrate systems. This
agreement is a necessary condition towards validating the
hypothesis, for the morphological stability of the cell used in the
study. More importantly, the study suggests that the cell stiff-
ness can be estimated based on the substrate stiffness corres-
ponding to the change in trend in morphological stability. In
the next section, the fundamental equations derived for the
relationship of the total free energies with the substrate rigidity
will be presented. Results and discussion on the morphological
stability of cells due to isotropic and anisotropic substrate
mechanics, and on the migrations of cells due to gradient-
substrate rigidity will be given in subsequent sections.

2. Fundamental basis for the total free energy in a
cell-substrate system

In this study, a cell is assumed to be a two-dimensional flat
elastic membrane, while the substrate is assumed to be a
three-dimensional elastic structure. Our model is based on
minimizing the total free energy of cell-substrate system. We
express the total free energy, Ei,, as a sum of strain-energy
component, Ej, and interfacial energy component, E,. It is
assumed that the focal adhesions are already established
between the cell and substrate. Each focal adhesion, generating
a traction along the stress fiber of cell, is modeled as a point
loading exerting on the substrate surface at the cell periphery
(surface traction Fig. 1) since FAs tend to form toward the
cell periphery.®®3° For mathematical simplicity, these tractions
are modeled as 1) shear stress continuously distributed along
the cell periphery, and 2) normal to the cell periphery in
accordance to experimental observations.’®>? If neglecting
details of the active response of the cell to the mechanical
stimuli, one can assume that the cell-substrate system is in a
state of mechanical equilibrium, such that the tractions are
always balanced between the intercellular and extracellular
forces. Due to this mechanical coupling between the cell and
substrate, the change of substrate rigidity will inevitably
mediate the cell morphology and migration through the
assembling/disassembling process of FAs. Mathematically,
the tractions,t,, can be expressed as follows:

Ty =0'§B5(x — re)np(l), and 1, = a4, (1)

cell -
focal adhesions

e

substrate
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Fig. 1 Schematic of an adherent cell on elastic substrate with focal
adhesions concentrating at the cell periphery. Tractions are generated
along stress fibers through myosin contraction and transmitted into
the substrate across integrin linkages.>

where 7,5 and 0,3 are the components of the stress tensor. The
superscripts ¢ and s represents cell (intracellular) and substrate
(extracellular), respectively; d(x) is the Dirac’s source function;
x = (x1,xy); re; is the vector of the cell periphery in the polar
coordinate system with e, the base vector of r axis; ng, the
component of the inward normal vector to the cell periphery, is
a function of circumferential path, /. Throughout this manu-
script, Greek subscripts of tensor index range from 1 to 2,
while Latin subscripts run from 1 to 3. The usual summation
convention is adopted for repeated indices in the tensor
notation. It is known, from eqn (1), that the tractions are fully
coupled with the elasticity of the cytoskeleton and substrate;
therefore, instead of a closed-form solution, numerical
methods for the solution of eqn (1) have to be pursued.

The intracellular stress balanced by the tractions is reported
to increase with the increase of substrate rigidity, and it
has a maximum due to the limit of biochemistry.**#+60-64
Accordingly, for simplicity, a two-serial spring model®® has
been adapted in our study to describe the mechanical coupling
at the position of each focal adhesion. The substrate and the
intracellular structure are represented by harmonic springs
with spring constants p° and u°, which correspond to the
local isotropic shear moduli of the cell and substrate, respec-
tively. The intracellular stress agﬁ can then be analytically
expressed as:

c 0’2,; )
" ) ©

2 are the components of saturated intracellular stress

tensor in the cell, and can be estimated by measuring the
traction via various traction force microscopy ® (this
corresponds to the limiting case when the substrate is rigid).
It is worthwhile to note that agB, u¢ and p* may be non-
uniform if there are significant heterogeneities. From eqn (1)
and (2), the expression for the traction can be obtained as:

where o

950 (x —rer)ng(l)

(/) ©

Ty =
Eqn (3) describes how the substrate rigidity influences the
traction. The result from this equation is consistent with that
obtained from the models recently reported in the litera-
ture,****® in which some key biochemical processes that
actively regulate the tractions are taken into consideration.
The displacement of a point x on the substrate surface, 1,
induced by the traction forces, can be obtained as:

u(x)= JGa/;(x,x')rﬁ(x’)dx’, @)

A

where x = (x1,x5), and x’ is a dummy variable. G,p(x,x’) are
the components of surface Green’s function tensor for an
isotropic elasticity

)

1 [(1=v%)8,p  V(x—x),(x—x);
Gop(e.x) = 2mus |: |x—x/|“ j

e

where V* is the Poisson’s ratio of the substrate, and J;; is the
Kronecker delta tensor. The free energy contributed by the
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elastic responses in the substrate and cell, £}, can then be
effectively expressed as follows:

1
E1=—J O'ijsijdV_J Ty 1, d4, ©)
2 v A

where oj; and ¢; are the components of stress and strain
tensors, respectively. u, is the displacement of the substrate. V'
is the volume of the substrate, and A4 the surface area of the
substrate. For a linear elastic system one can have:

1( 1(
EJVJ[jgijdVZEJAT‘“u;dA (7)
Thus, E; becomes:
1 .
El:__J T, u;, dA 8)
24

Another free energy in the cell-substrate system is the
interfacial energy, E, (work of adhesion), stored in a narrow
strip along the edge of the cell at the focal adhesions. E, is the
energy cost during the protein aggregation of FA, such as the
contribution of translational entropy, and biochemical reac-
tion energy.®®®” In this study, it is assumed that a homogenous
interfacial energy density (y, per unit length) exists, and is
uniformly distributed along the cell edge. Thus,

Erm L pdl, ©)

where L is the total peripheral length of the cell, which varies
during the change of cell morphology, although it is assumed
that the volume of the cell is conserved and the cell thickness
remains constant. Finally, the total free energy, E Is
expressed as:

E = E| + Es, (10)

and the final configuration (or stability) of the cell morphology
is determined according to the minimum of this total free
energy.

3. Morphological stability of cell due to isotropic
traction

To understand the morphological stability of the adherent cell,
the cell with an initial circular configuration is assumed to have
an isotropic traction (isotropic pre-stress, ie., agﬁ = 000qp,
where g is a constant) and experiences a small morphological
perturbation of the harmonic form at its edge, Fig. 2. This
perturbation can be described mathematically as:

r(0)=Ro+ Y Suexp(ind) (11)

where R and r are the radii of the cell at the initial state and
perturbed state, respectively. n is a positive integer, denoting
the discrete azimuthal wave number, 7 is the imaginary unit
and ¢, represents the perturbation amplitude of the nth
mode. By adapting a similar solution method used for lipid
monolayer systems,”® the variation of total free energy

initial cell
morphology™\_

o
8
Rile
et
A

RS

perturbed cell
morphology

Fig. 2 An initially circular cell (solid line) undergoing a morpholo-
gical perturbation of harmonic form (dotted line).

associated with this edge perturbation, AE,, can be obtained
up to a quadratic order as:

271

AEIOI = 1270

@ |04]7, (12)

with the normalized w, being:

2, (141 /) >
—— =2 —1)—2[B;—B,), 13
(f%(l—vs) nﬁ(n ) [ 1 ] ( )
where f3, the ratio of interfacial energy density to strain energy
density of the cell-substrate system, is defined as:

B =1yl + gy I1 — vy, (14)

with 1* and v* being the shear modulus and the Poisson ratio of
the substrate, respectively. The B, is given as:
0, 1/(1+4a5/2R;)
B,=— S (1s)
(ao/Ro)(1+aj/4R?)

with Qi_l /2(x) being the associated Legendre function of the
second kind. g, is a microscopic cut-off length that is taken to
be the typical distance between two adjacent traction forces.

Mathematically, the stability of cell morphology is assessed
by the sign associated with w, in eqn (13). In other words, if
all the values of w;, w,, ... and w, are positive, the cell is
morphologically stable; otherwise, it is unstable against the
subject edge perturbation. Physically, the stability of cell
morphology is characterized by the competition between the
interfacial energy (stabilizing the cell morphology) and the
strain energies (destabilizing the cell morphology). More
importantly, one can note that the normalized w, in eqn (13)
dominates the variation of the total free energy of the cell-
substrate system, and the parameter [ takes the substrate
rigidity into account through eqn (14). The relationship
between w, and f§ plays an important role on the stability of
cell morphology.

In our physical model, a cell would select an appropriate
shape not by deforming, but by the competition between
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adhesion and strain energies in the cell, such that the cell
changes into its energetically favorable shape by the assem-
bling/disassembling of focal adhesions distributed around
the cell edge. To be clear, we considered an adherent cell
with initial radius Ry = 20ay subjected to a single-wave
perturbation as:

r(0) = Ry + 8,exp(in) (16)

Fig. 3 shows the relationship between the variation of total
free energy (w,) and the perturbation mode (n) for various
substrate rigidities. The variation of the rigidity is reflected by
the value of f§, and a more detailed discussion on its role to
the morphological change of cell will be given later in the
manuscript. From the result in the figure, one can see that
when f is large (e.g., f = 0.5), », is always positive and attains
a minimum at # = 1. This indicates that any edge perturbation
is energetically unfavorable, thus, the morphology of the cell is
stable and remains in the initial circular configuration. With
decreasing 5, the w,—n curve minimum shifts more downwards,
and the variation of total free energy can be negative. For
example, when f = 0.2, », is negative for most of the perturb-
tion modes considered in the study. In such a case, the initial
morphology of the cell becomes unstable for these perturba-
tion modes, and n ~ 8 is the most energetically favorable
perturbation mode. Fig. 3 indicates how the decrease of f§ gives
rise to morphological instabilities (more branches). It should
be noted here that these morphological predictions presented
in Fig. 3 (insets) are not exactly what the experimental results
should look like, since in a real case the morphology of active
cells has been blurred by thermal fluctuation and non-
equilibrium processes. However, the result in Fig. 3 is to
demonstrate the dependency of cell morphology (branching)
on the relative rigidity between the cell and substrate.

While the value of f is an index for the morphological
stability of the cell, f# shown in Fig. 3 does not explicitly reflect
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Fig. 3 The energy variation (expressed by 2mufw,(1 + p/p)* (1 —
W)6o?) as a function of perturbation mode n for different values of
p due to changes of the substrate rigidity. The insets are the
corresponding final stable configurations of the cell obtained from
the phase-field simulation with the feature of nonlinearity (discussed
later in the article).
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Fig. 4 The variation of f as a function of rigidity ratio, p*/u°, for
various interfacial energies, y; and y, (y; > y,), corresponding to
different cell-substrate systems.

how the substrate rigidity changes (softer or harder) relative to
the adherent cell. Fig. 4 gives the variation of f as a function
of the stiffness ratio of the substrate to cell (u’/u°) versus
interfacial energy, y. The f is now normalized by a critical
value, f., which is determined by setting AE,, = 0 and
represents a characteristic value for a given initial cell
morphology and perturbation mode of a cell-substrate system.
When f > f., the interfacial energy between the cell and
substrate dominates the variation of total free energy; thus, the
morphology of the cell is stable. For < fi,, the strain energy
of the cell-substrate system dominates and the morphology
becomes unstable. Fig. 4 is of particular interest when the
substrate rigidity is comparable to that of the cell, because
there is a window of the stiffness ratio (u%u°) in which f
reaches its minimum and f < f... Accordingly, one can argue
that the morphological change of cell, due to the variation of
substrate rigidity, only happens once the cell and substrate
stiffness are comparable, such that a semsible interaction
between the cell and substrate can take place (a maximum
mechanical interaction energy between the cell and substrate).
This argument can be supported by several related experi-
mental observations reported in the literature, in which cells
indeed show a morphological transition when the stiffness
of their surrounding environment is similar to that of
themselves,'”'® and cells require an optimal substrate rigidity
for normal function and differentiation.'®'® From Fig. 4, one
also can notice that the extent of this interaction (i.e., the size
of the window) is narrowed and up-shifted with the increase of
interfacial energy between the cell and substrate. More
importantly, Fig. 4 indicates that the change of trend in
morphological stability (the inflection point) corresponds to
wlu¢ = 1. Therefore, the cell stiffness can be estimated by
observing this change, Fig. 5.

In experimental observations, for fibroblast and endothelial
cells with shear moduli on the order of ~ 4000 Pa, their
morphological transition occurs at substrates with shear
moduli from 1000 to 3000 Pa, and they prefer to extend into
more branches on stiffer substrates.!”'® Fibroblasts show no
preference in branching on substrates with low stiffness (50 to
550 Pa). These observations can be notably explained using the
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Fig. 5 Schematic representing how cell morphology changes in
response to substrate rigidity. At the inflection point (the change of
trend in morphological stability), the cell rigidity is identical substrate
rigidity. This fact can be used to estimate cell rigidity.

qualitative result in Fig. 4, in which when the cell stiffness is
comparable with and Jarger than the substrate stiffness (i.e.,
WS < 1, the left-hand side of the window in Fig. 4), the cell
morphology becomes more unstable (more occurrence of
morphological transition) with increasing the substrate rigid-
ity. Also, the result described in Fig. 4 indicates that cell
morphology becomes stable when a cell has much higher
stiffness than the substrate (ie., this is equivalent to the
experiment with fibroblasts on substrates with very low
stiffness; i.e., 50 to 550 Pa).

Contrasting to fibroblasts, the experimental study of
neuronal processes, on substrates with shear moduli ranging
from 50 to 550 Pa, shows that nerve cells extend into more
branches on softer substrates and no preference in branching
on stiffer ones.?*?? Unfortunately, in the study the stiffness of
these nerve cells is not measured, only the shear modulus of
bovine spinal cord is given as ~ 50 Pa.?! However, from
our aforementioned mathematical model and experimental
observations in the literature, it can be inferred that the
modulus of nerve cell is in the region of 50 Pa. This inference
can be rationalized using the results in Fig. 4, in which when
the cell stiffness is comparable and smaller than the substrate
stiffness (i.e., p/u° > 1, the right-hand side of the window in
Fig. 4), the cell morphology becomes more unstable with
decreasing substrate rigidity (softer).

4. Morphological stability of cell due to anisotropic
traction

Experimental observations have shown that, when cells are
cultured on a cyclically stretched substrate, the cells can
reorient themselves in a manner associated with their stress
fibers and adopt anisotropic morphologies.>*® Here, we
assumed that the driving force for the formation of anisotropy
is due to the anisotropic traction developed at the cell-adhesion
sites. In this study, to formulate a model describing the
morphological stability due to the anisotropic tractions, the
underlying substrate of an adherent cell exerts a biaxial
stretching that results in anisotropic tractions, 7; and 1,
distributed along the cell periphery (see the inset of Fig. 5),
where 71 = 69,0(x — re,)/(1 + p/p’) and 15 = 09,0(x — re)/(1 +
u/1’) are tractions in the x; and x, directions, respectively
(based on eqn 3). In the model, the anisotropy of the traction is
characterized by a parameter 7, defined as n = 7,/75. The cell
size, D, remains constant and is defined as D=\/%, where a
and b are the principal axes of the cell in the x; and x, directions,
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Fig. 6 The energy variation (Eou/(1 — v9)13) vs. the degree of
morphological anisotropy (4 = a/b) for a given cell-substrate system
under various traction ratios (7 = ty/1). The inserts are the
corresponding configurations of the cell obtained from the phase-field
simulation (discussed later in the manuscript).

respectively. The cell shape is assumed to be round prior to the
stretching, i.e., a = b; if a # b during the stretching, then, the cell
shape will be elliptic. Thus, for a given size of cell subjected to
anisotropic tractions, the cell shape is optimized by varying ¢ and b
under the constraints of constant D and the minimal total free
energy of the cell-substrate system. Also, the degree of morpho-
logical anisotropy of the cell (i.e., the anisotropic elongation of cell)
is characterized by a parameter, A, defined as A = b/a.

Fig. 6 gives the result of energy variation as a function of 4
for different degrees of anisotropy in traction force, 5. The
result is based on D = 15ay, and = 0.3 (B = p*y/(1 — v)13).
When n = 1, the cell is subjected to isotropic tractions, the
result in Fig. 6 indicates that the energy variation has a
minimum at A = 1, which corresponds to ¢ = b. This implies
that the cell does not have any specific preference for the
direction of elongation and, consequently, adopts a round
morphology. For the case of n > 1, the minimum of energy
variation shifts away from 4 = 1 and towards a larger value of
A (a < b). This suggests that the cell tends to elongate
perpendicular (see the inset of Fig. 6) to the direction of larger
traction, which is in the x; direction in this case since n > 1.
The result of our theoretical analysis, in Fig. 6, on the
morphological anisotropy of cell, is consistent with related
experimental observations®>** and other theoretical predic-
tions based on a principle of minimum strain energy® or
contact mechanical models*”*® reported in the literature. In
these observations, the direction of stretch applied to the
substrate is in line with the direction of larger traction in the
cell, however, the cell elongates to a direction perpendicular to
the direction of stretch.

Interestingly, in a different experimental study,’® it was
found that cells and their stress fibers oriented parallel (instead
of perpendicular found in ref. 23, 24) to the direction of
uniaxial stretch applied to the substrate. It was discovered that
this parallelism is due to blocking of the Rho activity in the cell
during the stretch. Biologically, this activity sends chemical
signals to enhance the nucleation of stress fibers with
focal adhesions (FAs) localized at their ends.?® Thus, the
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reorganization and perpendicular orientation of stress fibers in
response to uniaxial strain is a consequence of Rho activity. As
mentioned earlier, in our model the assembly/disassembly of
FAs, which gives the redistribution of traction forces, occurs at
the cell periphery during the morphological changes of the cell.
Therefore, in a sense, our model is effectively equivalent
to allowing Rho activity for regulating FA dynamics by
nucleation of stress fibers. Also, our prediction on cell
orientation is consistent with that reported in the litera-
ture,*"*? in which the cell orientation was considered as a
stability problem on the basis of nonlinear elasticity. The study
in the literature has also concluded that zero/low prestress
(intracellular stress) would lead the cells to align in the
direction of largest substrate strain, whereas finite prestress
would lead the cells to align away from the direction of largest
substrate strain. Indeed, experimental observations have
indicated that the prestress increases with the increase of
Rho activity. From eqn (1), in our study, one can see that a
larger prestress corresponds to a larger traction. Therefore, we
expected the predictions from our model to agree with the
model reported in the literature.*'"*?

5. Effect of substrate with stiffness gradient on the
cell migration

In the previous two sections of the paper, effects of substrate
rigidity and loading anisotropy (which also effectively
speculates on the anisotropy of substrate rigidity) on the
morphological changes of the cell have been discussed. In this
section, a theoretical model is formulated to focus on cell
locomotion due to the stiffness variation of a substrate to
which the cell adheres. It is found that, when cells adhere to a
substrate with a stiffness gradient, changes in the local stiffness
of the substrate regulate not only the cell morphology and
orientation but also the cell motility, such that the cell migrates
from the softer region towards to the stiffer region of the
substrate. This is known as durotaxis.’’>° In this study, the
cell migration due to the existence of the stiffness variation is
hypothesized to be driven by the progressive minimization
process of the total free energy in the cell-substrate system. To
couple the cell migration with evolving cell morphology and
orientation, the phase-field theory®* is adapted to simulate the
cell activity. In the theory, the phase-field variable ¢(xy,x5,7) is
introduced to denote the morphological profile of cell-
substrate system such that ¢ = 1 stands for the adherent cell
phase, while ¢ = 0 for the exposed substrate phase. The
cell periphery is represented by a thin continuous transition
region where the value of ¢ sharply changes between 0 and 1.
Since the system is mass conservative, ¢(x,x,7) satisfies the
Cahn—Hilliard equation® as follows:

0p _ o D($) O
E‘V(AkBTV o¢ ) {an

in which V is the two-dimensional gradient operator. A is
the number of FAs per unit area on the substrate surface,
kg Boltzmann’s constant, and 7 the absolute temperature.
D(¢) = Dop*(1 — ¢)? reflects the mobility of cell that is driven
by the dynamics of focal adhesion assembly/disassembly. This

motility occurs mainly at the cell periphery, where D, is a
constant. Ei,, the ¢-dependent total free energy of the cell-
substrate system, is expressed as:

Eun() = J (¢(0) + o ) doxrdns +

- [ SV G )dxdy - (B)
S 3/2
dnps ) 4 )a ((xl_x,l)2+(x2_x,2)2> /

with the first term g(¢) representing the pure chemical
potential. In this study, a double-well function of g(¢) =
go*(1 — ¢)* is used, where gy is a positive constant. This
function has two minima corresponding to the exposed
substrate phase and the adherent cell phase, respectively. The
second term of eqn 18 is the Cahn—Hilliard gradient energy™*
accounting for the interfacial energy, where ¢, is the coefficient
of gradient energy. The last term represents the elastic energies
in the cell and substrate with f(¢) = ao/(1 + u/u’)p. The
hydrostatic strain on the substrate surface induced by the
tractions, u ,, can be expressed using the Green function

a,a’
technique as:

S
s 1=

“aa= 2mus JA ((

S
=)+ (2 —-xp)?)

o (9)

and the strain energy in eqn (18) can be rewritten as:

I*VSJJ S(@(x)f (9(x'))dxdx’
A4 ((

A . _x,1)2+ (X2—x’2)2>3/2_ o
1
3 [roens ax

A

Noting that 7, = Jf(¢(x))/0x, and applying the Gauss theorem
to eqn (20), it is apparent that the expression of the strain
energy in eqn (18) is consistent with that in eqn (8).

In this study, a semi-implicit Fourier-spectrum method was
carried out for eqn (17),% in a representative subdivision of

the substrate having a size of 128/, x 1281 lozw/%//lkBT

being a characteristic length. Also, a periodic boundary
condition is imposed at the circumference of the subdivision.
The map of substrate stiffness, which is reflected in the variation of
B (B =l + @Y1l — Vg, y=/epAksT/3), is given in
Fig. 7a. Initially, the cell had a circular morphology with a radius
Ry = 12]; and adhered to the substrate surface having a lower
stiffness. In such a case, the interfacial energy dominates the total
free energy of the cell-substrate system and the cell should
maintain a rounded morphology. Fig. 7b-7f show a typical
evolution path of the cell from the initial stage to the final stage of
the simulation. One can see that the cell migrates from the
substrate surface with lower stiffness to higher stiffness. Also, it is
interesting to note that when the cell migrates to a region on the
substrate surface with a critical stiffness, the cell morphology
becomes unstable and changes from the original shape to a
“potato”-like shape, Fig. 7f. This phenomenon is attributed to a
consequence of the competition between energies for the morpho-
logical change and the migration, since during the cell migration
the substrate rigidity also mediates the cell morphology in order to
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Fig. 7 A circular cell initially located on the softer region of substrate
with a stiffness gradient represented by the map of f (a), where ff =
1/6(1 + 0.3¢ 1712802412801y g [ is a characteristic length; the
simulated snapshots of cell migration towards to stiffer regions of
substrate at different time frames (b)—(f), where * = t/t, with 75 = I(ZJ/DO.

obtain a state possessing the minimal total free energy. Based on
the results in the figure, one can suggest that the durotaxis reported
in the literature”~° might be viewed as the process of minimizing
the total free energy of the cell-substrate system.

Besides the simulation presented in Fig. 7, the durotaxi
phenomenon can also be illustrated using the result shown in
Fig. 4. Since the ratio of substrate to cell stiffness is assumed to
be less than one (u*/u° < 1) in the simulation, notably from
Fig. 4, the substrate stiffness must be increased in order to
have a decreasing f§ such that the minimal total free energy in
the cell-substrate system can be reached. In other words, in
order to get an energetically favorable (or more stable) cell
configuration on the substrate, the cell would migrate from a
region of lower stiffness to a region of higher stiffness on the
substrate. The result from Fig. 4 also predicts that the cell
would migrate from the stiffer regions of the substrate
towards to the softer regions if the substrate is stiffer than
the cell (1/u° = 1). However, to the best of our knowledge,
no experimental observation of this durotaxis is
reported to support our argument. This may be due to the fact
that our model does not incorporate the effect of substrate
rigidity on the change of cell stiffness. In fact, many cells tend
to actively increase their stiffness with increased substrate
rigidity.%0 ¢4

“reverse”’

6. Concluding remarks

In this study, we have developed mathematical models to
describe a) how cell morphology is linked to substrate rigidity,
b) how cell migration is guided by substrate rigidity, and c)
the mechanisms by which substrate rigidity is translated into
cell-morphological stability and movement. Consistent with
experimental observations reported in the literature, our
model has demonstrated that the morphological stability of
an adherent cell to substrate is governed by the minimal total
free energy in the cell-substrate system. The morphological

changes of a cell can be rationalized as the consequence of
competition between interfacial and elastic energies in the total
free energy of cell-substrate system. The interfacial energy
between the cell and substrate stabilizes the cell morphology
while the strain energy from intracellular and extracellular
forces destabilizes it. The competition results in a “resonant”
window that refers to the range of the stiffness ratio (u*/°,
substrate to cell) over which the cell is in interaction with the
substrate. With this interaction, the cell and substrate can be
mutually compliant. In other words, in this sensible interaction,
the mechanical interaction energy between the cell and
substrate reaches a maximum. Consequently, it becomes
energetically favorable for the cell to undergo significant
morphological changes and for normal function and differen-
tiation. The width of the window and the amplitude of
the interaction response are influenced by the amount of
interfacial energy, which is cell-substrate specific. More
importantly, the results from our theoretical analysis suggest
that the cell stiffness can be estimated based on the substrate
stiffness corresponding to the change of trend in morpholo-
gical stability. Additionally, by adapting the phase-field
theory, our theoretical model has reasonably simulated the
cell migration and orientation due to the variation of substrate
stiffness and confirmed that the durotaxis can be viewed as a
progressive minimization of the total free energy in a cell-
substrate system.

In our model, the cell is assumed to be a 2D homogeneous
elastic system, whereas in reality it is a 3D heterogeneous
viscoelastic system. In addition, the model has not taken into
account the non-linear, stiffening stress-strain behavior of the
cells, and biochemical processes when cells adhere to a
substrate. In fact, the resultant process of cell adhesion is
even more complicated at cell molecular level (cytoskeletal
proteins, contractile apparatus, etc.). For example, cell
adhesions are adaptive on the molecular level and actively
governed by the receptor-ligand bonds.”®”' The nonlinear
dynamics and various types of bonds are found to result in a
bistability state of cell adhesions’”® (between bounded and
unbounded states) and a size-dependent focal adhesion
domain.” For these cases, instead of a homogenous adhesion
energy density used in eqn (9), a statistical description of cell
adhesion may be necessary. Also, the response of cells to
external mechanical stimuli is actively regulated by some key
biochemical processes,*** such as i) an activation signal that
triggers actin polymerization and myosin phosphorylation, ii)
the tension-dependent assembly of actin and myosin into stress
fibers, and iii) the cross-bridge cycling between actin and
myosin filaments that generates the tensions, and balances the
cellular traction forces. The effects of these more realistic cell
behaviors should be considered in a future refined model.
Finally, despite those simplifications made in this study, we
believe that our approach captures the main features of the
substrate rigidity effect on the cell-substrate system.
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