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Summary

A method is described for multiscale modeling of point defects such as vacancies and
interstitials at the atomistic level and extended defects such as free surfaces and interfaces at the
macroscopic continuum level in a solid. The method is based upon the use of the lattice-statics
Green's functions. It fully accounts for the discrete lattice structure of the solid at the atomistic
scale near point defects and reduces asymptotically to the macroscopic continuum model for
extended defects. A major advantage of the lattice-statics Green’s function is that it can model a
large crystallite containing a million atoms without excessive CPU effort. Numerical results are
presented for the displacement field on the free surface due to avacancy in fcc aluminum

Introduction

We describe a computationally efficient lattice-statics Green’ s-function method for multiscale
modeling of point defects such as vacancies and interstitials and extended defects such as free
surfaces and interfaces in solids. The method isespecially useful for interpreting and analyzing the
elastic response of thin films and semi-infinite solids. Our model treats the point defects at the
atomistic scale and extended defects at a macroscopic scale in the same formalism. The lattice-
statics Green’s function accounts for the discrete lattice structure of the solid and is suitable for
atomistic modeling of point defects. It reduces asymptotically to the continuum Green’s function
that we use to model the extended defects. A major advantage of the Green’s- function method is
that it is semi-analytic, in contrast to the direct computer simulation methods for lattice statics,
which are CPU-intensive. Our method can model a large crystallite containing a million atoms
without excessive CPU effort. We use our method to cal culate displacement fields in asolid that
contains both point and extended defects.

The elastic characteristics of thin films and semi-infinite solids depend upon the strains caused
by the point defects near the free surfaces and the interfaces. The point defects need to be
modeled at the atomistic scale, whereas free surfaces and interfaces can be adequately modeled at a
macroscopic scale. The continuum model is not fully reliable for modeling point defects where the
discrete atomistic structure of the crystal lattice is very important (see, for example, [1,2]).
Experimentally one measures strain near afree surface. In order to interpret the experimental results,
one needs a model to calculate the strains caused by the point defects in the presence of the free
surface. It is therefore necessary to use a multiscale model that accounts for the discrete lattice
structure of the solid near a point defect and the macroscopic effects near an extended defect. This
explainsthe strong topical interest in multiscale modeling of solids.

Recent papers on multiscale modeling are based upon purely numerical techniques using the
finite-element method and/or computer simulation of the lattice structure (for an excellent review
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and other references, see [3]). The purely numerical techniques can be very accurate but they are
CPU-intensive and not convenient for parametric design studies. The Green’'s-function method
gives accurate results, is computationally convenient, and can provide quick ‘what if’ answers,
which is useful for design of experiments. For the purpose of illustration, we apply our method to
calculate the displacement field at the free surface of a semi-infinite aluminumcrystal containing a
vacancy. This paper is a preliminary report of our ongoing work on multiscale modeling of point
defectsin thin films of metals and semiconductors. Detailswill be published el sewhere.

Theory

We consider a monatomic Bravais lattice with a point defect at the origin. We assume a
Cartesian frame of reference. We denote the lattice sites by vector indicesl|, |' etc. A vector index |
has 3 components, denoted by k, b, and ls. The three-dimensional (3D) force-constant matrix
between atoms at | and I is denoted by f*( 1, 1’). The force on atom | and its displacement from
equilibrium position will be denoted, respectively, by F(I) and u(l), which are 3D column vectors.
The displacement vectors u(l) at each lattice site give the relaxation of the lattice or the lattice
distortion caused by the defect.

The force-constant matrix for each pair of atomsis 3~ 3. It is obtained from the interatomic
potential asfollows:

[f (1, )]y = V() 11 T, @)

where V(x) is the interatomic potential (assumed central) between the pair of atoms | and I’
separated by vector distance x. Similarly, the force at the atom | due to the atom at the origin at a
distance xis given by

[F(DT = = TVX)/ Txi. @)

Following the method givenin [1,2], we obtain

u) = S G (1,1 F(), )
where G* isthe defect lattice Green’ s function defined by
G =[fT" @

The sum in eq. (3) is over al lattice sites and Cartesian coordinates, which have not been shown
explicitly for notational brevity.

In the representation of lattice sites, G and f~ are 3N ~ 3N matrices, where N is the total
number of lattice sites in the Born-von Karman supercell. For an infinite perfect lattice in
equilibrium without defects, F(l) is O for al | and the force constant and the Green’s function



matrices have translation symmetry. We denote these matrices by f and G respectively. When a
defect isintroduced in the lattice, F(I) becomes, in general, non-zero and the force constant matrix
changes. So

*

f =f-Df, (5)

where Df denotes the local change in the force constant matrix f. From egs. (4) and (5), we obtain
the following Dyson equation

*

G =G+GDf G, (6)

where

G = [f]* )

is the perfect lattice Green’s function. In the same representation, we can write eg. (3) in the
following matrix notation:

u=G*F. (8)
Using eg. (6), we rewrite eg. (8) as
u=GF*, 9)

where

F* = F + Df u. (10)

Equation (9) gives the displacement in terms of the perfect-lattice Green’s function and an
effective force denoted by F*, the so called Kanzaki force [1]. From eg. (10), we can identify it as
the force due to the defect on relaxed lattice sites, in contrast to F, which denotes the force at the
unrelaxed original lattice site. Equation (9) is applicable to any point defect such as a vacancy, an
interstitial, or a substitutional impurity.

For the perfect lattice, G(I,I’) has translation symmetry and therefore can be labeled by asingle
index I-I". It iscalculated by use of the Fourier representation

G(l) = (UN) S, G(q) exp[ &.1], (1)

whereé= 01, N isthe total number of atoms,

G(a) = [f @] " (12)



f(q) is the Fourier transform of the force-constant matrix, and qis avector in the reciprocal space of
the lattice. For brevity of notation, we shall use the same symbol for a function and its Fourier
transform, the distinguishing feature being the argument of the function. Since G(g) and f(q) are3
" 3 matrices, egs. (11) and (12) can be used to calcul ate the perfect-lattice Green’s function G(1,I’).

We define the defect space as the vector space generated by I,I’ for which Df is non-
vanishing. We solve the Dyson equation for the defect Green’s function by using the matrix
partitioning technique [1]. The reduced Dyson eguation in defect spaceis given by

g =g+gDf g, (13)

where g, g are components of G and G in defect space. The matrices in eq. (13) are 3n ~ 3n
matrices, where n is the number of atoms in the defect space. For point defects, n is small so eg.
(13) can be solved by direct matrix inversion as given below:

g =(-gDf)’g. (14)

For example, for an fcc lattice in which the defect interacts up to its second-neighbor atoms,
the matrices in eg. (14) are 57 ° 57. Since a point defect such as a vacancy retains the local point-
group symmetry of the lattice, we can use group theory to simplify eq. (14) considerably. In the
above case of a vacancy in an fcc lattice, eq. (14) can bereduced to a2’ 2 matrix equation. By
definition, the force matrix defined by eqg. (2) is nonvanishing only in the defect space. Using egs.
(8) and (13), we obtain for all atomsin the defect space

u=g*F. (15)

After clculating u for all atoms in the defect space, we calculate the Kanzaki force in the defect
space by using eg. (10). Then the displacement of all atoms in the solid is given in terms of the
perfect-lattice Green’ s function by use of eq. (9). The Kanzaki force contains the full contribution of
the discrete lattice structure in the defect space.

The perfect-lattice Green’s function reduces [1] asymptotically to the continuum Green's
function. For this purpose, we make | and g continuous variables and replace the summation in eq.
(112) by integration over the reciprocal space. In conformity with the continuum model notation, we

replace | by x for large I, which will denote the position vector corresponding to the lattice site I.
Thus, inthelimitx ® ¥,

G(X) = (1/2p)° 0G.(q) exp (&.X) dg, (16)

where, keeping terms up to g° inf(q),

G(q) = Limge o G(q) =Limeeo [F (@ *= [L@T" 17



Ineg. (17), L isthe Christoffel matrix, defined as follows:

L i (9) = Cikji Gk O, (18)

where ij k|, etc. are Cartesian indices that assume the values 1-3, and c is the elastic constant
tensor. Summeation over repeated indicesisimplied.

Equation (9) is our master equation for multscale modeling. At large distances from the point
defect, we replace G by the continuum Green'’ s function defined by eq. (17) but use the lattice value
of F* as defined in terms of the lattice Green’s function by egs. (8) and (9). Thus the displacement
field in our multiscale model at the position vector x is given by

u(x) = S Ge(x-I') F*(I"). (19)

Since the distance between the lattice sites in the defect space over which F* is distributed is much
lessthan x, G,(x-1") can be calculated in terms of the derivatives of the Green’ s function.

We incorporate the effect d extended defects in G, by imposing appropriate boundary
conditions using the standard techniques of the continuum model. As an example, we consider a
semi-infinite solid with a free surface. We choose a frame of reference in which the origin and the
X- and Y- axes are on the free surface and the positive Z-axis points into the solid. The zero-
traction boundary condition at the free surface, which is taken to be the plane at x,=0, is given by

tis(X) = Cigx€u(X) = 0 (x3=0), (20)

where

gk = Tu(x)/ . (21)

Various computationally efficient representations of the continuum Green's function for
anisotropic semi-infinite solids are available in the literature [4,5]. In this paper, since our objective
isjust to illustrate the multiscale modeling technique, we will assume for simplicity that the solid is
elastically isotropic. The solution for the isotropic continuum case was obtained by Mindlin [6].
The result for the displacement field at the free surface at a radial distance r from the origin is
quoted below:

4pu/f = -rh/R® + mr/[(1 +m)(R-h)R], (22)
4pu/f = (R* + h)/R* + m[(l +mR], (23)

where we have used cylindrical coordinates; u, and u, are, respectively, the radial and the Z-
components of the displacement field; f isthe magnitude of the force in units of 8pm(l +2m)/( +m)
acting at (0,0,h); | and mare the Lame constants; and RZ = (* + h?).
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Figure 1 Displacement field at the free surface of fcc aluminumdue to avacancy asafunction of h,
the depth of the vacancy from the free surface. Solid line- u,, the Z-component; broken line- u,, the
radial component in cylindrical coordinates.

Resultsand Conclusions

Figure (1) givesthe calculated values of u, and u, as afunction of h at the free surface (1,0,0) at
r=1 due to a vacancy at (0,0,h) in fcc aluminum We assumed a simple model interatomic potential
due to Bullough and Hardy (see [1]) extending up to 2nd neighbors. The lattice-statics Green’s
function is calculated for a million atommodel by use of the method given in [1], which gives F*.
The main conclusion of this paper is that the Green’s function method for multiscale modeling can
be used to model alarge crystallite at the atomistic level without excessive CPU effort and, in the
same formalism, include macroscopic defects such as free surfaces.
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