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We measured shear thinning, a viscosity decrease ordinarily associated with complex liquids, near the
critical point of xenon. The data span a wide range of reduced shear rate: 10−3��̇��700, where �̇� is the
shear rate scaled by the relaxation time � of critical fluctuations. The measurements had a temperature reso-
lution of 0.01 mK and were conducted in microgravity aboard the Space Shuttle Columbia to avoid the density
stratification caused by Earth’s gravity. The viscometer measured the drag on a delicate nickel screen as it
oscillated in the xenon at amplitudes 3 �m�x0�430 �m and frequencies 1 Hz�� /2��5 Hz. To separate
shear thinning from other nonlinearities, we computed the ratio of the viscous force on the screen at �̇� to the
force at �̇��0: C��F�x0 ,�� , �̇�� /F�x0 ,�� ,0�. At low frequencies, ����2��̇�, C� depends only on �̇�, as
predicted by dynamic critical scaling. At high frequencies, ����2��̇�, C� depends also on both x0 and �. The
data were compared with numerical calculations based on the Carreau-Yasuda relation for complex fluids:
���̇� /��0�= �1+A���̇���−x�/�3+x��, where x�=0.069 is the critical exponent for viscosity and mode-coupling
theory predicts A�=0.121. For xenon we find A�=0.137	0.029, in agreement with the mode coupling value.
Remarkably, the xenon data close to the critical temperature Tc were independent of the cooling rate �both
above and below Tc� and these data were symmetric about Tc to within a temperature scale factor. The scale
factors for the magnitude of the oscillator’s response differed from those for the oscillator’s phase; this
suggests that the surface tension of the two-phase domains affected the drag on the screen below Tc.
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I. INTRODUCTION

Both oil in a car engine and paint on a paintbrush need
viscosity control. Sliding engine parts sometimes shear the
intervening oil layer fast enough to decrease the viscosity of
the oil’s polymer additives, and such shear thinning is bad
for the engine. Conversely, brushing a well-engineered paint
onto a wall temporarily decreases the paint’s viscosity, and
shear thinning helps spread the paint. In general, shearing
any fluid fast enough to distort its microscopic structure will
change the viscosity. Shear thinning, a decrease in viscosity
with increasing shear rate, is common in complex fluids from
molten plastics to ketchup; such fluids have microscopic
structures that relax slowly in comparison with the shear
rate �̇.

Here, we report the observation of shear thinning in the
monatomic fluid xenon. A viscometer measured the drag on a
delicate nickel screen as it oscillated in a sample of xenon at
its critical density �
c=1.1 g /cm3�. Upon approaching the
liquid-vapor critical temperature �Tc=17 °C�, the relaxation
time � of the critical fluctuations increased by orders of mag-
nitude and shear thinning occurred when �̇��1. The critical
fluctuations have a size � that increases as a fluid approaches
its liquid-vapor critical point. Coupling between fluctuations
of density and velocity causes the viscosity � to increase as
the power law ���x� �1,2�. The viscosity increase is small
because the universal exponent x�=0.069 is small �3,4�.
However, the fluctuation relaxation time � has the much
stronger increase,

� = �0�T − Tc

Tc
	−1.93

� �3+x�, �1�

as the temperature T approaches the critical temperature Tc
�2�.

Although the time constant amplitude �0 in Eq. �1� is tiny
�1 ps�, we achieved a relaxation time as large as �=1 s dur-
ing the microgravity measurements by operating within 1
mK of the critical temperature. In addition to microkelvin
temperature control, the viscometer had better than 0.1% vis-
cosity resolution at low frequencies because the screen’s
small mass �1 mg� made the viscometer insensitive to vibra-
tions of the space shuttle’s structure.

Shear thinning occurs when the shear rate �̇ exceeded
1 /�. A related phenomenon, viscoelasticity, occurs at small
shear rates when the shearing is oscillatory at a frequency f
that exceeds 1 /�. The first accurate measurement of near-
critical viscoelasticity was made by a previous microgravity
experiment CVX �Critical Viscosity of Xenon� �3�. The
present experiment, CVX-2, measured shear thinning by
driving the same viscometer to amplitudes 30 times larger.
Specifically, the viscometer measured the amplitude and
phase of the hydrodynamic force F�x0 , f , �̇�� on the nickel
screen as it was driven through the xenon at several
amplitudes �3 �m�x0�430 �m� and frequencies
�1 Hz� f �5 Hz�. To separate the �̇� dependence of the
force from the frequency and amplitude dependences, we
computed the ratio
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C� � F�x0, f ,�̇��/F�x0, f ,0� . �2�

Shear thinning caused the values of C� to depend on �̇�,
as shown in Fig. 1 for measurements at 2 Hz and 3 Hz.

The density of a fluid near its liquid-vapor critical point is
enormously sensitive to gradients of pressure and tempera-
ture. Shear thinning cannot be observed in quiescent xenon
on Earth because the gradient of pressure caused by Earth’s
gravity stratifies the density so that the layer near critical
density is too thin to be studied in a viscometer. To reduce
gravitational stratification, the measurements were conducted
in microgravity aboard the Space Shuttle Columbia in 2003
during the ill-fated mission STS-107. Much of the data were
downlinked during the flight, and the unexpected recovery of
the hard disk drive from Columbia’s debris made 99% of the
data available.

One could reduce the stratification on Earth by operating
the viscometer farther from Tc—say, at Tc+90 mK. How-
ever, the fluctuation decay time would then be only 7 �s
and achieving �̇�=100 would require a viscous heating per
unit volume as large as ��̇2 /2=6 kW cm−3. In contrast,

the present experiment achieved �̇�=100 with less than
0.2 mW /cm−3. �The total heating at the largest amplitudes
was 7 �W.�

The flow near each wire making up the oscillating screen
was approximately that caused by a cylinder oscillating
transversely to its axis. The lack of a steady, uniform shear
field complicated the analysis in two ways. First, the oscilla-
tor’s deviation from linear force-vs-velocity behavior at large
amplitudes was primarily due to inertia �the convective term
in the Navier-Stokes equation� instead of shear thinning. To
deal with this complication we carefully studied the oscilla-
tor’s hydrodynamics on Earth while the viscosity was New-
tonian �5�. Second, the oscillator’s response was affected by
viscoelasticity �f��1� as well as shear thinning ��̇��1�.
Understanding their combined effects requires a comprehen-
sive constitutive relation, but no appropriate theory for the
near-critical rheology of xenon exists. Therefore, we ana-
lyzed our data using the theory for shear thinning at zero
frequency, recognizing that this is an approximation.

Figure 2 shows the wide range of reduced frequency ��
and shear rate �̇� of the present measurements. The plot is
divided into five regions corresponding to the five combina-
tions of �� and �̇� discussed in the next section. Significant
data were collected in all five regions. �The reference data at
small shear rates, much of which would fall into the linear
viscoelasticity region, are not shown.�

Capillary viscometers have been used to observe shear
thinning near the consolute points of binary liquid mixtures
�6–12�. The measurement of Hamano et al. near the conso-
lute point of a micellar solution is particularly valuable be-
cause it used a Couette viscometer to create a uniform shear
field �13�. Their results are described by �14�

���̇��
��0�

= �1 + A���̇���−p, �3�
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FIG. 1. �Color online� Magnitude and phase of the hydrody-
namic force on the tip wire of the viscometer at different shear
rates. The data �run 4� are normalized by the force expected in the
absence of shear thinning. �See Eq. �19�.� The curves are empirical
functions �Eq. �20a� and �20b�� fitted to the 3-Hz data. Two drive
torques were used for both frequencies, and the points are labeled
by the maximum shear rate �s−1� at the surface of the oscillator.
�See Table I.�
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FIG. 2. �Color online� The experimental data spanned regions
of Newtonian viscosity �1��t , �̇t�, linear viscoelasticity
����1��̇��, quasisteady shear thinning ��̇��1����, reduced
shear thinning �����̇��1�, and reduced viscoelasticity
��̇�����1�. The diagonal dividing line is the inequality
����2��̇� discussed in Sec. VII F.
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where the theoretical exponent is p�x� / �3+x��=0.0225.
Oxtoby’s mode-coupling prediction for the shear-
rate scale factor is A�=0.121 �15�. �The definition of
A� differs here from that used in �14�. In that article,
the theoretical shear-rate scale factor was defined as bA�,
with b=0.121 and A� �1 for theory.� The experimental
value from the micellar solution of Hamano et al. is A�

=0.067	0.012, which disagrees with our present result for
xenon of A�=0.137	0.029. �The uncertainty for the micel-
lar solution includes the 10% uncertainty from fitting Eq. �3�
�14� plus the 14% uncertainty of � due to the correlation
length �16�. The uncertainty of the present result is discussed
in Sec. VII G.� Shear thinning near critical points, though
tiny, is important because the underlying theory seems ca-
pable of providing a comprehensive constitutive relation
without detailed knowledge of the intermolecular interac-
tions. The only example of a similarly close tie between
experiment and theory for noncritical fluids is work by Bair
et al., who observed shear thinning in a pure liquid, squalane
�C30H62�, at 
1 GPa �17�. Fluctuations were negligible be-
cause the squalane was far from its critical point, but shear
thinning occurred because, at 1 GPa, the molecular rotation
time increased to approximately 0.01 s. They found a re-
markable agreement between their measurements and their
nonequilibrium molecular dynamics calculations. Unlike the
present work, the calculations required a description of the
molecule and the experimental analysis required a time-
temperature superposition of the sort often used by polymer
scientists to correlate polymer data �18�.

The rest of the paper is organized as follows. Section II
summarizes the theory. Section III describes the experimen-
tal apparatus. Section IV discusses the hydrodynamics of the
oscillator. Section V describes the experimental methods.
Section VI describes the reduction of the experimental data.
Section VII describes the experimental results, which include
the observation of an effective viscosity below Tc, a lack of
evidence for normal stress, scaling of the data with reduced
shear rate, and failure of that scaling at large reduced fre-
quency. The appendixes include calculations of the shear rate
�Appendix A�, an estimate of how shear thinning reduces the
force on an oscillating cylinder �Appendix B�, and tables of
experimental data �Appendix C�.

II. THEORY

A complete understanding of the rheology of any fluid
must include its constitutive relation, the simplest of which is

xy = − �
dvx

dy
� − ��̇xy . �4�

Equation �4� relates the xy component of the stress tensor 
to the xy component of the shear rate tensor �̇ via the vis-
cosity �. It applies to the simple flow field of Fig. 3, for
which vx= �̇y and vy =vz=0.

Equation �4� describes a Newtonian fluid. In addition to
the viscosity divergence, theory predicts that near-critical
fluids are non-Newtonian: the value of the viscosity � de-
pends on the shear rate �̇ �15,19,20�. Reviews of transport
properties near critical points �1,2,21–24� lack detailed dis-
cussions of near-critical rheology; of more relevance here are
the focused papers by Bhattacharjee and Ferrell on viscoelas-
ticity �25�, Oxtoby �15� and Das and Bhattacharjee �20� on
shear thinning, and Onuki and Kawasaki on normal stress
�26�. Sections II A–II C discuss these phenomena individu-
ally. Section II D discusses the combination of viscoelasticity
and shear thinning, which occurred in the CVX-2 experi-
ment.

We find it useful to imagine a typical critical fluctuation
as a spherical droplet cluster of size � and lifetime �, as
suggested by Fig. 3. More realistic models have used fractal
droplet clusters with a distribution of sizes to understand
dynamic critical phenomena �27–30�.

A. Viscoelasticity

Viscoelasticity occurs when a fluid’s microscopic struc-
ture is sheared at a frequency f that exceeds the inverse of
the structure’s decay time �, so that f��1. In the droplet
cluster diagram of Fig. 3, the shear field increases the clus-
ter’s energy by increasing its interfacial area. If the shear
direction is reversed before the cluster decays, some of the
extra energy is recovered and viscoelasticity occurs. If the
distortion of the cluster is small, the fluid response is propor-
tional to the shear rate and the resulting linear viscoelasticity
can be described by generalizing the viscosity to a complex
function of frequency. Figure 4 shows the good agreement
between the low-shear-rate results from CVX �3� and Bhat-
tacharjee and Ferrell’s theory for viscoelasticity �25�. The
curves represent the theoretical expression for the complex
viscosity,

����� = ��0��S�A�z��−p, �5�

with A�=2.0. The frequency dependence of the scaling func-
tion S�A�z� is contained in the dimensionless argument z
� i�� /2, where � is the angular frequency. �References �3�
and �14� give S�A�z� with corrections of two typographic
errors that appeared in �25�.� The parameter A� allows for
deviation from Bhattacharjee and Ferrell’s original theory,
for which A��1. An improved calculation by Das and Bhat-
tacharjee �31� gave the theoretical value A�=1.4.

B. Shear thinning and the Cox-Merz rule

Shear thinning occurs when the shear rate �̇ is large
enough to distort the fluctuation during its lifetime �, specifi-
cally �̇��1. The fluid properties change because the distor-

large shear ratesmall shear rate
x

y

FIG. 3. �Color online� Simple flow fields with small and large
shear rates. By imagining a critical fluctuation as a spherical droplet
cluster, we illustrate how the shear field distorts the shapes of
fluctuations.
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tion depicted on the right-hand side of Fig. 3 shortens the
fluctuation’s diffusive decay time and makes the fluid aniso-
tropic.

In contrast to the theory for viscoelasticity, there is no
published closed-form theoretical expression for shear thin-
ning at intermediate values of �̇�. Oxtoby’s mode-coupling
calculations �15� produced a set of numerical results for
���̇��, and an analogy between the rheology of near-critical
fluids and that of polymer fluids makes it possible to gener-
alize those results to the useful expression �3�. The analogy
was provided by Douglas �32�, who pointed out that, for
near-critical fluids in the limits of small and large �̇�, results
from renormalization group theory are consistent with the
Carreau-Yasuda relation �33–35� that describes the shear
thinning of many polymer fluids. Equation �3� is a slight
improvement over Douglas’ expression, which assumed that
the reduced shear rate entered Eq. �3� as ��̇��2 instead of the
nonanalytic form ��̇��.

The same renormalization group theory also predicts that
a shear rate �̇ will shift the critical temperature by the
amount �36�

�Tc��̇� − Tc�0�� = − s�4 − d�Tc�0���0�̇�0.517, �6�

where s=0.0832 and d=3 is the number of spatial dimen-
sions. In spite of this shift, the temperature-dependent time
constant � in Eq. �3� should be identified with the order pa-
rameter relaxation time in the absence of shear �37,38�. This
is required for consistency with the renormalization group
calculations, which were carried out only to first order in the
expansion perturbation parameter 4−d �e.g., see Eq. �6��. In
particular, the coefficient A� in Eq. �3� must vanish in the
limit 4−d→0, and consistency in Eq. �3� to first order in 4
−d makes it appropriate to identify � with its unsheared fluid
value �38�. Thus, we do not consider � itself to depend on
shear rate, which simplifies our analysis considerably.

Remarkably, Eq. �3� describes also the magnitude of the
complex viscosity. Figure 4 shows that the choice A�

=0.157 makes Eq. �3� indistinguishable from the experimen-
tal data and the theoretical magnitude obtained from Eq. �5�.
Polymer fluids that have such a similarity between shear
thinning and viscoelasticity are said to obey the Cox-Merz
rule, which is often used to estimate the shear thinning of
polymer melts �18,39�. The empirical Cox-Merz rule �40�
equates the viscosity ���̇� measured at shear rate �̇ in the
limit of small frequency with the magnitude of the complex
viscosity ���� measured at frequency � in the limit of small
shear rate. A slightly generalized form of the rule,

��kCM�̇� = �������=�̇, �7�

with kCM
1, apparently holds near the critical point of
simple fluids as well �14�. The validity of the Cox-Merz rule
strengthens the analogy between polymer fluids and near-
critical fluids, and it supports the use of Eq. �3� to describe
near-critical shear thinning.

C. Normal stress difference

In addition to the shear stress xy, a non-Newtonian liquid
can support stresses normal to the flow direction. Figure 3
suggests how the quantity xx−yy, known as the first nor-
mal stress difference by rheologists, can arise. If the fluid is
viscoelastic, a restoring force will impart a tension to the
entire fluid in the x direction as well as oppose the stretching
of an individual fluctuation.

Onuki and Kawasaki �26� estimated the following limit-
ing values for the first normal stress difference in a near-
critical fluid:

xx − yy

xy
� 0.02�̇�, �̇� � 1,

xx − yy

xy
� 0.046, �̇� � 1. �8�

A simple formula that interpolates between these limits is

xx − yy

xy
=

S���̇��
��̇��0 + ��̇��

, �9�

where S�=0.046 and ��̇��0=2.3.
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FIG. 4. �Color online� Viscoelasticity measured in xenon at criti-
cal density at frequencies from 2 to 12 Hz at small shear rates
��10 s−1� �3�. The solid curves resulted from fitting Eq. �5� to the
data in the range 10−6���10−4. �a� The normalized viscosity mag-
nitude ������ /��0�. The empirical Carreau-Yasuda relation �Eq. �3��
with A�=0.157 describes the data as well as the theory; this simi-
larity of viscoelasticity and shear thinning, in which � is substituted
for �̇ according to Eq. �7�, is known as the Cox-Merz rule. �b� The
ratio Im��� /Re���.
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D. Viscoelasticity and shear thinning combined

The oscillator’s response was affected simultaneously by
viscoelasticity �f��1� and shear thinning ��̇��1�, so we
approximated xenon’s rheology as the following product of
viscoelasticity in the limit of zero shear rate �Eq. �5�� and
shear thinning in the limit of zero frequency �Eq. �3��:

����,�̇�� � ��0,0��S�iA���/2��−p�1 + A���̇���−p. �10�

This approximation is an example of a “generalized Newton-
ian fluid” �18�, which assumes only that the viscosity de-
pends on the shear rate. It failed when both the frequency
and shear rate were large. To gain some understanding of the
failure of Eq. �10�, we divided the experimental conditions
into the five following possible combinations of reduced fre-
quency and shear rate.

�i� 1��� , �̇�, Newtonian viscosity. The frequency and
shear rate are both small. The fluctuation has only a small
distortion when it disappears.

�ii� �̇��1���, quasisteady shear thinning. The fre-
quency is small but the shear rate is large. The fluctuation
distorts significantly before it disappears, which causes shear
thinning.

�iii� ���1��̇�, linear viscoelasticity. The frequency is
large but the shear rate is small. The small distortion makes
the fluid response proportional to the shear rate, and its re-
covery causes viscoelasticity.

�iv� ����̇��1, reduced shear thinning. Both frequency
and shear rate are large. Reversal of the shear rate keeps the
distortion small and suppresses shear thinning.

�v� �̇�����1, reduced viscoelasticity. Both frequency
and shear rate are large. Distortion of the fluctuation shortens
its lifetime and suppresses viscoelasticity.

Figure 5 depicts how each of the five combinations might
affect the evolution of a fluctuation during its lifetime. All
five combinations occurred in the CVX-2 experiment, and

this pictorial reasoning provided a qualitative understanding
of the present results.

Das and Bhattacharjee recently derived an expression for
the combined effects of viscoelasticity and shear thinning
�20�; their Eq. �22� can be written in terms of reduced fre-
quency and shear rate as follows:

����,�̇�� = ��0,0��S�iA���/2��−p

��1 + �A��̇��1/2 �1 + 2.5�1 − i�����1/2�
�1 − �i/2������ −2p

.

�11�

�Das and Bhattacharjee’s value for the shear-rate scale factor
is A�=0.09.� At small frequencies ���1, Eq. �11� is identi-
cal to the approximate equation �10� in the limits of zero
shear rate and very large shear rates, yielding, respectively,
viscoelasticity without shear thinning and �� �A��̇��−p. At
large frequencies ���1, Eq. �11� predicts that the shear
thinning will saturate at a constant value that depends on the
dimensionless ratio � / �̇. This is expected from the pictorial
reasoning above, and it agrees qualitatively with the experi-
mental results discussed in Sec. VII F.

However, Eq. �11� was not used to analyze the experimen-
tal data for two reasons. First, at intermediate shear rates, Eq.
�11� is proportional to �1+ �A��̇��1/2�−2p, which differs sig-
nificantly from the form of Eq. �3� that describes Oxtoby’s
calculations as well as the measured viscoelasticity of xenon
�as suggested by the Cox-Merz rule�. Second, Eq. �11� pre-
dicts that, for ���1, increasing the frequency at fixed re-
duced shear rate will initially increase the shear thinning, but
no such behavior was seen in the present results.

quasi-steady
shear thinning

viscoelasticity
reduced

shear thinning
reduced

Newtonian viscosity linear viscoelasticity

FIG. 5. �Color online� Five possible combinations of reduced
frequency �� and reduced shear rate �̇� and their influence on the
evolution of a fluctuation during its lifetime �. The diagonal line
that divides the region of large shear rate and frequency is Eq. �32�.

8
m
m

FIG. 6. �Color online� Cutaway view of the viscometer cell. The
cylindrical volume occupied by the xenon was 38 mm long and 19
mm in diameter. Torque was applied to the screen by applying
different voltages to diagonal pairs of electrodes while maintaining
the screen at ground potential.
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III. APPARATUS

A. Xenon sample and the immersed oscillator

The xenon sample in the sealed cell was the same one that
we used for the CVX experiment �3�. It had an average den-
sity �
�= �0.9985	0.0017�
c, where 
c is the critical density.
The density was deduced from the height of the liquid-vapor
meniscus when the sample was in equilibrium a few mil-
likelvin below Tc. The weights of the sample cell in 1996
�before CVX� and in 1998 �after CVX� differed by less than
0.02% of the sample mass; extrapolating this bound on the
leak rate implies a xenon loss of less than 0.06% between the
dates of CVX and CVX-2. As Tc was approached during
CVX-2, the low-frequency, low-shear-rate viscosity in-
creased exactly as it did during CVX. Seven months after the
Columbia disaster in 2003, the meniscus height was
remeasured in the recovered sample cell, showing that
�
�= �1.000	0.003�
c.

Figure 6 displays the viscometer in the sample cell. The
oscillator was an 8 mm�19 mm rectangle of nickel screen
that had been cut out of a larger piece of screen. The screen
consisted of a square grid of “wires” formed by electrodepo-
sition. When the screen was cut, one wire was left extending
from the middle of both of the rectangle’s long edges. These
two extensions were soldered to a stiff yoke to act as torsion
springs. The yoke supported the screen between four elec-
trodes placed parallel to the screen. Oscillating voltages ap-
plied to the electrodes generated an oscillating torque on the
screen, which caused it to oscillate much like a child’s see-
saw. A more detailed description of the cell appears in �3�.

In 2000, between CVX and CVX-2, we measured the os-
cillator’s response as defined by Eq. �14�. The response mea-
sured in 2000 had a small, frequency-dependent difference
from the response measured before CVX in 1997. The dif-
ference ��0.4% in magnitude and �3 mrad in phase� was
small enough to be ignored because it was consistent with
the unimportant drag of a small �30 �m�300 �m� dust
particle adhering to the screen.

B. Drive and detection electronics

Here, we emphasize the features of the electronics that
were new or important to the operation of CVX-2. Details in
common with CVX can be found in �3�. To measure shear
thinning, the oscillator was driven electrostatically at a fre-
quency from 0.5 Hz to 12 Hz. Two square-root amplifiers
combined a dc voltage Vdc with a sinusoidal voltage Vin�t�
=V0 cos��t�, and their complementary outputs were applied
to the two electrode pairs surrounding the oscillator. The
resulting dimensionless torque on the oscillator was

N�t� = Ktorque�Vin�t�
Vdc

+
xtip�t�
xgap

 , �12�

where xtip�t� is the displacement at the oscillator’s tip and
xgap�4 mm is the length of the gap between the oscillator
and one electrode. The dimensionless calibration factor
Ktorque was adjusted so that the values of dimensionless

torque obtained for small amplitude �B�R /�� in Eq. �15��
agreed with those determined earlier for the CVX experiment
�3�, which also were made at small amplitude.

During the first run of CVX-2 through Tc, the torque ap-
plied to the oscillator was a frequency chirp similar to that
used by CVX, so that Vin�t� was proportional to a time-
dependent voltage created by summing 400 equal-amplitude
sine waves at frequencies spaced evenly between 0 Hz and
25 Hz. The voltages Vdc=30 V and V0 were the same small
values used for CVX. Under these conditions, nonlinearity of
the oscillator’s response due to shear thinning and hydrody-
namics was negligible. During subsequent runs through Tc,
only single-frequency torques were applied. The dc voltage
was increased to Vdc=75 V and the ac amplitude V0 was
increased to create drive torques as much as 31 times larger
than for CVX.

As a result of increasing Vdc and the oscillator displace-
ment, the second term of Eq. �12� became much more sig-
nificant. This term acts as a negative contribution to the os-
cillator’s spring constant �electrostatic spring softening�, and
increasing Vdc from 30 V to 75 V decreased the oscillator’s
small-amplitude resonance frequency f0 by approximately 1
Hz from its initial value of 11 Hz. Before filling the sample
cell, we had measured f0 in vacuum at Vdc=30 V. To deter-
mine its value at Vdc=75 V in the filled cell we modeled the
ratio of the oscillator’s frequency responses measured at 30
V and 75 V. Fitting the model to the response ratio yielded
the value of the derivative df0 /dVdc

2 , from which we calcu-
lated f0�75 V�= f0�30 V�− �df0 /dVdc

2 ���75 V�2− �30 V�2�.
Terms of order �xtip�t� /xgap�2 and higher were not included in
Eq. �12� because the oscillator’s small amplitude and the
approximate symmetry of the electrode pairs made them
negligible.

The oscillator’s time-dependent angular displacement ��t�
was detected by the unbalance of a capacitance bridge oper-
ating at 10 kHz. The out-of-balance signal was fed to a

θ0

30 µm

8 µm

R =
13
.4
µm

torsion axis

847 µm

r tip

FIG. 7. �Color online� Schematic diagram of the oscillator �not
to scale�. The oscillator’s angular displacement �0 generated the
local displacement amplitude x0=r�0, where r is the distance from
the torsion axis. The inset shows the cross section of a typical
oscillator wire superposed on a circle of radius R=13.4 �m used in
our CFD calculations.
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lock-in amplifier, which generated a voltage whose oscillat-
ing component Vout�t� was proportional to ��t�:

��t� = �0 cos��t� =
1

rtip
� dxtip

dVout
	Vout�t� . �13�

Here rtip is the distance from the torsion axis to the oscilla-
tor’s tip. �See also Fig. 7.�

The oscillator’s response was defined as the Fourier trans-

form �̂�f� of the angular displacement divided by the Fourier

transform N̂�f� of the applied torque:

G�f ,�0� =
�̂�f�

N̂�f�
=

K

rtip
� dxtip

dVout
	 V̂out�f�

V̂in�f�
. �14�

Here V̂in�f� and V̂out�f� are the Fourier transforms of the in-
put and output voltages.

The amplitude V0 and frequency f of the ac drive voltage
determined the oscillation amplitude x0. A determination of
the hydrodynamic force at amplitude x0 comprised at least
two measurements. The first measurement used a torque am-
plitude that was sufficiently small to make negligible nonlin-
earity due to hydrodynamics and shear thinning. �See Table
I.� The other measurements used larger torques to drive the
oscillator at amplitude x0.

Changes to the CVX electronics included programmable
drive voltages �Vdc and V0�, a power amplifier that allowed
larger drive torques, and a variable-gain preamplifier that
increased the lock-in amplifier’s input range by a factor of
10.

C. Thermostat and flight canisters

The flight instrument was contained in two sealed alumi-
num “Hitchhiker” canisters connected to one another by a
power-communications cable. During the first 2 days, the lid
of the canister that contained the thermostat cooled from
18 °C to 11 °C. Afterwards, except for brief periods when
the space shuttle payload bay was oriented toward the sun, it
remained at 11.0	0.3 °C.

The flight canisters, thermostat, and electronics used for
control of the sample temperature were the same as those

used for CVX. Maintaining adequate sample homogeneity
near Tc required that temperature differences within the
sample be less than 0.2 �K. The thermostat comprised three
coaxial aluminum shells surrounding the thick-walled copper
sample cell. The thermostat’s response time was long, ap-
proximately 1 h, but much less than the sample’s internal
response time near the critical point. Sensitive measurements
of temperature differences in a test thermostat �41� verified
that the thermostat could achieve such small temperature dif-
ferences. The CVX and CVX-2 measurements were indepen-
dent of the sample’s temperature history, which is evidence
that the density and temperature of the xenon in the vicinity
of the oscillator were adequately controlled. The thermostat’s
construction and operation are described in more detail else-
where �3,41�.

IV. HYDRODYNAMICS OF THE OSCILLATOR

A. Newtonian hydrodynamics of a cylinder
oscillating at large amplitude

We modeled the oscillator as an assembly of isolated cyl-
inders of noncircular cross section, each oscillating trans-
versely to its axis at an amplitude proportional to its distance
from the torsion axis. Because the angular amplitude of the
oscillator was small ��0�0.05 rad�, we could approximate
each cylinder’s motion as a linear displacement x�t�
=Re�x0ei�t�, where x0 is the displacement amplitude.

If x0 is sufficiently small, the hydrodynamic force F�t�
exerted on a unit length of a cylinder will be periodic and
proportional to x0. The proportionality allows F�t� to be writ-
ten as the product of the fluid mass per unit length displaced
by the cylinder ��R2
, where R is the cylinder’s effective
radius and 
 is the fluid density�, the cylinder’s acceleration
amplitude ��2x0, where �=2�f�, and a dimensionless re-
duced force B�R /�� as follows �3�:

F�t� = Re�F̂small�f�ei�t� = Re�− i��R2
�2x0�B�R/��ei�t� .

�15�

Here, the complex force amplitude is

F̂small�f� =
1

2�
�

−�

+�

F�t�e−i�tdt , �16�

and the viscous penetration length is defined by

� =�2�


�
. �17�

Equation �15� is useful for calibrating an oscillator used as
a viscometer because � can be varied by changing the fre-
quency while the oscillator is immersed in a fluid of known
density and viscosity. Equation �15� applies to a cylinder
of any cross section, and the choice of R used in B�R /��
is arbitrary. Therefore, measuring the Fourier transform

F̂small�f� defined by Eq. �15� while varying the frequency
yields the calibration function B�R /�� without requiring
knowledge of the oscillator’s geometry.

The viscous penetration length was in the range 24 �m
���190 �m. Thus � was comparable to or larger than the

TABLE I. CFD estimates of the maximum shear rate �in s−1� at
the surface of the experimental oscillator at Tc+0.1 mK.

Run Frequency
�Hz�

Torque relative to CVX

0.62 or 1.25 3.1 9.3 18.7 31.1

1 0.06–25 chirp �12

2 5 7 38 117 438

3 1 7 111 207

3 15 249 446

5 15 246 438

8 14 223 392

4 2 13 215 391

3 15 249 446

5 12 13 98 200 346
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width of a screen wire �30 �m�, but much less than the
distance between wires �847 �m�. Figure 7 shows that the
cross section of a typical screen wire was approximately an
8 �m�30 �m rectangle. Despite the wire’s noncircular
cross section, the drag on the screen at small displacement
amplitudes has nearly the same functional form as that of an
assembly of isolated cylinders of circular cross section �3,5�.

For the larger amplitudes used by CVX-2, the drag was no
longer proportional to x0. Therefore we generalized Eq. �15�
by multiplying the reduced force B by a complex function C
that depends on reduced amplitude x0 /� as well as R /�:

F̂�f� = F̂small�f�C� x0

�
,
R

�
	 . �18�

Figure 8 shows the relative sizes of the oscillator wire cross
section, viscous penetration depth, and oscillator amplitude
when the viscometer was operated at maximum amplitude at
3 Hz.

We used computational fluid dynamics �CFD� to calculate
the force on a circular cylinder oscillating transverse to its
diameter in a Newtonian fluid. The motion was in the x di-
rection with the assumption that the flow field was two-
dimensional and symmetric about the x axis. In the CFD
calculations, the values of the density and the viscosity were
matched to the experimental conditions, and the cylinder ra-
dius was chosen to be 13.4 �m so that the calculated hydro-
dynamic force at small amplitude matched the measured
value. The measured and the calculated values of C agreed,
verifying the accuracy of the CFD results and the relevance
of Eq. �18� in the range of x0 /� and R /� encountered in
CVX-2 �3�. The calculations also showed that the depen-
dence of C on R /� is weak for the same ranges.

The CFD calculations also estimated the shear rate at the
surface of the experimental oscillator. Figure 9 illustrates the
dependence of the shear rate on position for three oscillation
amplitudes. On the contours, the shear component of the
rate-of-deformation tensor has constant values. At the largest
amplitude, these contours and the shear field are asymmetric
about the y axis. For simplicity, we characterized the shear
rate by its maximum value �̇max on the surface of the cylin-
der, as given by Eq. �A12� of Appendix A.

Table I lists the maximum shear rates calculated for a
transversely oscillating circular cylinder with a radius of
13.4 �m.

B. Non-Newtonian hydrodynamics

In an attempt to understand the effect of near-critical
shear thinning on the experimental oscillator, we used the
Carreau-Yasuda relation �Eq. �3� with A��0.067� in the
CFD calculations. The CFD results agreed only qualitatively

with the experimental results, likely because the Carreau-
Yasuda relation is not the constitutive relation for near-
critical xenon at large shear rates.

In the calculations we assumed that the force ratio C de-
pends on �̇� as well as x0 /� and R /�. We also assumed that
the force at shear rate �̇� divided by the force at small shear
rate depends only on �̇�:

C���̇�� �
F�shear thinning�

F�Newtonian�
=

F��̇��
F�0�

= C�R

�
,
x0

�
,�̇�	/C�R

�
,
x0

�
,0	 . �19�

Fig. 10 shows the magnitude and phase of the CFD calcula-
tions of C���̇��.

There is no accurate analytical expression to compare
with the CFD results. Therefore we derived an approximate
expression �Eq. �B11� in Appendix B� and generalized it with
free parameters. The resulting real functions

C�
magFit��̇�� � 1 − �mag�1 − �1 + ��mag/�mag��̇��−p� �20a�

and

C�
argFit��̇�� � 0 + �arg�1 − �1 + ��arg/�arg��̇��−p� �20b�

2x0 = 470 µm

2δ
=
16
4

µm

8 µm × 30 µm

FIG. 8. Relative sizes of the oscillator wire cross section, vis-
cous penetration depth �, and oscillator amplitude x0 at 3 Hz.

0.004

0.13

0.25
0.37

-0.12

2.6

17
32

47

-12

21

264
508

-466

x0 = 100 µm

x0 = 1 µm

x0 = 800 µm

FIG. 9. Selected contours �in s−1� of the shear component of the
rate-of-deformation tensor Dxy near a cylinder oscillating at 5 Hz.
The contours display the concentration of viscous stress near the
cylinder when the cylinder moves from right to left at its maximum
speed. Asymmetry is clearly visible at x0=800 �m �x0 /�=14.7�.
Negative values indicate shear rates of reversed direction; we char-
acterized the shear rate field by its maximum magnitude.
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were fit to the magnitude and phase of the complex data,
C���̇��.

At small shear rates, the function C�
magFit reduces to

C�
magFit��̇�� � 1 − p�mag�̇� , �21�

and the magnitude of the force reduction becomes propor-
tional to the fitted shear-rate scale factor �mag. At large
shear rates, the parameter �mag allows for errors due
to the approximate nature of Eq. �B11�. The form of
C�

argFit was chosen for simplicity to be similar to that
of C�

magFit.
Figure 10 shows that the magnitude of the CFD force

ratio has little frequency dependence and is well described
by the function C�

magFit. In contrast, the phase results are fre-
quency dependent and they deviate from C�

argFit at large shear
rates. Table II gives the fitted values of � and �. The dis-
agreement of the CFD results with the measured results at
large shear rates likely occurred because Eq. �10� is not the
constitutive relation for near-critical xenon at large shear
rates. The fitting parameter �mag allowed for such disagree-
ment.

V. EXPERIMENTAL METHODS

A. Video calibration of the oscillator

Before the CVX-2 flight, we recorded video images of the
oscillator’s tip while driving the oscillator at 0.09 Hz, a fre-
quency that was low enough to avoid the hydrodynamic non-
linearity due to the convective term of the Navier-Stokes
equation. We calibrated the displacement of the tip by com-
paring its images to the known distance between adjacent
screen wires. This calibration eliminated errors resulting
from refraction by the xenon and the sapphire window. An-
other calibration, using an external test target, corrected a 2%
aspect ratio error in the recorded images. Displacements

TABLE II. Coefficients for fits of Eq. �20a� and �20b� to the magnitude and phase of the force ratio C�.
The CFD values were fit to the data shown in Fig. 10 in the range �̇��250. The measured data were fit to
the data shown in Figs. 1, 16, and 18. The measured values of �arg and �arg at 1 Hz are excluded from the
averages.

CFD f �Hz� �mag �mag �arg �arg

1 0.452	0.008 0.0100	0.0002 0.050	0.001 0.00156	0.00003

3 0.427	0.009 0.0131	0.0005 0.036	0.001 0.00155	0.00004

5 0.454	0.021 0.0119	0.0010 0.026	0.004 0.00115	0.00020

Average 0.444	0.009 0.0117	0.0009 0.037	0.007 0.00142	0.00013

Measured f �Hz� �mag �mag �arg �arg

Run 2 5 0.097	0.008 0.0172	0.0017 0.145	0.010 0.0125	0.0008

Run 3 1 0.127	0.004 0.0216	0.0011 �0.099	0.007� �0.0677	0.0092�
3 0.096	0.002 0.0238	0.0010 0.175	0.005 0.0104	0.0004

5 0.061	0.005 0.0294	0.0034 0.149	0.011 0.0117	0.0007

Run 4 2 0.104	0.004 0.0245	0.0014 0.141	0.008 0.0114	0.0008

3 0.089	0.004 0.0271	0.0019 0.158	0.006 0.0102	0.0005

Average 0.096	0.087 0.0239	0.0017 0.154	0.006 0.0112	0.0004
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FIG. 10. �Color online� CFD and measured results for the mag-
nitude and phase of the shear-thinning force ratio defined by Eq.
�19�. The data are normalized by the force expected in the absence
of shear thinning, and the deviations from the values at �̇��1 in-
dicate shear thinning. �The data are from all of the runs and fre-
quencies listed in Table II, with the exception of the measured 1-Hz
phase data, which had unexpected noise.� The CFD calculations
used a circular cross section that differed from that of the screen
wire, and they assumed that viscoelasticity canceled out of the force
ratio. The solid lines are fits of Eq. �20a� and �20b� to the 3-Hz CFD
results at �̇��250.
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measured over the full range of drive voltages yielded the
derivative used in Eq. �13�, dxtip /dVout= �53.1	1.2� �m /V.
The image resolution dominated the uncertainty of this re-
sult.

B. Temperature timeline

In orbit, the xenon sample did not have time to equilibrate
fully at the smallest reduced temperatures because of critical
slowing down. As in CVX, we programmed the temperature
as a function of time �the “temperature timeline” T�t�� to
ensure that temperature gradients remaining within the xenon
caused negligibly small deviations of the local density from
the critical density 
c. The timeline guaranteed that the local
density of the xenon surrounding the oscillator remained
within 0.15% of the xenon’s average density. The viscometer
was not affected by the larger “piston-effect” �42–46� density
increases that formed close to the cell wall and far from the
oscillator as the xenon was cooled from its boundaries.

The timeline’s two-part strategy was similar to that used
during CVX. �See �3� for a longer discussion.� Far from Tc,
the temperature was changed by large, rapid steps, which
caused large, temporary inhomogeneities in the sample. Each
step was followed by a waiting period that exceeded the
xenon’s equilibration time constant and permitted density in-
homogeneities to decay. Close to Tc, the xenon’s temperature
was changed without waiting for equilibrium. However, the
density remained within 0.3% of 
c, a tolerance sufficient for
the viscosity measurements. The 16-day timeline used by
CVX-2 is outlined in Table III and sketched in Fig. 11.

C. Oscillation sequences

During each of the slow runs through Tc the oscillator was
periodically driven through a cycle of measurements that in-
cluded one small drive amplitude and two or three large am-
plitudes. Table I lists the maximum shear rates associated
with these amplitudes. Each run also included a few mea-
surements at 0.5 Hz.

Each measurement comprised 32 s of data collection fol-
lowed by 32 s during which the data were processed, stored,
and transmitted to ground. The oscillator was driven at only
one frequency at a time. If a chirp had been used �as in
CVX�, nonlinearity from hydrodynamics or shear thinning
would have mixed frequencies. The time, temperature, and

the functions G�f� �Eq. �22�� and V̂in�f� were stored.
We conducted 2, 4, or 10 measurement cycles during each

90-min orbit. The measurements were synchronized with the
orbit and averaged in pairs to reduce artifacts in the data
synchronized with the space shuttle’s orbit. During the 1997
CVX experiment, we observed such artifacts, which we at-
tributed to the galactic cosmic-ray flux present at high lati-
tudes �47� interacting with the capacitors used to detect the
screen’s position. No artifact was detected during the CVX-2
flight, perhaps because the orbital inclination of the 2003
mission was lower.

VI. REDUCTION OF THE EXPERIMENTAL DATA

The qualitative signature of shear thinning near Tc was a
nonlinear dependence of the drag force F as a function of the

TABLE III. Outline of the 16 day temperature timeline.

Day Operation Purpose

0–1 Cool to Tc+1 K and then Tc+100 mK
with lengthy pauses at both temperatures

Equilibrate the sample

2 Fast run through Tc�−1 �K /s�
Drive oscillator with a low-amplitude frequency
chirp spanning 0.06–25 Hz

Locate Tc to within 0.1 mK on the cell’s
thermometer

3 Warm to Tc+100 mK, pause, cool to Tc+3 mK Equilibrate the sample

4–5 Slow run through Tc�−0.025 �K /s�
Drive oscillator at large amplitudes at 5 Hz

Measure shear thinning at 5 Hz

6–14 Three more slow runs through Tc,
each preceded by equilibration at Tc+100 mK

Measure shear thinning at other frequencies

15 Warm to Tc+5 K and pause for 12 h Obtain calibration data far from Tc

FIG. 11. The cell temperature during Space Shuttle mission
STS-107. The first run, at the indicated ramp rate of −1 �K /s,
located Tc to within 0.1 mK on the cell’s thermometer. Later runs
through Tc=16.577 °C used slower ramp rates. Each run was pre-
ceded by an equilibration at Tc+100 mK.
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oscillator’s amplitude x0; the drag decreased as the amplitude
increased. However, this signature was superimposed on an
increase in the drag due to the convective term of the Navier-
Stokes equation �
�v ·��v�, which is not related to critical
fluctuations. Therefore, we measured just the convective
contribution to F in the Newtonian fluid far from Tc and
extrapolated its value into the non-Newtonian region near Tc.
Dividing each non-Newtonian value of F by the extrapolated
Newtonian value removed the Navier-Stokes nonlinearity
and its noncritical dependence on x0. Additional measure-
ments made at a small amplitude xsmall were used to remove
the effect of viscoelasticity and its dependence on f . In this
section we discuss the steps used to separate the effect of
shear thinning from these other effects.

A. Data averaging

During the mission, the apparatus recorded 370 h of data,
of which 85% were downlinked for real-time analysis. For-
tunately, the hard disk drive was recovered from Columbia’s
debris in a condition that made 99% of the data available for
analysis.

Within each measurement cycle, data taken at the same
frequency and drive amplitude were averaged together. The
recorded temperature was the average temperature during the
acquisition of the small-amplitude data. The larger-amplitude
data were taken later during the measurement cycle; their
temperatures were interpolated between the temperatures of
the two adjacent small-amplitude data sets.

B. Oscillator response

At small angular amplitudes �0, the oscillator response is
�3�

G�f� �
�̂�f�

N̂�f�
=

1

k
�1 − � f

f0
	2

+ i� 



s
	� f

f0
	2

B�R

�
	−1

.

�22�

Here k is the oscillator’s torsion spring constant and f0 is its
resonance frequency in vacuum, both of which were cor-
rected for electrostatic spring softening as described in Sec.
III B. �For clarity, Eq. �22� does not show the frequency-
dependent corrections that account for the gain and phase
shifts due to anelasticity of the torsion spring and the elec-
tronic transfer function of the drive and detection circuits
�3�.� The oscillator’s effective density is 
s=
l /�R2, where

l is the wire’s measured linear density. The definition of 
s
assumes that the wire’s cross section is circular, unlike an
actual wire of the oscillator �see Fig. 7�. However, the size
and shape of the assumed cross section are unimportant be-
cause they shift only the magnitude of the function B. Choos-
ing R=13.4 �m made the values of B�R /�� measured at
small amplitude similar to those calculated for a circular cyl-
inder of the same radius �3,5�.

In Eq. �22�, the dimensionless torque B�R /�� that charac-
terizes the entire oscillator is independent of �0, which al-
lows it to be equated with the dimensionless force B�R /��
that characterizes a single cylinder in Eq. �15�. For large

amplitudes, however, the oscillator torque is no longer pro-
portional to �0, and the following generalization is required:

B�R

�
	 ⇒ Bosc�R

�
,�0	 �

3

rtip
�

0

rtip

B�R

�
	C��0r

�
,
R

�
	� r

rtip
	2

dr .

�23�

The oscillator response thus becomes a function of �0 as well
as R /�, and Eq. �22� generalizes to

G�f ,�0� �
�̂�f�

N̂�f�

=
1

k
�1 − � f

f0
	2

+ i� 



S
	� f

f0
	2

Bosc�R

�
,�0	−1

. �24�

Reference �5� gives more details.

C. Force on the tip wire

The torque on the oscillator comprised the torques of the
screen’s individual wires, each of which moved at a speed-
that was proportional to its distance from the torsion axis.
For simplicity, we converted the measured response of the
oscillator into the response of the wire located at the oscilla-
tor tip. Its displacement was

xtip�t� = x0 cos��t� � �0rtip cos��t� . �25�

The conversion allowed comparisons of the measurements
with the CFD numerical calculations of the force on a single
wire �5�. The conversion required the following four steps.

�i� Obtain the dimensionless torque Bosc from the oscilla-
tor response G. Equation �24� was solved to convert the
measured response G�f ,�0� into Bosc�R /� ,�0�, which de-
scribes the hydrodynamics of the entire oscillator. �Nonlin-
earity of the capacitive drive and detection required a correc-
tion that did not exceed 1.5% of �G�.� This step separated the
hydrodynamic force from the effects of the nickel oscillator’s
inertia and torsion spring.

�ii� Normalize the nonlinear response of the oscillator by
its linear response. The value of Bosc was normalized by its
value at small amplitude to obtain the quantity

Bosc� �R

�
,�0	 �

Bosc�R/�,�0�
B�R/��

�
Bosc�R/�,�0�

Bosc�R/�,�small�
. �26�

The linear response B of a single wire �Eq. �15�� is approxi-
mated here by the experimental value Bosc for the entire os-
cillator measured at the smallest amplitude �small. This ap-
proximation was accurate because �small always
corresponded to x0 /��0.1. This step removed the tempera-
ture dependence of the Newtonian viscosity without relying
on a detailed model of the oscillator. It also removed the
effect of viscoelasticity �except for the part discussed below
in Step 4�.

�iii� Obtain the nonlinear response C of the tip wire. The
response of the tip wire, normalized by its response at small
amplitude, was obtained from the measured quantities �0,
Bosc� , and the derivative of Bosc� with respect to �0 by use of
the expression

SHEAR THINNING NEAR THE CRITICAL POINT OF XENON PHYSICAL REVIEW E 77, 041116 �2008�

041116-11



C�R

�
,
x0

�
	 = Btip� �R

�
,�0	

= Bosc� �R

�
,�0	 +

�0

3
� d

d�0
Bosc� �R

�
,�0	 . �27�

Equation �27� is derived in Ref. �5�.
Figure 12 plots the nonlinear response C as a function of

the reduced oscillation amplitude x0 /�. Shear thinning close
to the critical point caused C to deviate from the Newtonian
behavior expected from both ground measurements and nu-
merical calculations. The deviations were separated from the
Newtonian behavior by fitting the Newtonian data, in the
range from 10 to 100 mK above Tc, to the same functional
form that described the CFD calculations.

�iv� Separate the effect of shear thinning from the other
nonlinearities. Far from the critical point, the function C
depends only on the dimensionless arguments x0 /� and R /�.

Close to the critical point, C also depends on the reduced
shear rate �̇�. As was done for the CFD analysis, we used
Eq. �19�, which assumes that the dependences of C on x0 /�
and �̇� can be described as the product of C��̇�=0� and a
function C���̇�� that depends only on the reduced shear rate
�̇�. Far from Tc, shear thinning is negligible, and C��0�=1.

The denominator in Eq. �19�, C�R /� ,x0 /� ,0�, was ob-
tained in three steps.

�1� C was measured at the same frequency but at tempera-
tures far from Tc, so that ���1. There the viscosity was
smaller and purely real.

�2� We estimated the value of C at the desired value of
x0 /�. The functional form that described the CFD
calculations was fit to Newtonian data in the range 10 mK
�T−Tc�100 mK and then extrapolated to values of x0 /�
for temperatures closer to Tc. The dashed line on Fig. 12 is
an example of the extrapolation.

�3� We accounted for interaction of viscoelasticity with
the oscillator’s nonlinear hydrodynamic response by gener-
alizing the viscous penetration length � to a complex number
��. The value of C for complex x0 /�� was obtained as fol-
lows:

C� x0

��
,
R

�
,0	

C� x0

�
,
R

�
,0	 � 1 +

1

C

dC

d�
����� − ��0��

� 1 +
�x0/��

2C

dC

d�x0/���1 −
����
��0� 	 . �28�

The complex viscoelasticity ratio ���� /��0� was obtained
from previous measurements �3�, and the value and deriva-
tive of C were obtained from ground measurements �5�. �The
derivative of C with respect to R /� was neglected.�
At Tc+0.1 mK, corrections due to Eq. �28� were as large as
0.006 in relative magnitude and 0.006 rad in phase.
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FIG. 12. �Color online� Magnitude and phase of the nonlinear
response C at 3 Hz as a function of the reduced oscillation
amplitude x0 /�. The points are experimental data for two drive
amplitudes. The solid lines are fits to CFD Newtonian data; their
offsets from the experimental data in the Newtonian range
�10 mK�T−Tc�100 mK� are due to the circular cross section of
the CFD oscillator. �a� The dashed line is a fit to the 249 s−1 ex-
perimental data in the Newtonian range. The fit was extrapolated to
x0 /�=0 by using the same functional form that was fit to the CFD
data. Deviations from the extrapolation are due to non-Newtonian
behavior close to Tc. �b� Similar deviations were seen in the phase
data.
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Appendix C lists averaged values of the magnitude and
phase of C�.

VII. RESULTS

A. Sample and oscillator stability

Figure 13 demonstrates the stability of the sample and
oscillator by comparing results from CVX-2 in 2003 with
those from CVX in 1997. The results are in good agreement
after adjusting the CVX data vertically by 2.7 mrad and hori-
zontally by 5.9 mK. The phase shift is consistent with that
seen in ground tests made in 2000, and the temperature ad-
justment accounts for a plausible thermistor drift during the
intervening 5 years. This and similar comparisons of magni-
tude and phase at other frequencies indicated the absence of
a significant change caused by, for example, mechanical
shock or a xenon leak.

B. Determination of Tc

The critical temperature Tc was determined by fitting
the following empirical function to the magnitude of the

dimensionless torque Bosc in a narrow range of temperatures
near Tc:

�Bosc����
�Bosc�0��

= 1 − a��c�1 − e−d���, �29�

where ���T−Tc� /Tc and

�� � � � + �� , � + �� � 0,

− b�� + ��� , � + �� � 0.
�

The parameter �� accounted for the difference between the
fitted Tc and a nominal initial value. The temperature scale
factor b accounted for the asymmetry evident in Fig. 13; it
was frequency dependent, perhaps because of viscoelasticity
or shear thinning. When fitting Eq. �29�, we reduced the
frequency dependence by excluding data above a threshold
�99% of the peak value�. The fitted values of Tc were not
sensitive to either the threshold or the fitted range of tem-
perature.

During the flight, the fitted values of Tc changed by
−13 �K /day, as determined from the smallest oscillation
amplitudes. A linear function of time fit these values of Tc
�runs 2–5� within 2 �K. This small time dependence was
almost certainly due to thermometry drift because the post-
flight measurement of the liquid-vapor meniscus had ruled
out a significant sample leak.

The values of Tc determined from the largest oscillation
amplitudes ��̇�440 s−1� also changed by −13 �K /day;
however, the fitted values were approximately 40 �K lower.
Based on the discussion in Sec. II B, we neglected that tem-
perature difference and assumed that Tc depended on time
but not shear rate. We also note that the observed Tc shift of
−40 �K was much smaller than the Tc shift predicted by Eq.
�6�, specifically Tc�440 s−1�−Tc�0�=−350 �K.

C. Viscosity of phase-separating xenon

Remarkably, to within the temperature scale factor b, the
data are symmetric about Tc. Figure 14�a� demonstrates that
symmetry by translating the magnitude data below Tc by the
amount �T= �1+b��Tc−T�−a. �We defined a�0 for the
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FIG. 14. �a� The magnitude of the reduced hydrodynamic force
on the oscillator at 3 Hz for three shear rates. Translating the data
below Tc by the amount �T �see text� causes them to lie on the data
above Tc; the horizontal arrow indicates an example. The vertical
dashed line indicates Tc determined by fitting Eq. �29� to the 15-s−1

data. �b� Superposed data from runs at different cooling rates. Simi-
lar agreement was seen at the smaller shear rates.
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the 8-Hz data, the fit uncertainties are comparable to the point size.
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lowest shear rate.� The translated data lie on the data above
Tc for all three shear rates, which suggests that the rheology
of the phase-separating xenon was similar to that of the
single-phase xenon.

Figure 14�b� shows data from two runs with cooling rates
that differed by a factor of 2. After adjusting for the ther-
mometry drift, the data from these runs could be superim-
posed to temperatures as low as Tc−0.5 mK. Similar agree-
ment occurred at the other two shear rates and in the phase as
well as the magnitude. This history independence suggests
that cooling below Tc created a liquid-vapor “emulsion” that
behaved as a single fluid for as long as 5 h.

We estimated the value of b expected in the absence of
surface tension by assuming that the viscosity depended only
on the correlation length �. The dependence of � on the re-
duced temperature � is �+�−� above Tc and �−���−� below Tc,
where �=0.63 is the critical exponent and the amplitude
ratio �+ /�−=1.96	0.01 is well known from theory �48�.
Equating the viscosities above and below Tc, specifically
�+���=�−�−b��, leads to

b = ��+/�−�1/� = 2.91 	 0.02. �30�

This estimate of b is compared to the experimental values in
Fig. 15. The values fitted to the magnitude of Bosc disagree
with those fitted to the phase of Bosc as well as with the value
estimated in the absence of surface tension. This disagree-

ment suggests that surface tension affected the apparent vis-
cosity below Tc. Further analysis is needed to compare the
experimental data to Onuki’s theory for viscosity enhance-
ment by domains in the phase-separating fluid �49�.

D. Qualitative evidence for shear thinning

Figure 16 plots data for the force ratio C���̇�� measured at
1, 3, and 5 Hz �run 3�. The 8-Hz data are not shown because
they had a poor signal-to-noise ratio. �The 12-Hz data of run
5 were not plotted for the same reason.� As with the data of
Fig. 1, the magnitude data scale with reduced shear rate even
though the frequency varies by a factor of 5 and the shear
rate varies by a factor of 4. The phase data demonstrate
similar scaling, except that the 1-Hz data are displaced, per-
haps due to a problem in subtracting the nonlinear back-
ground.

Figures 1, 10, 16, and 18 display qualitative evidence for
near-critical shear thinning. The data for the force ratio C�

scale better with reduced shear rate than with reduced tem-
perature � or reduced frequency ��, and they agree qualita-
tively with the CFD calculations of C� based on the Carreau-
Yasuda relation. The CFD calculations predicted that shear
thinning would cause the magnitude to decrease and the
phase to increase. The measured results are described by the
same empirical form, Eq. �20a� and �20b�, used to describe
the CFD results. However, as shown in Fig. 10, the quanti-
tative disagreement is substantial. At �̇�=1000, for example,
the calculated magnitude decrease is 3 times larger than the
measured decrease.

It is unlikely that the quantitative disagreement with the
CFD calculations resulted from either the wire’s noncircular
cross section or from an error in the data reduction. In the
absence of shear thinning we found only small disagree-
ments between the CFD values and the measured values of
C�R /� ,x0� �5�. Instead, we hypothesize that Eq. �10� is an
inadequate constitutive relation for near-critical fluids. The
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FIG. 16. �Color online� Magnitude and phase of the hydrody-
namic force on the tip wire of the viscometer at several shear rates.
The data �run 3� are normalized by the force expected in the ab-
sence of shear thinning. �See Eq. �19�.� The reference curves were
fit to the 3-Hz data in Fig. 1 �run 4�.
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FIG. 17. Calculated effect of normal stress on a circular cylinder
oscillating in a near-critical fluid. The oscillation amplitudes x0 are
representative of those used by CVX-2, for which the maximum
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The calculated results show significant dependences on oscillation
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lack of evidence for normal stress on the oscillator, discussed
in Sec. VII E, also suggests the need for a better constitutive
relation.

E. Lack of evidence of normal stress

We considered and rejected a correction to the data that
would have accounted for normal stress on the oscillator. At
small oscillation amplitudes, the size of such a correction
would be negligible because the �radial� normal stress rr is
proportional to ��̇��2, while the shear stress is approximately
proportional to �̇�. Also, the symmetry of the shear field
would cause the contributions from the cylinder’s leading
and trailing edges to cancel. However, at large amplitudes
the size of the expected correction is larger due to the asym-
metry of the shear field. �See Fig. 9.� The shear rate is larger
on the leading edge of the cylinder than on the trailing edge,
and the unbalanced normal stresses could reduce the effect of
shear thinning.

We estimated the size of the expected correction by com-
bining Eq. �3� for the shear-thinned viscosity ratio
���̇r�� /��0�, Eq. �9� for the ratio rr /r� of normal stress to
shear stress �adapted to radial coordinates�, and the numeri-
cally calculated distribution of shear rate �̇r� on the surface
of a circular cylinder. Figure 17 plots the resulting force ratio

Fnormal

Fshear
=

�
0

2� rr

r�

�̇r� cos���d�

�
0

2� ���̇�
��0�

�̇r� sin���d�

, �31�

as a function of reduced shear rate for two representative
frequencies and oscillation amplitudes. Here Fnormal is the
drag on the cylinder due to the asymmetric distribution of
normal stress. Comparing Figs. 16 and 17 shows that the
estimated drag is as much as 3 times that due to shear thin-
ning and it depends on frequency and amplitude as well as
reduced shear rate. In contrast, the measured data show no
such dependences. Therefore, we rejected any correction for
normal stress on the oscillator. Further theoretical work and
more direct experimental measurements are needed to clarify
the surprising absence of effects due to normal stress in
xenon.

F. Constitutive relation at large reduced frequency

Figures 1 and 16 do not include data that violate the con-
dition

����2 � �̇� �32�

because those data do not scale with �̇�. This cutoff condi-
tion maximizes the number of data that scale with �̇�. The
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FIG. 18. �Color online� Magnitude and phase of the normalized
hydrodynamic force �Eq. �19�� on the tip wire of the viscometer
�run 2�. The reference curves were fit to the 3-Hz data of Fig. 1. The
open points, which deviate from the scaling with �̇�, are those for
which ����2��̇�.
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only justification for using Eq. �32� instead of the simpler
cutoff ���1 suggested by Eq. �11� is empirical. For the
CVX-2 measurement conditions, Eq. �32� is approximately
equivalent to ���x0 /R; therefore, it is possible that the de-
viations at large ����2 were caused by hydrodynamic phe-
nomena instead of a failure of the constitutive relation.

Figure 18 shows the deviations associated with large re-
duced frequency by including all values of C���̇�� �run 2�.
�For clarity, similar deviations that depended on frequency as
well as oscillation amplitude were excluded by Eq. �32� from
Figs. 1 and 16, which depict runs 4 and 3.� The deviations
depend on oscillation amplitude as well as reduced shear
rate, and they appear to saturate at a constant value that
depends on the dimensionless ratio � / �̇; this agrees qualita-
tively with Das and Bhattacharjee’s theoretical expression.
However, Eq. �11� also predicts that increasing the frequency
at fixed reduced shear rate will initially increase the shear
thinning, but that behavior is not seen here. Instead, increas-
ing the ratio � / �̇ only decreased the shear thinning.

G. Scale factor A�

As shown in Figs. 1, 16, and 18, the empirical functions
of Eq. �20a� and �20b� provided adequate descriptions of the
experimental data below the frequency cutoff. Table II lists
the fitted values of � and �. Figure 19 plots the fitted values
of �mag and �mag versus frequency. The measured values of
�mag are approximately 5 times smaller than the values fit to
the CFD results �Table II�. That difference likely occurred
because the constitutive relation used in the CFD calcula-
tions does not accurately describe near-critical xenon at large
shear rates.

The values of �arg that were fit to the phase data �not
shown but listed in Table II� also have little frequency de-
pendence, but are approximately 8 times larger than the val-
ues fit to the CFD calculations. There are two likely reasons
for this discrepancy. First, in contrast to C�

magFit, the form of
the phase fitting function C�

argFit is not supported by the ap-
proximate calculation of Appendix B. Second, the phase is
more sensitive to viscoelasticity errors of the assumed con-
stitutive relation.

The parameter �mag can be used to obtain a value for the
shear-rate scale factor A� because it describes the oscillator’s
behavior at smaller shear rates where the approximate forms

for the constitutive equation �Eq. �10�� and the oscillator re-
sponse �Eq. �B12�� are likely to be accurate. Figure 19 shows
that the fitted values of �mag have little frequency depen-
dence, but are larger than the values fit to the CFD results.
Accounting for the ratio between the measured and CFD
values of �mag �Table II� yields the result

A� =
��mag�measured

��mag�CFD
�A��CFD =

�0.0239�
�0.0117�

�0.067� = 0.137.

�33�

Table IV lists the relative contributions to the uncertainty of
A�, of which the more important are due to the reduced shear
rate. The total �standard� relative uncertainty is 21%, so that

A� = 0.137 	 0.029. �34�

This value, obtained at the liquid-vapor critical point of xe-
non, is approximately twice the value of 0.067 that was fit
�14� to data obtained by Hamano et al. �13� at the consolute
point of a micellar solution, but it is consistent with Oxtoby’s
mode-coupling result of 0.121.

VIII. FUTURE WORK

To date, the present experiment and its predecessor �3�
comprise the only measurements of near-critical shear thin-
ning and viscoelasticity in the same fluid. A significant im-
provement would be to measure both properties with a sim-
pler flow field—say, Couette flow—so that interpretation of
the oscillator’s response at large shear rates could be straight-
forward. Using a near-critical binary mixture would avoid
the difficulties caused by the large compressibility near the
liquid-vapor critical point on Earth.

A challenge to theory is to explain the disagreement,
shown in Fig. 10, between the CFD and experimental results
at large shear rates. This will require an improved hydrody-
namic model of the oscillator wire that includes a constitu-
tive equation that is accurate at large shear rates. A CFD
model seems necessary, although significant improvement of
the analytical model in Appendix B may be possible. A sec-
ond challenge would be to reconcile Das and Bhattacharjee’s
result for simultaneous shear thinning and viscoelasticity
with Oxtoby’s result and apply it to the present results.
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TABLE IV. Relative contributions to the standard uncertainty of
the measured value of the shear-rate scale factor A�

Component Relative
contribution

Comment

Fit of ��mag�measured 0.07 0.0017/0.0239 �Table II�
Fit of ��mag�CFD 0.08 0.0009/0.0117 �Table II�
Maximum shear rate �̇ 0.10 Difference between

experimental drag and
CFD drag �Fig. 12�

Fluctuation relaxation
time �

0.15 �0= �1.15	0.17� ps �3�

Root sum of squares 0.21
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APPENDIX A: CALCULATED SHEAR RATES

The force F per unit length on an oscillating cylinder is
the integral of stresses due to the pressure pR and the shear
rate �̇r� at the oscillator’s surface �50�. For a circular cylin-
der,

F = R�
0

2�

�pR cos��� + ���̇��̇r� sin����d� , �A1�

where � is the azimuthal angle around the cylinder. Shear
thinning makes the viscosity ���̇� depend on shear rate, but
it also influences the flow field and thus pR and �̇r�.

We equated the shear rate of the experimental oscillator
with a representation derived from CFD calculations that
were valid at large oscillation amplitudes x0. The oscillator
was modeled as a circular cylinder oscillating in a Newton-
ian fluid. The force depends only weakly on the shape of the
cross section when ��R �5�. A Newtonian fluid was used
because supplementary numerical calculations showed that
shear thinning increased the shear rate by less than 1% at
large x0.

Appendix A 1 derives an analytical estimate of the shear
rate at small oscillation amplitudes. Appendix A 2 summa-
rizes the CFD calculations, which were normalized by the
analytical estimate.

1. Analytical calculation of �̇ at small amplitudes

Stokes derived the force on a circular cylinder of radius R
oscillating perpendicular to its axis at small amplitude. Stuart
�50� summarized Stokes’ derivation in modern nomenclature.
The dimensionless force is

Bcyl�R

�
	 = i�1 +

4K1�kR�
kRK0�kR� , �A2�

where k��1+ i� /�, and Kn is the modified Bessel function of
order n. Here we use the velocity field from Stokes’ deriva-
tion to calculate the shear rate at the surface of the cylinder.

For a cylinder oscillating with velocity v�t�=Re�v0ei�t�,
the radial and azimuthal velocities in cylindrical coordinates
are, respectively,

vr =
1

r

��

��
=

1

r
�A

r
+ BK1�kr�cos���ei�t �A3�

and

v� =
��

�r
=

1

r
�A

r
+ BK1�kr� + BkrK0�kr�sin���ei�t,

�A4�

where � is the stream function and �=0 is defined by the
direction of oscillation. The no-slip boundary condition on
the cylinder determines the constants A and B:

A = R2v0�1 +
2

kR

K1�kR�
K0�kR�, B = −

2v0

kK0�kR�
. �A5�

At r=R, the diagonal components of the rate-of-strain ten-
sor disappear:

��̇rr�r=R = 2� �vr

�r
�

r=R

= 0,

��̇���r=R = 2�1

r

�v�

��
+

vr

r
�

r=R
= 0. �A6�

The off-diagonal component is

��̇r��r=R = �r
�

�r
�v�

r
	 +

1

r
� �vr

��
	�

r=R

= − ��4A

r
+ �4 + �kr�2�BK1�kr�

+ 2BkrK0�kr� sin���ei�t

r2 �
r=R

= 2
v0

R
kR

K1�kR�
K0�kR�

sin���ei�t, �A7�
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FIG. 20. Numerically calculated maximum shear rates at the
surface of a transversely oscillating cylinder. �a� Shear rates normal-
ized by �x0 /R as a function of the reduced amplitude �x0 /��. �b�
Shear rates normalized by the analytical function ��x0 /R�f��R /��
as a function of the single variable �x0 /��g�R /��.
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which equals v0 /R times a function of R /�. Defining the
shear rate as the magnitude of the rate-of-strain tensor �18�
gives

�̇��,t� � �1

2
��̇rr

2 + �̇��
2 + �̇r�

2 + �̇�r
2 �

r=R

1/2
= ��̇r�

2 �r=R
1/2 .

�A8�

Using v0= i�x0 then gives

�̇small��,t� =
�x0

R
f��R

�
	�sin�����sin��t + ���� , �A9�

where

f��R

�
	exp�i��� � 2kR

K1�kR�
K0�kR�

. �A10�

The phase �� depends on R /�, but that dependence is weak
in the range 0.06�R /��0.38 used by CVX-2. To a suffi-
cient approximation,

f��R/�� � a + b�R/�� + c�R/��2,

���R/�� � ��0, �A11�

where a=0.525, b=3.387, c=−1.755, and ��0=−0.40 rad.

2. CFD calculation of �̇ at large amplitudes

CFD calculations for Newtonian xenon showed that large
oscillation amplitudes increased the shear rate above the
small-amplitude result of Eq. �A9�. Figure 20 shows that
increase by plotting normalized values of the maximum
shear rate �̇max as a function of reduced oscillation ampli-
tude. We define �̇max� �̇��max,� /2�, where �max is the loca-
tion of the largest shear rate at time �t=� /2. �The largest
shear rate, which occurs at time �t=� /2−��, is only a few
percent larger.�

Large oscillation amplitudes also shifted �max away from
the value � /2 predicted by Eq. �A9�. However, for the
CVX-2 frequencies and amplitudes, the shift did not exceed
25° and the ratio �̇��max,� /2� / �̇�� /2,� /2� did not exceed
1.15.

In general, the ratio �̇max / �̇small is a function of the two
variables x0 /� and R /�; however, we could describe the
maximum shear rate by a function of the single variable
x0g�R /�� as follows:

�̇max �
�x0

R
f��R

�
	D� x0

�
g�R

�
	 . �A12�

The empirical functions in Eq. �A12� are

g�x� = �1 +
0.08

x
−1

, D�x� = 1 + �1.58

x1/2 +
5.95

x2  .

�A13�

For CVX-2, the reduced amplitude was x0 /��4; thus, Fig.
20�b� shows that Eq. �A12� is a good description of the
maximum shear rate for CVX-2.

APPENDIX B: ANALYTICAL ESTIMATE
OF THE REDUCTION OF FORCE ON

AN OSCILLATING CIRCULAR CYLINDER
DUE TO WEAK SHEAR THINNING

The weakness of shear thinning near the critical point
allows useful approximations in the descriptions of the shear
field and the dependence of viscosity on shear rate. The ap-
proximations allow an analytical estimate of the decrease of
the force that opposes the transverse oscillations of a circular
cylinder. We make the following three assumptions.

�i� Stokes’ solution for small oscillations in a Newtonian
fluid describes the shear field.

�ii� The Carreau-Yasuda relation, Eq. �3�, describes the
shear thinning.

�iii� There is no viscoelasticity.
For the cylinder shown in Fig. 21 and moving with veloc-

ity v�t�=v0 cos��t�, the hydrodynamic force per unit length
F exerted on the cylinder is �50�

F = R�
0

2�

�prr cos � − pr� sin ��d�

= R�
0

2� ��2�� �vr

�r
	

R

− pRcos �

− ���̇��r
�

�r
� �v�

�r
	 +

1

r

�vr

��
sin ��d�

= − R�
0

2� �pR cos � − ���̇�r
�

�r
� �v�

�r
	sin ��d� .

�B1�

Here pR is the pressure and prr and pr� are the stresses at the
cylinder surface, r=R. The radial shear rate there is �vr /�r
=0, so the only effect of shear thinning is through the vis-
cosity factor ���̇� that multiplies the transverse shear rate
�v� /�r.

The first assumption allows the use of Eq. �A9� of Appen-
dix A, so that

�̇��,t� =
v0

R
f��R

�
	sin � cos��t + ��� � �̇0 sin � cos��t�� ,

�B2�

cylinder
direction
of motion

θ

r

R

FIG. 21. Coordinates for the transversely oscillating cylinder.
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where �t���t+�� and �̇0��v0 /R�f��R /��. The second as-
sumption, when combined with the small value of the critical
exponent for viscosity x�, allows the shear thinning to be
approximated as

��0� − ���̇�
��0�

=
��0� − ��0��1 + A���̇���−p

��0�
� p ln�1 + A���̇��� ,

�B3�

where p�x� / �3+x���0.022.
Substituting Eqs. �B2� and �B3� into Eq. �B1� expresses

the force reduction �F as an integral around the perimeter of
the cylinder:

�F � F�0� − F��̇�

= − R��0��
0

2� ���0� − ���̇��,t��
��0�

	�̇��,t�sin � d�

� − R��0��
0

2�

p ln�1 + A��̇0��sin ���cos��t����

��̇0 sin � sin � cos��t��d�

= − R��0��
0

2�

p�̇0�sin ��2�a1���cos��t��

+ a3���cos�3�t�� + ¯ d�� . �B4�

The last line of Eq. �B4� decomposes the time dependence of
�F into a Fourier sum that has only odd harmonics. The
experimental quantity of most interest is the coefficient for
the driving frequency,

a1��� =
2

�
�

−�/2

+�/2

ln�1 + A�cos x���cos x�2dx , �B5�

where x��t� and A�A��̇0��sin ���20. Evaluating a1 in the
limits of large and small reduced shear rate yields

a1��� = �ln� e1/2

2
A	 , A cos x � 1,

8

3�
A , A cos x � 1.� �B6�

The following simple approximation is accurate to within
	3% for all values of A cos�x�:

a1��� � ln�1 +
e1/2

2
A	 . �B7�

Substituting Eq. �B7� into Eq. �B4� yields the force reduction
at the driving frequency:

�F = − p�̇0 cos��t��R��0��
0

2�

ln�1 +
e1/2

2
A	�sin ��2d� .

�B8�

Rewriting the integral in terms of cos � gives Eq. �B8� the
same form as Eq. �B5�. Solving it with the same approxima-
tion yields

�F � − �Rp�̇0 cos��t����0�ln�1 +
e

4
A��̇0�	

� − �R�̇0����e/4��̇0�cos��t�� , �B9�

where ���x����x�−��0�.
Now we compare the force reduction �F to the force F in

the absence of shear thinning. Stokes’ solution in modern
nomenclature is �50�

F = − i�
�R2v0ei�t�1 +
4K1�kR�

kRK0�kR�
= − �R�ei�t�v0

R
�kR�2 + 2��̇0ei���

� − 2�R��̇0ei��ei�t, �B10�

where k��1+ i� /� and Kn is the modified Bessel function of
order n.

The first term of Eq. �B10� represents periodic accelera-
tion of the fluid displaced by the wire, and the second term
represents viscous drag and inertia. For the conditions of the
CVX-2 experiment, we ignored the second term because its
magnitude is more than 20 times smaller than the magnitude
of the second term. Expressing Eq. �B9� in complex notation
and dividing it by Eq. �B10� gives the relative reduction of
the force due to shear thinning:

�F

F
�

− �R����e/4��̇0�ei��ei�t

− 2�R��0��̇0ei��ei�t =
1

2

����e/4��̇0�
��0�

.

�B11�

The function fit to the magnitude data, Eq. �20a� and �20b�,
was obtained from Eq. �B11� by replacing the factors 1/2

TABLE V. Standard uncertainties of the data tables.

Quantity Uncertainty Method

T−Tc 2 �K Time dependence of Tc �Sec. VII B�
Maximum shear rate 10% Difference between experimental drag

and CFD drag �Fig. 12�
Fluctuation relaxation time 15% �0= �1.15	0.17� ps �3�

mag�C�� 0.002 Difference due to alternate extrapolation

arg�C�� 0.002 rad Difference due to alternate extrapolation

SHEAR THINNING NEAR THE CRITICAL POINT OF XENON PHYSICAL REVIEW E 77, 041116 �2008�

041116-19



and A��e /4� with the free parameters �mag and �mag /�mag as
follows:

F − �F

F
= 1 −

1

2

����e/4��̇0�
��0�

= 1 −
1

2
�1 − �1 + A��e/4���̇0���−p�

→ 1 − �mag�1 − �1 + ��mag/�mag���̇0���−p� .

�B12�

APPENDIX C: DATA TABLES

Table V gives the uncertainties of the data. The most im-
portant uncertainty was introduced by the function used to
extrapolate the denominator of Eq. �19� from the Newtonian
range to the shear-thinning range �step �iv� of Sec. VI C�.
The function had the same form as the one that described the
CFD Newtonian calculations. To estimate the uncertainty
due to the function’s form, we replaced it with a simpler,

linear function of x0 /� and calculated the change of the ex-
trapolation.

With the exception of the 1-Hz phase data, the statistical
uncertainties are much smaller �0.02% for mag�C�� and
0.0002 rad for arg�C���.

Tables VI–VIII list the magnitude and phase of the re-
duced force C� �Eq. �28�� as functions of the reduced shear
rate �̇�. The tables were created by averaging the data dis-
played in the figures in groups of N points. For
T−Tc�2 mK, either N=2 �runs 2 and 3� or N=1 �run 4�.
Further from Tc, N=5 for all runs. The 8-Hz data of run 3
and the 12-Hz data of run 5 are not listed due to their poor
signal-to-noise ratio.

Each run used several drive amplitudes to achieve differ-
ent shear rates �see columns 4–7 of Table I�. In Tables
VI–VIII, the reduced shear rate associated with smallest
drive amplitude is in the column labeled �̇1� and the reduced
shear rates for the larger amplitudes are expressed
as multiples of �̇1�. For example, for the first line of
Table VI the reduced shear rate for columns 6 and 7 is
�3.08��4.5�10−4�=1.4�10−3.

TABLE VI. Run 2 �5 Hz�.

f =5 Hz �̇�= �̇1� �̇�=3.08�̇1� �̇�=11.07�̇1�

T−Tc

�mK� �� �̇1� mag�C��
arg�C��
�mrad� mag�C��

arg�C��
�mrad� mag�C��

arg�C��
�mrad�

99.270 2.9�10−4 4.5�10−4 1.0000 0.4 1.0002 0.4 1.0003 0.0

91.794 3.4�10−4 5.3�10−4 0.9996 0.4 0.9998 0.5 0.9997 0.1

61.304 8.7�10−4 1.3�10−3 0.9998 0.0 0.9999 0.0 1.0000 −0.4

49.482 1.2�10−3 1.8�10−3 1.0001 0.4 1.0001 0.4 1.0001 0.0

42.594 1.6�10−3 2.4�10−3 0.9999 0.1 0.9998 0.2 0.9998 −0.2

29.946 3.3�10−3 4.9�10−3 1.0005 0.4 1.0003 0.4 1.0003 0.0

17.265 1.1�10−2 1.6�10−2 1.0003 0.3 0.9999 0.3 0.9999 −0.1

5.347 1.8�10−1 2.5�10−1 1.0007 0.6 0.9997 0.8 0.9994 0.6

2.751 3.7�10−1 5.0�10−1 1.0004 0.7 0.9991 0.9 0.9983 1.1

2.379 5.0�10−1 6.6�10−1 1.0008 0.5 0.9994 0.8 0.9986 1.0

2.078 6.5�10−1 8.6�10−1 1.0007 0.2 0.9994 0.8 0.9984 1.1

1.881 7.9�10−1 1.0�100 1.0010 0.5 0.9997 0.9 0.9987 1.4

1.726 9.4�10−1 1.2�100 1.0013 0.5 0.9997 0.9 0.9985 1.5

1.590 1.1�100 1.4�100 1.0009 0.5 0.9994 1.0 0.9981 1.8

1.465 1.3�100 1.7�100 1.0012 0.4 0.9995 1.1 0.9980 1.9

1.355 1.5�100 2.0�100 1.0010 0.2 0.9991 1.0 0.9974 2.1

1.211 1.9�100 2.5�100 1.0004 0.8 0.9987 1.7 0.9969 2.9

1.105 2.3�100 2.9�100 1.0002 0.6 0.9981 1.5 0.9960 3.1

0.980 2.9�100 3.7�100 1.0008 0.5 0.9989 1.5 0.9966 3.4

0.852 3.8�100 4.9�100 1.0006 0.4 0.9985 1.6 0.9957 3.9

0.723 5.3�100 6.8�100 1.0007 0.7 0.9983 2.0 0.9952 5.0

0.601 7.7�100 9.8�100 1.0015 0.5 0.9991 2.1 0.9953 5.9

0.477 1.2�101 1.5�101 1.0003 0.5 0.9978 2.5 0.9936 7.2

0.341 2.5�101 3.1�101 1.0005 0.7 0.9977 3.6 0.9927 9.7

0.193 8.4�101 1.0�102 1.0003 1.0 0.9974 4.6 0.9915 12.9
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TABLE VII. Run 3 �1, 3, 5 Hz�.

f =1 Hz �̇�= �̇1� �̇�=1.89�̇1�

T−Tc

�mK� �� �̇1� mag�C��
arg�C��
�mrad� mag�C��

arg�C��
�mrad�

94.089 7.0�10−5 1.4�10−3 1.0000 0.2 1.0000 0.3

49.223 2.4�10−4 4.7�10−3 1.0001 0.4 1.0001 0.6

30.214 7.5�10−4 1.5�10−2 1.0000 0.2 1.0000 0.7

6.577 4.1�10−2 7.7�10−1 0.9997 0.8 0.9996 1.5

2.419 9.7�10−2 1.8�100 0.9993 1.8 0.9992 2.6

2.001 1.4�10−1 2.6�100 0.9992 2.5 0.9990 3.2

1.768 1.8�10−1 3.4�100 0.9990 2.4 0.9988 2.9

1.539 2.4�10−1 4.4�100 0.9991 2.1 0.9987 3.4

1.311 3.3�10−1 6.1�100 0.9987 2.1 0.9982 3.2

0.998 5.7�10−1 1.1�101 0.9984 2.1 0.9977 3.3

0.716 1.1�100 2.1�101 0.9973 3.5 0.9962 4.7

0.488 2.5�100 4.5�101 0.9959 5.2 0.9941 7.2

0.238 1.4�101 2.5�102 0.9926 9.4 0.9896 12.4

f =3 Hz �̇�= �̇1� �̇�=1.79�̇1�

93.979 2.1�10−4 3.7�10−3 1.0001 −0.1 1.0001 0.0

49.191 7.1�10−4 1.2�10−2 1.0000 −0.1 0.9999 0.0

30.151 2.3�10−3 3.8�10−2 1.0001 −0.1 1.0001 0.0

6.934 1.1�10−1 1.7�100 0.9996 0.3 0.9995 0.4

2.451 2.8�10−1 4.2�100 0.9990 0.8 0.9987 1.1

2.031 4.1�10−1 6.0�100 0.9985 1.2 0.9982 1.5

1.794 5.2�10−1 7.6�100 0.9983 1.2 0.9979 1.5

1.569 6.8�10−1 9.9�100 0.9983 1.3 0.9976 1.8

1.333 9.4�10−1 1.4�101 0.9980 1.7 0.9971 2.3

1.040 1.6�100 2.2�101 0.9975 2.1 0.9964 2.9

0.745 3.1�100 4.3�101 0.9966 3.4 0.9951 4.5

0.514 6.6�100 9.1�101 0.9950 5.6 0.9929 7.3

0.269 3.0�101 4.1�102 0.9931 9.4 0.9903 11.9

f =5 Hz �̇�= �̇1� �̇�=1.79�̇1�

93.870 3.5�10−4 3.6�10−3 1.0001 −0.3 1.0001 −0.1

48.788 1.2�10−3 1.2�10−2 0.9999 −0.3 1.0000 0.0

28.822 4.2�10−3 4.1�10−2 0.9999 −0.3 0.9998 0.0

6.205 2.0�10−1 1.8�100 0.9997 0.1 0.9995 0.6

2.414 4.9�10−1 4.2�100 0.9987 0.6 0.9983 1.4

1.969 7.2�10−1 6.2�100 0.9985 0.9 0.9980 1.7

1.735 9.3�10−1 8.0�100 0.9986 1.1 0.9979 2.0

1.504 1.2�100 1.1�101 0.9984 1.1 0.9976 2.1

1.278 1.7�100 1.5�101 0.9986 1.5 0.9977 2.7

0.953 3.1�100 2.6�101 0.9980 2.2 0.9968 3.8

0.682 6.2�100 5.1�101 0.9971 3.4 0.9954 5.4

0.458 1.4�101 1.1�102 0.9962 5.1 0.9939 8.0

0.203 1.1�102 8.5�102 0.9952 8.4 0.9924 12.5
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Erratum: Shear thinning near the critical point of xenon [Phys. Rev. E 77, 041116 (2008)]
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DOI: 10.1103/PhysRevE.79.039901 PACS number�s�: 64.60.Ht, 83.10.Gr, 83.60.Df, 83.60.Fg, 99.10.Cd

A typographical error in a formula used to generate Tables VI–VIII resulted in incorrect tabulated values for �� and �̇1� �the
second and third columns�. To obtain the correct values, multiply the original values by �T /Tc−1�0.060, where Tc

=289.727 K. For example, in Table VII the first value of �� should be corrected from 7.0�10−5 to 4.3�10−5. The error
affects only Tables VI–VIII and the example given in the last sentence of Appendix C. The figures and the analysis are correct.
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