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Abstract. A glancing-incidence interferometric test for large x-ray mirror
mandrels, using two computer-generated holograms �CGHs�, is de-
scribed. The two CGHs are used to form a double-pass glancing-
incidence system. One layout of the CGH-cavity glancing-incidence in-
terferometer is studied and factors relating to its design are analyzed. A
semianalytical expression for the phase function is derived that avoids
high-order ripple errors and improves the efficiency of the CGH pattern
generation. A system of coarse and fine fiducials for establishing the
CGH-cavity and aligning the tested mandrel is discussed. Compared
with traditional measurement devices, such as coordinate measuring
machines �CMMs� or other scanning metrology systems, the CGH-cavity
glancing-incidence interferometer can measure a mandrel surface with-
out mechanical contact, at a high spatial sampling frequency, with lower
uncertainty, and at high speed. © 2009 Society of Photo-Optical Instrumentation
Engineers. �DOI: 10.1117/1.3153303�
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Introduction

-ray optical technology finds important roles in as-
ronomy, microscopy, and lithography. For soft x-rays or
xtreme ultraviolet photons, material absorption precludes
ransmissive optics. Because the refractive index of all ma-
erials is slightly less than unity in the x-ray region, mirrors
perate by total external reflection. These two factors com-
ine to make most x-ray imaging systems grazing-incident
eflection systems. For broadband performance, the systems
end to have large F-numbers and, in combination with
razing-incidence operation, the optics tend to have large
atios of the radii of curvatures in planes parallel and or-
hogonal to the system axis. Typical designs employ very
ar off-axis �near 90 deg� conic sections �hyperboloids, pa-
aboloids, or ellipsoids�.1

Some x-ray mirror systems are nested to achieve high
hroughput and aperture efficiency. This is particularly true
or space-based systems where weight and size consider-
tions are paramount and the source is weak. These mirrors
re currently made via replication from mandrels.2–4 How-

091-3286/2009/$25.00 © 2009 SPIE
ptical Engineering 063602-
ever, standard tests for conic aspheres do not work on the
mandrel masters—the nonfocusing conjugate of the focus-
ing replicated mirrors. In addition, in the nested systems, all
the optics must come to a common focal point. This places
further demands on testing and fabrication, since surface
and geometry tests must be combined to gain the charac-
terization required to assure that all the optics are fabricated
to the same plate scale demanded by the confocality of the
nested systems.

The coordinate measuring machine �CMM� has been the
instrument of choice for mandrel characterization. Fawcett5

used a CMM with 100-nm resolution and a long trace pro-
filer �LTP�,6 a scanning differential slope-measuring instru-
ment, to determine the figure of finished mandrels after
polishing. Zhang et al.7 employed a noncontact cylindrical-
geometry CMM system for the geometric measurement of
mandrel surfaces. However, the random and systematic er-
rors of such systems make them undesirable for mandrel
characterization, particularly during mandrel polishing. In
addition, all the methods mentioned �including CMM� are
scanning methods, which result in lower spatial resolution,
long acquisition times, and concomitant stability issues.

Interferometry with CGHs, conversely, is a mature tech-
June 2009/Vol. 48�6�1
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ology with excellent spatial resolution. In addition, CGHs
an produce very complex wavefronts that are nearly im-
ossible to achieve with traditional optical elements. The
doption of CGH testing of aspheric surfaces has greatly
mproved the accuracy and efficiency of aspheres, and has
roadened the classes of aspheres that designers can em-
loy in practice.

One example, from which we draw our inspiration, is
he interferometric form measurement of cylinders pro-
osed by Dresel et al.,8 Kulawic,9 and Mantel, Lindlein,
nd Schwider.10 These authors proposed glancing-incidence
nterferometers employing two CGHs for testing cylindrical
ens surfaces and rod-like object surfaces. Their system is
hown schematically in Fig. 1.

A glancing-incidence interferometer can be used to mea-
ure the cylindrical surface without the need for a cylindri-
al reference surface, without contact, and with high spatial
delity and wavefront accuracy—all important advantages
ver other testing methods. The concept of a grazing-
ncidence interferometer, using gratings as a beamsplitter
nd beam combiner, was originally developed by Birch11

nd Hariharan12 to measure the flatness of ground surfaces.
double-pass version of an oblique-incidence interferom-

ter for flatness metrology, which was later developed by
ilson,13 is an approximate analog to the mandrel test we

escribe in this work.
We extend the ideas of Dresel et al.,8 Kulawiec,9 and

antel, Lindlein, and Schwider.10 and apply them to the
esting of mandrels for grazing-incidence x-ray mirrors. We
all this extension “CGH cavity metrology” and demon-
trate by example that it is often possible to use two CGHs
o establish a geometry independent of the optic under test
nd thereby conduct both a surface and geometry test si-
ultaneously. Such a test provides the common plate scale

eeded for multiaperture systems, like x-ray telescopes or
he increasingly common segmented primary mirrors of
arge optical telescopes.

Overview of the Problem: Mandrel Metrology
or the International X-ray Observatory �IXO� mission, one
f the possible mirror fabrication technologies is replication
ia glass slumping. The mirrors are slumped over a pre-
isely figured fused silica mandrel. The geometric and fig-
re accuracy of the mandrel needs to be about a factor of 2
etter than the desired mirror accuracy to allow for errors in
he slumping process. The mission goal for the angular res-
lution at the time of this writing is 5� half-power diameter
HPD�, which is the image space angular subtense where

Fig. 1 Glancing-incidence interferometer for testing a cylinder.
ptical Engineering 063602-
the telescope point spread function falls to 50% of its peak
value. This translates to a mirror of around 3� HPD and
thus a mandrel of about 1� to 2�.

Although modern polishing technology can produce
such a nonfocusing optic, the guiding metrology is often
inadequate. Modern coordinate measuring equipment
seems capable of measuring the geometry of the mandrel,
but the sampling is too coarse to yield the surface quality
required over the spatial frequency bandwidth required for
x-ray optics. Thus, a second metrology method is needed
for the surface quality. The registration of the two measure-
ments to the required accuracy is very difficult. Combining
the geometric and surface quality measurements into a
single test via the CGH cavity metrology method men-
tioned earlier overcomes the difficulty.

The problem addressed by the test in Fig. 1 is geometri-
cally degenerate. A cylinder can be rotated, translated, and
flipped end to end and the wavefront shape is unchanged
�see Fig. 1�. The mandrels we need to test are paraboloids
that are nearly cylinders, breaking most of this geometric
degeneracy, having only the rotational symmetry remain-
ing. This proves to be very helpful for mandrel alignment,
because the proper wavefront is produced at only one axial
position for the mandrel �see Fig. 2�.

2.1 Mandrel Metrology Example
To demonstrate the advantages of CGH cavity metrology,
we discuss here the case of the design for a specific man-
drel for the IXO mission.14 This is a demonstration project
for the mission technology development. The demonstra-
tion is a proof of concept and of reduced scale relative to
the testing of the flight optics. These differences affect the
test accuracy and are mentioned as they arise with the
higher-precision flight choice mentioned in passing.

For the mission mandrels, the analog to the Ref. 10 test
of Fig 2 would require very large �several hundred milli-
meter diameter� CGHs for the outer mirror shells. Although

Fig. 2 Conceptual illustration of CGH cavity metrology demonstrat-
ing the symmetry breaking of the cavity imposed by the mandrel.
Any movement of the mandrel other than rotation about its axis
destroys the retrace condition. �Compare with Fig. 1 for the cylinder
and its higher symmetry.�
June 2009/Vol. 48�6�2
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uch CGHs can be made,15 the substrates are too costly to
e practical and also unnecessary for the problem at hand.
n the slumping process, only a small fraction of the full
60-deg azimuthal span of the mandrel is used. For IXO’s
lass mirror technology development, this is 60 deg for the
nner mirror shells and 30 deg for the outer mirror shells.
hus, the slumping area need only extend about 10% be-
ond these boundaries, and the test need only test to these
oundaries as well. This results in the CGH substrates for
he flight test being sector shaped. To test the entire man-
rel, the mandrel can be spindle mounted and rotated and
he resulting interferograms stitched. For the demonstration
utlined here, we employ round CGH substrates given their
educed cost and greater availability. The round substrates
re not fundamental to the methodology, though they com-
romise the measurement accuracy slightly because of the
educed area testable.

First-Order Design Considerations
e began the design with some preliminary geometrical

onsiderations. The first was to develop a test geometry
uitable for a Fizeau interferometer. Several configurations
ere considered, but we settled on a double-pass retrace
eometry, as shown in Fig. 3. The system includes an in-
erferometer �only the reference flat is shown�, CGH1,
GH2, and the mandrel under test. A collimated beam from

he interferometer intersects CGH1, and the resultant dif-
racted wavefront is incident on the mandrel at angle �.
he reflected beam propagates to CGH2, is diffracted �in
ittrow� by CGH2, and then propagates along its previous
ath, arriving back at the interferometer. After the measure-
ent, the mandrel is rotated azimuthally and remeasured.
he sequence is repeated until the entire surface has been

ested.
We chose this geometry for its greater sensitivity, im-

roved pupil mapping, and best utilization of the interfer-
meter aperture. The improved pupil mapping can be rec-
gnized by comparing Figs. 1 and 3. In Fig. 1, when
iewed from the interferometer the part under test is only in
ocus over a limited area. In the reflection geometry �see
ig. 3�, however, there is a second image of the mandrel
arther from the interferometer that is the “reflection” of the

ig. 3 Schematic layout of the demonstration CGH cavity metrology
est for a mandrel. Angles and geometry are exaggerated for clarity.
ompare to Figs. 1 and 2.
ptical Engineering 063602-
mandrel seen through CGH1 and CGH2. This image is ap-
proximately in focus over the entire illuminated area of the
mandrel.

The next design step is dictated by the interferometer
aperture size or CGH size and the mandrel size. In the
demonstration, the CGH substrate diameter is about
150 mm, and the mandrel is a paraboloid with a vertex
radius of curvature of 0.3906059 mm �design value�, a
midplane diameter of 250.8 mm, and an axial clear aperture
of 275 mm. The CGH1-to-CGH2 cavity center-to-center
axial distance was set at 400 mm to allow room for tooling.
With a fixed CGH size, to gain sensitivity to mandrel posi-
tion, we want to illuminate as large an angular and axial
span as practical. This implies a larger glancing angle
�measured from the surface normal�. This, however, re-
duces the height sensitivity of the test. We settled on an
angle of 71.6 deg as a compromise between increased cone
angle sensitivity and reduced height sensitivity for a given
CGH size. This choice reduces the height sensitivity of the
test to 2 /3 that of a normal incidence test. The resulting
illumination spot on the mandrel is shown in Fig. 4.

The next consideration is throughput of the test. This is
a combination of mandrel reflectivity and CGH diffraction
efficiency. In our Fizeau interferometer, the reflectivity of
the uncoated reference flat is RTR�4%. For the test arm we
have,

T = �TTR�2 · �DCGH1�2 · �Rmandrel�2 · DCGH2, �1�

where TTR is the transmittance of the reference flat �TTR

=96% �, and DCGH1 and DCGH2 are the first-order diffrac-
tion efficiencies of CGH1 and CGH2, respectively �see Fig.
2�. Rmandrel is the reflectance of the mandrel under test, and
T is the transmittance of the entire test setup.

From Eq. �1�, the combination of DCGH1, DCGH2, and
Rmandrel needs to be high enough to approximately match
the intensity of the reference beam for best interference
contrast. This means we have to employ phase CGHs, and
the tested mandrel should be coated with a temporary re-
flective film �e.g., by galvanic deposition of a silver
coating�.16 On substitution into Eq. �1�, we have

T � �0.96�2 · �0.35�2 · �0.99�2 � 0.35 = 0.0387 = 3.87 % ,

which is a good match to the intensity of the reference
beam.

We discuss the various aspects of the CGH design next
for both CGH1 and CGH2, including the design of the
fiducials that establish the cavity geometry.

Fig. 4 Beam footprint on the mandrel under test �units: mm�.
June 2009/Vol. 48�6�3
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Computer-Generated Hologram Design

.1 Angle of Incidence Effects
ngle of incidence effects fall into three categories: surface
eight sensitivity, polarization effects, and stray light sen-
itivity. All these categories should be considered for a
igh-sensitivity test.

.1.1 Surface height sensitivity
he angle of incidence on the part affects the height sensi-

ivity as discussed before and is simply scaled by the cosine
f the angle of incidence. Thus one wishes to operate as
lose as practical to normal incidence. Other pragmatic fac-
ors, as stated before, prevent us from operating near-
ormal incidence, so the sensitivity is diminished. The
hoice of double-pass geometry, however, recovers some of
he sensitivity lost from glancing incidence. In our case, the

ig. 5 Efficiency for each polarization component, transverse elec-
ric �TE� and transverse magnetic �TM� versus the incidence angle
or CGH2 �reflection CGH�.

Fig. 6 Four cases where the stray light can res
� =0 deg, �b� � =� /2, �c� � =3� /4, and �d� �
1 2 2 2

ptical Engineering 063602-
surface height sensitivity in single pass is one-third that of
a normal incidence test, but double pass increases it to two-
thirds.

4.1.2 Polarization effects
Because the feature size of the CGHs is comparable with
the wavelength, polarization effects cannot be neglected,
especially for CGH2, because polarization effects in reflec-
tion CGHs are more significant. An appropriate tilt angle of
CGH2 should be chosen to assure polarization effects are
not significant. Figure 5 plots the efficiency for each polar-
ization versus the incidence angle for CGH2, calculated
with the PCGrate-S�X�* program.

From Fig. 5, we can see that the polarization effects are
not significant until the angle of incidence for CGH2 ex-
ceeds 10 deg from its surface normal. With the increase of
the incidence angle beyond 10 deg, the difference between
the transverse electric �TE� and transverse magnetic �TM�
becomes pronounced. Therefore, we restricted the angle of
incidence on CGH2 to less than 10 deg in the design.

4.1.3 Tilt angles of computer-generated holograms
and stray light

It is necessary to prevent stray beams from entering the
interferometer. The following four cases should be avoided.

1. Tilt angle �relative to the interferometer axis� of
CGH1 �1=0 deg, as shown in Fig. 6�a�. In this case,
the reflected rays from the front and rear surface of
CGH1 will propagate into the interferometer and re-
sult in stray fringes.

2. Tilt angle of CGH2 �2= �90 deg−�� /2. In this case,
part of the zero-order beam of CGH2 can transmit
through CGH1 and propagate into the interferometer,
as indicated by the dashed line in Fig. 6�b�. In addi-
tion, the transmitted zero-order beam of CGH1 can
be reflected by CGH2 and the tested mandrel, and
then diffracted by CGH1 and propagated into the in-
terferometer, which is shown as a double-point dash
line in Fig. 6�b�.

nwanted interfere fringes for the test setup: �a�
ere �=90 deg−�.
ult in u
=�, wh
June 2009/Vol. 48�6�4
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3. Tilt angle of CGH2 �2=3�90 deg−�� /4. This is simi-
lar to case 2. A portion of the negative first-order
beam of CGH2 can transmit through CGH1 and
propagate into the interferometer as indicated by the
bold dashed line in Fig. 6�c�. Also, the transmitted
zero-order beam of CGH1 is diffracted by CGH2 and
propagates through mandrel and CGH1 enters into
the interferometer, as shown as a bold double-point
dash line in Fig. 6�c�.

4. Tilt angle of CGH2 �2= �90 deg−��. In this case, the
diffracted beam �first order, negative first order� and
reflected beam �zero order� cannot be separated
enough in the central area of CGH2, so the negative
first-order and zero-order diffracted beams will act as
strays, as shown by the dashed line in Fig. 6�d�.

For cases 2. and 3., part of the stray light can be ob-
cured by placing an opaque screen between CGH1 and
GH2 in the appropriate position. In general, however, it is
etter to avoid these cases entirely.

.1.4 Feature size
he tilt angles of the CGHs influence the CGH feature size
eeded to generate the phase, which are derived explicitly
n Sec. 4.2.2. Figure 7 shows this relationship between the
inimum feature sizes and tilt angles of CGH1 and CGH2.
CGH1 transmits the incident collimated beam and devi-

tes the beam by 18.4 deg for the geometry chosen earlier.
he feature size of CGH1 is quite insensitive to substrate

ilt angle. For CGH2, which is used in a Littrow configu-
ation, the feature size becomes smaller when the tilt angle
elative to the interferometer decreases, because the diffrac-
ion angle increases �see Fig. 3�.

We wish to operate with larger feature sizes for two
easons. The first is that, given a constant number of bits for
he direct-write lithography process used for CGH fabrica-
ion, the relative error decreases. Secondly, for many writ-
ng methods, the write time will go down. This usually
ranslates into better accuracy because the thermal drift of
he writing platform can be better controlled.

ig. 7 Relationship between CGH tilt angle �relative to the interfer-
meter axis� and minimum feature size.
ptical Engineering 063602-
Combining the requirements of feature size, stray light,
and polarization effect, the optimum tilt angles of CGH1
and CGH2 can be determined. Given the insensitivity of
CGH1 to tilt angle, we set its tilt to 1 deg to avoid stray
light case 1. �Sec. 4.1.3�. The tilt angle of CGH2 is 10 deg
for low polarization and a practical minimum feature size.
With these angles, the approximate minimum feature sizes
of CGH1 and CGH2 are 1 and 0.88 �m, respectively.

4.2 Main Pattern Design for CGH1 and
CGH2

To fabricate CGH1 and CGH2, their phase functions must
be known. Generally, Cartesian or radial polynomials are
used to express the phase of the CGH in commercial optical
design software. The advantage of polynomials is that the
phase function is easily determined to the needed overall
accuracy from numerical computation. The disadvantage is
that there may be ripple �mid-to-high frequency� errors
when the order of the polynomial needed for obtaining an
adequate fit is high. So finding an analytical or semianalyti-
cal expression for the phase functions of CGH1 and CGH2
is desirable. Because the method of derivation is similar for
CGH1 and CGH2, we focus in this work on CGH1 and
derive a semianalytical expression of its phase function.

4.2.1 Geometry of CGH1 and mandrel
surface

The geometry of CGH1 and the mandrel surface is shown
in Fig. 8. It shows the spatial relation of the mandrel and
CGH1 plane. There are two coordinate systems, the global
coordinate system OG−XGYGZG, with its origin at the ver-
tex of mandrel, and a local coordinate system OL
−XLYLZL, with its origin OL at the central point of CGH1.
The coordinates of OL in the global system are
�0,yCGH,zCGH�. The plane XLOLYL is coincident with the
CGH1 substrate plane. The relationship between global co-
ordinates and local coordinates is given by the following
coordinate transformation,

Fig. 8 CGH1 plane and mandrel surface geometry for phase deri-
vation. See text for definitions.
June 2009/Vol. 48�6�5
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xG

yG

zG
� = �1 0 0

0 cos � − sin �

0 sin � cos �
��xL

yL

zL
� + � 0

yCGH

zCGH
� , �2�

here � is the tilt angle of the CGH1 plane relative to the
G axis of the global coordinate system. A is a point on the
GH1 plane, with global coordinates �xG

A ,yG
A ,zG

A�, B is the
ntersection point of CGH1 plane and ZG axis, with global
oordinates �0,0,zCGH−yCGH tan ��, C is the intersection
oint of line AB and the mandrel surface, S is the intersec-
ion point of the YL axis with a plane through point A per-
endicular to the YL axis, and R is the intersection point of
he ZG axis with a plane through point A perpendicular to
he ZG axis. The angle �RAB is designated ��.

From Fig. 8, we see

an �� =
yG

A · tan �

��xG
A�2 + �yG

A�2
. �3�

.2.2 Phase function model in a two-dimensional
plane

rom the schematic layout of Fig. 3, the tested ray �positive
rst diffraction order� from any point A on the CGH1 sur-
ace lies in the plane formed by point A and axis ZG, as
hown in Fig. 8. Actually, the positive first-order rays dif-
racted from any point on the line AB also lie in this plane.
ecause the mandrel surface has rotational symmetry about

ts axis ZG, we can calculate the phase function in the 2-D
lane ABE rather than in the full 3-D space, as illustrated in
ig. 9.

Figure 9 is the 2-D cross section ABE from Fig. 8. Rays
iffracted from line AC arrive at the mandrel surface with a
lancing angle �. The thick solid curve PH is an equal-
hase surface from the CGH.

The tested mandrel surface is a paraboloid, so in Fig. 9
oordinates it takes the form

=
Y�2

2r
�4�

here r is the radius of curvature at point O , the vertex.

Fig. 9 2-D cross section of CGH1 and the tested mandrel surface.
G

ptical Engineering 063602-
The coordinates of point Q on the mandrel surface
Q�y�Q ,zG

Q� are related to the coordinates of the correspond-
ing point A on the CGH1 surface through the following
expression �see the appendix in Sec. 7 for the derivation�,

�y�A =
zCGH − yCGH tan � − zG

Q + Ty�Q

T − tan ��

zG
A = zCGH − yCGH tan � + y�A tan ��

� , �5�

where

T =
− V + �V2 − 4UW

2U
, U = 	 �y�Q�2

r2 + 1
cos2 � − 1,

V = 2�y�Q�/r, and W = U + 1 −
�y�Q�2

r2 .

From Eq. �5�, we then have

�AQ� = ��y�A − y�Q�2 + �zG
A − zG

Q�21/2. �6�

Also from Fig. 9, �HQ�= �PQ� · sin � when distance �PQ� is
small enough, we have

lim
�PQ�→0

�HQ� = ds = dr · sin � = ��dy�2 + �dz�2 · sin �

= sin �� r

2z
+ 1 · dz . �7�

Thus, the distance from a point on the isophase curve H to
the corresponding point on the mandrel surface Q is

�HQ� = �
P→Q

sin �� r

2z
+ 1 · dz . �8�

From Fig. 9, the distance AH can be expressed as

�AH� = �AQ� − �HQ� = f�zG
Q, tan ��� , �9�

which is a function of the Z coordinate of point Q and angle
��.

From Eq. �5�, given a point Q�y�Q ,zG
Q� on the mandrel

surface, we have a corresponding point A�y�A ,zG
A� on the

CGH1 surface. So Eq. �9� can also be expressed as

�AH� = g�y�A, tan ��� . �10�

To determine the expression of function g, a set of value
�zG

Q� and a set of �tan ��� are chosen. From Eqs. �4� and �5�,
we can calculate the sets �y�A� and �zG

A�. Then from Eqs. �6�
and �8�, the values of �AQ� and �HQ� can be calculated.
According to Eq. �9�, we then get the set of ��AH � �. By a
2-D polynomial fitting of set ��AH � � to set �y�A�, and set
�tan ���, we obtain an approximation for �AH�,

�AH� = �
i

�
j

�i,j · �tan ���i · �y�A� j . �11�

According to Figs. 8 and 9 and Eq. �3�, we have
June 2009/Vol. 48�6�6
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�A = ��xG
A�2 + �yG

A�2, and tan �� =
yG

A · tan �

��xG
A�2 + �yG

A�2
. �12�

hen from Eqs. �2�, �11�, and �12�, we finally arrive at the
hase function of CGH1:

1�x,y� = − �AH − �tilt = �− �
i=0

m

�
j=0

n

�i,j��y cos �1

+ yCGH1�tan �1i · ��x2 + �y cos �1 + yCGH1�21/2� j−i

− y sin �1� · �2�� . �13�

	

ptical Engineering 063602-
where �x ,y� is the local coordinate of a point on the CGH1
surface, in units of millimeters. For the demonstration
setup, we chose m=n=3 and wavelength 	=0.6328
�10−3 mm. Then the values of �i,j are, in matrix form,
=�
29.6452162 mm 0.31264679 1.1567000 mm−1 − 8.5313883e − 12 mm−2

0.0016655 mm − 0.9498954 2.0929989 mm−1 − 2.3299297 mm−2

0.2760099 mm − 0.0042953 2.1995551e − 5 mm−1 − 3.7017251e − 8 mm−2

11.2454690 mm − 0.1748034 0.0008936 mm−1 − 1.5030973e − 6 mm−2
� .
his is the sought-after expression. The second term in Eq.
13� is a tilt component. In Eq. �13�, the maximum order of
and j is typically not very high, in general third order is
dequate for negligible wavefront error. This greatly re-
uces the ripple seen from the tenth-order expressions re-
uired for a standard x-y polynomial in the CGH plane for
comparable rms error.
The methodology employed for solving the phase func-

ion for CGH2 is similar, except there is no tilt phase com-
onent because rays will be diffracted and propagate back
long the incident direction �Littrow geometry assumed.�
nder this assumed geometry, the semianalytical expres-

ion of the phase function of CGH2 equals:
�2�x,y� = 2 · �− �
i=0

m

�
j=0

n

�i,j��y cos �2 + yCGH2�tan �2�i

����x2 + �y cos �2 + yCGH2�21/2� j−i� ·
2�

	
, �14�

where �x ,y� is the local coordinate of a point on the CGH2
surface, in units of millimeters. For the demonstration
setup, with m=n=3,
=�
11.9137322 mm 0.3185599 1.0000855 mm−1 1.5727386e − 11 mm−2

0.00216867 mm − 0.9479249 1.3214069e − 7 mm−1 − 1.4634755e − 10 mm−2

− 0.0003151 mm − 0.0000140 1.2286619e − 7 mm−1 4.8776761e − 10 mm−2

0.0003203 mm − 0.0000990 1.0622771e − 6 mm−1 4.1167531e − 9 mm−2
� .
Fiducials and Tolerances
iducials are used to establish the cavity geometry. They
erve as guides to eliminate all the degrees of freedom of
ovement between the two CGHs and are an essential el-

ment of the method. We plan to also make some fiducials
n the mandrel to aid stitching, but this is not discussed
ere.

.1 Design of the Alignment Fiducials
here are four types of fiducials encoded into our CGHs in
ddition to the main pattern �see Fig. 10�: fine alignment
fiducials for CGH1 to CGH2; rough alignment fiducials for
CGH1 to CGH2; alignment fiducials for CGH1 to the in-
terferometer; and alignment fiducials for CGH1 to the man-
drel. In this section, we discuss the alignment fiducials for
CGH1 to CGH2, which establish the cavity and are a
unique feature of the CGH cavity metrology technique.

The rough alignment fiducials are three small zone
plates, distributed at about 120 deg around the main pattern
area of CGH1 �see Fig. 10�a�, which focus the collimated
beam to three etched points on the CGH2 surface �see Fig.
10�b�, which places CGH2 near its ideal position.
June 2009/Vol. 48�6�7
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There are also two sets of fine alignment fiducials on
GH1, which focus the collimated beam from the interfer-
meter into two line foci along the x and y axes, respec-
ively between CGH1 and CGH2. After being diffracted by
he fiducial patterns on CGH2, a confocal system is formed.
hese fiducials have a fast effective aperture �about f/1.33�,
hich reduces the z tolerance of the cavity. The chosen
hase functions assure a high sensitivity to centering error,
istance error, and errors in rotation about the x, y, and z
xes of CGH2 relative to the CGH1 surface.

The phase functions we chose for these fiducials on
GH1 are

x�x,y� = − ��x2 + �y sin �1 − zfocal�21/2 − zfocal

+ y sin �1� ·
2�

	
, �15�

y�x,y� = − ���y cos �1�2 + �y sin �1 − zfocal�21/2 − zfocal

+ y sin �1� ·
2�

	
. �16�

he phase functions for the fiducials on CGH2 are

x�x,y� = − 2��x2 + �y sin �2 − �d − zfocal�2�1/2

− �d − zfocal�� ·
2�

	
, �17�

y�x,y� = − 2���y cos �2�2 + �y sin �2 − �d − zfocal�2�1/2

− �d − zfocal�� ·
2�

	
, �18�

here �1 and �2 are the tilt angle of CGH1 and CGH2, zfocal
s the z coordinate of the confocal image, and d is the
istance between CGH1 and CGH2. The layout of the fine
lignment fiducial systems in Eqs. �15� and �17� are shown
n Fig. 11. Based on an assumed 1 /40 wave peak-to-valley
nterferometric detection limit of the fine alignment fidu-
ials of CGH1-CGH2, the CGH-cavity uncertainty of the
emonstration setup is shown in Table 1. This table indi-
ates a performance better than the metrology goal for the
emonstration. Table 1 assumes no writing errors and dif-

ig. 10 Layout of fiducials on �a� CGH1 and �b� CGH2. Area 1:
ducial of CGH1 to interferometer; area 2: rough alignment fiducials
f CGH1 to CGH2; area 3: fine alignment fiducials of CGH1 to
GH2; and area 4: fiducials of CGH1 to mandrel. The three cross
arks on CGH2 are for rough alignment of CGH2 to CGH1.
ptical Engineering 063602-
fraction effects as well as perfect substrates. In practice, our
ability to characterize the substrates and subtract their er-
rors will limit what we can achieve.

5.2 Example
In this example, the tested mandrel is a paraboloid section
with radius of curvature at the vertex r=0.3903 mm. The
diameter of the surface is about 250 mm for the section to
be tested, and the axial length is 275 mm. The grazing
angle is 71.6 deg, CGH1 tilt angle is 1 deg, and CGH2 tilt
angle is 10 deg as measured from the interferometer axis.
CGH1’s substrate is fused silica and CGH2 is assumed Au-
coated. Both CGH1 and CGH2 have a diameter of 140 mm
on substrates of 150 mm in diameter. As stated before, the
axial distance between CGH1 and CGH2 is 400 mm.

In this case, the minimum feature sizes of CGH1 and
CGH2 are 1 and 0.88 �m, respectively. The OSLO optical
design software �Lambda Research Corporation, Littleton,
Massachusetts� was employed to perform the tolerance cal-
culations. Figure 12�a� shows the residual wavefront error
resulting from truncating the polynomial expansion at the
third order in Eqs. �12� and �13�. Figure 12�b� illustrates the
wavefront error for a mandrel with a 1� pure slope error. A
pure slope error is defined here as only a change in slope
without an error in average radius. This requires an axial

Fig. 11 Fine alignment fiducial system expressed by Eq. �15� and
�17�. The beams passing through the fine alignment fiducials on
CGH1 are focused into a common line focus. A confocal system is
formed by the wavefront transmitted by CGH1, reflected by CGH2,
and transmitted again by CGH1 back to the interferometer.

Table 1 Cavity geometric uncertainties for the demonstration setup
based on an assumed 1/40 wave P-V interferometric detection limit.

Term
�relative position of
CGH2 to CGH1� Uncertainty

�x 0.01 �m

�y 0.01 �m

�z 0.025 �m

�� �� around x axis� 0.01�

� �� around y axis� 0.006�

�
 �� around z axis� 0.0015�
June 2009/Vol. 48�6�8
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isplacement and change in radius in Eq. �4�. It is seen that
his error, which is at the mission requirement, is easily

easured even in this proof-of-concept configuration. The
ilt fringes in Fig. 12�b� come about because the cavity
eometry is independent of the part position and thus can-
ot be completely cancelled by misaligning the mandrel. It
s the well-characterized cavity geometry �see Table 1� that
llows us to measure the slope of Fig. 12�b�.

Conclusions
e generalize the CGH testing method introduced by
resel et al.,8 Kulawic,9 and Mantel, Lindlein, and
chwider10 to the idea of CGH cavity metrology. This idea
an be applied to a wide range of metrological problems
here it is desirable to test both the geometry and surface
gure. This comes at the expense of a reduced throughput
or the test, so phase CGHs are normally required. �The
xception to this rule is the case of the newer polarization-
ased inteferometers, where the ratio of the irradiances of
he reference beam and sample beam can be adjusted.� We
emonstrate that the technique for the case of a mandrel to
e used for slumping the IXO mirrors exceeds the require-
ents for the mission. We derive a semianalytical phase

unction for the main CGH pattern that avoids the higher-
requency oscillations ubiquitous to the x-y polynomial
hase functions employed by most optical design programs.
his reduction of phase ripple is of great importance for

esting of mandrels for x-ray applications, and can improve
he speed of pattern generation from the phase function. An
xample fiducial scheme is outlined that constrains the cav-
ty geometry and thus the test and mandrel geometry. Al-
hough this fiducial scheme is only one of many that could
e devised, the need for this type of fiducial is unique to
GH cavity metrology. The fiducial scheme’s sensitivity
ill ultimately determine the test geometry sensitivity.
We demonstrate the sensitivity and utility of the CGH

avity method through the example of a mandrel possessing
very small slope error. We find that the slope error shows
p both as a wavefront tilt and much smaller magnitude

Fig. 12 �a� Simulated interferogram for the resid
and �14� to third order, the P-V value equals
�10−6 wavelength �scale is 1.0�10−5 waveleng
when testing a mandrel with a 1� slope error, th
value equals 0.02696 wavelength �scale is 1 w
ptical Engineering 063602-
higher-order wavefront aberration terms. Without the cavity
geometry being established independently of the mandrel
under test, only the very small higher-order terms would be
seen, greatly reducing the test’s sensitivity and introducing
degeneracies in the possible geometries that could produce
them. The elimination of this ambiguity is the chief advan-
tage of CGH cavity metrology over conventional CGH test-
ing �or refractive null testing�, and allows both the wave-
front and geometry to be determined simultaneously.
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Appendix
In this appendix, we derive the relation between the coor-
dinates of a point Q on the mandrel surface and the corre-
sponding point A on the CGH1 surface.

Referring to Fig. 9, we denote the directional vector of ray
AQ as �l ,m�. The normal vector of the mandrel surface at
point Q is �1 /ry�Q ,−1�, where r is the radius of curvature
at the vertex of the mandrel. Because the ray is incident on
the mandrel surface at angle �, we have,

1

r
y�Q · l − m

��l2 + m2� · 	�1

r
y�Q�2

+ 1
�1/2
= cos � . �19�

From Eq. �19�, we have,

vefront error resulting from truncating Eqs. �13�
10−5 wavelength, and the rms equals 8.328

fringe�. �b� Simulated interferogram that results
value equals 0.1558 wavelength, and the rms
th per fringe�. The wavelength is 0.6328 �m.
ual wa
6.498�
th per
e P-V

aveleng
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m

l
=

− V + �V2 − 4UW

2U
, �20�

here

= 	 �y�Q�2

r2 + 1
cos2 � − 1, V = 2�y�Q�/r, and

W = U + 1 −
�y�Q�2

r2 .

o the equation of ray AQ can be expressed as,

− zG
Q =

m

l
· �Y� − y�Q� �21�

rom Fig. 8, the coordinates of point B are �0,zCGH

yCGH tan ��. We can express the line AB in Fig. 9 as,

= zCGH − yCGH tan � + Y� tan ��, �22�

here �� is the angle between line AB and the Y� axis.

ecause point A is the intersection of line AB and ray AQ,
y solving Eqs. �21� and �22�, we obtain the coordinates of
oint A,

y�A =
zCGH − yCGH tan � − zG

Q + m/l · y�Q

m/l − tan ��

zG
A = zCGH − yCGH tan � + y�A tan ��

� . �23�

f we set T=m / l, from Eqs. �20� and �23�, we have

y�A =
zCGH − yCGH tan � − zG

Q + Ty�Q

T − tan ��

zG
A = zCGH − yCGH tan � + y�A tan ��

� , �24�

here

=
− V + �V2 − 4UW

2U
, U = � �y�Q�2

r2 + 1�cos2 � − 1

= 2�y�Q�/r, and W = U + 1 −
�y�Q�2

r2 .

his is Eq. �5�.
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